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Enhancement of electron-impact ionization induced by warm dense environments
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Studies have shown significant discrepancies between the recent experiment [Berg et al., Phys. Rev. Lett. 120,
055002 (2018)] and current theoretical calculations on the electron-impact ionization cross section of ions in
warm dense magnesium. Here, we present a systematic study the effects of the ionic correlations and free-
electron screening on the electron-impact ionization of ions in warm dense matter. The ionic correlation and the
free-electron screening effects yield additional Hermitian terms to the calculation of the ionic central-force-field
potential, which significantly change the electronic structure compared with that of the isolated ion. In calculating
the electron-impact ionization, we describe the impact and ionized electrons using a damped-distorted wave
function, which considers the momentum relaxation of free electrons due to collisions with other free electrons
and ions. We reproduce the electron-impact ionization process for Mg7+ in the solid-density plasma and increase
the ionization cross section by one order of magnitude compared with that of the isolated ion, which excellently
agrees with the experimental result of Berg et al.
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I. INTRODUCTION

Recently, the development of laser technology has seen the
production of warm dense matter using ultra-intense lasers in
the laboratory [1–6], thus promoting the rapid development
of studies in high-energy-density physics [7,8]. The electron-
impact ionization process can be used to infer the charge-state
distribution, the electron temperature, and density of plasmas
[9–11] that is crucial for both fundamental science and prac-
tical applications in modeling of concepts in astrophysics and
laboratory plasmas [12–14]. However, the measurement of
Berg et al. [15], which studied how charge states generated us-
ing electron-impact ionization process via resonance pumping
of the 1s-2p transition significantly differs from theoretical
calculations on the electron-impact ionization cross section in
warm dense matter. The experimental result is larger than the
predicted values from the standard atomic-collision theory,
which provides some new insights into ionization in warm
dense matter.

Until now, most calculations of the electronic structure are
based on isolated atoms or ions [16–18]. These methods ne-
glect ionic strong coupling and electronic degeneracy and only
apply to rarefied plasmas. However, when the plasma density
is high that the ionic coupling cannot be neglected, the ion-ion
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correlation plays an important role. The Debye-Hückel (DH)
model [19–21] is widely used to calculate several electronic
data in strongly coupled plasma, however, it only considers
the screening of free electrons around ions and does not ade-
quately describe the dense environment. Starrett et al. [22–24]
considered the interactions with other ions and surrounding
free electrons using the correlation functions in calculating
the ionic central-force-field potential. Hou et al. also applied
the theoretical method in the average-atom (AA) code to
calculate both the ionic and electronic structures [25] and the
x-ray Thomson scattering (XRTS) [26,27], which are in good
agreement with the experimental results.

For calculating the isolated electronic structure in the
central-force-field potential, the scattered electron is de-
scribed using the distorted plane wave in the electron-impact-
ionization process, which is also applicable to low-density
plasmas. The collision process is described as a time-
independent static process. More so the final states of the
scattered electrons are assumed to be influenced by only the
central-force-field potential of the target ion, independent of
other ions and surrounding free electrons. This implies that the
contribution from free-electron collisions with surrounding
free electrons and ions is neglected and is called multiple
scattering in Refs. [28–31]. However, it breaks down in warm
dense matter where the free-electron-collision events play an
important role, especially for the near-threshold free elec-
tron. Thus, the momentum no longer becomes a constant
due to the collision of surrounding free electrons and ions
[30], leading to the momentum having varying relaxation
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times. Additionally, the scattered electron becomes partially
dephased compared with the distorted plane wave [32], re-
flecting the time-dependent dynamic evolution of the wave
function. Kuchiev and Johnson [29,30] proposed that the wave
function of the near-threshold free electron can be modified by
using the damped-distorted plane wave, such that the decay
factor is related to the relaxation time.

This study obtains the electronic structure including the
ionic and electronic correlation effects in warm dense matter
and calculates the electron-impact-ionization cross section by
adding damping of the final state to explain the discrepancies
between experimental and present theoretical results. First,
we calculate the electronic structures using the modified flex-
ible atomic code (FAC) [33], such that the effects of ionic
and electronic correlations are included in the self-consistent
potential, and the correlation functions are obtained using
the hypernetted-chain approximation. Following the self-
consistent calculations, the ionization potential depression
(IPD) effect is considered according to the two-step method
of Son et al. [34]. Then, the damped-distorted plane wave
[29,30] is used for scattered electrons, where the collision
frequency is computed using the Born-Mermin approximation
(BMA) [35]. Finally, taking the solid-density magnesium as
an example, we calculate the electron-impact ionization cross
section of Mg7+ at a free-electron density of 3×1023 cm−3

and a temperature of 75 eV.

II. THEORY

A. Electronic structure calculations including the free-electron
and ionic correlation effects

The cross section of the electron-impact ionization depends
on the electronic structure. Here, we obtain the electronic
structure using the modified flexible atomic code (FAC) [33],
which solves the Dirac equation in the central-force-field po-
tential of atom or ion:(

d

dr
+ κ

r

)
Pnκ (r) = α

[
εnκ − V (r) + 2

α2

]
Qnκ (r), (1)

(
d

dr
− κ

r

)
Qnκ (r) = α[−εnκ + V (r)]Pnκ (r), (2)

where Pnκ (r) and Qnκ (r) are the large and small components
of the wave function, respectively, α is the fine-structure con-
stant, εnκ is the energy eigenvalue of the orbital nκ , and V (r) is
a self-consistent potential. In warm dense matter, the correla-
tion effects between charged ions are non-negligible because
of the strong coupling, which changes the self-consistent po-
tential compared with isolated atoms or ions. So our approach
combined the ionic and free-electron correlation effects in
the FAC to calculate the electronic structure of the form
[24,26,27]

V (r) = −Z

r
+

∫
ρb(r′)
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[
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e
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[
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]
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e
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Cee(|�r − �r ′|)hie(r′)d3r′
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β

∫
Cie(|�r − �r ′|)hii(r

′)d3r′. (3)

The first line has contributions from single ions, namely, the
electron-nuclear Coulomb potential, electrostatic Coulomb-
repulsion potential with the other bound electrons, and the
exchange and correlation potential, evaluated with the local
density approximation (LDA) [36]. The second and third lines
in Eq. (3) represent the ionic and electronic correlations, that
is, the interactions of electrons with other free electrons and
ions, respectively. Obtaining V (r) requires the bound-electron
density ρb(r) and correlation functions. The radial distribution
of the bound-electron density is computed as

ρb(r) = 1

4πr2

∑
j

l j
[
P2

j (r) + Q2
j (r)

]
, (4)

where l j is the occupation number of bound state j. By
knowing the correlation functions, Eqs. (1) and (2) can be
solved self-consistently to obtain the electronic structure. Fur-
thermore, the free-electron density ρ f (r) in momentum space
can be obtained using the Thomas-Fermi (TF) approximation
[37,38]. And ρtot (r) = ρb(r) + ρ f (r) is the total electron den-
sity in the ion sphere, and the chemical potential guaranties
electrical neutrality

∫ Rws

0
4πr2ρtot (r)d r = Z, (5)

where Z is the nuclear charge, Rws is the ion-sphere radius,
computed as Rws = (3/4πni )1/3, and ni is the ion number den-
sity of warm dense matter. The ion-electron total correlation
function [24] is defined using the excess free-electron density
as

hie(r) = ρ f (r)

ρ0
e

− 1, (6)

where ρ0
e is the uniform electron density, given by the total

electron density at the boundary Rws of the ion sphere ρ0
e =

ρ(Rws). Then, using the HNC approximation, known to be
suitable for strong-coupling system [39–43] we calculate the
correlation function

hab(r) = exp [−βVab(r) + hab(r) − Cab(r)] − 1, (7)

where a and b denote the electron or ion, and the direct
correlation function Cab(r) is connected to the total correlation
hab(r) using the Ornstein-Zernike relation [39]

hab = Cab+
∑

c

nc

∫
d�r ′Cac(�r ′)hcb(|�r − �r ′|), (8)

where nc represents the number density of type-c particle.
Our calculation considered the pair potential between ions
using the Yukawa model [44–46] where the inverse of screen-
ing length is computed using the Fermi integral function of
free electrons. Since the interaction between ions in warm
dense matter is mainly screened by free electrons, we only
investigated the contribution of free electrons. Furthermore,
we applied the Deutsch potential [41] in calculating the pair
potential between free electrons. Also, quantum effects, such
as the uncertainty principle and exchange interactions, tem-
perature dependence are included in the Deutsch potential.
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B. Electron-impact-ionization cross section

In the electron-impact-ionization process, the cross-section
from an initial state ψi to a final state ψ f can be expressed
as [47]

dσi f (ε0, ε)

dε
= 2π

k2
i gi

∑
κi,κ f 1,κ f 2

∑
JT

(2JT + 1)

∣∣∣∣∣〈ψiκi, JT MT |

×
∑
p<q

1

rpq
|ψ f κ f 1κ f 2, JT MT 〉

∣∣∣∣∣
2

, (9)

where ki and ε0 are the kinetic momentum and energy of
the incident electron, respectively, and ki is related to the
energy ε0 by k2

0 = 2ε0(1 + α2

2 ε0). ε is the energy of the ejected
electron, gi is the statistical weight of the initial state, ki, k f 1,
and k f 2 denote the relativistic angular quantum numbers of the
incident, scattered, and ejected electrons, respectively. JT is
the total angular momentum when the final state is coupled to
the ejected electron, and MT is the projection of the total angu-
lar momentum. The energy reservation ε0 = I + ε1 + ε holds
for the ionization process, here I is the ionization potential and
ε1 is the energy of scattered. The total cross section is obtained
by integrating over the energy ε of the ejected electron [47].

By considering the result of the high-frequency collisions
with other ions and free electrons in the strong damping of the
scattered electron wave function, then the wave functions of
the scattered electron using the damped-distorted plane wave
are defined according to Ref. [30]:


p(r, t ) = ψp(r) exp(iEpt − t/τp), (10)

where ψp(r) is the distorted wave function, and τp represents
the lifetime (relaxation time) of the state, which is the inverse
of the collision frequency ν(ω) obtained using BMA [35].
When we calculate the corresponding time-independent wave
functions, the term, t/τp, leads to additional imaginary phase
shift of the radial part wave function [28] and can be replaced
by rν(ω)/ῡ = r/l̄ in the distorted wave function, where l̄ is
the mean-free path. So in the electron-impact-ionization cross
section the distorted wave function, ψp(r), is replaced by the
damped-distorted wave function, ψp(r) exp(−r/l̄ ).

III. RESULTS AND DISCUSSION

A. The influence of the free-electron and ionic correlation
effects on atomic structure

The electron-impact ionization cross section depends on
the electronic structure and scattering matrix in terms of
Eq. (9). To consider the influence of the warm dense en-
vironment on the electronic structure, the central potential
V (r) including the ionic and free-electron correlation effects
is obtained for Mg7+ at a temperature of 75 eV with different
densities using the modified FAC. The results are shown in
Fig. 1. When r is larger than Rws, V (r) becomes the constant
value εs at the boundary of the ion sphere. An increase in
the plasma density, a decrease in V (r) at their respective
ion-sphere boundaries. So the absolute value of εs becomes
larger, as with the ionic center potential in solids due to in-
cluding the ionic correlations. With the density decreasing,
V (r) gets closer to that of the isolated ion. Here, the cor-
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FIG. 1. The central-force-field potential of Mg7+ ion at a tem-
perature of 75 eV. The black solid line represents the result at the
boundary condition of the isolated ion, brown dot-dot-dashed, red
long-dashed, orange dot-dashed, and blue short-dashed lines rep-
resent the results, including the ionic and free-electron correlation
effects on the central-force-field potential at four free-electron num-
ber densities, namely, 3×1021, 3×1022, 3×1023, and 9×1023 cm−3,
respectively. The dotted lines represent the positions of the ion-
sphere radius, Rws = (3/4πni )1/3, for different densities, including
15.56, 7.22, 3.35, and 2.32 in atomic units, respectively.

relation functions of the electron-ion and electron-electron
are used to describe free-electron screening effects, which is
different from other screening models [32,34,48]. Also, the
ionic correlation makes the potential change at the boundary
of ionic sphere. So the effects of the ionic and free-electron
correlations yield an additional Hermitian potential, changing
of the central potential, especially for high-density plasma.

In the self-consistent calculations using the modified FAC
[33], the radial wave functions of the bound electrons are
obtained at the same conditions, as shown in Fig. 2. The radial
wave functions for low-density plasmas hardly changed com-
pared with that of the isolated ion for all different shells. With
an increasing in density, the radial wave functions expanded
more to outward because the ionic and free-electron correla-
tion effects become more important. Noticeably, results for
the highest density vary, 9×1023 cm−3. From the figure, the
variation of the radial wave functions of the inner-shell elec-
trons, such as 1s and 2p electrons in Figs. 2(a) and 2(b), can
be neglected for all different-density plasmas. However, the
results of both 3s and 3d electrons show that the expansions
are more significant in Figs. 2(c) and 2(d). Furthermore, the
distributions of outer-shell electrons become more near the
ion-sphere boundary and are more susceptible to the exter-
nal environment. When considering the orbital energy of the
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FIG. 2. Radial wave functions of 1s, 2p, 3s, and 3d electrons of
Mg7+, as shown in panels (a)–(d), respectively. The black solid lines
are computed at the boundary condition of the isolated ion, the other
results are calculated from the central-force-field potential, as shown
in Fig. 1.

outer shell electrons, such as the 3d electron in Fig. 2(d), the
changes relative to its orbital energy and radial wave function
are the greatest and most obvious, respectively.

Besides that the bound electronic structures are influenced
by the warm-dense environment, the multiple scattering pro-
cess results in the momentum of the free electron only exists
finite period of time due to collisions with ions and other free
electrons [28]. The scattered electron in the electron-impact-
ionization process are described using the damped-distorted
wave function in the central-force-field potential of the target
ion [30]. To show the difference from other wave functions,
three wave functions are calculated at the temperature of
75 eV and three densities in Fig. 3. The black dashed lines
denote the results of distorted plane wave at the isolated-ion
boundary condition. And the results, including the ionic and
free-electron correlation effects, are labeled with the blue
dot-dashed lines. The blue dot-dashed lines move outwards
compared with the black dashed lines. For low-density plasma
in Fig. 3(a), moving is trivial, especially near the nucleus
shown. As the free-electron density increases, the change of
wave function becomes greater, as shown in Figs. 3(b) and
3(c). From the results of including ionic and free-electron
correlation effects, we consider the dissipation using the de-
cay factor and calculate the damped-distorted wave function
represented in red solid lines using Eq. (10). The amplitude
of the wave function gradually decays as the radial distance
r increases due to collision with other free electrons, and the
collision frequency increases with the increase in density and
temperature. Therefore, the dissipation mechanism becomes
stronger and the amplitude of the wave function decays faster
at higher densities, as shown in Fig. 3(c).
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FIG. 3. The free-electron wave function with the energy of 75 eV
are given using three models at a temperature of 75 eV and dif-
ferent densities of 3×1021, 3×1022, and 3×1023 cm−3, as shown in
panels (a)–(c), respectively.

B. Ionization potential depression

The ionic and free-electron correlation effects shift the
energy level of the atom in warm dense matter, resulting in
the ionization potential depression (IPD) [49–57]. Here, the
IPD is calculated by using the two-step model [34]. First, the
orbital energy εiso and wave function of the bound state is ob-
tained at the isolated-ion boundary condition using FAC, then
the ionization potential, Viso, is computed using 0 − εiso. Sec-
ond, the orbital energy εenv is obtained similarly, and the ionic
and free-electron correlations are included in the Hamiltonian
to examine the influences of other ions and free electrons. At
the ion-sphere boundary, the potential is labeled εs. When the
energy of the electron ε > εs, the electron is no longer bound
in the ionic potential well and becomes quasicontinuous. So
we obtain the ionization potential using the formula Venv as
εs − εenv. Finally, by comparing with Viso, the IPD of the ion
embedded in the warm dense environment is computed using

Iipd = Viso − Venv = εenv − εiso − εs. (11)

To check the self-consistent calculation for IPD, we calcu-
lated different charge states Mgn+ at the free-electron density
of 3×1023 cm−3 and temperature of 75 eV using Son’s two-
step model [34], as shown in Fig. 4, and compare with the
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FIG. 4. IPD results of Mgn+ at the free-electron density of
3×1023 cm−3 and temperature of 75 eV. The black solid line with
circles is present results calculated by two-step model based on
the modified FAC. The red dashed, blue dot-dashed, and orange
dot-dot-dashed lines are the results of the SF, EK, and SP models,
respectively.

results of Ecker and Kröll (EK) [52], Stewart and Pyatt (SP)
[53], and the structure factor (SF) [58] theoretical models.
The EK model uses the effective screening length to describe
the IPD and considers the ion and free electron to give same
contribution, and the effective screening length depends on
the sum of ionic and free-electron densities. The SP model
extends it to the study of weakly coupled plasmas, which only
uses the ion average distance to consider effective screening.
From Fig. 4, we can see that our results increase with an
increase in the charge state, and charge states 5, 6, 7, and
8 are very close to that of the EK model and charge state
9 is more close to that of SF models. The EK model gives
reasonable results in the strongly coupled regime, as does
the SP model for the weak-coupled plasma. To include the
dynamic screening effect, Lin et al. [54–56] developed the SF
model using the dynamic structure factor (DSF). Recently, we
extended this model by including the local field correction for
DSF [58] from the atomic structure calculation of MIMD [59],
labeled in the red-dashed line. This study employs the two-
step method for computing the IPD so that the calculations
are based on the self-consistent results of modified FAC.

C. Electron-impact-ionization cross section

To compare the experimental results of Ref. [15], we take
solid-density magnesium and calculate the electron-impact-
ionization cross section of e + 1s2s22p2 2P1/2 −1s2s22p + 2e
of Mg7+ under experimental condition, as shown in Fig. 5.
First, the distorted wave function is used to describe the scat-
tered electron and the result is shown in the black dashed
line from the atomic structures of the isolated-ion boundary
condition, which agrees well with the result of the scaled hy-
drogenic and distorted wave by Berg et al. Second, the atomic
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FIG. 5. Electron-impact ionization total cross-section for e +
1s2s22p2 2P1/2 −1s2s22p + 2e of Mg7+, occurs in solid-density mag-
nesium plasma at a free-electron density of 3×1023 cm−3 and
electron temperature of 75 eV. Three methods are used to calculate
the cross section, and results are compared with other theoretical
calculations and experimental data of Berg et al. in Ref. [15].

structures calculated using the modified FAC, which includes
the ionic and free-electron correlation effects, are used to
consider the IPD effect when calculating the electron-impact-
ionization cross sections, and the result is shown in magenta
dot-dashed line. From Fig. 2, the 2p electron rarely changes
or is affected by the effects of ionic and free-electron correla-
tions. However, the IPD effect is noticeable and the value of
Mg7+ from the modified FAC is 130 eV using the two-step
model of Eq. (11). Also, we calculated the IPD using the SF
model [58]. The results of the two models show good agree-
ment. From Fig. 5, the effect of the IPD increases the ion-
ization cross section, which is approximately two times that
of the isolated-ion boundary condition. Based on these, we
used the damped-distorted wave function [29,30] to describe
the scattered electron as Eq. (10), whose result is shown as the
black solid line. The result increases about one order of that of
the black dashed line and is in excellent agreement with the re-
sults inferred from the theoretical BCF method and the exper-
imental data of Berg et al. [15]. The damped-distorted wave
function increases the overlap integral of free electrons and 2p
electron, which strongly increases the strength of the scatter-
ing matrix. This means that the scattered decay induced by the
dissipation mechanism of a warm-dense environment signifi-
cantly influences the electron-impact ionization process.

IV. CONCLUSION

Conclusively, we considered the effects of the warm
dense environment on the electronic structures using the
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correlation functions of the ions and free electrons. The ion-
ization potential depression (IPD) were also computed using
Son’s two-step model. Based on the electronic structure, the
scattered-electron damping induced by the dissipative mech-
anism is considered by the free-electron collision frequency,
which strongly enhances of the electron-impact ionization of
Mg7+ at the free-electron density of 3×1023 cm−3 and tem-
perature of 75 eV. The result is in excellent agreement with
those of the theoretical BCF method and with the experimen-
tal data of Berg et al. [15]. The model in our calculations shed

new insights on the collisional ionization process and further
aid studies on the radiation opacity of warm dense matter.
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