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Vesicle budding induced by binding of curvature-inducing proteins
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Vesicle budding induced by protein binding that generates an isotropic spontaneous curvature is studied using
a mean-field theory. Many spherical buds are formed via protein binding. As the binding chemical potential
increases, the proteins first bind to the buds and then to the remainder of the vesicle. For a high spontaneous
curvature and/or high bending rigidity of the bound membrane, it is found that a first-order transition occurs
between a small number of large buds and a large number of small buds. These two states coexist around the
transition point. The proposed scheme is simple and easily applicable to many interaction types, so we investigate
the effects of interprotein interactions, the protein-insertion-induced changes in area, the variation of the saddle-
splay modulus, and the area-difference-elasticity energy. The differences in the preferred curvatures for curvature

sensing and generation are also clarified.

DOLI: 10.1103/PhysRevE.104.014410

I. INTRODUCTION

In living cells, biomembranes have various shapes de-
pending on their functions. Spherical vesicles, which are
involved in endocytosis, exocytosis, and vesicle transports, are
formed through membrane budding. Many types of proteins
are known to be involved in such budding [1-6]. For exam-
ple, clathrins assemble on a membrane and form a spherical
bud with ~100-nm diameter; the clathrin-coated bud is then
pinched off by dynamin and other proteins [5-9].

To understand the bud-formation mechanism, many exper-
iments have been conducted in vitro using giant liposomes.
Buds can be induced by the area difference elasticity (ADE)
in single-phase liposomes [10-14], and by the separation
of liquid-ordered and liquid-disordered phases in three-
component liposomes [15-17]. Moreover, budding induced
by polymer anchoring [18] and binding of proteins such
as clathrin [19] and annexins [20] has been observed. A
contrasting mechanism involves bin-amphiphysin-rvs (BAR)
superfamily proteins, which bend the membrane in one di-
rection along its axis than in the other direction; thus, their
binding generates cylindrical membrane tubes rather than
spherical buds [1-3,21,22]. These curvature-inducing proteins
also sense the local membrane curvature and exhibit preferred
binding to membranes with their preferred curvatures. To
investigate this curvature sensing, a liposome with a narrow
membrane tube pulled by optical tweezers and a micropipette
[23-26] and different sizes of liposomes [27] have been em-
ployed for various types of proteins.

Vesicle shape transformation has been numerically in-
vestigated using various types of coarse-grained membrane
models. Budding has been simulated using dynamically tri-
angulated membranes [28-32], meshless membranes [33],
dissipative particle dynamics [34,35], phase-field models
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[36], and so on. Spontaneous tubule formation has been
simulated by taking the membrane anisotropic spontaneous
curvature into account [33,37-39]. However, in contrast with
experiments, the simulated vesicle size is limited by the com-
putational costs. In simulations, the vesicle-to-bud size ratio
is typically less than 10, which is far less than that in the ex-
periments on budding induced by protein binding, i.e., ~100.

In previous theoretical analyses of the budding [40-43], a
single bud in a flat membrane was typically considered; that
is, the remaining vesicle area was regarded as a membrane
reservoir. However, to understand the global vesicle shape in
thermal equilibrium, the entire vesicle must be considered.

This study examines changes in vesicle shape in response
to increased binding chemical potential using a mean-field
theory. The entire vesicle is treated explicitly using a sim-
plified geometry. Hence, the binding dependence on the
membrane properties and various interactions between mem-
brane and proteins and between proteins are clarified.

Protein binding to an arbitrarily shaped vesicle is described
in Sec. II. The budding of a vesicle with a constant membrane
area is examined in Sec. III, with the effects of the saddle-
splay-modulus difference and interprotein interactions being
presented in Secs. III B 2 and III B 3, respectively. The effects
of the area changes due to the protein insertion and the ADE
energy are examined in Secs. IV and V, respectively. Finally,
the discussion and summary are presented in Secs. VI and VII,
respectively.

II. LOCAL PROTEIN BINDING

Binding of proteins or other molecules to a membrane
is considered because this binding modifies the membrane
bending rigidity and spontaneous curvature. First, the case
where the membrane area is unchanged by the binding is con-
sidered; that is, the proteins adsorb on the membrane surface,
or the hydrophobic segments of the protein inserted into the
membrane are so small that the area change is negligible. The
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free energy F of a vesicle consists of the bending energy Fy,
binding energy, interprotein interaction energy, and mixing
entropy:

F:ch+fdA{—ﬁ¢+b¢2 1)
Ap
kgT
+ 2= [pIn @)+ (- @)1 -1,
dp

Fow = 4micg(1 — g) —i—/dA [2/<de(1 —¢)
+ 2 (H = HoP9 + (& —RCICg ), )

where A is the membrane area, ¢ is the local protein density
(¢ = 1 at the maximum coverage), i is the chemical potential
of the protein binding, kg7 is the thermal energy, C; and C,
are the principal curvatures, and H is the mean curvature of
each position [H = (C + C,)/2]. Here, subscript p indicates
the bound-membrane quantities and aj, is the area covered
by one protein (the maximum number of the bound proteins
is A/ap). The remaining terms are defined in the discussion
below.

The membrane is in a fluid phase and F., is the
second-order expansion to the curvature [44,45]. The bare
(protein-unbound) membrane has bending rigidity «g with
zero spontaneous curvature. The bound proteins are consid-
ered to be laterally isotropic (i.e., they have no preferred
bending direction); hence, the bound membrane has a bending
rigidity «;, and finite spontaneous mean curvature Hy, which is
the half of the spontaneous curvature Cy because Hy = Cy/2.
Here, Hj is used instead of Cy because 1/Hj is the radius of
the spherical membrane to minimize the bending energy of
the protein-bound membrane [the second term in the integral
of Eq. (2) for F,]. The first term of Eq. (2) represents the
integral over the Gaussian curvature C,C, with the saddle-
splay modulus iy (also called the Gaussian modulus) [46]
of the bare membrane, where g is the genus of the vesicle.
This type of bending energy for protein binding has been used
in Refs. [32,47], as well as for a cylindrical membrane with
protein rods of anisotropic spontaneous curvature [48].

In this study, kg = 20kg7T and i4/kq = —1 are used be-
cause they are typical values of lipid membranes. Since i;, for
the bound membrane is unknown, two cases are considered:
kp = —«p and K, = Kq. In the former case, the proteins have
the same ratio to the bending rigidity as for the bare mem-
brane. In the latter, the proteins do not change the saddle-splay
modulus of the membrane. The former condition is considered
in this work, unless otherwise specified (the latter condition is
examined in Sec. III B 2).

The first term in the integral of Eq. (1) represents the
protein binding energy. Under higher p, more proteins bind
to the membrane. The last two terms of Eq. (1) represent
the pairwise interprotein interactions and the mixing entropy
of the bound proteins, respectively. Proteins have repulsive
or attractive interactions at b > 0 and b < 0, respectively. In
addition to the direct interprotein interactions, the proteins
interact with each other via membrane interactions (bending
deformation, height mismatch, and Casimir-like interactions)
[47,49-52]. Here, we consider only weak curvature-
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FIG. 1. Schematic of the membrane. (a) Binding and unbinding
of proteins to the membrane. (b) Budded vesicle. The buds and
the large remaining vesicle have spherical shapes with radii of Rpug
and Ry, respectively. (c) Prolate vesicle approximated by cylin-
der combined with two hemispheres with radius Ry, and cylinder
length Ly,.

independent interactions so that proteins are uniformly
distributed in each component. Note that membrane-mediated
interactions between soft objects such as proteins can be much
weaker than hard objects [53].

The interprotein interaction via the spontaneous curvature
is also considered in this work. If proteins have large hy-
drophobic domains above the membrane, as depicted on the
right side of Fig. 1(a), a repulsive interaction yields a positive
spontaneous curvature [23]. Opposite (negative) curvature can
be induced by an attractive interaction. In this study, linear
dependence on the protein density is considered as a leading-
order approximation; i.e., Hy is replaced by H) = Hy + H,¢
in Eq. (2). The effect of this condition on a constant-area
vesicle is discussed in Sec. III B 3. For the other conditions,
only constant spontaneous curvature (H; = 0) is considered,
for simplicity.

In thermal equilibrium, the protein density ¢ is locally
determined for the given curvatures. When the interprotein
interactions are negligible (b = 0 and H, = 0), ¢ is obtained
from 0F /d¢|y = O for a spherical membrane (H = C; = ()
as a sigmoid function:

1

¢ N 1+ exp [kz—pT(ZKdisz — 4KpH()H + O'p)] ’

3

where kgt = kp — kg + (Kp —Kg)/2 and op = —p/ap +
2/cpH02. For kg = 0 and H = 0, this expression corresponds
to Eq. (5) in Ref. [54] and Eq. (4) in Ref. [47], respectively.
For a membrane with arbitrary curvature, the first
energy term in the parentheses in Eq. (3) is replaced
by  2(kp — ka)H 24 (kp — kq)C1C,.  When interprotein
interactions exist, ¢ is obtained by iteratively solving Eq. (3),
while adding 2b¢ — 8k,(H — Ho)H)$ + 6k,H}$* within the
parentheses. For a flat membrane (H = 0) with ¢ = 0.5 (i.e.,
the proteins bind to half of the membrane area),

3
w= [(21{02 + 4HyH, + EHIZ)KP + b]ap. 4)

Figure 2 shows that the protein binding depends on the
local membrane curvature. For a high curvature of Hy or high
rigidity of «,, the density ¢ changes steeply from O to 1
with a small increase in H [see Figs. 2(a) and 2(c)]. Here, ¢
exhibits a maximum at H = (kp/kaif )Ho (given by d¢p/dH =
0). This curvature dependence is called curvature sensing. In
contrast, the free-energy minimum given by dF/dH =0 is
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FIG. 2. Protein density ¢ as a function of the local mean cur-
vature H for a spherical membrane (H = C; = (). The binding
chemical potential  is varied for k,/kg = 3 at (a) Hozap = 0.04 and
(b) Hozap = 0.01. (c) The bending rigidity «, of the bound membrane
is varied for 4 = 0 and Hja, = 0.01.

H = [ky¢/(kdgit@p + ka)|Hp, because the membrane must bend
together. Therefore, the curvature generated by the protein
binding is lower than the preferred curvature for the curvature
sensing, even for ¢ = 1. For a cylindrical membrane, the pre-
ferred curvatures for the curvature sensing and generation are
H = [kp/(kp — ka))Ho and H = {«pp/[(kp — Ka)@ + kal}Ho,
respectively.

To close this section, two variants of the bending energy
for protein binding are discussed. When proteins adhere to the
membrane surface, as depicted on the left of Fig. 1(a), and the
membrane composition beneath the proteins is unchanged by
the binding, the bending energy can be expressed as

Fo = 47itg(1 — g) +/dA {ZKdHZ
+ 26 (H — HoaP +5uCiCJ0) )

This bending energy is identical to Eq. (2) with k, = kpa + k4,
Kp = Kpa + K4, Hy = [Kpa/(Kpa + «4)]Hpa, and Op = _M/ap +
2kpaHyy, . Kpa 1s the bending rigidity of protein itself, while «, is
the rigidity including the membrane beneath the protein. For
a spherical membrane, the preferred curvatures for the curva-
ture sensing and generation are H = [kpa/(Kpa + Kpa/2)1Hoa
and H = {kpa@/[(kpa + Kpa/2)P + kal}Hoa, respectively. This
type of F, with ikp, = 0 was used in Refs. [25,26,43].

In some previous studies [24,54-57], the binding-induced
modification of the bending rigidity was not accounted for,

and the following bending energy was used:

Fay = / dA (2uca(H — GHOY). ©)

This corresponds to the condition of k, = kg4, Kp = K4, b =
2kgH¢, and 0, = —p/ay in the present model. The preferred
curvatures for the curvature sensing and generation are H =
oo and H = ¢H,, respectively. In their model, neighboring
proteins interact via the bending energy through b = 2kgHg.
Thus, this term has often been neglected [58,59]. Since the
linear and quadratic terms of ¢ represent membrane-protein
and interprotein interactions, respectively, they should be sep-
arately treated. As discussed above, the present model is
generic and involves these two bending-energy models as the
specific parameter sets.

III. BUDDED VESICLE WITH CONSTANT AREA
A. Free energy

We investigate budding of a vesicle induced by protein
binding in thermal equilibrium. The vesicle has a spherical
topology (g = 0) with no pores. For this theoretical analysis,
the vesicle is assumed to form ny,,q buds, each with radius
Rpua. The remainder of the vesicle is assumed to form a
spherical shape with a radius of Ry, as depicted in Fig. 1(b),
with R, > Ryyq. The proteins have a positive spontaneous cur-
vature (Hy > 0) such that they bind to the buds more than the
remaining vesicle. In the absence of the proteins, the vesicle
forms a prolate shape, which is approximated as shown in
Fig. 1(c).

In this section, we consider that the membrane maintains
a constant surface area, i.e., the protein binding does not
change the membrane area [corresponding to the left pro-
tein in Fig. 1(a)]. The protein densities at the large spherical
component of the vesicle and at the buds are ¢ and ¢pyq,
respectively. The proteins are assumed to be homogeneously
distributed in each region. The total membrane area A = 471R%
is kept constant; thus, the total bud area is given by

Apud

1 = MowRoua” = R(1 =17, ©)
where r = Ry, /Ry. The volume V of the vesicle is fixed:
4
V= T(Ri + NpuaRoud’)- 3

Using Eqs. (7) and (8), the bud curvature can be expressed as

R 1—r?
L= ©)

Rpa V*—1r3

where V* =V/(47R}/3) is the reduced volume. The free
energy F of the vesicle is given by

F = K + Fou, (10)
R

Pl kq + 2(kgir@L + ka) — 4icpHoRorpr.

kg T R%r2
+ R (o1 + bg?) + Ba—‘)m In(¢r)
P

+ 1 —¢)In(l — L), (11)
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+ =L [pua In (Prua)
P
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where Fi. and Fyyq are the free energies for the large spherical
region and buds, respectively. In Eq. (13), nyyq is treated as a
real number. This is a reasonable assumption for np,g > 1.
For npyq < 10, we treated nyyg as an integer, so that r is
geometrically determined for each nyyq, and Fyyq is calculated
using Eq. (12).

The neck region connecting a bud and the main spherical
component (or connecting buds) has a saddle shape, with
H ~ 0. Since these necks have low curvature and small area,
the influence of the integral of the mean curvature is neg-
ligible. However, it is necessary to examine the Gaussian
curvature. The second term of Eq. (12) represents the inte-
gral of the Gaussian curvature of the bud and neck regions,
where speck@r 1s the protein density of the neck region. At
Sneck = 1, the necks have the same protein density as the
main spherical component. This is reasonable because both
regions have H ~ 0. However, the necks have high princi-
pal curvatures (~ = 0.1 nm~"), which likely prevent large
proteins from binding to them; that is, syecx = 0. In general,
Sneck € [0, 1]. Here, speck = O is used, unless otherwise spec-
ified. The neck exerts a very small influence, as discussed in
Sec. III B 2.

The free energy F' is a function of three variables: r, ¢,
and ¢yyq. In the case of no interprotein interactions (b = 0 and
H, = 0), F is expressed as a function of one variable, i.e., r,
using Eq. (3). Hence, the free-energy minimum is numerically
determined by dF/dr = 0F/dr = 0 [note that dF/d¢ =0
for ¢ satisfying Eq. (3)]. When the interprotein interactions
exist, Eq. (3) is iteratively solved. In this study, the iterations
were repeated until the difference in ¢ was less than 1073,
Typically, fewer than 10 iterations were performed at b 7 0
and HlRo 5 100.

The surface tension o4 and the osmotic pressure IT can
be imposed as a Lagrange multiplier to maintain the area
and volume, respectively: F = F_ + Fouq + 04A — T1V. Then,
oqg and TI are determined from dF /ARy |gy,m, =0 and

aﬁ/aRbud|RL,nbud =0:

= 1 {4KPH() RL¢bud - Rbud¢L
R — Ryud RLRpua
+20p(Pr. — Poua) + 26(PL> — Prud’)
2 BT
[¢L In(¢r) — (1 —¢L)In (1 —pr)
— faa In (9ou0) + (1 = ) 0 (1 = g0)] |, (14)
MR, 2k,Hod
og = TL-FPR—LOL —O'p¢L—b¢L2
kgT
—a—[¢>Lln(¢L)+(1 —¢L)In(1 — ¢p)] (15)
p
2k, Hoon
= HI;bUd + KPR oPua OpPoud — D’
bud

kgT
- aB—[qbbud 1 (¢oud) + (1 — pua) In (1 — pua)].

P
(16)

The first terms of Eqgs. (15) and (16) represent the Laplace
tension.

A prolate vesicle is modeled with a simple geometry us-
ing a combination of one cylinder and two hemispheres,
as shown in Fig. l(c) The surface area and volume of the
vesicle are A = 47 R2_+ 27 RproLpro and V = (47 /3)R>

pro pro
anrOLpro, respectively; thus, the reduced volume is V* =

(14 3Lpro/4Rp0) /(1 4 Lywo/2Rpro)¥/?. The free energy is
given by

K pro

T = K4+ 2(Kdif¢sp + Kd) - 4KpH0Rpro¢sp

+ Rﬁro (0P¢SP + b¢s2p)

TR pro
— [y In(Ppgp) + (1 —

¢sp) In (1 - ¢sp)]
P
Lyo( 1
+=2 {Tm[m — k)bey + Ka)] — 2pHodey
+ Rpro (Gp‘/’cy + b¢c2y)
kg TRpro
- [Bey In (Gy) + (1 = de) In (1 = g1}, (17)

dp

where ¢, and ¢, are the protein densities in the cylindrical
and spherical regions, respectively. The expression well ap-
proximates the energy of the prolate vesicle. We determine
the thermal equilibrium state (i.e., the lowest free energy F)
by comparing F' of budded vesicles and prolate.

In this study, we consider the vesicle at V* > 1 /«/5 %
0.707, in which a vesicle with one bud can exist (Ry,qg = R, at
V* = 1/+/2). In this range, the prolate vesicle is the most sta-
ble state in the absence of the protein. We use @, = 100 nm?
and Ry = 10 um for the area of proteins and the radius of gi-
ant liposomes, unless otherwise specified, i.e., a, /R% =107,
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FIG. 3. Chemical potential ;« dependence of the protein densities
in the vesicle and buds, ¢ and ¢4, respectively, for (a) HyRy = 200,
(b) HyRy = 150, and (c) HyRy = 100 at «,/kq =3, V* = 0.9, and
b = H, = 0. The solid lines represent thermal equilibrium states. The
dashed lines represent the metastable and free-energy-barrier states.

B. Results
1. No interprotein interactions

First, we describe protein binding in the absence of the
interprotein interactions (b = 0 and H; = 0). As u increases,
dwua increases, and, subsequently, ¢, increases, as shown in
Fig. 3. Atlow Hy, ¢pug continuously changes from 0 to 1 [see
Fig. 3(c)]. In contrast, at high Hy, ¢pq exhibits a first-order
transition. As the double minima of the free energy are shown
in Fig. 4(a), metastable states exist around the transition point
[see also the van der Waals loop depicted by the dashed
lines in Figs. 3(a) and 3(b)]. On the other hand, ¢ always
exhibits a continuous change. Accompanied by the discrete
change in ¢py4, Pbug and Rpyg also discretely change, as shown
in Figs. 4(b) and 5. Hence, around the transition point, the
vesicles of small ¢yyq for buds with large Rpyg coexist with
those having large ¢n,g with small Rypyg. At large @, Rpua
reaches the radius of curvature for the curvature generation
Ruin at ¢pua = 1. Therefore, with increasing Hy, the radius
decreases as Ry,q ~ 1/Hy, and the bud number increases as
Npud ™~ Hg. The free-energy barrier between a small number

500

F/ 4an

-500

-1000

-1500 1 1 1 1 | 1 1 1 1

N Lol

o
o
&

1000

500

F/ 4TCKd

-500

-1000

-1500

o

0.5
F{min/F{bud

FIG. 4. Free-energy profiles for (a) the protein density in
the buds ¢p,e and (b) the bud curvature Rpyn/Rea at HoRp =
150, kp/kg =3, V*=0.9, and b = H; =0, where Ry, = (kair +
ka)/KkpHy is the radius of the minimum bud curvature energy at
Poua = 1. From top to bottom, u/kg7T = —1.7, —1.5, and —1.3. The
inset in panel (b) shows an enlarged plot at small Ry;, /Ryud, in which
circles represent F at integer npyq. The free-energy minimum is ob-
tained at Rmin/Rbud =0.0279 (nbud = 3), Rmin/Rbud =0.891 (nbud =
2737), and Rpin/Rowa = 0.919 (npug = 2908) for w/ksgT = —1.7,
—1.5, and —1.3, respectively.

of buds and many buds can be very high: AF ~ 10°k4 and
5 x 10°kq for HyRy = 150 and 200, respectively, at k,/kq =
3 and V* =0.9 (see Fig. 4 for HyRy = 150). Although a
free-energy barrier can exist for the single-bud formation de-
pending on conditions [40-43,60], this is much greater than
the single-bud barrier, since more than 1000 buds are formed.
Thus, the metastable states presented in this study can remain
even on much longer timescales than the single-bud-formation
period.

After the buds are almost covered by the proteins, the
surface tension oy increases linearly. Furthermore, osmotic
pressure IT increases first linearly and then saturates [see
Figs. 5(c) and 5(d)]. The vesicle ruptures when o4 overcomes
the lysis tension. This threshold is typically 1-25 mN/m,
depending on the membrane composition and conditions
[61-63]. Since o4 = 10’kgT /R3 corresponds to 0.4 mN/m,
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FIG. 5. Chemical potential ; dependence of (a) the bud number
Npud, (b) the bud curvature Ry, /Ruua, (€) the surface tension o4, and
(d) the osmotic pressure IT for HyRy = 100, 150, and 200 at k;, /x4 =
3,V*=0.9, and b = H, = 0. The curvature radius of the minimum
bud curvature energy is Ryin = (Kaif + ka)/KpHp at ¢pug = 1.

the lipid membranes are not yet ruptured in the range shown
in Fig. 5(c). However, protein binding (for transmembrane
proteins in particular) may reduce the lysis tension and induce
rupturing at a lower tension.

The dependencies on Hy and «p/kq are clearly captured
by the phase diagrams shown in Fig. 6. With increasing Hy,
the middle points ¢, = 0.5 and ¢, = 0.5 shift to smaller
and larger values, respectively. At HyRy 2 120, the first-
order transition appears for «,/kq = 3 [see Fig. 6(a)]. With
further increases in Hj, the coexistence region widens. At
a greater value of «p/kg, protein binding occurs at lower
and higher values of p for the buds and remaining region,

4
Kp/ Ky

FIG. 6. Phase diagramsatV* =0.9andb = H; = 0. (a) Hy vs
for «p/kq = 3. Kp/Kka vs p for (b) HyRy = 200 and (c) HyRy = 100.
Two states with small and large bud numbers coexist in the region
between the two solid lines. The upper and lower dashed lines repre-
sent the states with ¢ = 0.5 and ¢y = 0.5, respectively. The solid
gray lines are given by Eq. (4) and well overlay the data for ¢, = 0.5.

respectively, and the first-order transition starts at lower H
[see Figs. 6(b) and 6(c)]. For HyRy >> 1, the large spherical
component of the vesicle can be approximated as a flat mem-
brane; thus, i for ¢ = 0.5 is well represented by Eq. (4) for
H = 0 (see the overlay of dashed lines and solid gray lines
in Fig. 6). More precisely, the effect of the nonzero curvature
is estimated as —4«,Hoap /Ry from the second energy term in
Eq. (3); thus, the deviation is proportional to «;, and Hy and is
less than 0.1 in Fig. 6. Moreover, the sigmoidal shapes of ¢
shown in Fig. 3 are well represented by

1

- 1+ exp (— —”;B“]E‘a‘f) '

éL

(18)

The deviation from Eq. (18) is less than 107> for the data
shown in Fig. 3. In contrast, the shape of ¢y,q can be largely
modified.

Figure 7 shows the dependence on the reduced volume
V*. For smaller V*, ny,q increases to hold the excess area,
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FIG. 7. Dependence on reduced volume V* at k,/kq =3 and
b = H, = 0. (a) Number n,,y of the buds for V* = 0.75, 0.85, and
0.95 at HyRy = 150. Inset shows magnified graph for small ny,qg.
(b) Chemical potential p for the transition points for HyRy = 100,
150, and 200. The solid lines represent the transition from the prolate
to budded vesicle, having a single bud for HyRy, = 100 and 150, and
many buds for HyRy = 200. The dashed lines represent the shape
transition from low ¢y,q With small nyyg to high ¢p,q with large nyyg
at HyRy = 150.

although no other notable differences are obtained for the
vesicles with many buds. The chemical potential i necessary
for the transition to form many buds remains unchanged [see
the dashed line in Fig. 7(b)]. In contrast, u required for the
transition between the prolate to a single bud increases with
increasing V* [see the lower two solid lines in Fig. 7(b) and
the inset of Fig. 7(a)]. For HyRy = 200, the prolate vesicle
transforms into many buds without forming a small number
of buds, so that u for the transition is independent of V* [see
the upper solid line in Fig. 7(b)].

Figure 8 shows the dependence of ¢y,q on the area ratio
ay/R3. The maximum number of bound proteins is 477 R} /ay.
For smaller a,, (or a larger vesicle), buds develop more gently
with increasing u, since more proteins bind to the vesicle and
generate greater mixing entropy. In contrast, ¢, is shifted to
2kpHiay, and the sigmoid function of x is maintained (data
not shown).

Finally, we examine the validity of the chosen vesicle
shapes. First, the formation of a spherical bud on a prolate
vesicle is considered. We calculated the free energy of a pro-
late vesicle with a single bud for the conditions used in Fig. 7
and confirmed the energy is always higher than the spherical
vesicle with a single bud or many buds. Next, two sizes of the
buds are allowed at HyRy = 150 (the other condition is the
same in Figs. 3-5). At the first-order transition point, the large

o L1 .y
4 wkgT °©

FIG. 8. Dependence of ¢y, on the area ratio aj /R% at HyRy =
150, kp/kg =3, V*=0.9, and b = H; = 0. From top to bottom,
a,/R3 =2 x107%, 107, and 5 x 10~7. The dashed lines represent
metastable and free-energy-barrier states.

buds of Ruin/Rpua = 0.0365 and npyq = 5 and the small buds
of Rpin/Roua = 0.891 and npyg = 2733 coexist. This large
size of buds with a number of 2, 3, or 4 and many small
buds are prepared as initial states, and then we performed the
energy minimization for —1.8 < pu/kgT < —1.2. These two
bud radii relax into the same value (the small or large sizes
depending on the relaxation method and condition). Thus, the
assumption that the buds have the same radius is reasonable.

2. Gaussian curvature

In this section, we examine the effects of the quantities
related to the integral of the Gaussian curvature. First, the
effects of the modulation of the saddle-splay modulus i are
discussed. When the protein does not modify k¥ (i, = k4),
the coexistence region is reduced at < 0 and begins at
higher Hy, as shown in Fig. 9. Note that the phase diagrams
shown in Fig. 6 can represent the data for i, = kq through
rescaling with K{) = (kp +Kk4)/2, H|= (kp/Ky)Ho, and

10

wkgT
o
I

10 —

FIG. 9. Effects of i, on the phase diagram for at«, /kqg = 5, V* =
0.9, and b = H, = 0. Data for k, = ikq and k, = —«, are shown.
Two states with a small and large number of buds coexist in the
region between the two solid lines. The middle and lower dashed
lines represent the states with ¢y,,q = 0.5 at i, = kg and i, = —«,,
respectively. The upper dashed lines for ¢ = 0.5 and the upper
boundary of the coexistence region overlay for two cases (i, = Kq
and i, = —Kp).
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R ERRN E=
~_ ®
» N1 T
B Sneck = 0
cloa by
-1.1 -1 -0.9

0.001

4 O kgT

FIG. 10. Effects of the relative coverage ratio sk of the neck
region at k,/kq =3, V* = 0.9, and b = H; = 0. (a), (b) Enlarged
graphs of the boundaries of the coexistence region for spex = 0 and
1 at HyRy = 150. The dashed lines (specx = 0) correspond to the data
shown in Fig. 3(b). Differences in (c) ¢pug and (d) ¢pua fOr Speck =
0 and 1 at HyRy = 100, 150, and 200. The dashed lines in panels
(c) and (d) represent free-energy-barrier states. Here, Eq. (13) is used
even for nyy < 10.

W = p + 2ipHgay(ip /), — 1). Thus, the phase behavior is
qualitatively unchanged by the choice of the ¥ dependence.
Next, the dependence on protein binding in the bud-neck
region is considered. When the necks have the same pro-
tein density as the large spherical component (Specx = 1),
the boundary of the coexistence region slightly shifts to the
right, as shown in Figs. 10(a)-10(c), and ¢y, slightly decreases
around the inflection point (¢ = 0.5), as shown in Fig. 10(d).
Therefore, the effects of s,k are so small as to be negligible.

3. Effects of interprotein interactions

Next, we consider the interprotein interactions. When b is
negative or positive, protein binding is more or less promoted
at large ¢, such that the coexistence region widens or shrinks,
respectively [see Figs. 11(a) and 12]. Note that the membrane
can be separated into regions with large and small ¢ within the
buds or the main spherical component at b < —2kgT /a,, in
which Fi and Fq can have double minima. However, because

-4 0 /ksT 4 8

FIG. 11. Dependence on protein pairwise interactions at «,/kq =
3and V* =0.9. (a) bap/kgT = —1 and 2 at HyRy = 200 and H, =
0. (b) HiRy = 0 and 100 at HyRy = 50 and b = 0. The solid lines
represent thermal equilibrium states. The two left and two right lines
correspond to ¢y, and ¢y, respectively. The dashed lines represent
metastable and free-energy-barrier states.

T T 1 T T 1 L ———
L (@ .
4 " —
— » .
<L E .
x — —
= o coexist =]
4 = —
N P A
[ T T _T1—
2 - o ]
= F — =
[an] L ,/’/ -
§ - R
0 CeetT A
B , Lo pug = 0-5 7
—  coexist LT .
2 R T TR T N NN NN NN M NN NN MO N B
-1 0 1 2

b ay/kgT

FIG. 12. Phase diagrams of b vs u for (a) HyRy = 200 and
(b) HyRy = 120 atV* = 0.9, kp/kq = 3, and H; = 0. Two states with
a small and large number of buds coexist in the region between the
two solid lines. The dashed lines represent the states with ¢y,g = 0.5
or ¢ = 0.5. The solid gray lines are given by Eq. (4) and well
overlay the data for ¢ = 0.5.
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FIG. 13. Phase diagram of H; vs u for (a) ba,/kgT =1 and
(b) b =0 at HyRy = 50, «p/kq = 3, and V* = 0.9. Two states with
a small and large number of buds coexist in the region between the
two solid lines. The upper and lower dashed lines represent the states
with ¢ = 0.5 and ¢p,,q = 0.5, respectively. The solid gray lines are
given by Eq. (4) and well overlay the data for ¢ = 0.5.

a homogeneous distribution is assumed for each component,
such a phase-separation condition is not considered in this
study.

For a nonzero value of H;, the spontaneous curvature in-
creases from Hy to Hy + H; as ¢ increases from O to 1; thus,
the coexistence region can appear with increasing H; [see
Figs. 11(b) and 13].

The chemical potential u for ¢ = 0.5 continues to satisfy
Eq. (4), as shown in Figs. 12 and 13. However, the sigmoidal
shape of ¢, is modified, because b and H; have greater influ-
ence at larger ¢ (see Fig. 11). Therefore, when a significant
deviation of ¢ from the sigmoid function of Eq. (18) is
observed, the interprotein interactions should be considered.

IV. AREA CHANGE DUE TO PROTEIN INSERTION

In this section, the changes in the membrane area induced
by protein binding are considered. When the proteins have
a transmembrane domain, as depicted on the right side of
Fig. 1(a), the membrane area is increased by the protein
insertion. Here, the area ratio of the transmembrane domain
a € [0, 0.6] is considered. Generally, lipid molecules are re-
quired to stabilize the membrane proteins, such that lipids
remain between the proteins even under the most densely
packed conditions. Although the vesicle area is changed by
this behavior, the lipid membrane area remains at the initial
value of Ay, = 47 Rj. Thus,

Apug
R:=R>(1 —
0 L( agr) + o

(I = a¢pua). 19)

The vesicle volume is also fixed. Hence, Eqs. (7) and (9) are
modified as

Apud R3[1 —r*(1 — a¢p)]
4 - 1-— a¢bud ’
Ry  1- (1 — agr)

Ruwa (1 —agpa) (Vi — 1)’

(20)

2n

where V¥ is the reduced volume of the initial vesicle (no
protein binding).
The free energy is given by
o
Iy K + 2(kair L + Kka) — dipHoRorépL
+ Rgr2 (Upd)L + bd)ﬁ)
(1 — agp kg TR2#?
+ =0 [ In (41.)
(1 —a)ap
+ (0 —¢)In(1—¢u)l, (22)
Fuq )
o nbud{ (regitPoud + Ka) — 4icpHoRbud Poud

+ Roud” (0pPbud + bPpyq)
(1 — otprua ks T Rpua®

(1 —a)a,

+(1 = ¢t In (1 = dru0)] | 23)

[¢bua In (Ppua)

[1— 2 — ag)l’
(1 — arua)* (V= = r3)?
[1—r2(1 — )l
(1 — agoua)* (V* = r3)
R — (1 — ady)]

= 2(KdifPoud + Ka)

— 4k, HoRodpud

(OpPoud + bdpyg)  (24)

I — A
1—r2(1— ks TR?
1= 7~ aén)lks © [Pud In (Poua)
(1 —a)ap

+ (1 — Ppua) In (1 — Ppua)].

The coefficients of the entropy terms are modified by the
factors (1 — a¢r)/(1 — ) and (1 — @@pua)/(1 — @) to count
the number of binding sites under the area change.

Figures 14 and 15 show the dependencies of various prop-
erties on «. With increasing «, the coexistence region shrinks
[see Figs. 14(a) and 15]. Furthermore, V* decreases with in-
creasing ¢, at ¢ > 0, since the surface area is increased by the
protein insertion [see Fig. 14(c)]. Accordingly, the sigmoidal
shape of ¢, is slightly modified [see Fig. 14(b)].

V. EFFECTS OF AREA-DIFFERENCE ELASTICITY

In this section, the effects of the area-difference elastic-
ity (ADE) energy on the vesicle budding are considered.
In lipid membranes, the flip-flop (traverse motion between
monolayers) of lipids is very slow; the relaxation time of
the phospholipids is several hours to days [64]. In contrast,
amphiphilic molecules with small hydrophilic head groups
such as cholesterols and diacylglycerols exhibit much faster
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FIG. 14. Dependence of (a) Ppua, (b) Ppua, and (c) V* on protein-
insertion area ratio o at HyRy = 150, k,/kq = 3, initial reduced
volume V7, = 0.9, and b = H; = 0. The green, red, and blue lines

represent the data for « = 0, 0.2, and 0.4, respectively. The dashed
lines in panel (a) represent metastable states.

flip-flop (Iess than a minute) [65—67]. In living cells, proteins
transport lipids in addition; flippases or floppases pump spe-
cific lipids in one direction (flip or flop, respectively) using
ATP hydrolysis, yielding an asymmetric lipid distribution,
whereas scramblases translocate lipids in both directions and
relax the bilayer into a thermal-equilibrium lipid distribu-
tion [65]. Thus, the number of lipids in each monolayer can
be fixed on timescales of typical in vitro experiments, al-
though it can relax with the addition of cholesterols [68,69],
ultralong-chain fatty acids [70], and scramblases. Hence, the
area difference AAy = (Nou — Nin)ao preferred by lipids can
be different from the area difference AA of the vesicle, where
Nouwt and Ny, are the numbers of lipids in the outer and in-
ner monolayers, respectively, and a( is the area per lipid.
In the ADE model [10,11,71], the energy of this mismatch
AA — AAj is taken into account by a harmonic potential:

k k
= Do (A4 — AAp)? = S m

2
Fage = AR —mp)”, (25)

2= L
I e LA R B R
1— b h—
(b)
— F _
o | n
=
=. - -
0— —
- =05 . -
1 T T
0 0.2 0.4 0.6

FIG. 15. Phase diagram of « vs p for (a) HyRy = 150 and
(b) HyRy = 100 at k,/kg = 3,V* = 0.9, and b = H,; = 0. Two states
with a small and large number of buds coexist in the region between
the two solid lines. The upper and lower dashed lines represent the
states with ¢ = 0.5 and ¢p,q = 0.5, respectively.

with the averaged curvature m = (1/2Ry) f (Ci 4+ Cy)dA. For
typical lipid membranes, k,ge = k has been reported [13]
(¢ = mkyge /K in the notation in Ref. [13]).

The area differences of the budded and prolate vesicles are
given by

NMyes Rbud
— = , 26
ol + Mbud Ry (26)
Mpro Rpro Lo

4 R() 4R()

respectively. Here, the case of no flip-flop and mg = myy, is
considered; that is, the initial prolate vesicle has no ADE
penalty. This corresponds to an experimental condition on a
timescale spanning minutes to a few hours, in the absence of
sterols and proteins promoting flip-flop or forming membrane
pores.

Figures 16 and 17 show the effects of the ADE energy.
Here, u becomes slightly larger to overcome the ADE en-
ergy, but the amount is less than kg7'. The influence on ¢
is negligibly small (data not shown). Thus, the effects can
only be detected if the other parameters are well determined.
Otherwise, the ADE energy can be neglected.

In the above analysis, it is assumed that the bound pro-
teins do not change the preferred area difference mg between
the two monolayers. However, some proteins may modify
my through the domain insertion into the membrane. When
protein binding significantly increases my, the buds form at
smaller u and the phase boundaries shown in Fig. 17 are likely
shifted downward.
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FIG. 16. Effects of the ADE energy on ¢wg at HyRy = 150,
kp/ka =3, Vi =0.9, and b =H; =0, The red and blue colors

represent the data with and without the ADE energy, respectively.

VI. DISCUSSION

In this section, we discuss the experimental conditions for
vesicle budding. Note that © can be controlled by the buffer
protein concentration p. For a dilute solution, it is given by
w = o+ kgT In(p). Through screening of electrostatic in-
teractions, u also depends on the ion concentration.

Some proteins have large hydrophilic domains that can
generate a repulsive interaction between them (b > 0), and
protein-density-dependent spontaneous curvature (H; > 0).

1 1 1 1 I 1 1 1 1
OpF— --... .. —
- Opug =05 T lc- coexist]|
K SN a
3 ~
- w/ ade -
_2 — —
w/o ade
L @ ]
1 1 1 1 I 1 1 1
0 100 200
HORO
I I I I I I I
0F-... —
- [ - 7
o | . -
i | coexist ]
2 |- —
- w/ ade -
B w/o ade 7
A (b) -
1 I 1 1 1 I 1 1 1

4
Kp/ Ky

FIG. 17. Effects of the ADE energy on phase diagrams at V* =
0.9 and b = H, = 0. (a) Phase diagram of HyR, vs u for k,/kq = 3.
(b) Phase diagram of «p/k4 vs u for HyRy = 150. Two states with a
small and large number of buds coexist in the region between the two
solid lines. The dashed lines represent the states with ¢y,g = 0.5. The
upper (red) and lower (blue) lines represent the data with and without
the ADE energy, respectively.

The dependence of the spontaneous curvature on the length of
the disordered hydrophilic domains has been investigated ex-
perimentally [27,72]. The induced spontaneous curvature can
be analytically represented using the conformational entropy
of the chains [73-75] and the excluded volume [57]. Although
a linear dependence on the protein density was considered in
this work, it can easily be extended to include a nonlinear
dependence for a specific protein.

Many proteins have hydrophobic segments to insert the
membrane. G-protein-coupled receptors and ion channels
have wide transmembrane domains, some of which have been
reported to sense and generate membrane curvature [26,76].
For these proteins, the area change « due to protein binding
should be considered. However, when the area change is small
(¢ < 1), it can be neglected, because the o dependence is not
sensitive. For example, the diameters of «HL are 10 nm and
1.2 nm at the head and transmembrane regions, respectively
(¢ =~ 0.01) [77]. Thus, the «HL binding can be approximated
as o = 0. The area change due to shallow insertion of domains
such as amphipathic « helix is also likely negligible. Some
transmembrane proteins require the help of other proteins for
membrane insertion. In the experiments of such proteins, the
total number of proteins is rather fixed in the membrane. To
investigate them, the present model can be modified to control
the total number of proteins instead of the chemical potential.

Protein assembly can be induced by the interprotein attrac-
tion, as seen in the clathrin binding [9,19,43,60]. To model
this behavior, the line tension of the phase boundary should
be incorporated into the model, and a constant protein density
is used in the assembled domains. Moreover, the bound pro-
teins may exhibit a conformational change or form a complex
of several proteins through membrane-protein interactions,
as depicted on the right side of Fig. 1(a). When different
binding conformations coexist in significant amounts on the
membrane in thermal equilibrium, multiple bound states can
be considered. The present model is easily extended to this
scenario, although many more parameters (the free-energy
parameters for each state) must be determined.

Under some experimental conditions, the buds may be
pinched off and form separated vesicles. Moreover, the mem-
brane rupture may be caused by the high surface tension
induced by protein binding. These dynamics can be taken into
account by setting a threshold of the surface tension or the
bud radius, which depends on the membrane composition and
proteins.

VII. SUMMARY

We have studied vesicle budding using mean-field the-
ory. First, we presented a formula for protein binding with
an arbitrary curvature and clarified the preferred curvatures
for curvature sensing and generation. The generation curva-
ture is lower than the sensing curvature because the proteins
are required to bend the membrane. Then, we presented
the free energy of the budded vesicle, in which the pro-
tein binding can modify the spontaneous curvature, bending
rigidity, saddle-splay modulus of the membrane. Moreover,
interprotein interactions are included as direct interac-
tion and protein-density-dependent spontaneous curvature.
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Furthermore, the changes in the membrane area due to the
protein insertion and ADE energy are taken into account.
With increasing binding chemical potential x, a prolate
vesicle transforms into a budded vesicle. Subsequently, the
number of buds increases and the bud radius is saturated to
that for the curvature generation. The surface tension oy in-
creases linearly to w after bud formation. Furthermore, when
high spontaneous curvature Hy and/or large bending rigidity
kp are induced by the protein binding, a first-order shape
transition occurs between a vesicle with a small number of
large buds and that with a large number of small buds. These
two states coexist in a wider p range for higher H or larger
kp. The attractive interaction between bound proteins and
the spontaneous-curvature increase due to the protein contact
promote budding and generate a wider coexistence region. In
contrast, the area increase due to protein insertion reduces
the coexistence region. When the preferred area difference
between two monolayers is fixed at the initial prolate, the
budding requires a slightly larger u owing to the ADE energy.
In this study, we approximated that the budded vesicle
consists of spheres. With the help of this simple geome-
try, the free-energy minimum could be determined so easily
that additional terms could be considered. Hence, the effects
of protein-membrane and interprotein interactions were ex-
amined. However, the proposed model can be extended to
more complicated geometries. Under low oy, a flat membrane

can exhibit a separated-corrugated (SC) phase, in which the
bound proteins form hexagonally ordered bowl-shaped do-
mains, even in the absence of direct interprotein attractive
interactions [47]. Hence, this SC phase may appear on a
vesicle before budding or on a vesicle with a few buds. These
bowl-shaped domains should be modeled into a simplified
geometry to account for the SC phase.

Moreover, the present strategy can be used to examine
other types of interactions, as discussed in Sec. VI and
extended to include other geometries. For example, BAR
superfamily proteins can induce cylindrical membrane tubes
from liposomes [1-3,21,22]. Recently, the formation of a ne-
matic order coupled with the bending energy was investigated
for a membrane with fixed shapes using a mean-field theory
[78]. The stable shape of these membrane tubes that protrude
from a vesicle is an interesting problem for further study. As
discussed above, the model presented herein is a useful tool
for investigating many problems related to vesicle deforma-
tion and can be further extended in various directions.
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