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Ion wave formation during ultracold plasma expansion
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We present the results of a direct simulation of the expansion of a two-component ultracold plasma for various
numbers of particles, densities, and electron temperatures. A description of the expansion process common to
all plasma parameters is given. After the escape of fast electrons from the plasma cloud, the excess positive
charge is localized at the outer boundary, in a narrow layer. This layer has a characteristic front shape with
a sharp drop in the charge concentration. The charged layer retains the remaining electrons during the entire
expansion process. As the plasma expands, the speed of movement of the charged layer becomes constant and
significantly exceeds the sonic speed of ions. In addition, the dependence of the radial velocity of ions on the
radius acquires a self-similar character long before the final stage of expansion. Based on the calculation results,
equations and self-similar solutions are obtained. General dependencies on plasma parameters are determined,

which are compared with experimental data.
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I. INTRODUCTION

The phenomenon of fast acceleration of ions during the
free expansion of a dilute plasma is one of the most interesting
features of plasma kinetics. The phenomenon was discovered
back in 1930 by Tanberg [1] in a pulsed gas discharge. A
qualitative explanation of this effect, based on the mechanism
of the ambipolar acceleration of ions by electrons, was given
only in the early 1960’s by Plyutto [2], and also by Hendel
and Reboul [3]. The explanation is as follows: Due to the
higher mobility of electrons, an electric (ambipolar) field is
created, which prevents the escape of electrons and, at the
same time, accelerates the ions in the direction of the vac-
uum or a less dense medium. Later, this phenomenon was
observed in the polar wind, cathode flares, vacuum arcs, as
well as in exploding wires, laboratory plasma, and in laser
sparks. In addition, recent experiments on the creation of
jets of high-energy ions from short-pulse interactions with
solid targets have revived interest in describing the process
of free expansion of plasma into vacuum (see Ref. [4] and
references therein). Experimental and theoretical studies (see,
for example, the review in Ref. [5] and Refs. [6-9]) carried out
in the following years made an additional contribution to the
clarification of the ion acceleration process. The description
of expanding low-temperature and high-temperature plasmas
is possible both based on kinetic equations, hydrodynamic
equations, and Maxwell’s equations. In this case, rather com-
plex systems of equations are obtained that cannot be solved
analytically. Even the numerical solution of these equations
for such plasmas causes many problems. Therefore, in order
to understand the main processes of plasma expansion, sim-
plified models are mainly used.
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New opportunities for studying the expansion of plasma
into vacuum have arisen with the creation of an ultracold
plasma (UCP). The expansion of the UCP is characterized
by well-controlled initial conditions and by relatively slow
dynamics, thus creating clear advantages for studying the
problem. In addition, the UCP is classical in a wide range
of parameters. Moreover, it can be strongly coupled, which
makes it possible to study the influence of strong coupling on
the expansion of the plasma.

At present, a fairly large amount of experimental material
has been obtained on the expansion of the UCP of various
elements (Xe, Sr, Rb, Ca) depending on density, the number
of particles, and initial temperatures of electrons and ions
[10-12]. Many theoretical papers devoted to this problem
have been published as well. The review in Ref. [10] notes
that there are two alternative approaches to describing the
expansion of the UCP. The first approach is associated with
the appearance of a local charge imbalance between electrons
and ions due to the departure of a part of the fast electrons
from the plasma volume. As a result, a space charge arises in
the plasma, which forms an electric field. The energy of this
field is converted into the kinetic energy of ions, which leads
to the expansion of the plasma. An alternative is an approach
based on the assumption of electroneutrality and self-similar
solutions of the Vlasov equation. This approach is foremost in
interpreting the results of the experiment.

All these methods contain various approximations that
distort the real picture of the processes that are taking
place. One of the best ways to study the UCP expansion
process is to simulate it by means of the molecular dy-
namics (MD) method for a system of interacting N; ions
and N, electrons (N; = N, = N). However, the implementa-
tion of this method for an experimental number of particles
N = 10°-10% interacting according to the Coulomb law
is a difficult task. So far, calculations have been carried
out for the model of a one-component plasma, where the
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ions are considered to be against a uniform background of
electrons.

In a previous brief report [13], a few results obtained by
means of direct simulation, using the molecular dynamics
(MD) method for the expansion of a two-component plasma
into a vacuum, were presented. The presented results mainly
describe the expansion of a Sr plasma at an initial electron
temperature of 100 K. The present paper gives the results
of the computation of the expansion of a spherical cloud of
a two-component Sr plasma into a vacuum, a wide range
of the number of particles, density, and initial temperature
of electrons. The density varies from 10° to 10'° cm—3, the
initial electron temperature varies from 25 to 100 K, while the
number of particles varies from 10° to 10°. It is shown that,
at all conditions considered, there is a qualitatively identical
character of the expansion process whose individual charac-
teristics take a self-similar form long before the final stage
of expansion. It is especially important that the character of
the expansion does not change over a wide range of initial
electron temperatures. After the escape of fast electrons from
the plasma cloud, the excess positive charge is localized at the
outer boundary in a narrow layer. This layer has a characteris-
tic front shape with a sharp drop in the charge concentration.
As the plasma expands, the speed of movement of the charged
layer becomes constant and exceeds the sonic speed of ions
significantly. A simple approximate expression for the frac-
tion of electrons leaving the plasma, which depends on a
single dimensionless parameter and which is consistent with
experiment, has been obtained.

In addition, this paper also presents the results of a cal-
culation of the expansion of a plasma cloud in the form of
an oblate ellipsoid of revolution, similar to that realized in
experiment [14], but for a smaller number of particles than
in the experiment, N = 5000. A comparison is made with the
expansion of a spherical cloud having the same number of par-
ticles. It is shown that there is a qualitative agreement between
the character of the difference in expansion for these cases
with that observed in experiment [14]. It is also shown that the
absence of an initial spherical symmetry of the distribution of
the charge and the electric field leads to a change in the ratio of
the plasma dimensions. For instance, an oblate ellipsoid with
a dimension ratio of 1 : 2 turns into an oblong ellipsoid with a
size ratio of 1 : 0.84.

II. PHYSICAL MODEL AND COMPUTATION METHOD

Let us consider a system of particles consisting of singly
charged ions and electrons. At the initial moment, the concen-
trations of electrons and ions in the central point are equal:
neo = njp = ny. In order to avoid computational difficulties,
the potential function is modified,

U(rjx) = £/ (rjx + 1o), (1)

where j and k are types of particles, e is the electron charge,
and ry is a certain minimum distance to which the particles
can approach each other. Taking into account the low initial
concentrations, this technique is fully justified and does not
introduce significant errors. The quantity of ry is expressed in

terms of the average distance between particles,
ro = a(ng) "7, 2)

where oo ~ 0.01 is small enough not to affect the accuracy of
the computations. At zero, the velocities of particles of both
types are distributed according to the Maxwell distribution at
the given temperature. The initial coordinates are set so that
the particle density obeys the normal distribution law, whose
dispersion depends on the concentration. In order to integrate
the equations of motion, the Verlet scheme in the velocity
form is used. The minimum time step for calculating the
movement of electrons is 7, = 10712 s. Since the masses of
particles differ significantly, the time step is chosen differently
for ions and electrons (proportional to the square root of the
mass ratio). This technique makes it possible to speed up
computations without sacrificing accuracy.

Expansion of a spherical plasma cloud into a vacuum is
considered. The initial number of particles N varies in the
computation from 103 to 10°. In order to reduce the com-
putation time, a parallelization technique algorithm, specially
developed by the authors for their program, is used. Energy
conservation is maintained with an accuracy of 1% in the
course of the computations. When setting the problem, it is in-
tended to compare the results with the experimental results for
Sr [10]. In this connection, the following plasma parameters
are chosen: The mass of ions is equal to the mass of the Sr ion;
the initial ion temperature T;p = 1 mK, T, = 25-100K, and
the initial plasma density is ng = 10°-10'° cm~3. The main
problem posed by the authors is to construct, on the basis of
computations made for a different number of particles, general
laws for the process of expansion of a plasma cloud depending
on the number of particles, and to approach the values of the
main characteristics of expansion for maximum numbers N ~
103 corresponding to the experimental data [10]. It turned out
that the range of N from 10° to 10° was sufficient for that.

III. EVAPORATION OF ELECTRONS

The main quantitative characteristic is the total energy W,
which is determined by the excess of the ionizing radiation
frequency over the ionization threshold and which is virtu-
ally equal to the initial electron energy 3kT,oN/2. The initial
spatial distribution of electrons and ions is assumed to be
Gaussian, n; ,(r) = ngexp(—r2/202), oo = (N/ng)'*//27.
The initial temperature of the ions is Tjp ~ 1 mK < T,9. The
initial value of the energy of the Coulomb interaction of a
random configuration of electrons and ions can be neglected.
In contrast to a simple one-component gas, the system un-
der consideration has no simple self-similar relations for the
parameters of the system at the later stages of expansion.
Nevertheless, numerical calculations make it possible to es-
tablish approximate relations for these parameters, namely,
the steady-state expansion velocities and the total energy dis-
tribution between the electronic and ionic components.

The final distribution of the total energy between the ionic
and electronic components depends on the plasma parameters.
Plasma expansion begins when the fastest electrons leave it,
as a result of which an electric charge Q = eAN, is formed in
the main plasma region, where AN, is the number of electrons
that have left the main plasma region. The characteristic time
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FIG. 1. Kinetic energies of electrons K, (red solid lines) and
of ions K; (green dashed lines) and the energy of the Coulomb
interaction U (blue dotted lines) depending on the expansion time
for two values of the initial temperatures: 7,0 = 25 K (thick lines),
T.0 = 100K (thin lines). The inset box reflects the change in the
energies at the initial moment.

of this process is of the order of t ~ o /vy, = oo/m./kT,o ~
10771078 5. The electrons remaining in the plasma are held
in it by means of the potential barrier formed. Pair collisions
between electrons and ions scarcely participate in the trans-
fer of energy from electrons to ions. At the beginning of
the expansion, the energy of the electrons is converted into
the energy of the electric field, which then, by accelerating the
ions, transfers the energy to the ionic component. At the final
stage of expansion, the energy of the electric field tends to
zero and the exchange of energy between the two components
of the plasma stops.

Figure 1 shows how the fractions of the three components
of the total energy W change over time for two values of
the initial electron temperatures T,o = 25 K (thick lines) and
T,o = 100K (thin lines): the kinetic energy of electrons (red
solid lines), the energy of the Coulomb interaction (blue dot-
ted lines), and kinetic energy of ions (green dashed lines)
(N = 5000, ng = 3x10° cm™3). The inset box shows the ini-
tial stage of this process.

The kinetic energy of the plasma coincides with an accu-
racy of several percent with the kinetic energy of ions shown
in Fig. 1 by green dashed lines. Accordingly, the kinetic en-
ergy of electrons, represented by red solid lines in Fig. 1, is,
with an accuracy of several percent, the energy of the electrons
that have left the plasma at the beginning of the expansion.

The natural dimensionless parameters on which the expan-
sion parameters can depend are the number of particles N and
the parameter N* introduced in Ref. [12],

3 ﬂkn()O'Q
N =2 ]2 . 3
2V 2 e )

The characteristic scale of the quantity of the charge is deter-
mined by the scale of the energy of the system W ~ kT,oN,

0>  AN?
(o4} (o))

~ kTN “4)

0.0 0.5 1.0 15
log,o(N/N™)

FIG. 2. The fraction of electrons remaining in the plasmais 1 —
AN, /N vs the parameter N/N*. The symbols of the experiment [12]
are red triangles for T, = 3.9 K, blue circles for 7,y = 34.5 K, violet
crosses for 7,0 = 314 K, and green stars for 7,0 = 813 K. The solid

curve is 1 — /N*/N.

or

1
AN, ~ —/kT,oNoy ~ ~/N - N*. (5)
e

The experimental results given in Ref. [12] do indicate
the presence of a simple approximate relationship between
AN, /N and N*/N. Figure 2 shows the values of the fraction of
the electrons remaining in the plasma 1 — AN, /N (symbols)
obtained in the experiment [12], depending on the parameter
N/N* for different initial temperatures of electrons. Red tri-
angles indicate the results corresponding to 7,0 = 3.9 K, blue
circles mean T,y = 34.5K, violet crosses mean T, = 314K,
and green stars mean T,y = 813 K. The solid curve represents
the approximate expression for the value under consideration,
1 — AN, /N ~ 1 — /N*/N, following from (5).

IV. ION FRONT FORMATION

The excess positive charge remaining in the plasma is
localized in a narrow layer at the outer boundary of the plasma
for r > 20(t) [0%(t) = (r?)/3]. Averaging in the definition of
o(t) is performed with the ionic distribution function. The
characteristic time of its formation is determined by the ion
velocity and the plasma size t ~ o¢//kT,0/m;. Under typi-
cal experimental conditions and the computation parameters
presented here, this value is of the order of a microsec-
ond. According to numerical computations, this layer has a
characteristic front shape, with a sharp drop in the charge
concentration. Figure 3 shows the radial distribution functions
of ions f; and electrons f, and the Gaussian distribution de-
pending on & = r/o(t) for N = 5000, T,o = S0K, and ny =
3x10° cm™3 at different times. As shown in Ref. [13], one-
dimensional distributions that are determined in experiments
are virtually not distorted. Distortion of the radial distribution
becomes less noticeable at the final stage of expansion. As
the plasma expands, the velocity of movement of the charged
layer Vp, as well as V,, = do (¢)/dt, become constant while
maintaining the ratio between them at the level of 2.5.
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FIG. 3. Distribution functions of ions f; (blue solid line) and
electrons f, (green solid line) and the Gaussian distribution
~E2 exp(—£2/2) (red dotted line) depending on & = r/a(¢). (a) t =
1 us, (b))t =10 us.

The radial dependence of the electric field has a pro-
nounced maximum in the region of the charged layer. Let us
define the dimensionless strength £ of the electric field E(r, t)
by the equality

eAN,
o2(1)

E(r,t)~ E@), E=r/o). (6)

The dimensionless function £(£) of the dimensionless quan-
tity £ is approximately the same for all values of the plasma
parameters at the times when the layer of positive charge has
had time to form. In a wide range of plasma parameters at
this stage of plasma expansion, the function £(&) is practically
the same and has a characteristic maximum near the value of
& ~ 2.5. Figure 4 shows the values of £(&) depending on the
number of particles, density, temperature, and expansion time.

.
012 i\ (@] 012 é ()
—~ 0.08 !\ 0.08 g \
b i
0.04 0.04
\L N
"~ e
0.00 T————-—-1] 0.0 ——
0 5 10 15 20 0 5 10 15 20
0.16
] (c) ¢ (d)
0.12 p
;!\\ 01z &
.
@o.os : \‘\ 0.08 \“
N iy )
0.04 \ 0.04 N\
N N
X. \.
L. "=
0.00 R e | 0.00 T ———
0 5 10 15 20 0 5 10 15 20
3 3

FIG. 4. Dimensionless function £(£) (6). (a) £(&) for N = 5000,
T.o = 50K, ng =3x10° cm—>, and three values of time: ¢ = 10,
15, and 20 us. (b) (&) for N = 5000, ny =3x10° cm™3, ¢t =
15 ws, and three values of the electron temperature: T,, = 25, 50,
and 100 K. (c) £(&) for N =5000, t = 15 us, T, = 50K, and
three values of density: ny = 10°, 3x10°, and 10' cm=3. (d) £(¢)
for t =15 us, T,o = SOK, 1y = 3x10° cm™, and three values of
N = 5000, 12 500, and 25 000.
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FIG. 5. The dependence K, /U on the time.

V. IONIC WAVE
A. Spherical symmetry of the initial conditions

At the final stage of expansion, the amplitude of the electric
field decreases ~1/t2, however, the weakening field is suffi-
cient to confine the remaining electrons in the plasma region
during the entire expansion process. These electrons account
for no more than 5% of the kinetic energy in this region, which
is determined by the kinetic energy of the ions. The kinetic
energy of these electrons decreases faster than the height of
the barrier holding them in the plasma.

Figure 5 shows the ratio of the average energy of plasma
electrons K, to the height of the barrier holding them U for
N = 5000, T,o = 100K, and ng = 3x10° cm—3,

AN, [
o(t) Jo

2AN,
£(E)dE ~ ;T %)

UZe/ E(r)dr:
0

The thermal energy of ions is always negligible in compar-
ison with the energy of their radial motion. The dependence
of the radial velocity of ions on the radius acquires a self-
similar character V;,(r, t) = r/t long before the final stage of
expansion, immediately after the formation of the charged
layer. Figure 6 shows the dependences of tV;,.(r,1)/r on & =
r/[o(¢)] for the plasma parameters corresponding to Fig. 1
(T,o = 100 K) and for three times, t = 15 us (blue solid line),
t =2 pus (red dotted line), and = 1 us (green dashed line).
The figure shows that the steady-state self-similar distribution
Vi (r, t) is slightly, within 5%, violated in the region of the
positively charged layer £ > 2. Neglecting the thermal energy
of the ions, their kinetic energy is equal to

ni; 2
K = E/ni(r,t)Vir(r,t)dr
- %N(ﬂ)/ﬁ - %Naz(t)ﬂz. 8)

It follows from this that the plasma expansion velocity V, =
do(t)/dt becomes constant V, = /2K;/3m;N at the final
stage of expansion, when the electric energy can be neglected,
and when the kinetic energies of the plasma components stop
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FIG. 6. The dependencies of tV;.(r,t)/r on & =r/[o(t)] for
plasma parameters corresponding to Fig. 1 (T, = 100 K) for three
values of time: t = 15 us (blue solid line), t = 2 us (red dotted line),
andr = 1 us (green dashed line).

changing. Note that the last equality does not imply a Gaus-
sian distribution of the ion concentration.

Numerical calculations by the MD method show that the
ratio of the kinetic energy of ions K; to the total energy of
the system W = 3k,T,oN/2 at large values of N, typical for
the conditions of most experiments, tends to 1. This ratio
per se is, with good accuracy, a function of the value of
the dimensionless parameter N/N* introduced in Ref. [12].
Figure 7 shows the dependence of the ratio of K;/W on N/N*
for three density values, nop = 10° cm™ (green pentagons),
no = 3x10° cm™3 (blue crosses). and ng = 10'° cm™3 (red
stars), and for three values of temperature, T,y = 25, 50, and

*
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FIG. 7. The fraction of the kinetic energy of ions K;/W de-
pending on N/N*: (1) ny = 10° cm™3, N = 5000, and for three
temperature values: 7o = 25, 50, and 100 K (green pentagons, the
values of K;/W decrease with increasing T,). (2) np = 3x10° cm ™3,
N = 5000, T,, =25, 50, and 100 K (blue crosses). (3) ng =
109 cm ™3, N = 5000, T,, = 25, 50, and 100 K (red stars). (4) ny =
3x10° cm ™3, N = 5000, T,y = 50K, and N = 12500 and 50000
(purple triangles, the values of K;/W grow with N growing). (5) The
teal dashed line is the fit.

100 K for each, and for three values of N = 5000, 12 500,
and 50 000 (purple triangles) at T,o = 50 K. For large values
of N, the ratio of K;/W is close to 1, and the expansion rate
tends to the value V, = /k,T,0/m;, which is consistent with
the experimental data presented in Ref. [12]. The speed of
movement of the charged layer Vj, which can be compared
with the speed of movement of the maximum of the field
strength, also becomes constant at the final stage of expansion
and is determined by the following relation:

VQ ~ 2.5V,. 9

B. Cylindrical symmetry of the initial conditions

The above calculations showed that all stages of the plasma
cloud expansion were affected by the electric field of the
charged ion layer formed at the initial stage. The formation
of the charged layer of ions and the electric field depends
on the initial distribution function. In the case of the spheri-
cal symmetry of the initial conditions, the charged layer has
spherical symmetry which is conserved over time. However,
in the case of the cylindrical symmetry of the initial functions,
the charged layer has the same symmetry. Specific features of
this distribution are sustained over time, up to the final stage
of expansion.

In Ref. [14], experimental results on the expansion of a
plasma with a cylindrical initial configuration are presented,

nio(x, p) = ng exp(—/x% + p2/4/0), (10)

where p? = y? 4 72, 0> = N/32mny. The paper compares the
expansion dynamics for a spherically symmetric Gaussian ini-
tial distribution and a cylindrical distribution (10). Along with
the above-described computations of the spherically symmet-
ric expansion by the MD method, the authors have performed
similar computations for the initial density distribution (10).
The computations are performed for the number of particles
N = 5000, which is less than that in the experiment, and
because of this, the length scales and timescales differ from
the experimental conditions. The density and temperature of
the electrons are chosen in the calculations so that the ex-
pansion velocities, depending on T,y and N/N*, are close
to the experimental values. Figure 8 shows the calculated
values of the v, component for two versions of the initial
distribution: Gaussian distribution, no = 3x10? cm ™3, expo-
nential distribution (10), no = 10'° cm~3, and for four times:
(@t =02us,(b)t=0.5pus,(c)t =1 us,and (d)t = 3 us.
The initial value of the electron temperature is 7,0 = 100 K.
The computation results presented qualitatively reproduce the
experimental results presented in Ref. [14]. The absence of
spherical symmetry in the initial configuration gives rise to a
nonuniform distribution of the emerging field. This is due to
the fact that at the initial stage of expansion, it is easier for
electrons to leave the plasma in the direction of the x axis,
since the dimension of the plasma in this direction is half as
large and, accordingly, lower decelerating resistance of ions
takes place.

Heterogeneity of the charge and electric field distribu-
tion is clearly manifested in the change in the ratio of
the plasma dimensions. At the initial time, (x?>) = 40 and
(p?) = 3202, so that the initial ratio of diameter to height is
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FIG. 8. Calculated values of the v, component for two ver-
sions of the initial distribution: Gaussian distribution (gray circles),
ny = 3x10° cm~3, and exponential distribution (black circles), ny =
10 cm~3, for four times: (a) t+ =0.2 us, (b) t =0.5 us, (c)
t =1 us, (d) t =3 us. The initial value of the electron temperature
is T,o = 100 K. The red dashed line is for x/¢.

k = /(p?)/2(x?) = 2. Due to the nonuniformity of the field,
the characteristic size of the plasma in the x direction grows
faster than its transverse size and, as a result of that, the ratio
of these sizes changes to the opposite. Figure 9 shows the time
dependence of the value k = \/(p?)/2(x?) for the next values
of the plasma parameters: 7,0 = 100K, ng = 109 cm™3, N =
5000. It can be seen from Fig. 9 that the size ratio decreasing
with time does not stop at 1, which would correspond to spher-
ical symmetry, but continues to decrease to a value of 0.84.
A similar ratio of dimensions takes place for a charged
layer as well. Figure 10 shows the values of the electric field
intensity along the axis of symmetry E (x, 0) (blue solid curve)
and in the transverse direction E (0, p) (red dashed curve). The
plasma parameters are the same as in Fig. 8 atr = 30 us.

20}
1,6
X
1,2}
0,8
0 5 10 15 20
t,us

FIG. 9. Time dependence of the ratio of diameter to height

k= /(p?)/2(x?).

0 1 2 3
X, 0,CM

FIG. 10. Electric field intensity in CGSE units along the axis
E (x, 0) (blue solid curve) and in the transverse direction E (0, p) (red
dashed curve) at t = 30 us, ny = 10! cm™3, T,; = 100K.

VI. CONCLUSION

This paper presents detailed results of the simulation of
the expansion of a spherical cloud of a two-component Sr
plasma into vacuum. The dependence of all characteristics
of expansion on the number of particles, density, and initial
temperatures of electrons is determined, and equations for the
distribution functions are formulated. Self-similar solutions
are obtained for various stages of expansion. It is shown
that under all the conditions considered, the same character
of the expansion process takes place. At the initial stage,
after the escape of fast electrons from the plasma cloud, the
excess positive charge is localized at the outer boundary,
in the form of a narrow front of ions with a sharp decrease
in the charge concentration. As the plasma expands, the
front velocity becomes constant and significantly exceeds
the sound velocity of the ions. In addition, the dependence
of its velocity on the radius has a self-similar character long
before the final stage of expansion. A comparison of various
experimental data with simulation results is carried out.

In addition, this work also gives the results of calculating
the expansion of a cylindrical plasma cloud for the num-
ber of particles N = 5000, ny = 10 cm™3, T,p = 100K. It
is shown that there is a qualitative agreement between the
character of the difference in expansion for spherical and
cylindrical symmetry with what is observed in the experiment
[14]. In this case, the absence of spherical symmetry of the
charge and electric field distribution is clearly manifested in
the change in the ratio of the plasma dimensions.
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