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Accuracy and speed of elongation in a minimal model of DNA replication
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Being a dual purpose enzyme, the DNA polymerase is responsible for elongation of the newly formed DNA
strand as well as cleaving the erroneous growth in case of a misincorporation. The efficiency of replication
depends on the coordination of the polymerization and exonuclease activity of DNA polymerase. Here, we
propose and analyze a minimal kinetic model of DNA replication and determine exact expressions for the
velocity of elongation and the accuracy of replication. We first analyze the case without exonuclease activity. In
that case, accuracy is determined by a kinetic competition between stepping and unbinding, with discrimination
between correct and incorrect nucleotides in both transitions. We then include exonuclease activity and ask how
different modes of additional discrimination in the exonuclease pathway can improve the accuracy while limiting
the detrimental effect of exonuclease on the speed of replication. In this way, we ask how the kinetic parameters
of the model have to be set to coordinate the two activities of the enzyme for high accuracy and high speed. The
analysis also shows that the design of a replication system does not universally have to follow the speed-accuracy
trade-off rule, although it does in the biologically realized parameter range. The accuracy of the process is mainly
controlled by the crucial role of stepping after erroneous incorporation, which has impact on both polymerase
and exonuclease activities of DNA polymerase.
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I. INTRODUCTION

The genetic information of a cell or an organism is stored
in its DNA (deoxyribonucleic acid) and transmitted to the
next generation through the process of DNA replication [1,2].
DNA replication is a complex process that involves multiple
enzymes including helicases, nucleases, and topoisomerases
in [3–7]. At its core, however, it is DNA polymerase (DNAP),
which catalyzes the actual copying of the genetic informa-
tion [8]. During the replication process, the DNAP acts as
a molecular motor and moves step by step on the template
DNA strand converting chemical energy into directed motion
[9–11]. At the same time it copies the genetic information of
the DNA sequence along which it moves into a newly synthe-
sized DNA molecule with complementary sequence following
the Watson-Crick complementary base pairing rule [2]. The
movement of DNAP on the template occurs in stochastic
deoxy-nucleotide triphospate (dNTP) base steps. One single
base step of the DNAP corresponds to a single-nucleotide
elongation of the new DNA strand.

DNAP acts as a dual-purpose enzyme having polymerase
as well as exonuclease activity during the replication process
[12–15]. While its primary function is to elongate the newly
formed DNA strand, it can also cleave the newly formed DNA
strand and remove the last nucleotide when this has been
transferred to the exonuclease site of the enzyme. This activity
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functions as a proofreading mechanism: Upon misincorpora-
tion (incorporation of a wrong dNTP), the DNAP switches its
functionality and the new strand is transferred to the exonucle-
ase site where the wrong nucleotide is cleaved from the new
strand through hydrolysis [16], before the DNA strand returns
to the active site of polymerization for elongation to continue
[14]. This mechanism represents an intrinsic proofreading
mechanism known as exonucleolytic proofreading [1,2,16–
19] as misincorporated nucleotides are excised, thus resetting
the incorporation process, such that the errors can be corrected
by a second attempt at correct incorporation. Polymerase and
exonuclease sites of the DNAP are separated from each other
by a distance of 3–4 nm [19–22], and the transfer of the new
DNA strand between these two sites may involve one or many
intermediates [23–25]. The dynamics of the transfer reaction
is not understood in detail.

Just like wrong nucleotides can erroneously get incorpo-
rated during polymerization, compromising the fidelity of
replication [26], correctly incorporated nucleotides can erro-
neously get transferred to the exonuclease site and be cleaved,
resetting the incorporation process to the start and hence
compromising the speed of elongation. Thus, the coordinated
action of the polymerase and exonuclease activity of DNAP
is crucial for an effective and faithful replication mechanism
and determines the velocity and accuracy of replication.

It is usually argued that an enhancement of accuracy re-
sults in a slow down of the elongation process, resulting
in a speed-accuracy trade-off [6,27–29]. The high fidelity
or enhancement of accuracy is believed to be as a matter
of proof-reading mechanism during the exonuclease activity
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FIG. 1. Minimal model for the dynamics of DNA polymerase (DNAP). Left panel: Schematic depiction of the replication process with the
leading DNA strand passing through the DNA polymerase (encircled area). Right panel: Kinetic model for DNA replication. Three sites on the
DNA are labeled as i − 1, i, and i + 1 and for the ith site, the states of the DNAP are labeled as A, C, IC, CEX , and ICEX , respectively. Binding
of a correct nucleotide takes the DNAP to the state C, whereas binding of an incorrect nucleotide takes the DNAP to the state IC. Actively
elongating DNAP takes a forward step with rate ε from the state C and with rate ε′ from the state IC. Exonuclease activity is described by
the states CEX and ICEX , depending on whether it is initiated from a correct or from an incorrect nucleotide. The arrows indicate the transition
from one state to the other state with their corresponding transition rates as mentioned. The bond marked in red in state IC corresponds to the
nucleotide mismatch and thus to a weaker bond in state-ICEX .

[17,30]. However, a recent study [31] claims that the speed-
accuracy trade-off is not universal, but rather depends on
the kinetic parameters of the enzyme. In this work we study
a simple kinetic model of DNA replication, for which we
can exactly calculate the velocity and accuracy of replication
to investigate the interplay of the two functions of DNAP.
Based on that analysis we compare different possible schemes
of discrimination between correct and incorrect nucleotides
and address how an accurate replication mechanism can be
achieved, while also limiting the negative effect on the speed
of elongation.

II. MODEL

A. Model with parallel pathways for correct
and incorrect dNTP incorporation

To study the interplay of polymerization and exonuclease
activity, we use a minimal stochastic model, which is depicted
in Fig. 1 as a schematic diagram. The DNA template is con-
sidered as a one-dimensional lattice of certain length and each
site of that lattice represents an individual base of the DNA
template. The DNA polymerase (DNAP) moves on the DNA
template by single base steps, simultaneously extending the
copy by one deoxy-nucleotide triphosphate (dNTP) in each
step. As a minimal description, we describe this process by
Michaelis-Menten kinetics, reversible binding of the dNTP
followed by irreversible incorporation into the new DNA
strand. We note that this kinetics have been characterized in
more detail and exhibit additional substeps, but here we aim at
a minimal model. In the stochastic model, these two substeps
are represented by transitions from the active state with a free
binding site (A) to the occupied state (denoted by C) and back,
where there are two pathways for the enzyme to transition
back to the free state, either by unbinding of the dNTP or
by incorporation and stepping, in which case the active and
free state is reached at the subsequent position and with a

one based longer new DNA strand. The rates of the three
transitions are denoted as kc, k−c, and ε, respectively.

To account for misincorporations and thus for errors
in replication, the model includes a second pathway with
Michaelis-Menten kinetics that describes exactly the same
steps as the previous one, however for binding and incorpora-
tion of an incorrect, i.e., noncognate dNTP. The corresponding
occupied state is denoted by IC and the rates, which may
generally differ from those in the correct pathway, with kic,
k−ic, and ε′, respectively.

B. Proofreading pathway

This basic model is extended to include the exonuclease
activity of DNA polymerase. For that, the polymerase transi-
tions to a state with the newly added dNTP in the exonuclease
site. The exonuclease state is denoted by CEX or state-ICEX ,
depending on whether the new nucleotide is a correct or an
incorrect one. The transition to that state occurs from state-C
(or state-IC) with rate kex (or kiex), respectively. The reverse
transition is also included in the model (with rates k−ex and
k−iex). Finally, the exonuclease reaction occurs from state CEX

or state-ICEX with the cleavage rate kcl or k′
cl, respectively. In

this transition, the last incorporated nucleotide is cleaved off
and the enzyme goes back to the free state A.

We note that the reaction scheme described here differs
from the classical kinetic proofreading scheme [3], as the
proofreading step requires a transition away from the main
pathway, namely the transfer of the new DNA strand from the
polymerization site to the exonuclease site. A reaction scheme
that is very similar to ours (and also describes the off-pathway
proofreading step) has been used by Sharma and Chowdhury
[13]. Their focus however was on the stochasticity of DNA
elongation by calculating dwell time distributions rather than
on the different mechanisms of discrimination between the
correct and incorrect nucleotides and on how they affect the
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TABLE I. Estimated values of the model parameters

Parameter Symbol Value Refs

Forward stepping rate ε 300s−1 [8,12,33,34]
Binding rate (correct dNTP) kc 10−1ε [34]
Binding rate (incorrect dNTP) kic 10−2 − 10−1ε [15]
Unbinding rate (correct dNTP) k−c 10−2ε [15]
Unbinding rate (incorrect dNTP) k−ic 10−2 − 10−1ε [3,15]
Erroneous stepping rate ε ′ 10−3 − 10−2ε [8,33,34]
Exonuclease site transfer rate (correct nucleotide) kex 10−3ε [34]
Reverse transfer rate (correct nucleotide) k−ex <700s−1 [33], further comments
Exonuclease site transfer rate (incorrect nucleotide) kiex 10 ∗ kex [34]
Reverse transfer rate (incorrect nucleotide) k−iex 10−4ε [34]
Cleavage rate (correct nucleotide) kcl 10−2ε [34]
Cleavage rate (incorrect nucleotide) k′

cl 10−1ε [3]

design of accurate replication and the speed-accuracy trade-
off. There are also some smaller differences between these
two models. In their model, they include a transition to the
exonuclease site before incorporation, which does not affect
the accuracy (and is not included here), and do not explicitly
represent the correct and incorrect incorporations as parallel
pathways. We also note that a related, but considerably more
complex proofreading scheme is found in RNA polymerase:
RNA polymerase transitions to an off-pathway state for proof-
reading, the backtracking state, where it however performs
diffusive motion and can cleave longer pieces of the newly
synthesized RNA [32,35].

For discrimination between correct and incorrect nu-
cleotides, we generally expect the following relations to hold:
In the initial binding step, binding of incorrect nucleotides
should be suppressed compared to binding of correct nu-
cleotides. This may be due to a lower binding rate and/or a
higher unbinding rate, reflecting a higher affinity for correct
than for incorrect binding. The discrimination achieved in
this step is restricted thermodynamically, by the difference
in binding energy between the correct and incorrect dNTPs
[3]. Additional discrimination can be expected based on the
irreversible step (translocation of the enzyme), typically with
ε′ < ε. In contrast to binding, discrimination by the transloca-
tion rate is kinetic rather than thermodynamic and thus is not
restricted by the binding energies but rather by the difference
in the rates or in the corresponding energy barriers. Finally,
the proofreading pathway is expected to also contribute ki-
netically to the accuracy, as transfer to the exonuclease site
competes kinetically with the translocation of the enzyme. If
the transfer for incorrect nucleotides is faster than that for
correct nucleotides (i.e., for kiex > kex), while at the same
time if the translocation is slower (ε′ < ε), one can expect the
typical fate of an incorrect nucleotide to be excision and that
of a correct one translocation. This tendency will be further
enhanced if for correct nucleotides in the exonucleotide site,
return to the polymerization site is more likely than cleavage,
k−ex > kcl, while it is just the opposite for the incorrect nu-
cleotides in the exonuclease site, k−iex < kcl′ . Estimates of the
rates from the literature are listed in Table I. Note that in some
cases, these are estimated from more detailed kinetic schemes.
All rates in this table are scaled with respect to the forward
stepping rate ε.

C. Steady state solution

In the following, we will analyze the elongation speed and
the accuracy of replication for two cases. In the first case,
we consider a purely polymerizing scenario, where the DNA
polymerase does not undergo the transition to the exonuclease
state (i.e., kex = kiex = 0). In the second case, we include the
exonuclease activity. In both cases, we calculate the accuracy
and velocity of elongation from the steady-state fluxes be-
tween the states of the discrete stochastic model described so
far. The approach is similar to that used in our earlier work for
backtracking of RNA polymerase [35] and provides the mean
values of these quantities. Consideration of the fluctuations
as in Ref. [13] requires time dependent methods. Effectively,
our system is a stochastic five-state model. In the construction
of our model, we have assumed that there is no sequence
dependence of the rates [4,36,37], so all the rates considered
here should be considered averages over a possible sequence-
dependence. To determine steady-state fluxes, we solve the
five state model shown in Fig. 1 and first determine the steady
state probabilities of the five different states of the DNAP.
These probabilities are denoted by Pi, where i = A (active
state), C (correct state), IC (incorrect state), CEX (correct
exonuclease state), and ICEX (incorrect exonuclease state),
respectively. We calculate the steady state probabilities by
equating the total incoming flux and the total outgoing flux
for each state, which can be expressed as

kcPA + k−exPCEX − εPC − kexPC − k−cPC = 0, (1)

kicPA + k−iexPICEX − ε′PIC − kiexPIC − k−icPIC = 0, (2)

kexPC − kclPCEX − k−exPCEX = 0, (3)

and

kiexPIC − k′
clPICEX − k−iexPICEX = 0. (4)

Together with the normalization condition for the probabili-
ties,

PA + PC + PIC + PCEX + PICEX = 1, (5)

the steady state probability of all states can be found. The
explicit expressions are included in the Appendix.
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III. RESULTS AND DISCUSSIONS

Using the steady state probabilities of individual states, the
velocity of elongation (V ) can be calculated as

V = ε′PIC + εPC. (6)

Here, ε′PIC and εPC represent the contributions to the elon-
gation velocity by the forward stepping to the next site after
correct incorporation with stepping rate ε and after incorrect
incorporation with rate ε′, respectively. Plugging PIC and PC

into Eq. (6), an explicit expression for V can be obtained,
which is given in the Appendix.

Further, the accuracy (A) of DNA replication can be calcu-
lated as the ratio of the correct flux and the total flux as

A = εPC

εPC + ε′PIC
= 1

1 + ( ε′
ε

) PIC
PC

. (7)

By substituting the expression for the steady state probabili-
ties, (PC and PIC) in the above expression, we can obtain the
accuracy A of replication, which is given in the Appendix.

A. Purely polymerizing scenario

To analyze the discrimination between correct and incor-
rect nucleotide and the effect of errors in the velocity, we
first consider the purely polymerizing scenario, as observable
in mutants without exonuclease activity. To that end, we set
kex = kiex = 0, i.e., the DNA polymerase does not make a
transition to the exonuclease state, neither from the correct
binding state nor from the incorrect binding state. For this
case, the elongation velocity Vpp can be calculated as

Vpp = εkc(ε′ + k−ic) + ε′kic(ε + k−c)

(ε + k−c)(ε′ + kic + k−ic) + kc(ε′ + k−ic)
. (8)

Similarly, the accuracy App of replication can be calculated as

App = εkc(ε′ + k−ic)

εε′kc + εε′kic + εkck−ic + ε′kick−c
. (9)

Figures 2(a) and 2(b) shows the plot of velocity Vpp and the
accuracy App for a constant rate of correct nucleotide binding,
varying the rate of incorrect nucleotide binding (kic). It is
observed that the possibility of errors obviously decreases the
accuracy whereas the influence of such errors may increase
or decrease the velocity of elongation. Vpp may increase or
decrease with kic, depending on the value of stepping rate ε′
after an erroneous incorporation. Similarly Figs. 2(c) and 2(d)
shows Vpp and App as a function of ε′ for different values of
k−ic. Vpp has a finite value at ε′ = 0 and for any fixed value of
k−ic. This nonzero value of Vpp is due to the forward stepping
of the DNAP from the correct state to the next site with rate
ε. For ε′ = 0, the DNAP usually goes back to the active state
for a nonzero value of k−ic and eventually incorporation of a
correct nucleotide (and stepping) takes place. Thus for small
ε′, the typical fate of an incorrect nucleotide is to unbind,
making the binding of an incorrect nucleotide a dead-end
branch off the main pathway and rapid unbinding beneficial
for high speed. By contrast, for large ε′, incorrect nucleotides
are incorporated and contribute to the velocity of polymer-
ization. Moreover, interestingly we observe that for a critical
value of ε′, (i.e., at ε′ = ε′

c), at which the transition between

FIG. 2. Velocity Vpp and accuracy App in the purely polymerizing
scenario, both (a) ,(b) as a function of the binding rate of incorrect
nucleotides, kic and (c), (d) as function of the stepping rate ε ′. Other
parameters are varied as indicated in the legends, the parameters ε =
1 and k−c = 0.01 are fixed.

these two regimes occurs, the velocity is independent of k−ic.
The accuracy [Fig. 2(d)], on the other hand, always increases
when the unbinding rate is increased, independent of the value
of ε′. Just like decreasing the binding rate of incorrect nu-
cleotides, increasing the unbinding rate k−ic always increases
the accuracy, but may increase or decrease the velocity.

The critical stepping rate ε′
c at which Vpp is independent

of k−ic is exactly calculated as ε′
c = εkc

ε+kc+k−c
when kc = kic.

From this expression one can notice that ε′
c increases as a

function of kc and for large kc (kc → ∞), it approaches ε, as
plotted in Fig. 3. This implies that ε′

c can be controlled by fine
tuning the kc values.

The scenario considered so far, is the simplest exonuclease-
deficient scenario. Another exonuclease-deficient and there-
fore purely polymerizing scenario is when transfer to the
exonuclease site is possible, but with no cleavage (i.e., with
kcl = k′

cl = 0). Velocity and accuracy in this case are plotted
as a function of kic together with the corresponding results

FIG. 3. Critical stepping rate ε ′
c as a function of the binding rate

kc. The fixed parameters are ε = 1 and k−c = 0.01.
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FIG. 4. Scenario with transfer to the exonuclease site, but with-
out exonuclease activity: Velocity V and accuracy A as a function of
the binding rate kic of incorrect nucleotides for different values of
the stepping rate ε ′ and the exonuclase site transfer rates kex and kiex .
The other parameters are fixed: kc = kic = 0.5, ε = 1, k−c = k−iex =
0.01, and k−ex = 0.001.

for the case without transfer to the exonuclease site (i.e., for
kex = kiex = 0) in Fig. 4. The velocity is generally reduced
by the transfer to the (inactive) exonuclease site, whereas the
accuracy is seen to be the same in both scenarios.

B. Polymerization with exonuclease activity

Including the exonuclease activity, we have exactly cal-
culated the elongation velocity, V as well as the accuracy
of replication, A using Eqs. (16) and (19), respectively. We
expect that the typical effect of a proofreading mechanism
is a reduction of the velocity and an increase in accuracy.
However, the following consideration shows that this is not
generally the case: Without discrimination between the cor-
rect and incorrect nucleotides in the exonuclease transfer step
(kex = kiex), we observed that both velocity as well as accu-
racy decrease with increasing kex [Figs. 5(a) and 5(b)]. The
decrease in accuracy can be understood as follows: Once a
nucleotide, correct or incorrect, is bound, it can either be
incorporated irreversibly by the forward step or be removed
again by one of two pathways, unbinding or exonuclease
transfer and cleavage. If the cleavage rate is sufficiently high,
then the cleavage follows almost deterministically upon ex-
onuclease transfer, and the effective rate for the removal
of the nucleotide is k−c + kex (or k−ic + kiex). If the first
term discriminates between the correct and the incorrect nu-
cleotides, but the second does not, increasing the second
will inevitably reduce the accuracy rather than increasing
it, as expected for a proofreading pathway. Thus, additional
discrimination in the exonuclease pathway is required for
proofreading.

We also note that the decrease of the velocity with increas-
ing kex is also not universal. When there is no discrimination
between the correct and incorrect nucleotides in the exonu-
clease transfer step, for very small value of ε′, the velocity
initially increases with kex for very small values of k−c, shows

FIG. 5. Variety of behaviors in a scenario with exonuclease ac-
tivity: Velocity V and accuracy A as a function of the exonuclease
transfer rate kex for two different values of k−c [in (a), (b) and in
(c), (d), respectively]. In all cases, there is no discrimination between
correct and incorrect nucleotides in the exonuclease pathway. The
parameters are kc = kic = 0.5, ε = 1, kcl = k−ex = k−iex = 0.1, and
k′

cl = kcl ∗ exp(3). k−ic = k−c ∗ exp(3). Note that both increase and
decrease of velocity and accuracy are seen and that the two are not
generally anticorrelated.

a maximum and then decreases with kex [Fig. 5(c)]. Whereas
the accuracy increases with kex [Fig. 5(d)]. The increase of
velocity can be understood as follows: The presence of incor-
rect nucleotide reduces the velocity due to the corresponding
slow stepping. Exonuclease can circumvent that slow step-
ping. However for high exonuclease transfer rates, the velocity
is decreased as exonuclease transfer now also successfully
compete with the rapid stepping after correct incorporation.
The presence of a maximum in the velocity is understood as
preventing slow stepping after incorrect nucleotide binding,
but not rapid stepping after correct binding, suggests one prin-
ciple how the exonuclease transfer rate should be set, namely
between the two stepping rates (see below).

These results shed some light on the question of a trade-off
between velocity and accuracy, which is generally expected
for proofreading mechanisms and has been reported in a num-
ber of studies [6,27,28]. Our results show that such trade-off
is also seen in our minimal model, provided the kinetic pa-
rameters are in the range expected for DNA polymerases. The
observation of a trade-off is independent of the mechanisms
of discrimination in the proofreading pathway as discussed
below. However, Fig. 5 shows that speed-accuracy trade-off is
not universal, consistent with a recent study [31], but rather
dependent on the kinetic model parameters. This is a typical
feature of kinetic proofreading mechanism and can be due
to the discrimination of free energy associated with different
reactions.

Since additional discrimination between correct and in-
correct nucleotides is needed for the exonuclease activity to
result in an increase in accuracy, we next compared the three
possibilities for discrimination in exonuclease pathway: Using
realistic parameters for the polymerization pathway, includ-
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FIG. 6. Three scenarios with discrimination between correct and
incorrect nucleotides in the exonuclease pathway: (a) Velocity V and
(b) accuracy A as a function of kex . The three cases depict discrimina-
tion in the exonuclease transfer rate, the reverse transfer rate and the
cleavage rate, respectively. The fixed parameters are kc = kic = 0.5.

ing discrimination in unbinding (k−ic > k−c) and in stepping
(ε′ < ε), we determined the velocity and the accuracy for
(i) kiex > kex, (ii) k−iex < k−ex, and for (iii) k′

cl > kcl . In all
these three different cases, all other rates of the exonuclease
pathway are the same for correct and incorrect nucleotides,
and we take the rates that are different to differ by a factor of

10. The latter factor is of the order of e
�G
kBT with a mismatch

energy �G ∼ 3kBT .
Figure 6 shows the comparison between the three cases. In

all cases, the accuracy increases with increasing exonuclease
transfer rate, while the velocity decreases. However there are
some marked differences between the scenarios: Discrimina-
tion in the transfer rate or in the cleavage rate show an almost
identical decrease in the velocity and a very similar increase in
accuracy. However, the increase in accuracy is shifted towards
higher values of kex for the case of discrimination in the trans-
fer rate as compared to the discrimination in the cleavage rate.
Thus, for the same transfer rate (and for the same decrease
in velocity), the discrimination in transfer results in a higher
accuracy than discrimination in cleavage. Discrimination in
the reverse transfer rate, by comparison, shows an overall
smaller increase in accuracy as well as smaller decrease in
velocity.

IV. CONCLUSIONS

In this paper, we have studied a simple kinetic model
of DNA replication and have exactly calculated the accu-
racy and elongation velocity in the absence as well as in
the presence of exonuclease activity. In general, the fidelity
of DNA replication is based on the nucleotide selectivity of
the DNA polymerase during incorporation, its exonucleolytic
proofreading activity and the postreplicative DNA mismatch
repair. The latter contribution is not included in our model,
in which an error remains uncorrected once the new DNA
strand is elongated and DNA polymerase has made a forward
step. During the exonucleolytic proofreading, an erroneously
incorporated nucleotide is cleaved off, hence the exonuclease
activity improves the overall accuracy of replication, but at

the same time it also typically reduce the speed of elonga-
tion by ”resetting” the replication process to the beginning
of the last step. Similarly the escape of errors (via erroneous
stepping) speeds up the elongation mechanism but compro-
mises the overall accuracy. The trade-off between speed and
accuracy however is not universal, but depends on the kinetic
parameters, in agreement with the earlier results [31]. Our
minimal model provides a simple picture of the design of an
accurate replication system. Through the modulation of the
model parameters, we can identify several kinetic principles.
Discrimination between the correct and incorrect nucleotides
arises both from the polymerization pathway as well as from
the proofreading pathway and is based on the kinetic com-
petition in both the cases. For both, slow forward stepping
after incorporation of an incorrect nucleotide (slower than for
a correct nucleotide) is crucial for the accuracy, giving time
for unbinding and transfer to the exonuclease site, respec-
tively. However, additional discrimination in the exonuclease
pathway is needed and provided most efficiently by the trans-
fer reaction. Thus the accuracy depends on the coordinated
action of the polymerase and exonuclease activity of DNA
polymerase.
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APPENDIX

In this Appendix, we give the explicit expressions for the
steady-state probabilities obtained as the solution to Eqs. (1)–
(5):

PC = kc(k−ex + kcl ){kiexk′
cl + (k−iex + k′

cl )(ε
′ + k−ic )}/T,

(A1)

PIC = kic(k−iex + k′
cl ){kexkcl + (k−ex + kcl )(ε + k−c)}/T,

(A2)

PCEX = kexkc{kiexk′
cl + (k−iex + k′

−cl )(ε
′ + k−ic )}/T, (A3)

PICEX = kiexkic{kexkcl + (k−ex + kcl )(ε + k−c)}/T, (A4)

and

PA = 1 − PCEX − PICEX − PIC − PC. (A5)

In the above expressions, T is given by

T = kiex{kexk′
clkc + kexkcl(kic + k′

cl )

+ (k−ex + kcl )((kic + k′
cl )(ε + k−c) + k′

clkc)}
+ (k−iex + k′

cl ){kexkickcl + kex(kc + kcl )(ε
′ + k−ic )

+ (k−ex + kcl )(kc(ε′ + k−ic )

+ (kic + (ε′ + k−ic ))(ε + k−c))}. (A6)

We also give explicit expressions for the velocity and
accuracy as obtained from Eqs. (6) and (7): The velocity V
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can be expressed as

V = S

U
(A7)

with S and U are given by

S = ε′kic(k′
cl + k−iex ){kclkex + (ε + k−c)(k−ex + kcl )}

+ εkc(kcl + k−ex){k′
clkiex + (ε′ + k−ic )(k′

cl + k−iex )}
(A8)

and

U = (k′
cl + k−iex ){(kcl + k−ex)((ε + k−c)(ε′ + kic + k−ic )

+ kc(ε′ + k−ic )) + kex(ε′ + k−c)(kc + kcl ) + kickclkex}

+ kiex{(kcl + k−ex)(kck′
cl + (ε + k−c)(kic + k′

cl ))

+ kclkex(kic + k′
cl ) + kck′

clkex}. (A9)

The accuracy A is found to be

A = 1

1 + ε′

ε
N

, (A10)

where

N = kic(k−iex + k′
cl )[kexkcl + (k−ex + kcl )(ε + k−c)]

kc(k−ex + kcl )[kiexk′
cl + (k−iex + k′

cl )(ε
′ + k−ic)]

.

(A11)
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