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Monte Carlo simulations are employed to determine the differential capacitance of an electric double layer
formed by small size-symmetric anions and cations in the vicinity of weakly to moderately charged macroions.
The influence of interfacial curvature is deduced by investigating spherical macroions, ranging from flat to
moderately curved. We also calculate the differential capacitance using a previously developed mean-field model
where, in addition to electrostatic interactions, the excluded volumes of the ions are taken into account using
either the lattice-gas or the Carnahan-Starling equation of state. For both equations of state, we compare the
mean-field model for arbitrary curvature with a recently developed second-order curvature expansion. Our Monte
Carlo simulations predict an increase in the differential capacitance with growing macroion curvature if the
surface charge density is small, whereas for moderately charged macroions the differential capacitance passes
through a local minimum. Both mean-field models tend to somewhat overestimate the differential capacitance
as compared with Monte Carlo simulations. At the same time, they do reproduce the curvature dependence of
the differential capacitance, especially for small surface charge density. Our study suggests that the quality of
mean-field modeling does not worsen when weakly or moderately charged macroions exhibit spherical curvature.
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I. INTRODUCTION

A charged macroion immersed in a salt-containing aqueous
solution induces the formation of an electric double layer
(EDL). EDLs continue to attract interest not only because
of their omnipresence in all living cells, but also due to
emerging technological applications such as in water desali-
nation [1,2], oil extraction from porous rocks [3], and energy
storage devices [4—13]. The ability of EDLs to store energy,
for instance, has received growing attention due to the im-
provement in the design of supercapacitors which, besides the
greater life cycle, offer an environment-friendly alternative
to conventional batteries. More precisely, theoretical [14—19]
and experimental [7,9,20-22] studies suggest that the energy
density of supercapacitors can be increased by using nanos-
tructured microporous electrodes based on carbide-derived
materials [23-28]. Generally, the ability of an EDL to store
energy is manifested by the differential capacitance Cgig,
which expresses the relationship between electrostatic po-
tential and charge density on the surface of an electrified
interface. Being an experimentally accessible property that
reflects the microscopic structure of the EDL [5,16,29,30],

*guilherme.vbossa@outlook.com

2470-0045/2021/104(3)/034609(10)

034609-1

the differential capacitance Cyisr serves as a meaningful link
between experimental, theoretical, and simulation work for all
EDLs.

Most previous theoretical models for Cy;ir have focused on
planar macroions because this geometry offers mathematical
simplicity. Recent modeling efforts have included the depen-
dence of EDL properties on macroion geometry, including
weakly curved [31], microporous [15,32-34], and spheri-
cal or cylindrical electrodes [35-39]. Analytic approaches
have also uncovered effective charge densities that dictate
the interactions between curved macroions [40,41]. Some of
these more recent geometry-focused investigations are based
either on mean-field approaches [32,34,42—44] or on more
advanced density functional theory [16,17,39,45-48] and de-
tailed Molecular Dynamics simulations [49-51]. Mean-field
approaches are conceptually simple but rely on significant
approximations; yet, on a qualitative level, they are often
found to describe the behavior of Cy;s correctly. For instance,
Kant and Singh [32] have developed a general analytical
theory for the capacitance of an EDL for a wide range of
electrode morphology and topology. They demonstrated that
the presence of geometrical fluctuations in porous systems
entails an enhanced dependence of the differential capacitance
on the average pore sizes. Effects of local curvature on the
ion distribution near an electrode have been studied by Yang
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[37] by taking into account the interface energy between elec-
trolyte solution and spherical cavities or cylindrical pores. In
the regime of small electrostatic potentials, the author reports
that the integral capacitance per unit area is dependent on the
radius of the cavity (or pore) and independent of the interface
energy; for large electrostatic potentials, however, the integral
capacitance is dependent only on the interface energy.

Recently, a formalism to compute properties of the EDL
as a function of small macroion curvature was proposed for
EDL models that apply mean-field electrostatics to nonideal
equations of state for the ions [52]. The formalism gener-
alizes results derived first by Lekkerkerker [53,54] for the
classical Poisson-Boltzmann model, where the underlying
equation of state is that of an ideal gas. Examples of frequently
used nonideal equations of state are the lattice-gas and the
Carnahan-Starling equations of state. These equations of state
account in an approximate manner for packing effects due
to the nonvanishing size of the mobile ions, which becomes
important at moderate and large ion concentrations. The same
formalism has also been used to calculate the dependence of
the differential capacitance Cgs on macroion curvature [31],
again valid for a continuum description of the ions and an
underlying nonideal equation of state.

The question arises as to how the predicted curvature
dependence of these continuum models compares with
molecular simulations that account for the discrete nature and
finite size of the ions. The present study represents an attempt
to address this question. To this end, we have carried out
detailed Monte Carlo simulations for weakly and moderately
charged spherical macroions of various radii immersed in an
aqueous solution and compared the predicted Cyir With two
mean-field models that both account approximately for the
nonvanishing size of the mobile ions: The first is based on
the lattice-gas (LG) equation of state, and the second is based
on the Carnahan-Starling (CS) equation of state. Throughout
this paper we refer to the two different mean-field approaches
as the LG model and the CS model. In the limit of small
macroion charge densities, the two mean-field models coin-
cide with the classical Poisson-Boltzmann model. In addition,
we show that the quadratic curvature expansion represents
an excellent approximation of the full mean-field models (for
both the LG model and the CS model) for all macroion sizes
and charge densities we have investigated. Our Monte Carlo
simulations predict that Cgir becomes larger with increasing
macroion curvature for small macroion surface charge density
and passes through a local minimum with increasing macroion
curvature for moderate macroion surface charge density. Most
features of simulated behaviors are reproduced qualitatively
by our two mean-field models, the LG and CS models. The
agreement is best for small macroion surface charge density,
where the dependence (but not the absolute value) of Cyig
on macroion curvature is reproduced almost quantitatively.
Overall, our study provides evidence that the quality of mean-
field models does not deteriorate when weakly and moderately
charged macroions are curved.

II. THEORY

We consider a spherical macroion (or, equivalently, spher-
ical electrode) immersed in an aqueous solution at fixed

@

bulk ion concentration n

0

spherical macroion with
radius of curvature R |

FIG. 1. Schematic illustration of a spherical macroion of radius
R,, immersed in a symmetric 1:1 electrolyte: an aqueous solution
containing monovalent cations and anions of bulk concentration rng
each. The macroion carries a uniform surface charge density o.

temperature 7 that contains monovalent cations and anions
of bulk concentration »ny and ion volume v (the same volume
for both ion types). The macroion carries a uniform surface
charge density o and has a corresponding electrostatic surface
potential ®y. Its radius R,, is assumed to be much larger than
the size of the ions. In both the mean-field models and the
Monte Carlo simulations discussed in this paper, the aqueous
solution is modeled as a background of uniform dielectric con-
stant €,,. This is commonly referred to as the primitive model.
Figure 1 shows a schematic illustration of the macroion with
its adjacent 1:1 electrolyte.

At given Ry, no, T, v, and €,, there will be a fixed rela-
tionship between the surface charge density o and the surface
potential ®. The slope of the relationship o = o (Pg) defines
the differential capacitance

d
Cair = 2 )
dd,

which is an experimentally accessible quantity measured
in farads per square meter (F/m?). The manner in which
changing the radius R,, of the macroion (or equivalently, its
curvature ¢ = 1/R,,) affects Cyitr = Caife(c) is the subject of
this paper. We shall investigate this question by comparing
predictions of different mean-field models with results from
Monte Carlo simulations.

Instead of using ng, v, and €,, it is convenient to intro-
duce three characteristic lengths. With the notation e for the
elementary charge, €y for the vacuum permittivity, and kg for
Boltzmann’s constant, the first length is the Bjerrum length,
Iy = &2 /(4mepe,kpT ), the second length is the Debye length,
Ip = (8mlgny)~'/?, and the third length is [ = Ip+/2nyv. Note
that only the third length accounts for the nonvanishing ion
size. We also define two scaled (dimensionless) surface charge
densities, s = 4mwiglo /e and p = slp/(2l) = 2nllpo /e. The
latter is somewhat more convenient to use in models where
the ion size is negligible, including the classical Poisson-
Boltzmann approach.
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A. Mean-field modeling

Our mean-field approach starts from a class of models of
the EDL that is characterized by a self-consistency relation
[52]

PV = f(0)f'(P), 2)

for the dimensionless electrostatic potential W = e® /kpT,
where @ is the electrostatic potential, measured in volts, and
V2 denotes the Laplacian. The yet unspecified function

"
f() = \/Zf dW tanh W x h=1(2¢ppe @%) cosh W) (3)
0

and its first derivative f' = f'(\W) are determined by the un-
derlying equation of state,

P 8(#)

T =2n [1 5 +g (¢)] “)
of the bulk electrolyte, which describes the pressure P ex-
erted by the anions and cations, both present in the bulk with
concentration ng and volume fraction ¢y = vng (implying a
total volume fraction ¢ = 2¢ of the anions and cations). The
function g(¢) characterizes the degree of nonideality of the
electrolyte. Its first derivative g'(¢) enters Eq. (3), and so does
the inverse A~! of the function h(¢) = ¢pef®, defined such
that A= '[h(¢)] = ¢.

For example, when modeling the electrolyte as an ideal gas,
P/kgT = 2ny, implying g(¢) = 0 and thus h(¢) = ¢. From
Eq. (3) we find f(W¥) = 2(I/Ip)sinh(¥/2) and its deriva-
tive f'(W) = (I/lp)cosh(¥/2), and finally from Eq. (2) we
find the self-consistency relation /3 V*W = sinh W. This in-
deed is the classical Poisson-Boltzmann equation, valid for
pointlike ions.

In this paper we focus on two frequently used nonideal
equations of state. The first—the LG model—is based on a
lattice gas, where cubic cells (each of linear extension 2R)
either are vacant or contain a single (spherical) ion of volume
v = 47 R?/3. The corresponding equation of state for the LG
model is

P

-2 5
[ n(x —¢). @)

Here, the factor « = 7 /6 accounts for the volume fraction
(4/3)mR*/(2R)* = 7 /6 that a spherical ion of radius R oc-
cupies in a cubic cell of size 2R. From Eq. (5) we deduce the
nonideality contribution

8@)=¢( —Ina)+ (¢ —¢)In (1—2) (6)

in Eq. (4). The function h(¢) = ¢pe® = ¢ /(e — ¢) can be
inverted, h~'(h) = ah/(1 + h). From Eq. (3) we then obtain

f(\I/):\/Zozln [l—i-ﬁ(cosh\ll—l)} @)

and thus the self-consistency relation
2¢p sinh @

PV =— ,
1+ 22 (cosh W — 1)

®)

which has been analyzed extensively in the past, especially for
the planar macroion geometry [30,55,56].

The second model that we consider in this paper—the CS
model—is based on the Carnahan-Starling equation of state
[57-59],

P I+¢+¢>—¢°
_ = 2n0 e
kgT (1-9)
which predicts the pressure for a system of spherical parti-
cles more accurately than the lattice-gas equation of state in
Eq. (5). Comparing Egs. (4) and (9) yields

, 4—3¢

80 =" g
Here, in contrast to Eq. (6), the ensuing function h(¢) =
¢eg(¢) ¢ exp[(8¢ — 99> + 3¢%)/(1 — ¢)*] can only be in-
verted numerically, preventing us from obtaining an explicit
expression of f(W) for the CS model. Nevertheless, we obtain
access to the right-hand side of Eq. (2) by computing f (W)
and its derivative f’(W) numerically.

For both models, the LG model and the CS model, we have
numerically solved the self-consistency relation

lz[dzxy
dr?
for our (spherically symmetric) macroion of radius Ry,
subject to the boundary conditions (dW/dr)g, = —s/l and
(dV¥/dr)e = 0. From the relationship between the dimen-
sionless surface potential Wy = e®/kpT and the scaled

surface charge density s = 4mlglo /e we obtain the differen-
tial capacitance

, €))

(10)

2dV¥ y
+ ——} = f(\)f(¥) (11
rdr

€p€o ds
Ciiff = — — 12
diff I dvg (12)
as a function of the macroion radius R,, and surface charge
density o.

B. Second-order curvature expansion

As previously discussed [31], we can integrate Eq. (2) for a
spherical macroion of sufficiently small curvature /c < 1 and
fixed (scaled) surface charge density s. More specifically, we
express the dimensionless surface potential

Wy = f- (s)—zlc[ I} (o2 [ L d (i)
0= V27 . I dvo \ff'
1 Yo

1)
—_— 13
77 s I”fw)],,,o o (4

explicitly as a function of s up to quadratic order in the
(scaled) curvature Ilc. Here, f = f(¥), [ = f (¥o), I =
1Y) = fo *dy f(), and ! is the inverse function of f,
defined such that f[f~!(s)] = s. Note that the dependence of
W, on s in Eq. (13) emerges upon calculating both the linear
and quadratic term in Ic at ¥y = f~!(s). That value is iden-
tical to the surface potential of a planar macroion. Knowing
the surface potential Wy = Wy (s) of the spherical macroion in
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Eq. (13) enables us to calculate the differential capacitance

€p€o 1
Tod_% = Cip[l +2tlc+2BUcy] (14
s

Caier =
up to quadratic order in Ic, where Cc(l%)f is the differential
capacitance for a planar macroion (¢ = 0 or, equivalently,
R, — o0) and where the two constants T and B describe
the first- and second-order dependence of Cgisr on curvature,
respectively. Comparing Egs. (13) and (14) yields for the dif-
ferential capacitance of planar geometry Cc(l?t)t = eyeof (Wy)/1
with Wy = f~!(s). Hence we arrive at the explicit expression

€w€o
[

) _
Cdiff -

FIF o)1 (15)

In addition, the two constants T and 8 in Eq. (14) are given by

,{L(L)]
“Lavo\71 ) Ly
- M - AL ()]
Lo \77 )] T e Lrr e \ 57
d [ 1 [P I(‘l’)}
4 Av—— : 16
+d1/f0[ff//0 ASY) }%_f‘(x) "

Note that, here again as in Eq. (13), the dependence on s enters
by calculating the final expressions at position ¥ = f~!(s).
Equations (15) and (16) fully characterize the differential
capacitance and its dependence on spherical curvature up to
second order, subject only to specifying the function f(¥) in
Eq. (2).

We illustrate the formalism of calculating Cgir through
a second-order curvature expansion using the classi-
cal Poisson-Boltzmann model. As stated above, g(¢) =
0 entails f(¥)=2(/lp)sinh(¥/2) and its derivative
(W) = (I/lp)cosh(¥/2). To express the surface poten-
tial ¥, of a spherical macroion, we also calculate I(¥V) =
8(1/Ip) sinh?(W /4). With that, Eq. (13) reads

4(g—1
Wo = 2In(p+ q) — Ipe 4D
pPq
4(g— 122 +1) 4In<t
Flpep | M=V CatD ARG g,
pq qp

where we recalled p = slp/(2]) = 2mlglpo /e and introduced
the definition ¢ = /p? + 1. Equation (17) was first derived by
Lekkerkerker [53]. Note that, unlike in the LG and CS models,
the classical Poisson-Boltzmann model does not account for
ion size, implying that the length / becomes meaningless.
The relevant length scale in the classical Poisson-Boltzmann
model is the Debye length . Indeed, the new scaled curvature
Ipc instead of [c appears naturally in Eq. (17). From Eq. (15)
we calculate the differential capacitance at planar geometry

! 2
Ch ="t =" 1+ (sl ) . 19)
Ip Ip e

and from Egs. (16) we find for the two curvature constants

Il 1 I
T=—|—=—-——/,

[ 4? 14+g¢g
ﬁ_lf) 3¢> -2 1
PP+ ¢t +g)?

2¢% — 1 l1+gqg
e In ,

q°(g>— 1) 2
(19)

where we recall (Ip/1)*> = 1/(2nyv). We point out again that
because the classical Poisson-Boltzmann theory applies to
pointlike ions, the length I (which is the only length scale
that reflects the ion volume) must disappear when inserting
Egs. (18) and (19) into Eq. (14). This is indeed the case.
Figure 2 shows examples of the relationship between scaled
surface charge density p = slp/(2]) = 2nlglpo /e and surface
potential W, for different scaled curvatures Ipc according to
Eq. (17) [Fig. 2(a)] and the corresponding scaled differential
capacitance Cyisrlp/(€w€o) = 2(dWy/dp)~" [Fig. 2(b)]. Pos-
itive spherical curvature (as illustrated in Fig. 1) somewhat
flattens the curve of the differential capacitance (blue and
gray curves in Fig. 2) compared with planar geometry (green
curve in Fig. 2), where it is given by Eq. (18). Negative
spherical curvature (red and black curves in Fig. 2) deepen
the V shape of the differential capacitance curves. The depen-
dence of the differential capacitance on spherical curvature
for an uncharged surface (at p = 0) is simply given by Cgisr =
(ewe€0)(1 + Ipc)/Ip, implying that positive and negative val-
ues of Ipc lead to the same positive and negative change,
respectively, in Cg;gr.

Usage of the classical Poisson-Boltzmann model is only
appropriate when the local ion concentration is sufficiently
small everywhere so that steric ion-ion interactions can be
neglected. We demonstrate in the Results section that for
our parameter choices (especially ny and o) the nonvanish-
ing ion volume v starts to affect the differential capacitance.
This, in fact, defines the regime of moderate surface charge
density as opposed to a highly charged macroion, where
ion stacking leads to multiple densely packed counterion
layers. Hence, rather than considering the classical Poisson-
Boltzmann model, we compare our Monte Carlo simulation
results with mean-field predictions based on the LG and CS
models.

C. Monte Carlo simulations

We have also performed Metropolis Monte Carlo simula-
tions in the canonical ensemble for a 1:1 electrolyte solution
of bulk concentration ny confined in a neutral impenetra-
ble spherical simulation cell of radius 30 nm. A spherical
macroion of radius R, and uniform surface charge density
o is kept fixed at the center of the simulation cell. The
overall electroneutrality of the system is ensured by the addi-
tion of neutralizing counterions. Analogously to our previous
studies [60—62], we modeled the electrolyte solution within
the framework of the primitive model [63], where cations
and anions are treated as charged hard spheres of radius
R = (3v/4m)'/? = 0.2 nm immersed in a continuous medium
of uniform dielectric constant €, = 80. Thus the electro-
static interaction energy between any two ions i and j is
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FIG. 2. Predictions of the classical Poisson-Boltzmann model:
(a) shows the scaled surface charge density p = 2nlglpo /e as a
function of the surface potential ¥ calculated according to Eq. (17).
In (b), we show the scaled differential capacitance Cylp/€,€0 as
a function of p = 2mlglpo /e. In both plots, different colors indi-
cate different values of the scaled macroion curvature: Ipc = —0.4
(black), Ipc = —0.2 (red), Ipc =0 (green), Ipc = 0.2 (blue), and
Ipc = 0.4 (gray).

given by

. 00, rii <2R
ue[(rl_]) — { J (20)

I .
kgT ZiZj f otherwise,

where z; and z; are the respective valencies of ions i and j
(adopting the values £1 in this paper) and r;; is the center-
to-center distance between them. The electrostatic interaction
energy of a given ion i at distance r; away from the center of
the macroion is

ri < (R+Ry)
otherwise.

uel(ri) {OO, (21)

kBT - 47TR,2nlBUZ"

er’

For each value of o, our simulations generate the ionic con-
centrations of cations and anions, 7 and n_, respectively. We
use the resulting volume charge density p = e(ny. —n_) to
numerically solve the Poisson equation, V2W = —4xizp/e,
and obtain the (scaled) electrostatic potential ¥ anywhere in
space. In order to extract the differential capacitance Cgisr, we
first create a list of values (o, W), where W is the average
surface potential. Then, we calculate the numerical values of
Cuir using the algorithm developed by Lamperski and Zydor
[64].

III. RESULTS

We have calculated the differential capacitance from
Monte Carlo simulations and from two mean-field theories
(the LG and CS models), the latter both for numerically
solving the self-consistency relation for arbitrary curvature as
specified in Eq. (11) and for the small-curvature expansion
according to Eq. (14). Throughout this paper, we fix anions
and cations of our symmetric 1:1 electrolyte to have a radius
R = 0.2 nm and bulk concentration ny = 0.056 nm~3 (which
is a 0.1 M solution). Together with the dielectric constant of
water, €, = 80, this leads to a Bjerrum length /p = 0.7 nm,
a Debye length Ip = 1 nm, and / = 0.061 nm. The two pa-
rameters we vary are the surface charge density o and radius
of the spherical macroion R,. In our simulations, we have
varied the scaled surface charge density p = 2wiglpo /e in
the range —1.76 < p < 1.76. For the surface charge density,
this corresponds to a maximal magnitude of |o'| = 0.4 ¢/nm?.
We have not carried out Monte Carlo simulations beyond that
limit.

Figure 3(a) shows the scaled differential capacitance
Caitelp/(€w€0) as a function of p. Monte Carlo simulation
results are displayed as colored circles; different colors refer
to different macroion radii: R,, = 2 nm (green), R,, = 3 nm
(blue), R,, = 4 nm (red), R,, = 5 nm (black), and the limiting
case R,, — oo (gray). Corresponding mean-field predictions
based on the LG model [i.e., numerical solutions of Eq. (11)]
are added as color-matching solid lines.

The results for a planar macroion with R,, — oo [the
gray circles and gray solid line in Fig. 3(a)] have been
presented and discussed in previous work [60-62,65]. Espe-
cially for small surface charge densities, the mean-field model
prediction overestimates the simulation results. This can be
corrected phenomenologically by adding a Stern layer to the
mean-field model [65,66]. However, Monte Carlo simulations
predict the thickness of the Stern layer to shrink with growing
ion size, which is inconsistent with the commonly postulated
proportionality of ion size and Stern layer thickness [67].
Qualitative agreement between simulations and mean-field
modeling is recovered upon adding short-ranged ion-ion inter-
actions (which represent hydration effects due to the ordering
of water molecules near ions) to the Coulomb and excluded
volume interaction [60]. In this case, there is no need anymore
to add a Stern layer. Hydration-mediated interactions are not
accounted for in this paper; we nevertheless find it beneficial
to refrain from adding a Stern layer: This exposes the cur-
vature dependence of the mean-field predictions more clearly
and discharges us from speculating as to how the Stern layer
might behave as a function of macroion curvature. Despite
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FIG. 3. (a) and (c) Scaled differential capacitance Cgislp /€, €p as
a function of scaled surface charge density p = 2w lglpo /e. Different
colors indicate different macroion radii: R, = 2 nm (green), R,, =
3 nm (blue), R,, = 4 nm (red), R,, = 5 nm (black), and the limiting
case R, — oo (gray). (a) is for the LG model, and (c) is for the
CS model. (b) and (d) Scaled differential capacitance Cyglp /€y €0
vs macroion curvature 1/R,,. Different colors correspond to differ-
ent values of the surface charge density: o = 0.01 e/nm? (black),
o = 0.05 ¢/nm? (red), 0 = 0.2 ¢/nm? (blue), and o = 0.4 ¢/nm>
(green). (b) is for the LG model, and (d) is for the CS model. In
all four plots, circles are predictions obtained from Monte Carlo
simulations, and solid lines indicate the results from numerically
solving the self-consistency relation in Eq. (11). The dashed lines
in (b) and (d) are results from the small-curvature expansion accord-
ing to Eqs. (14)—(16). The four choices of o displayed in (b) and
(d) are indicated at the bottom of (a) and (c) by small color-matching
arrowheads.

the differences between simulation and mean-field results, the
planar macroion geometry serves us as a useful reference to
investigate the influence of macroion curvature.

Figure 3(a) reveals a growing differential capacitance with
increasing curvature for small |o|. This increase reflects the
larger space available to the ions near the macroion surface,
which allows some ions to decrease their distance to the
macroion. This stronger condensation implies a larger differ-
ential capacitance. Representing the electric double layer by
a water-filled spherically curved parallel-plate capacitor with
one plate having curvature 1/R,, and surface charge density o
and the other plate having curvature 1/(R,, + Ip) and surface
charge density o /(1 + Ip /Rm)z, we find in the limit R,,, > Ip
the expression

1 1
Cair = €weo| — + — ), 2
diff = € 60(1D+Rm) (22)

in agreement with our observation of a growing differen-
tial capacitance for the smaller macroions. As already stated
above, Eq. (22) is also the correct result of the small-curvature
expansion in the Debye-Hiickel limit p — 0 [Egs. (14)-(16)
in the limit of vanishingly small surface charge density]
for any curvature ¢ = 1/R,,. That is, Eq. (22) also results
from solving the differential equation W’ (r) + 2W(r)/r =
W(r)/13, subject to the boundary conditions W'(R,,) = —s/I
and W(r — o0) =0, and subsequent calculation of Cyis
through Eq. (12).

To more clearly discern the dependence of Cgyir on cur-
vature, we have replotted a subset of the simulation data as
a function of curvature 1/R,, in Fig. 3(b). The four values
for 2mlglpo /e that we have selected to be displayed are
marked near the bottom of Fig. 3(a) by four arrowheads,
colored black, red, blue, and green. Figure 3(b) shows Monte
Carlo results and corresponding mean-field predictions using
the same coloring scheme: o = 0.01 ¢/nm? (black), o =
0.05 e/nm2 (red), 0 =0.2 e/nm2 (blue), and 0 = 0.4 e/nm2
(green). Solid lines in Fig. 3(b) account for the full curva-
ture dependence according to Eqgs. (11) and (12), and dashed
lines represent the small-curvature expansion according to
Egs. (14)—(16). Clearly, apart from the difference between
simulations and mean-field predictions that we already ob-
served for planar macroion geometry [60—62], the mean-field
model reproduces the curvature dependence of the differential
capacitance reasonably well. This applies to both the increase
in the differential capacitance with curvature for small |o|
[see the black, red, and blue solid lines in Fig. 3(b)] and the
local minimum in Cgy;s for larger |o| [see the green solid line
in Fig. 3(b)]. The second-order curvature expansion [dashed
lines in Fig. 3(b)] accurately reproduces the numerical results
from Eq. (11) (the corresponding solid lines) up to the maxi-
mal curvature, 1/R,, = 1/(2 nm), used in our simulations.

Figures 3(c) and 3(d) compare our simulation data with the
mean-field model that employs the CS equation of state. All
parameters and color coding in Figs. 3(c) and 3(d) correspond
to our choices in Figs. 3(a) and 3(b); the only difference is the
underlying equation of state: Eq. (5) for Figs. 3(a) and 3(b)
and Eq. (9) for Figs. 3(c) and 3(d). For small surface charge
density (p < 1), both mean-field models effectively coincide
and are also identical to the classical Poisson-Boltzmann
model. The underlying reason is that the small value of vny =
0.0019 renders steric ion-ion interactions in the bulk virtu-
ally irrelevant. In the limit p — 0, both mean-field models
recover the Debye-Hiickel limit according to Eq. (22). Close
to that limit, both mean-field models reproduce the curvature-
induced changes (but not the absolute value) of Cgir almost
quantitatively. Differences arise for larger |p|, where none of
the two mean-field models is able to capture the qualitative
features of the observed simulation results. Specifically, at
o = 0.4 e/nm” [the green lines in Figs. 3(b) and 3(d)] the
LG model predicts a largely constant Cgirr and the CS model
predicts an increasing Cgir as a function of curvature, whereas
the Monte Carlo simulations produced an initial decrease.

Our two mean-field models (the LG model and the CS
model) make similar predictions for |p| < 2 but deviate sub-
stantially for |p| 2 2. Figure 4 compares the differential
capacitance of the two models directly for a larger range
of |p| than that covered by our simulations: Solid lines
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FIG. 4. Scaled differential capacitance Cyislp /€, €0 Vs scaled sur-
face charge density |p| = 2nlglp|o|/e for R,, = 2 nm (green), R, =
3 nm (blue), R, = 4 nm (red), R,, = 5 nm (black), and the limiting
case R,, — oo (gray). Solid lines correspond to the LG model, and
dashed lines correspond to the CS model, both calculated according
to Eq. (11). The dotted gray line is the prediction of the classical
Poisson-Boltzmann model for flat geometry (R,, — o0) according to
Eq. (18).

correspond to the LG model, and dashed lines correspond
to the CS model. For |p| 2 2, the local ion concentrations
close to the macroion surface become large, rendering the
differences between the LG and CS equations of state increas-
ingly important and exhibiting the characteristic camel-shape
that emerges as a consequence of the counterion stacking
near highly charged surfaces [68]. The gray lines correspond
to the planar geometry (R,, — o0). For reference, we have
also added the prediction of the classical Poisson-Boltzmann
model for flat geometry according to Eq. (18) (dotted gray
line). Most notably for a highly charged macroion, the CS
model predicts a smaller differential capacitance as compared
with the LG model. This can be rationalized by the larger os-
motic pressure associated with the CS model, thus pushing the
mobile ions closer to the macroion surface [60]. This feature
is only weakly modulated by the curvature of the macroion.
In Fig. 5, we display the constants, T [Fig. 5(a)] and 8
[Fig. 5(b)], as a function of the scaled surface charge den-
sity |p| = 2nlglp|o|/e. The red dashed lines in each plot
correspond to the classical Poisson-Boltzmann model with
its analytic expressions in Eq. (19). Already the Poisson-
Boltzmann predictions of t and 8 as a function of |p| are
rather complex, with sign changes and local extrema in both
cases. Recall from Eq. (19) that the limit p = 0 produces
T =1Ip/(2]) =8.20 and B =0, in agreement with Fig. 5.
With increasing | p|, the constant t decreases, vanishes for p =
1.27, and then adopts the local minimum t = —0.1411p/I at
g = 3.21. For large |p| > 1, the constant T approaches the
limit = 0. Analogously, with increasing |p| the constant
initially increases, adopts the local maximum 8 = 0.261 13 /1
at |p| = 0.951, then (while decreasing) passes through g = 0
at |p| = 5.83, adopts the local minimum 8 = —0.007 19 lf)/l2

101 10° 10 10
2rlplplo|/e

FIG. 5. The constants t (a) and g (b) as a function of the scaled
surface charge density |p| = 2mlglp|o|/e. Symbols (black circles)
are data from Monte Carlo simulations, and dashed lines correspond
to mean-field results obtained according to the classical Poisson-
Boltzmann theory (red), the LG model (blue), and the CS model
(green). The solid lines connecting the black circles serve as a guide
to the eye.

at |p| = 10.24, and finally approaches the limiting value 8 =
0 for |p| > 1.

Figure 5 also shows predictions from the LG model (blue
dashed lines) and from the CS model (green dashed lines).
In the Debye-Hiickel regime, |p| < 1, the predictions of all
our mean-field models coincide. For growing |p|, we observe
the same qualitative behavior, namely, a local minimum for ©
and a local maximum for 8. Qualitative differences emerge
in the limit |p| > 1, where both the LG and CS models
converge to the same limiting behavior [31], dictated by the
stacking of counterion layers in the vicinity of the highly
charged macroion surface. To find the limiting behavior, we
consider a spherical macroion of radius R,, = 1/c and charge
density o > 0, with a region of counterions of uniform density
—e/v inside a spherical shell R,, < r < R, + w with the shell

thickness
3 1/3
w:Rm|:<1+£> —1}. (23)
eR,,
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The potential at the macroion surface ®y = ®(R,,) results
from the differential equation €,,€q[®"(r) + 2®'(r)/r] = ¢/v
subject to the boundary conditions €,ey®’(R,,) = —o and
O (R, + w) = 0. We find for the differential capacitance

do €w€o
Caify = = . (24)

dd
0 Rm[l—m]

eRm

Expanding this result up to quadratic order in ¢ yields

[ e 2vo 2]

Cuitt = €p€o| — +2¢c— ——¢ (25)
Vo 3e

and upon comparison with Eq. (14) thus t =vo/(el) =
2pl/lp = s and B = —(vo fel)?/3 = (4/3)p*1? )1} = —5/3.
This agrees with our findings for the LG and CS models in the
limit |p| >> 1 shown in Fig. 5.

Figure 5 also displays an estimate of 7 and 8 from our
Monte Carlo simulations (black circles). We have extracted
this estimate from Figs. 3(b) and 3(d) by fitting a quadratic
function to the first three simulation data points (for ¢ = 0,
¢c=02nm"}, and ¢ =0.25 nm™). Although this estimate
suffers from the absence of data points at macroion curvatures
0 <c <025 nm™', the qualitative features of t exhibiting
a pronounced local minimum and B passing through a pro-
nounced local maximum appear to be reproduced.

IV. CONCLUSIONS

In this paper, we have compared the predictions for the
differential capacitance Cyi from Monte Carlo simulations
with those from mean-field modeling. In the Monte Carlo sim-
ulations we have represented the mobile ions of the electrolyte
by hard spheres of radius 0.2 nm and the solvent by a uniform
dielectric background. Our goal was to extend the comparison
from the planar geometry to spherically curved macroions
(of radii from R,, =2 nm to R, =5 nm) with small and
moderate surface charge densities (Jo| < 0.4 e/nm?). Our
mean-field models were based on two underlying equations of
state, the lattice-gas (LG) and Carnahan-Starling (CS) equa-
tions of state, and numerical solutions of the corresponding
self-consistency relation. We emphasize that our work sys-
tematically compares these modified mean-field models of
the EDL with simulations for curved macroions. For small

surface charge densities we find that while our mean-field
models overestimate Cg;ff, they accurately reproduce its curva-
ture dependence. The overestimation is related to the absence
of a Stern layer, which we have previously discussed in detail
for the planar geometry [60-62,65]. For moderate surface
charge density, our mean-field models turn less capable to
reproduce the qualitative features of the curvature dependence
of Cdiff.

The LG and CS equations of state are members of a class
for which we have recently calculated the energy [52] and the
differential capacitance [31] of the EDL near weakly curved
interfaces (up to quadratic order in curvature). Consequently,
we have used the quadratic curvature expansion of Cyir and
compared it with the full solutions of the self-consistency
relation, resulting in excellent agreement for the macroion
radii and surface charge densities considered in this paper.

Hence two conclusions emerge from the present work:
First, the level of accuracy of mean-field modeling is inde-
pendent of the macroion radius, at least for small surface
charge density of the macroion. Second, the quadratic curva-
ture expansion of Cygr for the LG and CS models accurately
reproduces the corresponding numerical solutions of the self-
consistency relation, which are valid for any curvature. These
conclusions are subject to the macroion radii and surface
charge densities considered in this paper. Investigations for
large curvature (where the radii of curvature approach the
ion sizes) and highly charged macroions (where ion stacking
takes place), as well as extensions of the present approach
via the incorporation of nonelectrostatic interactions—such
as solvent-mediated hydration interactions—remain as future
projects.
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