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Strong noise limit for population dynamics in incompressible advection
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Genetic diversity is at the basis of the evolution process of populations and it is responsible for the populations’
degree of fitness to a particular ecosystem. In marine environments many factors play a role in determining the
dynamics of a population, including the amount of nutrients, the temperature, and many other stressing factors.
An important and yet rather unexplored challenge is to figure out the role of individuals’ dispersion, due to flow
advection, on population genetics. In this paper we focus on two populations, one of which has a slight selective
advantage, advanced by an incompressible two-dimensional flow. In particular, we want to understand how this
advective flow can modify the dynamics of the advantageous allele. We generalize, through a theoretical analysis,
previous evidence according to which the fixation probability is independent of diffusivity, showing that this is
also independent of fluid advection. These findings may have important implications in the understanding of
the dynamics of a population of microorganism, such as plankton or bacteria, in marine environments under the

influence of (turbulent) currents.
DOI: 10.1103/PhysRevE.104.034421

I. INTRODUCTION

Quantitative descriptions of evolutionary dynamics and
population genetics are fundamental issues in understanding
genetic diversity in the real world. Focusing on the simplest
case of two competing populations, the pioneering works of
Kimura et al. [1-3] provide a clear-cut answer in the well-
mixed (zero-dimensional) case.

To establish the notation and explain in some detail both
the model and the problem we discuss in this paper, we con-
sider two populations, say, A and B, which can reproduce and
die according to one of the many possible models. Here we
choose the framework reviewed by Korolev ez al. [4]. Ignoring
spatial effects, let us denote by Ny and Np the numbers of
individuals in the system. In the neutral case, we consider both
species with the same dynamics, i.e., individuals reproduce at
arate u and die at a rate (N4 + Np). Notice that, in general,
the value of © may be different for the rates of reproduction
and death. Here we choose the same rate to simplify the nota-
tion and the algebra (see [5] for a more general description).
We also assume that both individuals cannot grow more than
some limiting value. We can introduce a selective advantage
for one of the two species, say, A, in several ways. Following
[4,5], we assume that the selective advantage s is induced by a
faster birth rate w(1 + s) for the individual A. Since the model
is defined in terms of the rates of reproduction and death, the
basic mathematical formulation should be defined in terms
of a master equation for the different transition probabilities
from one state N4 or Np to a different one. Then using the
Kramers-Moyal expansion, we can obtain a Fokker-Planck
equation for the probability P(Ny4, Np, t) to observe a number
of Ny and Np individuals at time ¢ (a detailed derivation
is provided in Appendix A of [5]). From the Fokker-Plank
equation, we can obtain the associated stochastic differential
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equations. Finally, upon introducing the population fraction
f = Ni/(N4 + Np) and assuming s to be small, we can derive
the stochastic differential equation

2 1/2
31f=MSf(1—f)+[Ff(1—f)} n(), (1)

where N is the whole population size and 7n(t) is a Gaus-
sian random variable, § correlated in time with zero mean
and unit variance. Equation (1) is a stochastic differential
equation with multiplicative noise, to be interpreted with the
Itd prescription, and there exist two absorbing boundaries
f=1and f =0. We remark that, since the noise variance
is proportional to pu, the timescale 1/ becomes irrelevant,
i.e., the statistical properties of (1) depend on time through
the dimensionless combination fx. Assuming that at time
t = 0 the initial population fraction is fy, we are interested in
computing the fixation probability Pg for the species A with
selective advantage s to overcome the whole population size
(fixation) and average time Tj4 for the fixation to occur. This
computation can be exactly done by solving the backward
Kolmogorov equation of the stochastic differential equation,
as it was shown for the first time by Kimura et al. [1]. Upon
denoting by fj the initial relative fraction of a population with
a small selective advantage s, the fixation probability Psx for
advantageous population and the average time Ty to reach
fixation, for small s, are given by

1 —exp(—fosN)
Pﬁx = —7
1 —exp(—sN)

N 1
Tix = ————In| — ). 3
™= fo) “(fo) )
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More complex and therefore interesting features arise if
one considers the effect of spatial structure. Following Ko-
rolev et al. [4], we consider a system in a bounded domain
L4 of dimension d = 1, 2. Next we divide the system into
small boxes (demes) of size a?. In each deme, the maximum
population size is denoted by Np. Diffusion effects can be
easily introduced by assuming a rate of migration from one
deme to the nearest neighborhood. The continuous limit is
achieved for L/a > 1. Then Eq. (1) is formulated in terms
of f(%,t), which is the local relative fraction of A with re-
spect to the local population size. Using the same approach
shortly reviewed above, we can derive the celebrated Fisher-
Kolmogorov-Petrovsky-Piscounov (FKPP) equation

1/2
0f = DA+ usf (1= ) + [%ﬂf)} W ),

“)
where w(X, t) is a white noise § correlated in space and time
and D is the diffusion [see [5] for a detailed derivation of
Eq. 4)].

A rather nontrivial result was obtained by Doering et al.
[6], who showed that the probability of fixation Py for
the stochastic FKPP equation in d =1 does not depend
on the diffusivity (in the limit of small D and large total
population size). The same outcome seems to hold for the
two-dimensional case d = 2, according to the investigations
presented by [5,7]. For the one-dimensional problem, in the
strong noise limit that is characterized by small values of D
and population density Ng, it has been proved that an ini-
tially localized population f(X,t) propagates in space with
a velocity vy ~ DNgs/a < vg = /Ds/u, where vg is the
Fisher velocity [6,8]. We want to show that the slowdown of
front propagation and the segregation effects induced by the
fluctuations due to the noise (see [4]) are able to explain why
Psx is independent of D.

Much less is known when a populations is subject to the
advection of an incompressible velocity field v, when the total
concentration ¢ is uniform over the domain (¢ = 1). In this
case, the describing equation becomes

df +0 -Vf=DAf+pusf(1—f)

n [ZMf(l -/

172
No } w(x, 1), )

where ¥ is assumed to be a two-dimensional incompress-
ible flow, with div(¥) = 0. In this paper we are interested in
discussing whether the advection of an incompressible two-
dimensional flow can modify the Darwinian dynamics of an
advantageous allele and in particular we study how Psx and
Tix may change. For our purpose, we consider f(X,0) = fy
uniform in space and we assume periodic boundary conditions
in a two-dimensional domain of size L?. Because advection,
stationary or not, can always increase the effective dispersion
(diffusivity) of individuals, we do not expect P to change
with respect to the results previously discussed. The situation
may be different for the fixation timescale of the system, i.e.,
Tix.

In this section we summarize some of the key findings
obtained in the paper. In the case without advection, the strong
noise limit is shown to occur when the following inequality

holds:

a? 1

NoD > = (6)
The physical interpretation of Eq. (6) is rather clear: tp =
a*/D is the diffusive characteristic time needed for a particle
to spread, on average, over a distance of order a, 1/u is the
generation time, and Ny/u is proportional to the inverse of
the noise variance in Eq. (4). When the multiplicative noise
is large (small Ny or large ), the effect of the noise (due to
the random processes of death and birth in the population)
is large and the diffusion becomes relevant on a timescale
corresponding to several generation times in the population
dynamics. Then competition in space occurs at a much slower
rate when the inequality (6) is satisfied and, as shown in
Sec. II, the relevant timescale in the system becomes NoD/a?.
It follows that the fixation time Tjy is given by

L f 1
=g (E) @

which can be compared to Eq. (3), with L?/D replacing N/ .

When advection is present, the proper analysis can be done
by considering the effective (or eddy) diffusivity Deg due to
the flow and its related characteristic spatial scale /,,. Knowing
the advection field, it is difficult to compute exactly Des and
I,. In a few cases, as we discuss in this paper, it is possible
to obtain an analytical estimate for both quantities (see [9] for
details). In this study we will provide theoretical and numer-
ical evidence that there may exist a strong noise scenario for
the dynamics if the following inequality is fulfilled:

13 > ! (8)
DegrNo w

The physical motivation behind Eq. (8) can be obtained by
considering the case s = 0 in Eq. (5). Then the effect of a
nonuniform advection introduces a characteristic timescale ¢,
for the effective diffusion of a particle in the system. Equa-
tion (8) states that if 7, = lf /Degr is much longer than the
generation timescale 1/u and N is relatively small, the effect
of advection occurs on a timescale corresponding to several
generation times in the population dynamics. As already no-
ticed, Ny/u is proportional to the inverse of the variance due
to multiplicative noise in Eq. (5). Then we can physically
argue that (8) is equivalent to the strong noise condition in
the system, similarly to our previous analysis of Eq. (6). Note
that we expect the relation a2 /D=tp>t,= l,f /Degr. The
physical interpretation of (8) suggests, by analogy, that, in the
presence of advection, a proper estimate for the fixation time
Tiix v, for small s, is given by

Nyl? 1
Ty = — fo (—) )
DetNo 1 — fo fo

Because tp > t,, we expect Txy, to be shorter than the T
given by (7) but still much longer than the fixation time for
the well-mixed population given by Eq. (3).

In general, the theoretical computation of Dgg is not a
simple task (see [9]). For the relatively simple case of chaotic
flows one usually finds that Deg ~ upl,, with uy being some
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typical velocity. Then Eq. (8) can be written as

uly
Uo

Da =

> No, (10

where Da is the so-called Damkohler number representing
the ratio between the rate of growing with respect to the
characteristic rate of population spreading (see also [10,11]
for studies of thin front propagation in steady and unsteady
cellular flow and no genetic fluctuations, i.e., Ny — 00). For
finite Da >> N, strong noise effects characterize the dynamics
in the presence of chaotic advection.

Using Degs ~ uply,, one can think of 1, /uq as the so-called
eddy turnover time at scale [, of the flow. If the flow is
characterized by a single spatial scale [,, Eq. (10) becomes
a condition on the velocity scale uy. However, for turbulent
flows, the eddy turnover time increases with /: Whereas at
small / the system behaves as in the well-mixed case (tur-
bulence increases mixing and no strong noise effects can
arise), there may exist some critical scale above which strong
noise effects become relevant. We will discuss this interesting
possibility in some detail in Sec. V, although a systematic and
quantitative investigation of this point is definitively outside
the aim of this paper.

In the next section we present a theoretical framework
to support our findings, i.e., Eqs. (6) and (8)—(10). This
framework is validated by numerical simulations in Sec. III.
In Sec. IV we summarize our results and we discuss their
relevance in the case of population dynamics of oceanic phy-
toplankton subjected to marine turbulence. All the numerical
simulations are based on the method discussed by [12]. As
already noted, 1/ is the only timescale for the population
dynamics and we can set u = 1 without loss of generality.

II. THEORY

We consider two populations A and B in a two-dimensional
closed system of size L x L endowed with periodic bound-
ary conditions. Let C4 and Cp, with C4 4+ Cg = 1, denote
the relative time- and space-dependent concentrations. The
two populations are advected by an incompressible velocity
field. The dynamics of a population is well described by the
continuum stochastic Fisher equation in terms of diffusion
D, logistic growth p, selective advantage s, and advection v.
Upon denoting by f the fraction of the concentration of a
species over the total concentration, f = C4/(C4 + Cg), the
discretized form of the equation governing the dynamics of
the two populations reads

af

Ewﬁf:DAerusm—f)

2M 1/2
0

where Ny is the total number of organisms per deme and
w(X, t) is a Gaussian random process § correlated both in
space and in time. Given the deme size a, Eq. (11) can be
discretized on a regular grid of n points, where n = L/a, with
L the domain size (see Appendix A for an extensive expla-
nation). For a two-dimensional case, there exist N =n x n
demes in the domain. In the following we will use the notation

fi,withi=1,2,...,N, to indicate the value of f(x,y,t) in
the deme i and consequently \% fi» Af; denoting values of \% f
and Af in the same deme. The divergence of the velocity
field is assumed to be zero. Then, upon averaging Eq. (11)
in space and denoting by f(m) the space average of f(x, y, ),
we obtain

af(m)
ar

2p
Nr

1/2
MS<H>+[ (H)} w(t), (12)

where Ny = NoN, w(t) is a Gaussian random process § corre-
lated in time, and

HEf(xay,t)[l_f(xJaf)], (13)
1
(~-~)EE/~-~dxdy. (14)

In order to obtain the noise variance on the right-hand side of
Eq. (12), we define the noise term acting on f(m) as

1 21, NES . s
NZ[F{)]{;( _fl):l wl=NZO'twtv ( )

where o; is equivalent to [?V—’; £i(1 — £)1'/? and w; is shorthand
for the noise acting on deme i. Since (w;w;) = §;;, the vari-
ance of the noise term (15) is given by

1 21 21
mzi,jgiojwiwj = Wzifi(l - f= WW). (16)

The space averaged (H) can also be written as
(H) = H(f(m)) = ((6)°), a7

where H(f(m)) = f(m)[1 — f(m)] and §f = f(x,y, 1) —
f(m). Following the results discussed in Refs. [8,13], for
small values of the selective advantage s, we can obtain useful
insight into the dynamics of the system by considering the
equation for H at s = 0, namely,

H _ - 21
—I—voVH:DAf—ZDfAf—Ff(l_f)_|_...7
0

at
(18)

where the third term on the right-hand side of Eq. (18) is
derived from the application of Itd’s calculus and the ellip-
sis represents all the terms due to noise. Next we perform
a space averaging. Because of the periodic boundary con-
ditions and the incompressibility of the advection field, we
can use the identities (Af) = 0, (¥ - VH) = (div(3H)) = 0,
and —(fAf) = ((?f)z). The final result is achieved by (i)
averaging Eq. (18) over the noise realizations, which allows
us to neglect the noise, and (ii) neglecting the time derivative
d;(H), which rapidly goes to zero both in one and in two
dimensions (see [4] for details).

Then the final result reads

szﬂzﬁm» (19)

This equation, for ¥ = 0, has been also derived in Refs. [4,14].
Let us also remark that Eq. (19) is formally independent of
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v. The effect of velocity advection (if any) shows up in the
following steps.

Now we introduce the timescale ., which is defined by the
relation
N 1
DIV = —(Gf)?). (20)

*

Using Eq. (20) in Eq. (17), we can compute (H) as a function
of H(f(m)) and we obtain

(H) = H(fom) = S ). @1
0

Solving Eq. (21) for (H), it turns out that

(H) = AH(f (m)), (22)
where
1
A= - (23)
1+ &

Using Eq. (22), we now can express (H) as H(f(m) =
fm)[1 — f(m)]). We insert it in Eq. (12), obtaining

12
L — sagont — i+ | 22 HG | e
ot Nr

The key quantity to consider in the following is the ra-
tio G = ut,/Ny. For G « 1 and Eq. (23), we obtain A ~ 1.
Equation (24) reduces to the case of a well-mixed population
with selective advantage s. In contrast, for G > 1 we get
Ap ~ Np/t, and the characteristic time of the system dynam-
ics depends explicitly on both Ny and #,; this is the case
referred to as the strong noise limit where the genetic drift
(i.e., space-dependent number fluctuations in the population
size) becomes important.

To make progress, we start analyzing the case ¥ = 0, i.e.,
the case where t, = tp. In this case, the effect of random
perturbations, caused by the growth and death processes of
a population, within each single deme, implies that the con-
centration gradients must be of order 1/a.

A reasonable guess on 7p may be derived by considering, as
a guideline, the two-dimensional stochastic differential equa-
tion

3¢ = DA + Jew(, t). (25)
Assuming that there exists an “ultraviolet” cutoff &y, it is pos-
sible to exactly compute the ratio ((Ve)2)/((¢)?), obtaining
52
(7)o 06)
(#%)
(Mathematical details for the kj; introduction will be treated
in Appendix B.) From the above insight, using k), ~ 1/a, we
have

a2

t,=0)=1 ~ D 27

Through the use of Egs. (27), (23), and (24) we are led to the
result

afim)  u B
Y H_]%Sf(m)[l Sf(m)]

172
7
+[N—T1+$f(i71)[l—f(m)]} , (28)

where Ny = Ny/a®> = Nr/L? is the population density.

The strong noise limit for Eq. (28) is expressed by the
condition wa®?/NoD = /NgD > 1, which corresponds to
Eq. (6). In the strong noise limit, Eq. (28) becomes

df (m)
ot

= NgDsf(m)[1 — f(m)]

2NzD 12
+[ NR f(m)[l—f(m)]} . (9
T

Using Eq. (28) or (29), we can immediately deduce that the
fixation probability Pgx can be derived from the Kimura theory
[1] for well-mixed population, through Eq. (2) to derive Psx in
our space-dependent dynamics. Remarkably, a simple compu-
tation shows that Py is independent of the diffusivity D. This
is a rather remarkable result, first predicted by Doering et al.
[13] for the one-dimensional problem in the strong noise limit
and observed in Refs. [7,15] in both one and two dimensions.
Here we get a clear-cut explanation for this result.

Due to Eq. (28) or (29), we derive that for both cases,
strong and weak noise, the probability of fixation Pgix can
be computed from knowing Ny and the space average of
the initial population fraction, hereafter denoted by f(m, 0).
Using (2) we get

1— efsN-,-f(m,O)
Po=—— = 0
Next we can rewrite Ny f(m, 0) = Ng fdxdyf(x, v, 0). Per-
forming the limits L — oo and Ny — oo with Ng = const,
we obtain

Pix = 1 —exp (—SNR / dxdy f(x,y, 0)), (€29)

which is the generalization, in two dimensions, of the result
proved in Ref. [13] for the one-dimensional case.

In the strong noise limit, taking as a reference Eq. (29),
the space average population f(m) behaves as in the case of
a well-mixed population of size Ny growing (or decaying)
with a characteristic timescale 1/NgD and a selective advan-
tage s. Then the average fixation time should be of the order
N7 /NgD ~ L?/D, which is the expected timescale for fixation
at v = 0, in the continuous limit of Eq. (11). In contrast, in
the weak noise limit the average fixation timescale is of order
Nr and it is independent of the diffusivity D. In summary, for
v = 0 our theoretical approach nicely agrees with both theo-
retical and numerical findings in both one and two dimensions
and supports our estimate given in Eq. (27), i.e., t, = a®/D.

We now turn our attention to the case v # 0. In this case
the estimate of ¢, referred to as ¢, in the following, can be
done in terms of the effective or eddy diffusivity Deg and its
corresponding space scale [,

- Iy
WO #0) =t~ S (32)

eff

It is possible to show that #, < fp. This inequality can
be understood as follows. Let us define D as the effective
diffusivity acting at the deme scale a over the time ¢,, i.e.,
Degst, = a®. Tt follows that Degr = Degra® /12 and we expect the
advection to be relevant in the dynamics provided Des; > D.
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Then
- @ 2 P
Dyt =Dett— >D > tp=— > 2L =1, 33
eff eff 13 = D D = Deff u ( )

The inequality #, < #p implies that the strong noise limit for
v # 0 may be observed only if, for ¥ = 0, the system is in the
strong noise regime.

In the presence of an advection velocity field, Eq. (24) now
becomes

afm) _— n

ot ulg
NoDer

sfm)[1 — f(m)]

5 p 1/2
o e AL R AT I )
T1+

iz
NoDesr
As already noted, to understand whether or not the strong
noise limit is achieved, the relevant quantity is

pul?

G, .
NoDe

(35)

For G, > 1, the system should be considered in the strong
noise limit and Eq. (34) becomes
df(m)  NoDest
a2
2 NoDeit
Nr 12

sfm)[1 — f(m)]

1/2
f(m)[l—f(M)]} . (36)

There is no simple analytical way to estimate D.g and I,
for a prescribed velocity field ¥. In some cases, such as the
one considered in this paper, an explicit computation of Deg
and [, can be done (see [9,10] for further details). In general,
one can introduce a characteristic velocity field uy such that
Degr = upl,,. This is, for instance, the case for a turbulent flow
where ug is the characteristic scale of the turbulent kinetic
fluctuations, on scale /,, and D is obtained by the Richard-
son diffusion [16]. Using D¢y = upl,, the condition G, > 1
becomes ul,/Noug >> 1, which is the same condition given
by Eq. (10) in the Introduction.

Finally, using Eq. (36) and the inequality ¢, < fp, we ob-
tain, for the average fixation time,

2 2
Nel, _Nr, N B (37)
NoDetr  No No D

The effect of the velocity advection, for large G,,, is to speed
up the characteristic time for the system to reach fixation. This
is also another way to understand the inequality #, < #p.

In the next two sections we provide numerical evidence
which supports our theoretical discussion and the above con-
clusions.

III. NUMERICAL APPROACH

For our numerical investigation, we consider a two-
dimensional domain of size L = 2w with a deme size a =
L/128. The numerical method used in the following is based

on the one introduced in Ref. [12] and shortly revised in the
Appendix. The velocity field v is given by

. L L
Uy = Up Sin [k( — 5) + ¢(r)] cos [k( - 5) + ¢(t)],

(33)
. L L

vy = —uUp sin |:k( — —) + qﬁ(t)] cos [k( — —) + ¢>(t)],
2 2

(39

¢(t) = 8 sin(wr). (40)

Using the above choice of ¥, we can consider three different
cases: (i) no flow, uy = 0; (ii) nonchaotic flow, 1y > 0 and
& = 0; and (iii) chaotic flow, ug > 0 and § = &y. The no-flow
case refers to the “standard” FKPP equations already inves-
tigated in many papers (see, for instance, [4,5]). The second
case corresponds to a nonchaotic cellular flow [17], while the
third one corresponds, for a proper choice of §y, to a chaotic
cellular flow. For all cases we set k = 8 and for the chaotic
flow case we choose g = 2 and w = 2, which ensure the
condition for chaotic flow to occur. Finally, throughout our nu-
merical investigation, we consider f(x,y, 0) = 0.0625 to be
uniformly distributed in the domain. We study the dynamics
of the system as a function of Ny, ug, and D.

For cellular flow we can employ the analytical approach
developed in Refs. [9,10] to compute D.s as a function of
l, = 2m /k and uy. We find that for the nonchaotic flow, Deg ~
~/Duyl,, whereas for the chaotic flow, Deg ~ ugl,,.

Based on the theoretical analysis done in the preceding
section, we are interested in computing the quantity A defined
in Eq. (22) and, in particular, we are interested in studying the
quantity G = A~! — 1 for the three different cases. Next, us-
ing Eq. (27) for v = 0 and 2(32) for ¥ # 0, we obtain (2;“0 flow ™~

2

na ~ ul;, o Ml
NoD’ Gnonchaolic flow NovDloio’ and Gchaolic flow Nouoly * By re-

lying on these expressions of G for the cases of no flow,
nonchaotic flow, and chaotic flow, we predict three different
scaling properties to be observed, namely, (i) different scaling
laws as a function of D, i.e., Guo fiow ~ D™, Gronchaotic flow ~
D772, and G paoiic fiow independent of Dj (ii) the same scaling
properties for all cases as a function of Ny, i.e., Ny . and
(iii) diversity in the scaling behavior of Gponchaotic flow and

: . —1/2
Ghaotic flow as a function of up: Gnonchaotic flow ™~ Uy and

-1
Gchaotic flow ~ Ugy -

In addition to the scaling predictions listed above, our
theoretical analysis shows that the fixation probability Py
[Eqg. (2)] depends neither on D nor on uj and it is given by
the Kimura formula or by the Doering relation in the limit
L — o0, as already shown for ug = 0 in Ref. [5]. In Fig. 1
we support our conclusion by showing Pgyx for #y = 1 in the
chaotic flow case with D = 1073 and Ny = 2. The black line
in the figure represents the trend of the Kimura formula, which
agrees extremely well with the numerical results, sketched by
purple closed circles.

Next we discuss how we can numerically compute A.
Equation (22) has been derived assuming an average of differ-
ent realizations. Let us define (H ), as the value of (H) for the
« realization and f(m), as the corresponding value of f(m)
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S

FIG. 1. Fixation probability (purple circles) as a function of the
selective advantage s obtained from a chaotic flow. Simulations were
performed with Ny = 2, diffusion coefficient D = 1073, and uy = 1.
The black solid line corresponds to the Kimura formula (2). The
error bar is calculated as +/Psx(1 — Psx)/m, where m is the number
of simulations. For the results shown in the figure, m = 500.

for the same realization. Both (H), and f(m), are functions
of time. Then Eq. (22) states that

(H) = AH(f(m)), (41)

where the overbar is the average over different realizations,
ie, M™! Za -+, with M the number of realizations. In Fig. 2
we show the quality of the results we obtain for cases of
no flow and chaotic flow with D = 10~2 and N, = 2, im-
posing for the latter case uo = 1: (H) is plotted for up = 1
[Fig. 2(a)] and uy = O [Fig. 2(c)], while the behavior of (H)
is plotted as a function of f (m) for up =1 [Fig. 2(b)] and
up = 0 [Fig. 2(d)]. We also compute the quantity A, for each
realization, i.e., we calculate A, as the best fit of the relation
(H)q = AgH(f(m)y). The error bars in Fig. 2 refer to three
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FIG. 2. (a) and (c) Graphs representing the average heterozygos-
ity versus the heterozygosity of the mean value of f and (b) and
(d) plots of the average heterozygosity as a function of the aver-
age value of f. (a) and (b) differ from (c) and (d) because of the
presence of the chaotic flow (yellow diamonds). (¢) and (d) show
the cases with no flow (purple circles). We performed simulations
for D = 1073 and N, = 2. The error bars are 3 times the variance
computed over 100 realizations.
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FIG. 3. Average heterozygosity vs heterozygosity of the average
value of f for three different values of the selective advantage s under
a chaotic flow. The parameters are Ny = 2 and D = 1073,

times the variance of A,. The same result holds for different
values of s and D: Overall, from the numerical simulations we
can obtain a measure of A with an accuracy of about 1%.
Next we consider how the computation of A may even-
tually depend on s. In Fig. 3 we show (H) as a function of
H(f,,) for the chaotic flow case with D = 1073 and s = 107,
1073, and 1.6 x 1073; there is no observable difference in A
for the three different cases. Based on the results of Fig. 3,
we can reasonably reach the conclusion that our numerical
computation of A is independent of s. From the knowledge
of A we can extract the value of G =A~! — 1 for the three
different cases of no flow, nonchaotic flow, and chaotic flow.

IV. COMPARISON WITH ANALYTICAL ESTIMATE

As stated in the preceding section, we have three different
predictions for the scaling G = A~! — 1 for the three cases
considered: no flow, nonchaotic flow, and chaotic flow. Pre-
diction (i) refers to the behavior of G with respect to the
diffusivity D, namely, we expect

1
Gro flow ™~ B
1
N}

Ghaotic flow ™~ const.

(42)

Ghonchaotic flow ™~

As discussed in Sec. II, the scaling of Gponchaotic flow and
Ghaotic flow depends on how the effective or eddy diffusivity
Degr depends on D. For both chaotic and nonchaotic flow
cases, the effective diffusivity can be computed [10] and we
obtain for the nonchaotic case Deg ~ +/D, whereas for the
chaotic case we find D to be independent of D. To check
the scaling (42) we consider D € [0.0002, 0.016] for all cases
and we set Ny = 2. The results are shown in Fig. 4, where we
PlOt Gno flows Gnonchaotic flows and Gchaotic flow 4S a function of D.
The two straight lines refer to the scalings D! and D~!/2. For
the nonchaotic flow case we show the computation performed
at ug = 1, while for chaotic flow case we show two different
values of uy, namely, up = 1 and uy = 0.2. At a relatively
small value of D the three different scaling behaviors (42) are
clearly satisfied. At a relatively large value of D, the value of
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FIG. 4. Values of G as a function of the diffusion parameter
D. Circles, triangles, squares, and diamonds represent the results
of our simulation for different velocity cases: no velocity (uy = 0),
nonchaotic velocity field for the value uy = 1, and chaotic velocity
field for the values uy = 0.2 and 1, respectively. The solid and dashed
lines refer to the linear fit of the simulation results whose slopes are
—1 in one case and —% in the other case. The horizontal dot-dashed
line shows the constant value achieved for the chaotic flow with
uy = 1 at very small D. The error bar is estimated from the error
of the best fit; it is smaller than the size of the system, which is why
it cannot be seen on the graph.

G decreases and approaches order 1; this should be expected
since we know that for D large enough we enter the so-called
weak noise regime and the spatial effects can be neglected. In
addition, we can observe that Gonchaotic fiow ANd Gehaotic flow are
both smaller compared to Gy, fiow, independently of D. This
observation agrees with our theoretical discussion in Sec. 1I
and implies the relation t, < fp.

Next we consider the behavior of G as a function of
Ny = Non?. For all cases we should observe that G ~ N I
To check this prediction, we consider the two cases of no
flow and chaotic flow and in Fig. 5 we show Gy, gow and
Gchaotic flow a8 a function of Ny. Again, the behavior of G as

2 2
10 =0 @ 10 Ug=1 chaos
[ )
1 slope -1 1
10" | E 10" | E
0 0 slope -1
© 100 | {1 o 10t 1
10 b E 107" 1
-2 L -2 L
10 10
10° 10’ 102 10° 10’ 102
No No

FIG. 5. Values of G as a function of the number of individuals
Ny per deme for (a) the case of no velocity (purple circles) and
(b) the results in the presence of a chaotic flow with uy = 1 (yellow
diamonds). Both curves follow a slope of —1. In both cases we use
D =103 and N, € [4, 64].

FIG. 6. Values of G as a function of the velocity intensity u, for
(a) the results under a chaotic velocity field (yellow diamonds) and
(b) the findings in the presence of a nonchaotic velocity field (green
triangles). Two different behaviors are shown: (a) The chaotic results
follow a slope of —1 whereas (b) the nonchaotic results follow a
slope of —1. The numerical parameters used in the simulations are

2
No=2and D = 1073,

a function of Ny is rather well satisfied. Combining the results
shown in Figs. 4 and 5, we can argue, as already noted in
Sec. II, that the continuous limit of Eq. (11) can be achieved
by sending Ny — oo while keeping Ny D small and constant.
In other words, the continuous limit of Eq. (11) is achieved by
increasing the domain size at constant density and vanishing
diffusivity.

The last prediction discussed in Sec. III applies only to the
cases of no flow and chaotic flow and refers to the scaling
behavior of G with respect to the velocity ug:

(43)

Ghonchaotic flow ™~ 1/2° Gehaotic flow ~ —-
u u

o 0
In Fig. 6 we show Guonchaotic flow and Gehaotic flow for No = 2,
D = 1073, and uy € [0.1, 1]. The scaling (43) is verified in
both cases.

The results shown in Figs. 4-6 validate the theoretical
analysis performed in Sec. II. Without any advection field,
the timescale of the dynamics is controlled by the ratio Gp =
w/NgD, where Ngx = Ny/L? is the population density and
the diffusivity plays a relevant role only for Gp > 1. When
advection is present, the relevant parameter depends on the
effective diffusivity Deg and its corresponding length scale /,
through the combination G, = /Llf /NoDett < Gp. In general,
the functional form of D.g depends on the flow properties (as
shown in Figs. 4 and 6). For large values of G,, the timescale
of the dynamics is controlled by the effective diffusivity and
by /,. In all cases, the fixation probability depends neither on
the diffusivity nor on the advection, assumed to be incom-
pressible.

V. CONCLUSION

In this paper we focused our investigation on the fixation
probability between two populations, one of which has a slight
selective advantage. In particular, we considered the case
of two populations whose dynamics is confined in a closed
system and eventually advected by a two-dimensional incom-

034421-7



GUCCIONE, BENZI, AND TOSCHI

PHYSICAL REVIEW E 104, 034421 (2021)

pressible flow. We restricted our consideration to the case
where initially the two populations are uniformly distributed
in space and the one with the selective advantage presents a
space density f(0) < 1. For the well-mixed case, when both
diffusion and advection are irrelevant, the fixation probability
is given by the Kimura theory. For one-dimensional system
and without advection, it was shown that the fixation prob-
ability does not depend on the value of diffusivity acting in
the system [6]. This result was proved by Maruyama [7] and
by Pigolotti et al. [5] on the basis of numerical simulations
arguing that Doering’s findings should be true also for the
two-dimensional case, yet without advection.

Our paper generalized this previous evidence in several
ways. First, we provided a theoretical analysis showing that
the fixation probability should be independent of the diffu-
sivity and the effect of the velocity field (if present). We
also showed that, without advection, the results in Ref. [6]
are recovered for small diffusivity or equivalently for a large
system size. Concerning the latter case, we argued theoreti-
cally and checked numerically that the dimensionless relevant
parameter in the system is the ratio u/NgD, where 1/ is the
generation time for the population growth, Ny is the popu-
lation density, and D is the diffusivity. In the strong noise
regime, corresponding to p/NgD > 1, the timescale for fix-
ation to occur depends on Ng, D, and s and we expect fixation
to occur on a timescale L?/D. Our analysis was generalized
to take into account the effect of advection. The relevant
dimensionless parameter is now pcl,f /NoDetr, where Ny is the
number of individuals per deme, Dy is the effective or eddy
diffusivity induced by the flow, and [, is its corresponding
length scale. The equivalence of the strong noise regime is
given by the condition le /NoDegr > 1. In this regime, the
timescale for fixation is controlled by the flow dynamics.
We remarked that the quantity p,lf /NoDest plays the same
role as the Damkdler number Da = ul,/ug for the contin-
uous equation (with no number fluctuations), where ug is
the characteristic velocity of the flow field. It is known that,
without number fluctuations, the front speed of a population
advected by an incompressible velocity field depends on the
Damkoler and the Péclet number uyl,/D [10]. When number
fluctuations are taken into account, previous theoretical and
numerical findings for the continuous case are valid provided
I2 /NoDegr > 1.

Besides the above results, which nicely generalize many
previous findings, one may wonder whether the effect of the
advection of an incompressible flow may be relevant for some
realistic cases. In particular, we wanted to consider the case
of phytoplankton dynamics subject to ocean circulation and
turbulence. We assumed that, without advection, the phyto-
plankton dynamics can be considered to be in the strong
noise regime where diffusivity effects control the timescale
for a slightly advantageous population to eventually dominate
(fixation). This is true, for instance, for a population density
of order 10’-10° individuals for m> with a generation time
order of 1 day and size of order 1 um corresponding to diffu-
sivity order 10~'3 m?/s. Depending on the population density,
these parameters correspond to i/NgD € [50, 1000]. Next we
considered the effect of turbulence where we know that the
effective diffusivity becomes scale dependent and it can be
estimated using the Richardson theory and the Kolmogorov

scaling. Upon defining € as the energy dissipation per unit
mass of the turbulence flow, [ as the scale where we con-
sider the effect of the effective viscosity Deg ~ €'/31%/3, and
Ny ~ 1, the relevant dimensionless quantity becomes G, =
wl? /NoDegr. An estimate of € can be obtained by using the
recent analysis performed in Ref. [18], where it was shown
that for / ~ 10 km the probability distribution of € is close
to a log-normal distribution with a most probable value near
the surface close to € ~ 10719 m?/s. With these numbers,
we obtain G, ~ 10 and the timescale for fixation to occur
becomes order of 10 days. This estimate is clearly very rough
since all the variables we considered show strong and even
intermittent fluctuations both in space and in time. At any
rate, our evaluation of G, was just done to illustrate that the
advection of a relatively weak compressible flow, for instance,
due to a moderate upwelling, may become an important effect
on the population dynamics located in the upwelling region,
as discussed, e.g., in Ref. [19]. This effect is different for
different population sizes, densities, and characteristics of
the population (motile versus nonmotile) for different flow
characteristics, thus contributing, directly or indirectly, to the
well-known complex dynamics of oceanic biomass.
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APPENDIX A: NUMERICAL ALGORITHM

In this Appendix we give a brief description of a numerical
model to investigate the behavior of population dynamics and
genetics under flow, closely following the work of Guccione
et al. [12]. The model aims to describe the space-time evo-
lution of a population by solving the FKPP equation (11),
namely,

3 _
8—{+D-Vf=DAf+,usf(1—f)

20 1/2
+ [Ff(l - f):| w(X, 1). (Al)
o

The method consists of a series of steps. Let us start by
considering a uniform lattice of spacing a. Every interval
i=1,...,n of size a spans a region within which there is
a number Ni(’3 ) of individuals, where § = A, B refers to the
two possible species. In the first step the particles present in
the boxes will be displaced due to diffusion and they will
be redistributed on a domain (1 + «)a“, where « identifies
the diffusion process and d refers to the dimension of the
considered system. We execute a Markov chain with next-
neighbor hopping and periodic boundary conditions, whose
convergence is related to a diffusion process, with diffusivity
constant D. The hopping probability is defined by

DAt

p="5. (A2)
a

with p <« 1.
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Step 1: Diffusion. For each interval i, the position of the
particle x, (i) is calculated as

xo(D)= (i — 3)a+a(n—3)(1+2p), (A3)

where 1 is a uniformly distributed random number within
[0, 1]. If an external velocity field is present then the particles
undergo a further displacement in continuous space.

Step 2: Advection. The advection is calculated as

X (i, 1 + A1) = xo (i) + u(xg (i) At, (A4)

where u(x, t) is a defined advecting field.

We notice that the particles from the box we started from
will be moved to another box, thus making a change in the
number of individuals present in the new box.

Step 3: Relabeling. It is possible to determine the new index

j= {MJ +1. (A5)
Ax

as

Step 4: Birth and death processes. Once the previous steps
have been completed, it is possible to calculate the birth-death
processes according to specific rates,

N;A) = N;A) +1 atrate rp(A), (A6)
NJ(A) = N](.A) — 1 atrate ry(A), (A7)
rp(A) = uAt,
| A N -1+ NP1 - )
= t ,
ra(A) = No
]\7}3) = ]\7](.3) +1 atrate r,(B), (A8)

]V;B) = ]V;B) —1 atrate r;(B),
rp(B) = nAt,

N® 14+ N8D + )
ra(B) = pAt—2 /
No

where s is the selective advantage, s > 0, or disadvantage, s <
0, of individuals A with respect to B. With r;, and r; the birth
and the death probabilities, respectively, are identified.

If the individuals belonging to a given box are known,
it is possible to perform this procedure, whose advantage is
not tracking the position of each particle. Because of this, in
particular, it is possible to consider this method efficient; the
computational cost tends to be relatively low.

Note that for each mesh site, the probability to obtain
k new offspring or deaths is binomial and it approximates
a Poisson distribution only when the number of individuals
considered in the specific process is large enough. This can
never happen in proximity to the edge of a propagating front
and/or near extinction even for large value of Ny. Once the
last step concludes, we set N;y) = N;y) and we can start with
a new time step.

In Table I we show the values of the different parameters
(except s) used in the numerical simulations of the paper. Note
that Ny = 2 is valid for all cases except the one shown in
Fig. 5, which in fact displays the value of G, as a function
of N().

, (A9)

TABLE 1. Numerical values used in the simulations.

Parameter Value
size L 2w
deme size a ]27”8
deme population Ny 2
diffusivity D 1073

APPENDIX B: MATHEMATICAL DETAILS FOR
INTRODUCING THE CUTOFF £k,

In this Appendix we give an explanation regarding the
introduction of the cutoff k), in the system during the step
between Eq. (25) and the relation (26).

By combining Eq. (26) with Eq. (20), i.e.,

ViR 1
(R _ 1 B
(6f)r) &
we get the relation
1 D
o= DI}, = = (B2)
Thus it is possible to derive the timescale #, as
2
a
Ly = —. B3
D (B3)

Now, to solve Eq. (25), we calculate a Fourier transform,
obtaining

dpr = —k*Dey + /ey, (B4)

by knowing that the Fourier transform of white noise is a
constant. The averages of ¢> and (V¢)? are, respectively,

) = [ karioh) (B5)
(F7) = [ Kraxgh). (B6)
Calculating the average of ¢2, we get
) €
= — B7
<¢k> 2k2D’ ( )
so that
5 € kdk € ks
=— | —=—In(—, B8
@7 21)/ K2 2Dn<k0 (B8)
and for the gradient
o € k*k dk €
Vo)) = — | —— = —k3,. B
(Vo)) ZD/ 2 DM (B9)

Making the relationship between (¢?) and ((§¢)2) while
keeping apart the natural logarithmic term, we obtain the
factor kys, which is why it is necessary to introduce the cutoff.

034421-9



GUCCIONE, BENZI, AND TOSCHI

PHYSICAL REVIEW E 104, 034421 (2021)

[1] M. Kimura, On the probability of fixation of mutant genes in a
population, Genetics 47, 713 (1962).

[2] M. Kimura and G. H. Weiss, The stepping stone model of
population structure and the decrease of genetic correlation with
distance, Genetics 49, 561 (1964).

[3] M. Kimura and T. Ohta, The average number of generations
until fixation of a mutant gene in a finite population, Genetics
61, 763 (1969).

[4] K. S. Korolev, M. Avlund, O. Hallatschek, and D. R. Nelson,
Genetic demixing and evolution in linear stepping stone mod-
els, Rev. Mod. Phys. 82, 1691 (2010).

[5] S. Pigolotti, R. Benzi, P. Perlekar, M. H. Jensen, F. Toschi, and
D. R. Nelson, Growth, competition and cooperation in spatial
population genetics, Theor. Popul. Biol. 84, 72 (2013).

[6] C. R. Doering, C. Mueller, and P. Smereka, Interacting par-
ticles, the stochastic Fisher-Kolmogorov-Petrovsky-Piscounov
equation, and duality, Physica A 325, 243 (2003).

[7] T. Maruyama, A simple proof that certain quantities are in-
dependent of the geographical structure of population, Theor.
Popul. Biol. 5, 148 (1974).

[8] O. Hallatschek and K. S. Korolev, Fisher Waves in the Strong
Noise Limit, Phys. Rev. Lett. 103, 108103 (2009).

[9] L. Biferale, A. Crisanti, M. Vergassola, and A. Vulpiani, Eddy
diffusivities in scalar transport, Phys. Fluids 7, 2725 (1995).

[10] M. Cencini, A. Torcini, D. Vergni, and A. Vulpiani, Thin front
propagation in steady and unsteady cellular flows, Phys. Fluids
15, 679 (2003).

[11] F. Bianco, S. Chibbaro, D. Vergni, and A. Vulpiani, Front speed
in reactive compressible stirred media, Phys. Rev. E 87, 042924
(2013).

[12] G. Guccione, R. Benzi, A. Plummer, and F. Toschi, Discrete
Eulerian model for population genetics and dynamics under
flow, Phys. Rev. E 100, 062105 (2019).

[13] C. R. Doering, C. Mueller, and P. Smereka, in Unsolved Prob-
lems of Noise and Fluctuation: UPoN 2002: Third International
Conference on Unsolved Problems of Noise and Fluctuations
in Physics, Biology, and High Technology, edited by S. M.
Bezrukov, AIP Conf. Proc. No. 665 (AIP, Melville, 2003),
pp- 523-530.

[14] S. Pigolotti and R. Benzi, Selective Advantage of Diffusing
Faster, Phys. Rev. Lett. 112, 188102 (2014).

[15] R. Benzi, M. H. Jensen, D. R. Nelson, P. Perlekar, S. Pigolotti,
and F. Toschi, Population dynamics in compressible flows,
Eur. Phys. J.: Spec. Top. 204, 57 (2012).

[16] L. F. Richardson, Atmospheric diffusion shown on a distance-
neighbour graph, Proc. R. Soc. London Ser. A 110, 709 (1926).

[17] M. Abel, A. Celani, D. Vergni, and A. Vulpiani, Front propaga-
tion in laminar flows, Phys. Rev. E 64, 046307 (2001).

[18] B. Pearson and B. Fox-Kemper, Log-Normal Turbulence Dissi-
pation in Global Ocean Models, Phys. Rev. Lett. 120, 094501
(2018).

[19] A. Plummer, R. Benzi, D. R. Nelson, and F. Toschi, Fixation
probabilities in weakly compressible fluid flows, Proc. Natl.
Acad. Sci. USA 116, 373 (2019).

034421-10


https://doi.org/10.1093/genetics/47.6.713
https://doi.org/10.1093/genetics/49.4.561
https://doi.org/10.1093/genetics/61.3.763
https://doi.org/10.1103/RevModPhys.82.1691
https://doi.org/10.1016/j.tpb.2012.12.002
https://doi.org/10.1016/S0378-4371(03)00203-6
https://doi.org/10.1016/0040-5809(74)90037-9
https://doi.org/10.1103/PhysRevLett.103.108103
https://doi.org/10.1063/1.868651
https://doi.org/10.1063/1.1541668
https://doi.org/10.1103/PhysRevE.87.042924
https://doi.org/10.1103/PhysRevE.100.062105
https://doi.org/10.1103/PhysRevLett.112.188102
https://doi.org/10.1140/epjst/e2012-01552-0
https://doi.org/10.1098/rspa.1926.0043
https://doi.org/10.1103/PhysRevE.64.046307
https://doi.org/10.1103/PhysRevLett.120.094501
https://doi.org/10.1073/pnas.1812829116

