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The application of existing semigrand canonical ensemble Monte Carlo algorithms to alloys requires the
chemical potential difference values between pairs of atomic species in the alloys as inputs. However, finding
the appropriate values for a target system at a desired temperature and bulk composition is a time-consuming
task consisting of multiple test runs to determine the chemical potential differences. This problem becomes more
serious when dealing with systems containing three or more atomic species, such as medium- and high-entropy
alloys, due to the increase of the number of chemical potential differences that need to be calculated. Here we
propose a method for sampling from the semigrand canonical ensemble that relies on energy databases acting
as an external atomic reservoir at the desired temperature and composition. Given these energy databases, the
desired bulk composition and corresponding chemical potential differences can be satisfied in a “single”” Monte
Carlo simulation. Moreover, the energy databases shed light on the underlying energetics of alloys, reflecting
their local chemical ordering. We demonstrate the validity of this method using analyses of segregation isotherms
at grain boundaries and dislocations in two alloy systems: Fe—1-at.-%-Si and NiCoCr medium-entropy alloy. We

also discuss the possibly relevant information contained in such energy databases.
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I. INTRODUCTION

Markov chain Monte Carlo (MCMC) atomistic simula-
tions are often used to calculate thermodynamic quantities
in metallic systems [1]. In the study of segregation and dis-
tribution of atomic species in substitutional metallic alloys,
there are widely employed MCMC algorithms to sample ther-
modynamic quantities while preserving the lattice structure,
such as “on-lattice” canonical ensemble Monte Carlo and
semigrand canonical ensemble Monte Carlo (SGCMC) algo-
rithms [1-5]. These algorithms have been extensively used to
determine phase transformations and equilibrium properties
of alloys [1,6—12]. Although these algorithms are general in
purpose, they are the most commonly used approach to study
the thermodynamic properties of alloy systems containing
defects [13-16]. In this paper, we apply such algorithms to
analyze the segregation and distribution of atoms and ther-
modynamic quantities for metallic alloy systems of known
chemical composition in which a structural defect is present.
Under this approach, the target system exchanges particles
with a heat and atomic reservoir that constrains the tem-
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perature and chemical potential differences between pairs of
atomic species while keeping the volume and total num-
ber of atoms in the target system constant, constituting the
semigrand canonical (SGC) ensemble [1,2,10]. An SGCMC
simulation requires as input the differences in chemical poten-
tial between pairs of atomic species; these differences are used
to compute the acceptance probability of a particle identity
change trial move, as is discussed in the Methods section.
Therefore, before starting an SGCMC simulation of an alloy
system with a given chemical composition, these input values
must be precalculated. However, in situations where the target
system has multiple components, this task proves to be quite
cumbersome, requiring many trial-and-error SGCMC runs to
minimize the error between the desired chemical composition
and the chemical composition computed from the SGCMC
simulation. Adjustment of the trial chemical potential dif-
ferences between alloy components is also necessary after
each run. For instance, in high-entropy alloys with five ele-
ments, four chemical potential differences must be calculated
by continuously adjusting each value until the equilibrium
composition matches the desired bulk composition. As a
consequence of this cumbersomeness, SGCMC algorithms
have rarely been applied to medium- or high-entropy alloys
[11,12].

©2021 American Physical Society
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In this paper, we describe three possible approaches
to SGCMC simulations: (1) The traditional calculation of
chemical potential differences through a series of trial-and-
error SGCMC simulations with adjustment of the chemical
potential difference values (Sec. II A); (2) evaluation of the
chemical potential differences using energy data obtained
from particle exchanges in an NVT simulation of a pair
of replicas of the given material at a given temperature
(Sec. II B 1); and (3) construction of a set of energy probability
distributions of the particle exchanges that occur during the
simulation in approach 2, noting that these energy probability
distributions can replace chemical potential differences in an
SGCMC simulation to realize the SGC ensemble (Secs. II B 2
and II B 3).

Approaches 2 and 3 bypass the trial-and-error calculations
required by the traditional SGCMC approach 1. The energy
sampling required by approaches 2 and 3 can be done with a
“single” MC simulation, after which the SGCMC simulation
on the target system can be executed. Moreover, by following
approach 3 and building the energy probability distributions,
hereinafter referred to as “energy databases,” we can shed
light on the underlying energetics of alloys, reflecting their
local chemical ordering. We applied approaches 2 and 3
to a Fe—1-at.-%-Si alloy system (Sec. III A) and a NiCoCr
medium-entropy alloy (MEA) system (Sec. III B), each with
defects, such as a grain boundary (GB) or a stacking fault,
to demonstrate the methods’ general applicability. We then
analyzed the temperature-dependent segregation behavior at
the defect sites. These analyses confirmed that the proposed
approach 3 using energy databases reproduces the results of
conventional SGCMC, which uses chemical potential differ-
ences as inputs. In each situation, we also made inferences
on the chemical interactions in each system based on the
profile of the energy databases to showcase the advantages of
approach 3 compared to approaches 1 and 2.

II. METHODS

A. Semigrand canonical Monte Carlo

The semigrand canonical ensemble describes the thermo-
dynamics of a target system interacting with a large atomic
and heat reservoir, under the restriction that the total num-
ber of particles inside the target system is constant. In the
constant-volume SGCMC algorithm, the trial moves taken at
each MC step traditionally attempt particle displacements and
particle identity changes [1,3-5,8,10-16].

Consider an n-nary system at constant temperature 7 and
volume V, where the number of particles of identity m is
denoted by N,, and its corresponding chemical potential is
denoted by w,,. Additionally, the total number of particles
in the system is denoted by N; the number of particles of
each identity is represented by N =) Nye, € R", where
the set of e,, vectors forms the standard basis of R"; and
the coordinates of the system’s particles are expressed by
the vector ¥ € R3V. The particle displacement trial moves
sample microstates from the configuration phase space of the
system by attempting to randomly displace the positions of the
particles (rV — r™), while the particle identity change trial
moves sample microstates from the composition phase space

of the system by attempting to change the atomic species of
a randomly chosen particle of identity i to a new identity j
selected with uniform probability from {1, ..., n} (N — N').
The acceptance probability of these trial moves is determined
by Eq. (1) [1]:

P = min{1, exp {—B[AU — (i — ml}}, (D

where AU denotes the energy change of the system due to
either a particle identity change trial move (N — N’) or a
particle displacement trial move (¥ — r), and B denotes
the inverse temperature [(kgT)~']. Note that, for a particle
displacement trial move, the chemical potential difference
factor p; — u; is equal to zero, considering that there is no
particle identity change: j = i. Since we need the differences
between chemical potentials to calculate the particle identity
change acceptance probability, we can arbitrarily set one of
the chemical potential values to zero, for example, u; = 0,
and use as inputs to the simulation a set of n — 1 values
{ua, ..., uy}. If these inputs are not known beforehand, mul-
tiple trial-and-error SGCMC simulations would be necessary
in order to find the appropriate chemical potential difference
values that minimize the error in the composition of the target
system. This task can be challenging for systems that take a
long time to reach equilibrium and/or are highly multicompo-
nent, since more chemical potential difference values need to
be calculated.

It is worth noting that, instead of the particle displacement
trial moves in the MC steps, molecular dynamics (MD) steps
subject to a Nosé-Hoover thermostat can be used, which en-
sures faster convergence [10].

B. Database-driven semigrand canonical Monte Carlo
simulation

1. Direct chemical potential difference estimation by energy
change sampling

To avoid the multiple trial-and-error SGCMC simulations
in the conventional method, we propose an approach to eval-
uate the chemical potential differences by performing an MC
simulation of a pair of replicas of the material in considera-
tion. This approach is inspired by the Gibbs ensemble method,
which was introduced by Panagiotopoulos to analyze phase
coexistence in fluids [17]. In the original implementation
of the Gibbs ensemble method, we have an NV T simula-
tion consisting of two interacting systems, with each system
being described by a generalized ensemble (or Gibbs ensem-
ble). Normally, the total volume is kept constant throughout
the simulation, while the volume of each system can vary.
If, instead, the volume of each system is kept constant,
they each become denoted by the grand canonical (uVT)
ensemble [17].

We devised an algorithm that samples the energy change
values from a pair of replicas of the bulk system at con-
stant volume [see Fig. 1(a)]. Note that, similar to the Gibbs
ensemble approach, despite the pair of replicas constituting
the NVT ensemble, each replica individually can move along
the composition phase space by exchanging particles with its
counterpart. However, here, both the volume and the aggre-
gate number of particles in each replica are constrained, which
results in each replica being denoted by the SGC ensemble
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FIG. 1. (a) Particle exchange trial move. (b) Flowchart of the energy change sampling algorithm. (c) Flowchart of the MC run in the energy

change sampling algorithm.

in the thermodynamic limit. Throughout this paper we use
the term “energy change sampling” to refer to this algorithm.
The energy change values sampled from the SGC ensemble in
each replica can then be used to estimate the chemical poten-
tial differences between the system’s components according
to Eq. (2) [1] (see also Appendix A):

1 N
Hj— i = ——ln< exp(—,BAUHJ)> (2)

B N;+1
Here N; denotes the number of particles of identity Z, {...)
denotes the SGC ensemble average, and AU;_,; denotes the
energy change of the system caused by an exchange of a
particle of identity i for a particle of identity j. AU;_,; is a
function of both ¥ and N, so we must sample AU;_, ; values
from the configuration and composition phase spaces in order
to calculate the SGC ensemble average in Eq. (2).

A flowchart of the energy change sampling algorithm is
shown in Fig. 1(b). First, we build a pair of replicas of the
bulk system with a random chemical distribution (step 1).
Next, we perform ng., MD or MC cycles on the replicas,
each cycle consisting of nyp MD steps (step 2) followed
by an MC run (step 3) [see Fig. 1(c)]. The MD run is sub-
ject to the Nosé-Hoover thermostat in order to explore the
configuration phase space of the replicas [10]. All MD runs
reported in this paper were performed in LAMMPS [18,19].
We begin each step of the MC run by performing a particle
exchange trial move (step 3a), as shown in Fig. 1(a), where a
particle i in one replica is exchanged by a particle j in the
other replica, and vice-versa [see Fig. 1(a)]. Note that this
process actually exchanges the particles between the replicas,
which differs from the particle identity change trial move in
a single system. Next, we calculate and output the energy
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change values AUreplica, = AU;—, j and AUreplica, = AU
pertaining to each respective replica, where i and j denote
the identities of particles exchanged during the trial move
(step 3b). This step corresponds to the sampling of the energy
change values and, as we will describe later, it is valuable to
store the AU;_,; and AU,_,; values to build a set of databases
from their probability distributions. The databases allow us
to obtain useful insights into the chemical interactions be-
tween different components of the materials, which is a key
information to figure out the energetical origin of the chem-
ical ordering in solid solutions. This is the most important
advantage of the database approach over the approaches that
use only the chemical potential differences. The acceptance
probability for the particle exchange trial move follows the
standard METROPOLIS algorithm [Eq. (3)] [1] (step 3c¢):

P = min{1, exp [ — B(AUreplica, + AUreplica,) ]} (3)

This trial move results in each replica constituting the SGC
ensemble, analogous to the Gibbs ensemble method. There-
fore, the energy change values AU;_,; sampled during step
3b follow the probability distribution of the SGC ensemble
and can be used to estimate the chemical potential differences

wj — i in Eq. (2).

2. Energy database construction

The output data from the energy change sampling can
be used to build energy databases for the database-driven
semigrand canonical Monte Carlo (DD-SGCMC) simulation
(Sec. I B 3). Let {AU;_, ;} be the set of all the energy change
values caused by exchanging a particle of identity i for a
particle of identity j in the energy change sampling [for
an n-nary system, there are n x (n — 1) such sets]. We can
build the histogram of these sets, setting the bin size to Ae.
Normalizing the histogram yields the probability distribution
function (PDF) of {AU;_, ;}, and integrating the PDF produces
the cumulative distribution function (CDF) of {AU;_,;}. As
shown in Fig. 2, each energy database consists of the PDF and
the CDF of {AU;_,;} for each possible particle identity of i
and j.

While building the histogram of the energy change values
observed in the energy change sampling, we assumed that
the probability distribution of the energy change values is
continuous. This assumption contrasts with the fact that we
could, in theory, calculate the energy change for each possible
local environment around an exchange site and build the his-
togram of this discrete set of energy changes. However, in a
large reservoir, we can reasonably expect some fluctuation in
its structure, which causes the distribution of energy change
values to become continuous.

It is relevant to note that, if the replicas used during the
energy change sampling are too small, the PDFs of the energy
change values will not be aligned with the corresponding
PDFs of the bulk system. The size necessary for the PDFs
to converge varies greatly with the material in question, but
generally we can consider that systems with a long-range
chemical ordering or large separated phases will require large
replicas to ensure a sufficient sampling of the energy changes
of particles (atoms) located at sites with a rare local chemical
environment. Thus, in such systems the size of the replicas has
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FIG. 2. Energy database information. Each energy database is
built from the set of energy change values {AU,_, ;} output from the
energy change sampling; these energy databases contain the proba-
bility distribution functions (PDFs) and the cumulative distribution
functions (CDFs) of {AU;_, ;}.

to be much larger than the characteristic length of chemical
ordering and separated phases.

3. Database-driven SGCMC simulation

Figure 3(a) shows a flowchart of the DD-SGCMC algo-
rithm. First, we build the target system (step 1) and subject it
to an MD simulation with temperature and volume controlled
by using a Nosé-Hoover thermostat (step 2). As in the energy
change sampling simulation, the MD run is interrupted at reg-
ular intervals by an MC run (step 3). During the MC run, the
target system undergoes particle identity change trial moves
[see Fig. 3(b)].

We designed the MC run in such a way that the target
system is described by the SGC ensemble. To demonstrate
this, first consider a hypothetical MC simulation of a large
atomic reservoir interacting with the target system in the SGC
ensemble. If the transition probabilities between microstates
of the target systems in this hypothetical MC simulation and
in the DD-SGCMC simulation are equivalent, then the target
system in the DD-SGCMC will also be described by the SGC
ensemble.

In the hypothetical MC simulation, at each MC step we
have a particle exchange trial move where a particle of identity
i in the target system is exchanged with a particle of identity
Jj in the reservoir. The transition probability P(i — j) of this
MC simulation is shown in Eq. (4), where c; 1, is the concen-
tration of i in the target system, ¢; sy is the concentration of j
in the reservoir, and p2°. is the acceptance probability of this

i—j
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FIG. 3. (a) Flowchart of the DD-SGCMC algorithm. (b) Schematics of the particle identity change trial move. (c) Flowchart of the MC run
in the DD-SGCMC algorithm. (d) Calculation of AU, from the energy database using a random number x.

trial move:

. . Acc
P(i— j)=cCitr X Cjrsv X Pis

“)
The acceptance probability p?_cfi is shown in Eq. (5), which
follows from the METROPOLIS algorithm [1]:

Acc

pi%j = mln{ 1, exXp [ - ﬁ(AUl’*)j’tar + AUjai,rsv)]}a (5)

where AU, jwr and AUj_,; 4, respectively, denote the en-
ergy changes of the target system and the reservoir due to the
trial move.

In order to build an MC run for the DD-SGCMC al-
gorithm where the target system is described by the SGC
ensemble, we impose that the transition probability P(i — j)
must be given by Eq. (4). Figure 3(c) shows a flowchart of

this MC run. First, we perform a particle identity change
trial move [see Fig. 3(b)] where a particle of identity i is
randomly selected from the target system (with probability
Ciar) and its identity is changed to j (step 3a). Following
Eq. (4), the probability of choosing a particular identity j
is set to ¢; sy, Which is known from the composition of the
bulk system. Next, the energy changes of the target system
AU, j o and of the virtual reservoir AU;_,; 1 are calculated
(step 3b). As shown in Fig. 3(d), the energy change of the
virtual reservoir AU;_,; can be obtained from the energy
database of {AU,_;} by selecting a uniformly distributed
random number x and finding the corresponding AU;_,; sy
value in the CDF. Energy change values generated this way
have a probability distribution identical to energy change val-
ues AUj_,; sy calculated from a reservoir in the hypothetical
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MC simulation. Lastly, we calculate the acceptance proba-
bility for this particle identity change trial move (step 3c),
which is given by Eq. (5), noting that AU;_,;, was not
calculated directly, but instead extracted from the energy
database of {AU;_,;}.

III. APPLICATIONS AND METHOD VERIFICATION
A. Fe-1-at.-%-Si system
1. Database construction

We built the energy databases of a Fe—1-at.-%-Si system at
300, 500, and 1100 K. In both the energy change sampling
and the DD-SGCMC simulation we used an MC and MD
algorithm in which an MD run was interrupted every nyp
steps to run a cycle of nyc MC steps. It should be noted
that, after each particle exchange trial move, we additionally
performed a structural relaxation, which consists of an energy
minimization at 0 K using a conjugate gradient algorithm.
In doing so, we sample from the configuration phase space
only the “inherent structures” of the replicas, i.e., the local
minima of the potential basin [20]. Such a calculation is not
entirely accurate because it excludes the vibrational entropy
contribution from the configuration phase space of the “true”
SGC ensemble. However, to reduce computational costs, we
perform this structural relaxation in the Fe—1-at.-%-Si and the
NiCoCr MEA systems shown in this paper in Sec. I1I, and ap-
proximate the chemical potential difference values. The MD
run is still used to explore the metastable configurations of
the system from the configuration phase space of the SGC en-
semble, which also prevents the system from getting trapped
in very shallow metastable states that may appear in multi-
component systems containing defects. This approach greatly
reduces the rejection rate of the particle identity change trial
moves, leading to faster convergence to the equilibrium state.
However, in computations for vibrational entropy dominant
systems, which are systems stabilized by the vibrational en-
tropy contribution [21,22], one should not perform this energy
minimization. Due to the structural relaxation, the atomic
sites move during the MC run. To offset this displacement,
at the end of each MC run, we return the atomic sites to their
positions at the end of the previous MD run.

The MD run had a step size of 1 fs, and the volume and
temperature were maintained with a Nosé-Hoover thermostat.
The chemical potential differences for the Fe—1-at.-%-Si sys-
tem were obtained from a pair of bec lattices with 15 x 15 x
12 two-atom conventional unit cells at 300, 500, and 1100 K
using an embedded atom method (EAM) potential to describe
the Fe-Fe and Fe-Si interactions [23]. Si-Si interactions were
described by an addition of Mie-type and Gauss-type poten-
tials (see Appendix B). We set nyc to 5400 steps and nyp to
400 steps, with the total run lasting 7 x 10* MD steps. The
obtained energy databases are shown in Fig. 4. The bin width
Aeg was set to 0.001 eV.

The replicas used to build the energy databases were con-
sidered to be in thermodynamic equilibrium when the running
mean of the total energy every 1600 MD steps had stabilized
with fluctuations of around 0.1% of the total energy. The total
number of energy change values obtained was considered suf-
ficiently large when the cumulative average of the total energy
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FIG. 4. Energy databases for the Fe—1-at.-%-Si system. (a) Fe to
Si energy databases. (b) Si to Fe energy databases.

in equilibrium showed changes of less than 0.01%. We also
tested various replica sizes (5400 and 16 000 atoms) to verify
that the obtained energy databases had converged. Since the
first moment and the standard deviation of the probability
distributions differed by less than 0.003 eV, we considered the
distributions to have converged.

We note that the energy databases contain relevant infor-
mation on chemical ordering and its energetics that provides
deeper insight into the equilibrium state of multicomponent
alloy systems. For example, as seen in Fig. 4, the absence
of strong temperature dependence in the {AUg._si} energy
databases suggests that the composition of neighbor shells
around Fe atoms remains mostly unchanged with temperature,
since a different composition of these neighbor shells would
give a different energy change profile. We can verify this
finding by calculating the probability P,_; of finding a particle
with identity j near a particle with identity i, up to a certain
cutoff distance. Figure 5 shows Pr..s; and Ps;_s; up to the third
neighbor shell for each temperature analyzed in this paper,
where Pr.r. and Ps; . are simply the respective complements
of the values shown. This result confirms that the average
local composition near Fe atoms does not change noticeably
with temperature, unlike the case for Si atoms, which show a
noticeable temperature dependence in neighbor shell average
composition, suggesting a temperature-dependent chemical
structure deviation (chemical ordering) from the fully random
Si distribution. This analysis also demonstrates the tendency
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FIG. 5. Temperature-dependent probabilities of finding Si atoms
out to the third neighbor shell around Fe and Si atoms.

for Si atoms to repel each other, as evidenced by the low
Psis; values (noticeably below 1%) at each evaluated tem-
perature. This tendency also seems to decrease linearly with
temperature.

Another interesting observation drawn from the energy
databases is the multiplicity of peaks, each appearing at a
specific energy change value. These peaks imply that certain
energy change values occur with high probability. Since the
energy change due to a particle identity change trial move
is closely related to the characteristics of the neighbor shells
surrounding the exchange site, we can attribute each peak
to a neighbor shell profile. In this case, the highest peak in
each energy database corresponds to the situation in which
there are no Si atoms around the exchange site (i.e., the Si
atom is isolated). Figure 4 lists the neighbor shell profiles
corresponding to each energy peak, according to the location
of the nearest Si atom to the exchange site. Figure 4 also
includes the situations where three or more Si atoms form a
cluster; as we can observe by comparing the height of the
peaks at different temperatures, this situation occurred more
often at lower temperatures.

2. Temperature-dependent grain boundary segregation in
Fe—1-at.-% Si

The constructed energy databases for the Fe—1-at.-%-Si
system were used in DD-SGCMC-based analysis of grain
boundary segregation at a £3(112)[110] symmetric tilt GB
at 300, 500, and 1100 K [see Fig. 6(a), where the position
of the GB is highlighted using a common neighbor analysis
to identify the local crystal structures]. Initially, the target
system contained only Fe atoms. To calculate the ensemble-
averaged Si distribution, the average concentration of Si in
each atomic layer throughout the MC and MD run within
each layer was extracted and plotted in Fig. 6(b), where the
GB position is highlighted in gray. This result confirms that
the Si concentration in the region far from the GB, i.e., the
bulk Si concentration, is close to 1 at. %. The exact values are
included in Table I.

T T T T
6l 300K — ]
3 500K
< 5| 1100K — |
=&
& 4t | | ]
£ | | |
s 3 I L
! ‘ I |
g 2t I
2 ‘ \ |
wn ! | |
Lt W | o
oL | 1 | 1
-0.5 -0.25 0.0 0.25 0.5

Reduced position = /L

FIG. 6. (a) A £3(112)[110] symmetric tilt grain boundary sys-
tem containing 4320 atoms. Atoms ordered in bcc structure are
colored in blue, while atoms in another type of structure, namely,
the atoms on the grain boundary, are colored in white. The atomic
system was created by using ATOMSK [24], and the figure was ob-
tained by using OVITO [25]. (b) Si concentration along the direction
perpendicular to the GB, as obtained using a DD-SGCMC method
(starting position of the center of the GB shown by dashed lines). The
dimensions of the system are 165.430 x 31.837 x 19.496A, and L is
equal to 165.43 A,

It is important to compare the results obtained from
SGCMC simulations and DD-SGCMC simulations to ver-
ify that they are identical. We compared segregation and
atomic distribution results in the presence of defects in a
¥3(112)[1 10] symmetric tilt GB in a Fe—1-at.-%-Si system
at 300, 500, and 1100 K. We estimated the chemical potential
difference input values according to Eq. (2).

The calculated SGCMC chemical potential difference in-
put values at each temperature are shown in Table II, and
the Si distribution obtained using these inputs is shown in
Fig. 7(a). Figure 7(b) compares the concentrations near the
GB obtained by using DD-SGCMC and SGCMC methods.
The two approaches produced average concentrations of Si

TABLE 1. Bulk Si concentration.

Temperature (K) Concentration (at. %)

300 1.02
500 1.01
1100 1.01
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TABLE II. Chemical potential differences for the Fe—1-at.-%-Si

system. 345 Fe-Si

Temperature (K) Usi — Ure (€V)

340
300 1.051

500 0.981
1100 0.751

YeB (mJ/m?)

330F - - —— - — — — — — — — — — — — e Pure Fe

gtoms near 'the GB differi.ng by less than 0.5 at. % of the atoms 300 500 1100
in the atomic layer containing the GB.

It is also possible to obtain the ensemble-averaged grain Temperature (K)
boundary energy ygp directly from the data obtained during

the DD-SGCMC simulation and the energy change sampling FIG. 8. GB energy of the Fe-1-at.-%-Si alloy at 300, 500, and

1100 K. The calculated GB energy of pure Fe is also included for
comparison.

simulation as

(a) N,
7 ' ‘ ' ‘ YGB = |:(Utar>_((NSi>_MarCSi)(MSi_MFe)_i(Urep>i|/AGB,
300K — ; Niep
~ o7 500K 1 (©)
EN
= 5t 1100K — : - where the lower indices “tar” and “rep,” respectively, denote
< | ‘ quantities obtained from the target system in the DD-SGCMC
.5 4 J I o simulation and from the replicas used in the energy change
I | : " sampling simulation. U denotes the system energy (eV), N
g 3 0 | . denotes the total number of particles in the system, Ng; denotes
2 ‘ ! the number of Si particles in the target system, cs; denotes
3 2 : ‘ i the desired Si concentration, and Agg denotes the GB area
2 1t :WWMM\ . (Az). We calculated ygp for each temperature and plotted the
| : : results in Fig. 8. To analyze the difference in energy due to
0 L . . . . Si segregation, we also calculated the GB energy in pure Fe
-0.5 -0.25 0.0 0.25 0.5 using the same potential, which can be obtained from Eq. (7).

In Eq. (7), the indices tar and “perf,” respectively, denote
(b) quantities obtained from a pure Fe target system containing a

300K 500K 1100K GB and a perfect crystal system; U denotes the system energy;
— [T aI}d N denotes the tqtal pumber of particles in the system.
6 DD-SGCMC Since solute segregation is expected to dec.rease.the' energy
— SGCMC of a defect, the decrease of solute segregation with increas-
ing temperature, as shown in Fig. 7, implies that the grain
boundary energy should increase with increasing temperature.
Figure 8 confirms this implication:

Near
YGB, pure = |:Utar - N;rfUperfi| /AGB- @)
pe

Reduced position z/L

M B. NiCoCr MEA system
V\ e B PN Ad L /\A/ \l\ 1. Energy database construction
N v Ladl
We also obtained the energy databases for a NiCoCr MEA
-0.05 0.0 0.05 -0.05 0.0 0.05 -0.05 0.0 0.05 system at 850 and 1050 K. As above, we used a step size
of 1 fs, and the volume and temperature were controlled
with a Nosé-Hoover thermostat. After each particle identity
FIG. 7. (a) Si concentration along the direction perpendicular to Change trial move we perfgrmed a structl..lral relaxation using
the GB, as obtained using an SGCMC method. (b) Comparison be- a conjugate gradient algorithm. The replicas were composed
tween the Si concentrations obtained with database-driven SGCMC of fcc lattices with 6 x 6 x 6 conventional unit cells of four

and SGCMC algorithms near the GB. The total length of the system  atoms each, at 850 and 1050 K, with interatomic interactions
L is equal to 165.43 A expressed by the NiCoCr EAM potential developed by Li et al.

Si concentration (at. %)

—_ [\
—_—

Reduced position = /L
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FIG. 9. Energy databases for the NiCoCr MEA system at (a) 850 K and (b) 1050 K.

[12]. Here, nyp was set to 400 steps and nyc was set to 864
steps with a total length of 2.0 x 10® MD steps. The obtained
energy databases are shown in Fig. 9. The bin width Ae was
set to 0.003 eV.

As in the Fe—1-at.-%-Si systems, here the replicas used in
the energy change sampling were considered to be in ther-
modynamic equilibrium when the running mean of the total
energy every 8000 MD steps had stabilized with fluctuations
of around 0.1% the total energy. The total number of en-
ergy change values obtained was considered sufficiently large
when the cumulative average of the total energy in equilibrium
showed changes of less than 0.01%. We also tested various
replica sizes (108, 216, 432, and 1536 atoms) to verify that
the obtained energy databases had converged. Once the first
moment and the standard deviation of the probability dis-
tributions differed by less than 0.003 eV, we considered the
distributions to have converged.

Figure 9 shows that each of the energy databases exhibits a
distribution close to normal. The standard deviation of each of
these distributions increased with temperature, with the excep-
tion of the energy database of {Uni—co} (see Table III). This
change suggests a decrease in the short-range order (SRO)
of the system. We confirm this suggestion more explicitly in
Sec. III B 2.

The energy databases were used to calculate the chemical
potential differences according to Eq. (2). The results are
shown in Table IV. Using these chemical potential differ-

TABLE III. Standard deviations for the energy databases for the
NiCoCr MEA system.

Standard deviation (eV)

Energy database 850 K 1050 K
Ni to Co 0.138 0.130
Ni to Cr 0.146 0.152
Co to Ni 0.105 0.110
CotoCr 0.192 0.202
Cr to Ni 0.158 0.161
Crto Co 0.184 0.197

ences as inputs for SGCMC simulations of the bulk system,
the average concentration of each element was found to be
33.3+0.3%.

2. Short-range order change with equilibrium temperature in
NiCoCr MEA

MEA structures present some degree of SRO that de-
creases with increasing temperature for most atomic pairs, as
investigated by Li et al. [12]. The SRO of a system can be
measured using the SRO parameters defined by de Fontaine
[26], shown in Eq. (8). We used a DD-SGCMC simulation
to calculate the SRO parameters in a 16 x 16 x 12 fcc unit
cell NiCoCr MEA system at 850 and 1050 K to showcase the
application of the method:

P_; ..
aij=1——>#)),
Cj
P_i—¢c
Oij = —/——- (8)
1-— Ci

Here o;; denotes the SRO parameter between particles with
identity i and j (a;; = oj;), Pi—; denotes the probability of
finding a particle with identity j near a particle with identity i
up to a given cutoff radius (in this case up to the first neighbor
shell), and ¢; denotes the average concentration of particles
with identity 7 in the system.

Using the energy databases shown in Fig. 9 in a
DD-SGCMC simulation of bulk NiCoCr, the average con-
centration of each element was found to be 33.3 +0.1%.
The ensemble-averaged SRO was calculated according to the
method presented by de Fontaine [26]; Fig. 10 compares SRO
parameter values o;; as obtained here with those calculated by

TABLE IV. Chemical potential differences for the NiCoCr MEA
system.

Temperature (K) Meo — Ui (EV) Her — pni (€V)
850 0.437 0.019
1050 0.438 0.019
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FIG. 10. Comparison of the short-range order parameters for the NiCoCr MEA system at (a) 850 K and (b) 1050 K, as obtained by using
database-driven SGCMC and SGCMC methods and the short-range order parameters calculated by Li et al. [12].

Li et al. [12]. These comparisons clearly demonstrate that the
DD-SGCMC method can reproduce conventional SGCMC
results.

3. Element segregation near a stacking fault in NiCoCr MEA

Segregation near stacking faults in medium- and high-
entropy alloys has also gained attention in recent years. Since
there is a close relation between stacking faults and the
deformation mechanisms of these alloys, changes in the local
chemical composition near the stacking fault affect the me-
chanical properties of the material [27-33].

Therefore, we also used the energy databases shown in
Fig. 9 to examine the distribution of elements in NiCoCr MEA
near an extrinsic stacking fault (ESF) at 850 and 1050 K.
The target system of the DD-SGCMC simulation is shown
in Fig. 11. Figure 11 also highlights the position of the ESF
by coloring the particles of the system according to their
structure, as identified using a common neighbor analysis. The
obtained element distributions along the direction perpendic-
ular to the ESF at 850 and 1050 K are shown in Fig. 12. The
segregation of Ni that we observed near the ESF potentially
changes the extrinsic stacking fault energy (ESFE), a prop-
erty closely related to the twinning behavior of the material.
Figure 12 shows that segregation decreases with increasing
temperature as the configuration entropic effect becomes more
dominant.

For purposes of comparison, we also included the results of
SGCMC simulations in Fig. 12 to confirm the general trend of
Ni segregation to the ESF. The chemical potential differences
used for the SGCMC simulations are shown in Table IV.

Expanding Eq. (6) for an n-nary alloy with element types
denoted by S = {1, ..., n}, we obtain Eq. (9), which can be
used to calculate the ESFE ygsp:

Noar
VESF= |:(Utar)_ Z ((M)_Nlarci)(,ui_ﬂl)_lv;(Urep>:|/ASF-
ieS\{1} rep
©)

Here the lower indices tar and rep, respectively, denote quan-
tities obtained from the target system in the DD-SGCMC
simulation and from the replicas used in the energy change
sampling simulation. U denotes the system energy (eV), N
denotes the total number of particles in the system, N; denotes
the number of particles of identity i in the target system, c;
denotes the desired concentration of particles of identity i,

and Agr denotes the area of the stacking fault (Az). During
the calculation, we arbitrarily assigned Ni to particle identity
1 in the context of the equation above. Figure 13(a) shows the
obtained ESFE values.

Since there was a thermodynamic driving force that caused
the Ni atoms to segregate toward the ESF, we also calcu-

® Ni
O Co
® Cr

L
L LCCCC L

119

OO L]
XLLCCLCC L L L)
OO L L L C L
L L CC L L L LT

LCC O L L
LCL L L L L)

1999080800008 989]

L L

DOCC L L L L L L)
LXCCLLLLL LU
X C T L

110]

FIG. 11. NiCoCr MEA system with stacking fault containing
9216 atoms. The atoms in HCP structure are highlighted in red, and
the atoms in fcc structure are shown in gray. The atomic system was
created by using ATOMSK [24], and the figures were obtained by using
OVITO [25]. The dimensions of the system are 30.176 x 98.554 x
34.844A.
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FIG. 12. Elemental distribution in a NiCoCr MEA stacking fault system according to database-driven SGCMC simulations at (a) 850 K
and (b) 1050 K. Elemental distribution in a NiCoCr MEA stacking fault system according to SGCMC simulations at (c) 850 K and (d) 1050 K.

The total length of the system L is equal to 98.55 A.

lated the energy difference due to segregation. The energy
of the ESF system after segregation was obtained by relax-
ing the atomic structures of the system obtained from the
DD-SGCMC simulation of the ESF target system. To obtain
the ESF system energy before segregation, we first selected
atomic structures obtained from DD-SGCMC simulations
with a perfect crystal as the target system, and then created
two ESFs by shifting half of the (111) atomic planes in the
(112) direction by 1 A. We subsequently relaxed these struc-
tures, thereby generating systems similar to the one shown
in Fig. 11. The ESF system energy before segregation was
the average energy obtained from these systems after relax-
ation. We point out that these systems do not rigorously have
the same SRO degree as the bulk system due to the change
in distance between atoms close to the stacking fault. The
ESFE values before and after segregation were calculated
from Eq. (9), and their difference, here referred to as the seg-
regation energy, is plotted in Fig. 13(b). This result confirms
that the decrease in entropy expected due to segregation near

the stacking fault was accompanied by a decrease in energy.
As expected, this decrease was more significant at 850 K
than at 1050 K, since segregation was more pronounced at
850 K.

IV. CONCLUSION

We have presented a method for running semigrand
canonical ensemble Monte Carlo simulations starting from a
nonequilibrium state using a set of energy databases that act
as an external atomic reservoir. In doing so, we constrained
the bulk concentrations to specified values without the need
to precalculate any chemical potential-related parameters in
the acceptance probability calculation. This method thus
simplifies the process of performing semigrand canonical
ensemble simulations. This method aids in metallic alloy re-
search, since it can be promptly applied to systems with two or
more components while requiring only a single Monte Carlo
run to obtain the energy databases. These energy databases
can then be used as input in database-driven SGCMC algo-
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FIG. 13. (a) Extrinsic stacking fault energy of NiCoCr MEA at
850 and 1050 K before segregation and after segregation. (b) Segre-
gation energy in NiCoCr MEA systems at 850 and 1050 K containing
an extrinsic stacking fault.

rithms for a system of given composition. Notably, the energy
database also offers a glimpse into the energetic and structural
information regarding chemical ordering in alloys. Finally, we
applied this method to a Fe—1-at.-%-Si system containing a
GB and to NiCoCr MEA systems with and without a stack-
ing fault defect. In each case, we obtained results equivalent
to those calculated from an SGCMC approach. We expect
this method to facilitate the calculation of thermodynamic
quantities and the observation of phenomena in systems in
thermodynamic equilibrium. Furthermore, we showed that the
energy databases can contain relevant information regarding
the chemical interactions between components of a material
system using the Fe—1-at.-%-Si and the NiCoCr MEA sys-
tems.
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APPENDIX A: CHEMICAL POTENTIAL DIFFERENCE
ESTIMATION

Below we demonstrate Eq. (2), which establishes a con-
nection between the energy change values calculated from
the energy change sampling and the chemical potential inputs
used in the traditional SGCMC approach. This demonstration
is similar to the calculation of the chemical potential in the
Gibbs ensemble, with the exception that the volume of each
replica is constant [1].

The energy change sampling simulation (Sec. II B 1) con-
sists of two n-nary replicas, each with a constant volume V
and total number of particles N, where the number of particles
of identity m in a replica p (p = 1 or 2) is denoted by N,, p.
These replicas are coupled with an infinitely large heat reser-
voir at a temperature 7. In a replica p, the number of particles
of each identity N,,, can be described by a n-dimensional
vector N, = Zm Ny, pen, where the set of e, vectors forms
the standard basis of R”, and the generalized coordinates
of the particles are expressed by the vector rly € R*". The
canonical partition function Q(V, T, N,) of areplica p is then
written as

Nin.p

oV, T,N,) =[] ;’7 ‘ /dr’;’ exp [ — BU(F.N,)].
m=1"""P"

(AL)

where g, denotes the translational contribution of the particles
of identity m to the partition function, and U (r,IY ,N,) denotes
the potential energy of the replica p. The two replicas inter-
act with each other through particle exchanges, keeping the
total number of particles of each identity in the two replicas
constant, i.e., Ny + N, = N, where N(= constant vector) €
R". The partition function of both replicas Q(V,T,N)
in the energy change sampling simulation is defined
in Eq. (A2):

O(V.T.N)= Y OV, T,N)Q(V.T.N —=Ny). (A2)
Ni=0"

As shown in Eq. (A3), for a sufficiently large N, we can
define the chemical potentials u; and u ; pertaining to particles
of identity i and j at replica 1, respectively:

: QWV,T,Ny)
J=——1 AN IR
wi=-g H(N§" ov. TN —en 1)>
iy QTN e
o ﬁln(wgn OV, T,N;) oWV, T,N N1)>.

(A3)

Note that the ratio between partition functions in Eq. (A3) can
be expressed as

025310-12



DATABASE-DRIVEN SEMIGRAND CANONICAL MONTE ...

PHYSICAL REVIEW E 104, 025310 (2021)

(A4)

o, TNy T farew [ - ULV
QV.T.Ni —ep) % [T le]! [arf~'exp [ — ,BU(rI]V*l,N1 — ei)]
B ifdr’l\' exp (—BAU) exp[—BU (r{ ', N| —€;)]
TNa R Tew[BUETN —e)]
OV, T,Ny +e) _ wor [nmi lel. fdrN+1 exp[ — BU(r{ . Ny +e¢;)]
Q. T. N [Ty 455 [ drl exp [ BU (Y, V)]
_q; [dr{*exp(—BAU) exp[-BU (r{*', N))]
C N+l [dr exp[—BU Y. N))] ’

where AU; = U(rllv,Nl) — U(rllv_l,Nl
(A4), the chemical potential difference u; —

L

—e) and AU; = U@ ,Ny +e;) — U@, Ny). Thus, following Eqgs. (A3) and
W; can be expressed as

Q(V.T,Ny)

Mj— Wi =

(ZM "
B\ Thw

O(V.T.N1)
O(V.T.N—e;

Q(VaTle"re/)Q(V T N _Nl))

;QV.T,N —Ny)

[drit exp (—BAU;) exp [—BU (' N1 )]

Z 4qj
N;=0" N,1+1

Jary exp[—pu (.3 ]
xQ(V,T,N = Ny)

B g [ ary exp(—BAU)exp[—BU (X' .Ni—e;)]
ZN,_O N1

where AU, ; = AU; — AU; is equivalent to the energy
change of the system due to the change of identlty of one
particle from i to j at the thermodynamic limit, —4 ln (q’)
is the ideal gas contribution, and (...) denotes the average
over the ensemble of replica 1. An analogous result can be
obtained for replica 2. The ensemble of both replicas cor-
responds to the NVT ensemble; however, the ensemble of
a single replica in the thermodynamic limit is equivalent to
the semigrand canonical ensemble, in which case the average
(...) in Eq. (AS) [and in Eq. (2)] corresponds to the SGC
ensemble average. The acceptance probability of an SGCMC
particle identity change trial move is determined by the excess
chemical potential difference, therefore we consider only the
second term on the right-hand side of Eq. (AS). For sim-
plicity, we refer to the excess chemical potential difference
as the chemical potential difference. Additionally, since both
replicas reproduce the same SGC ensemble in the thermo-
dynamic limit, we do not make a distinction between the
chemical potential differences obtained from each replica.

T e [BUGT " N1e)]
xQ(V,T,N —Ny)

( eS| exp (—BAU; )>

(3 exp (=BAU))

T exp (—ﬂAUi—>j)>’ (AS)

Thus, we denote each N, , in Eq. (A5) as N, in the main
text.

APPENDIX B: INTERATOMIC POTENTIAL FOR THE
FE-1-AT.-%-SI SYSTEM

In this research, the interaction between atoms in the Fe—
1-at.-%-Si system was defined using a combination of EAM
potential and a hybrid potential composed of the addition of
Mie-type and Gauss-type potentials [23]. The hybrid potential
was used to describe Si-Si interactions, and its parameters
were set to fit first-principle density-functional theory (DFT)
calculations of the two-body interactions.

To calculate the Si-Si two-body interactions, we built a
3 x 3 x 3 bee cell model of pure Fe and relaxed it. We
then substitute two Fe atoms in the system for Si atoms and
calculate the energy according to Eq. (B1). We considered
five cases divided according to the neighboring relationship
between the Si atoms, ranging from first to fifth neighbor
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TABLE V. Si-Si interaction energy calculated by DFT.

TABLE VI. Si-Si interaction hybrid potential parameters.

Neighboring relation Distance r (/DX) Uiy (€V)
First neighbor 2473 0.5046
Second neighbor 2.855 0.1565
Third neighbor 4.038 —0.04238
Fourth neighbor 4.735 —0.004616
Fifth neighbor 4.946 0.03930
positioning:

Uine = Ussi + Upsi — 2U;si, (BD)

where Uy, denotes the energy of the two-body interaction for
each of the five cases considered; Uys; and Usg;, respectively,
denote the energy of the system before and after substitut-
ing two Fe atoms for Si atoms; and Ujs; denotes the energy
of the system after substituting a single Fe atom for a Si
atom. The values of U, obtained for each case are shown in
Table V.

The energy values from first to fourth neighbor interactions
were fit to the following function f(r) of the distance between

Parameter Value

€ 0.000053 9857 (eV)
o 6.13374 (A)

Veep 6.748 56

Yat 7.1167

a —0.038 1745 (eV A)
b 0.279857 (A)

c 4.15177 (A)

the Si atoms r shown in Eq. (B2). The fitting parameters are
shown in Table VI. Notice that f(r) is a combination of Mie-
type and Gauss-type potentials. Additionally, the cutoff radius
of this potential was set to 5 A:

o=cf(®)"- ()] o[- 57]

Yatt
c= <_”mp ) (Q) e (B2)
Yrep — Vatt Vatt
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