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Bending of pinned dust-ion acoustic solitary waves in presence of charged space debris
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We consider a low temperature plasma environment in the low Earth orbital region in the presence of
charged space debris particles. The dynamics of (2+1)-dimensional nonlinear dust-ion acoustic waves with weak
transverse perturbation, generated in the system, is found to be governed by a forced Kadomtsev-Petviashvili
equation, where the forcing term depends on charged space debris function. The bending phenomena of some
exact dust-ion acoustic solitary wave solutions in the x-r and x-y planes are shown; they result from the
consideration of different types of possible localized debris functions. A family of exact pinned accelerated
solitary wave solutions has been obtained where the velocity changes over time but the amplitude remains
constant. The shape of the debris function also changes during its propagation. Also, a special exact solitary

wave solution has been derived for the dust-ion acoustic wave that gets curved in spatial dimensions with the
curvature depending upon the nature of the forcing debris function. Such intricate solitary wave solutions may

be useful in modeling real experimental data.

DOI: 10.1103/PhysRevE.104.014214

I. INTRODUCTION

The upsurge in research on space plasma physics has
achieved important results since the middle of the last century
[1]. As a result, near-Earth space has become a virtual labo-
ratory to study different physical properties of astronomical
plasma system. In this context, the research on the dynamics
of space debris objects has also increased drastically [2—4].

Space debris objects [2] include dead satellites, mete-
oroids, destroyed spacecraft, and other inactive materials
resulting from many natural phenomena, which are being levi-
tated in extraterrestrial regions, especially in near-Earth space.
These space debris objects are substantially found in the low
Earth orbital (LEO) and geosynchronous Earth orbital regions
[3]. Also, their number is continuously increasing nowadays
due to various artificial space missions which result in dead
satellites, destroyed spacecraft, etc. The debris particles be-
come charged in a plasma medium as the result of different
mechanisms such as photoemission, electron and ion col-
lection, secondary electron emission [5], etc. These charged
debris particles of varying sizes (from as small as microns
to as big as centimeters) [6,7] move with different velocities,
causing significant harm to running spacecraft. Therefore, to
avoid these deteriorating effects, active debris removal has
become a challenging problem in the 21st century. Some in-
direct detection techniques for space debris objects have also
been developed by different authors [4,7,8]. A new detection
technique for charged debris objects in the LEO region was
proposed by Sen et al. [7], making use of the interaction of
nonlinear plasma waves with charged space debris. They con-
sidered the dynamics of nonlinear ion acoustic waves in (1+1)
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dimensions and derived a forced Korteweg—de Vries (KdV)
equation in which the forcing term depends on the debris func-
tion. Considering a Gaussian debris function, they predicted
“precursor solitons,” which are emitted periodically, through
numerical computation. Such precursors can be detected by
appropriate sensors to give indirect evidence of the existence
of charged space debris objects. Numerical techniques [9]
have confirmed the existence of the pinned and precursor soli-
tons even in the large amplitude generalization of the problem.
Molecular dynamic simulations for a charged object moving
at supersonic speed in a strongly coupled dusty plasma have
also shown [10] the existence of precursor solitonic pulses and
dispersive shock waves. Experimental investigations [11] car-
ried out with dusty plasmas have corroborated the numerical
findings and also observed [12] modifications in the propaga-
tion characteristics of precursor solitons due to the different
shapes and sizes of the object over which the dust fluid flows.

In the ionospheric plasma region, the presence of dust
particles with different charges and polarities cannot be ig-
nored. These dust particles are weakly coupled, as in most
space and astrophysical dusty plasmas. Shukla and Silint [13]
first theoretically investigated the existence of low frequency
dust-ion acoustic waves in plasmas. The presence of static
charged dust particles in a plasma significantly affects the
physical properties of dust-ion acoustic waves (DIAWs). Nu-
merous theoretical works [14-30] have reported on studies of
linear low frequency modes as well as the associated nonlinear
coherent structures such as solitons, shocks, and vortices in
different conditions for space and laboratory dusty plasmas.
The excitation of linear and nonlinear perturbations in the
upstream and downstream regions due to a charged moving
object in such dusty plasmas has many practical implica-
tions in the context of space debris detection that deserve
detailed investigation. Generally, subcentimeter sized debris
particles in the ionospheric plasma are currently undetectable
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through optical means [7,31]. The investigation of nonlin-
ear ion acoustic waves in the presence of charged debris by
different authors [7,31-33] has primarily intended to detect
these subcentimeter sized debris particles. As discussed ear-
lier, there are computational and experimental works [10-12]
on dusty plasmas that considered moving charged objects
and reported the observation of wakes and precursor solitons.
These observations have been shown to be consistent with
theoretical predictions based on the forced KdV equation that
has been derived for a charged object moving in a plasma
medium.

The forcing debris function mainly depends upon the size,
shape, velocity, surface potential of the debris, Debye shield-
ing effects, and distance of the point of observation from the
debris [31,34]. The mathematical form of this debris function
was derived by Truitt and Hartzell [31] in the form of a
Gaussian function. Many authors have chosen various kinds
of forcing functions like the sech? and sech* forms [7] or si-
nusoidal forms [35-37] to obtain solutions of the forced KdV
equation. The chaotic dynamics of a nonlinear ion acoustic
wave in the presence of the sinusoidal source debris term in
Thomas-Fermi plasmas has also been explored [38].

In a real space plasma environment, it can be expected that
both the amplitude and the velocity of the debris function
may vary with time. In [33], a special ion acoustic solitary
wave solution was derived in (14-1) dimensions for a specific
pinned debris function where the velocity varies with time.
Further, Sen et al. [7] showed that the sech? form of the debris
function leads to exact solutions of the forced KdV equation.
The choice of a forcing term with arbitrary free functions
allows the freedom to design more interesting solutions that
may bend, twist, or turn during propagation. It is possible to
find certain forms of debris functions for which exact solitary
wave solutions can be obtained that have the bending features.
On the other hand, the varying velocity of the debris function
turns out to be identical to that of the solitary wave solu-
tions; hence, they are pinned to each other, so accelerate or
decelerate together. In the present work, some special exact
(2+1)-dimensional solitary wave solutions for the dust-ion
acoustic wave have been derived with both accelerating and
bending features. An interesting intricate exact solution of the
system is important for both experimental observations and
validation of numerical simulations.

This paper is organized in the following manner. A detailed
derivation of the (2+1)-dimensional nonlinear evolution equa-
tion for the dust-ion acoustic wave in the presence of a charged
debris object is given in Sec. II. The exact accelerated pinned
solitary wave solutions are derived in Sec. III. The exact
curved solitary wave solution that can bend in the x-y plane
depending on the nature of the debris function is discussed in
Sec. IV. In Sec. V, we discuss some dynamical and physical
properties of the obtained solutions. Concluding remarks are
given in Sec. VI.

II. DERIVATION OF THE (2+1)-DIMENSIONAL
NONLINEAR EVOLUTION EQUATION FOR THE
DUST-ION ACOUSTIC WAVES IN THE PRESENCE
OF CHARGED SPACE DEBRIS

We consider the low temperature plasma system in the
LEO region in the presence of charged space debris particles.

Our aim is to find the evolution equation for the propagating
finite amplitude nonlinear DIAWs generated in the system. As
an extension of our previous problem on ion acoustic waves
[33], we consider two-dimensional effects in the propagation
of nonlinear dust-ion acoustic waves. The LEO region which
we consider consists of a low density plasma along with an
abundance of debris particles. The ion species is treated as a
cold species; that is, ion pressure is neglected, and electrons
obey the Boltzmann distribution. We neglect the dynamics
of heavy and slow dust particles compared to the dynamics
of the other particles present in the system. Hence, only the
equilibrium dust density (independent of time) enters into the
calculation through the charge neutrality condition. Following
[39—41], the basic normalized nonlinear system of equations
of our system in (241) dimensions is given by
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where A4 is the electron Debye length, C; = /%% is the ion

m;

acoustic speed, kg is Boltzmann’s constant, T, is the electron
temperature, m; is the ion mass, and n;y is the equilibrium
ion density. Equations (1)—(4) represent the ion continuity
equation, ion momentum conservation equations in the x and
y directions, and Poisson’s equation, respectively, where n, u,
v, and ¢ denote the ion density, x and y components of the
ion fluid velocity, and electrostatic potential, respectively. The
parameter « on the left-hand side of Poisson’s equation (4) is
given by

o = Zd ) (6)
njo
where Z; and ngo represent dust charge and equilibrium dust
density, respectively.

The term S(x,y,t) on the right-hand side of Eq. (4)
represents a charge density source arising due to a time vary-
ing debris object having two-dimensional space dependence,
which creates a perturbation in the electric potential and
density of the surrounding plasma. As a result, the plasma
potential becomes modified due to the debris surface poten-
tial, which is discussed in detail in the work of Truitt and
Hartzell for one dimension [31,34] and for two dimensions
[32]. In their work, Truitt and Hartzell described this forcing
or source debris function S(x, y, t) as Gaussian in nature in
both one and two dimensions using the work of Grimshaw
et al. [42]. The amplitude of this force debris function is given
by the normalized plasma potential. Sen et al. [7] considered
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localized solitary wave forms and the Gaussian form for the
debris function. Taking these developments into account, we
approximate the source debris function as

S(-xs yst) =¢and(-x1 )’J)’ (7)

where ¢,, denotes the normalized plasma potential and
Sa(x, y, t) represents possible localized debris functions such
as Gaussian, solitary wave types, etc., that move with veloci-
ties consistent with the debris object. In the work done by Sen
et al. [7], ion acoustic solitary wave solutions for two specific
forms of localized forcing debris functions were derived that
also have the nature of solitary waves. The line solitary wave
solutions have constant amplitudes and velocities, which was
generalized in [33] by considering more realistic time depen-
dent velocity for both the ion acoustic solitary wave and the
forcing term.

The evolution equation corresponding to the nonlinear
(24+1)-dimensional DIAWSs is derived following the well-
known reductive perturbation technique [43], where the
dependent variables of the system are expanded as

n=14en + e*ny + 0(€%), (8)
u=eu +e*uy + 0(e), )
v =€ + vy + 0(e), (10)
¢ =€d1+€'dr+ 0, (11)

where € is a small, dimensionless expansion parameter char-
acterizing the strength of nonlinearity in the system. We
consider a weak, space-time dependent localized debris func-
tion which vanishes at infinity. After scaling we have

S,y 1) = €' f(x, 1), (12)

where f(x,y,t) can have any spatially localized form that is
consistent with the weakly coupled charged debris dynamics
in the LEO region. The stretched coordinates are introduced
as

E=ex—vpt), T= e, n= ezy, (13)

where v, is the phase velocity of the wave in the x direction.
Accordingly, the differential operators are expressed in terms
of the stretched variables as
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Similarly, using Eq. (2), we get
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Again, using Eq. (3), we get
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Finally, Eq. (4) yields
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Now Egs. (15), (17), (19), and (20) give
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Hence, the phase velocity v, is evaluated as
1
v, =% , 23
» T (23)

where « is defined in (6) and we consider the propagation
along the positive x axis by choosing the positive sign for v,
in (23). From Eqgs. (16) and (18), we get
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The relations given by Egs. (22), (24), and (25), after some
simplification, give the following nonlinear evolution equa-
tion:

[n1e + A g + B niggel, +C nigy =D fee, (26)

where the subscript variables denote partial derivatives. The
coefficients appearing in (26) are given as

PO Gl R RO L e

2 2 2 2

This is the forced Kadomtsev-Petviashvili (KP) equation,
i.e., the generalization of the forced KdV equation to two-
dimensional space. This is the final nonlinear evolution
equation of the (2+41)-dimensional nonlinear DIAWs in the
presence of charged space debris. Since we have assumed v,
is positive, Eq. (26) represents the forced KP-II equation. We
normalize Eq. (26) to

[Ur + 6UUx + Uxxxlx + Uyy = Fxx, (28)

where the new variables in (28) are defined as U =

(A, E=X, T=Br, ¥ = @n, F = (24)f. Thus, we
can see that the solutions of the forced KP-II equation (26)
depend on the equilibrium dust parameters, i.e., on the pa-
rameter « as well as on the charged space debris function f.
In the following sections, we will find various exact solitary
wave solutions of (26) with the special bending feature. Those
solitary waves can bend on the x-t or x-y plane depending on
the functional forms of the charged debris function f. The
variations of the solitary wave solutions with the dust param-
eters will also be discussed. For mathematical simplicity, we
will concentrate on the normalized equation (28) for further
consideration. Finally, we can transform the solutions to the
old variables to explore the physical picture.
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III. EXACT PINNED ACCELERATED SOLITARY
WAVE SOLUTIONS

We have derived the forced KP-II equation (28) as the
evolution equation for the nonlinear dust-ion acoustic wave
in the presence of charged space debris particles. We know
that Eq. (28) is, in general, nonintegrable and not exactly
solvable. But if the forcing term obeys a definite constraint
condition, the evolution equation can retain its integrability.
This theory of converting a forced system into an integrable
system is called the nonholonomic deformation theory, which
is discussed in detail in [44,45]. Using this theory, we can
show that Eq. (28) admits a special exact accelerated soliton
solution under a specific integrable condition. The velocity of
the soliton varies with time, whereas the amplitude remains
constant. In this work, we will not go into the details of the in-
tegrability of the forced KP-II equation (28) by nonholonomic
deformation theory [44,45]. Rather, we will concentrate on the
exact solvability of Eq. (28). Sen et al. [7] derived two exact
line solitary wave solutions for their forced KdV equation in
(141) dimensions that have constant amplitude and velocity
for the choice of two specific localized debris functions of
sech? and sech* types.

In [32], the (241)-dimensional charged space debris func-
tion was derived as

X — VXT>2
Ry

+(Y _R://YT)zi”’ (29)

where ¢, denotes the surface potential of charged debris, r is
the distance of the point of observation from the debris, Ap
represents the Debye length, Vx and Vy represent the speeds
of debris in the X and Y directions, respectively, and Rx and
Ry represent the radii of debris in the X and Y directions,
respectively. In a realistic environment, the debris object may
not have a perfectly spherical shape. A more complete and
realistic picture of a debris object can be realized from a
three-dimensional Gaussian function in an analogous manner.
This can be referred to as the three-dimensional interpretation
of debris and can be utilized to study the evolution of dust-
ion acoustic waves in (3 + 1) dimensions. The amplitude of
the forcing debris function F' given by Eq. (29) depends on
the surface potential of the debris object, the Debye length
in the surrounding plasma medium, and the distance of the
point of observation from the debris. The argument of the
exponential function in Eq. (29) contains the space-time co-
ordinates along with other constants. A few studies have been
done in (141) dimensions by considering periodic forms of
the debris function [35-37]. But several other types of lo-
calized functions can be chosen as forcing debris functions,
which need not be exactly Gaussian but can represent similar
behavior. In an actual disturbed situation in the LEO plasma
region, there may be possibilities where the velocity of the
debris may vary with time. Consequently, the expression for
the forcing debris function gets modified in order to incorpo-
rate time varying velocity, which is also evident from Eq. (29).
Several analytical forms of these kinds of time varying debris
functions and the corresponding nonlinear dust-ion acoustic

F(X,Y,T)=N(¢s, r, AD)exp{ _ )\%[(

waves can be explored to study many interesting phenomena.
The mathematical forms of the two localized debris functions
that were chosen for the derivation of the two exact pinned
solitary wave solutions in [7] have a definite feature. It can
be noticed that those debris functions are just constant mul-
tiples of the ion acoustic wave and its square. The solutions
are mathematically interesting due to their pinned and exact
nature. Motivated by this choice, we attempt to derive some
special exact pinned solitary wave solutions for the dust-ion
acoustic wave, the velocity of which varies with time de-
pending on the specific debris function. Also, the acceleration
associated with the solitary wave is expressed in terms of an
arbitrary function that can be chosen appropriately to model
the real physical phenomena. As stated in [31], pinned solitons
are produced in the low LEO region, traveling at the same
speed as the orbital debris. Since the pinned solitons propagate
with the debris, they are not useful for on-orbit detection
techniques as they would not be sensed before collision. How-
ever, pinned solitons can be detected from the ground sensors
using the same techniques used to measure plasma density
irregularities. The amplitudes of the solitary wave solutions
which are discussed in this section are constant, whereas those
of the debris function are variable. Such features may give rise
to new directions in the detection process. We know that the
sech? function looks very similar to the Gaussian function.
Hence, a forcing debris function that is estimated to have a
Gaussian shape [32] can be chosen in the form of a sech?
function, and the understanding can also be generalized to
higher dimensions. This type of forcing debris function is also
a two-dimensional extension of the forcing debris functions
chosen in the work of Sen et al. [7].
For the choice of the forcing debris function

F(X,Y,T)=a(T) U, sech’

x |:<X+/a(T)dT—d1 T+Y>/w],

(30)

where U, = YD w = [2//(d, — D], with d; being con-
stant, and a(7T") is an arbitrary function of time, an exact
pinned solitary wave solution of Eq. (28) can be obtained as

U =U, sech2[<X + /a(T)dT —d T+ Y>/w]. (31)

A comparison of Egs. (29) and (30) helps us identify various
physical characteristics, i.e., size, shape, velocity, and surface
potential, of realistic charged debris objects in the ionosphere.
The velocity of the dust-ion acoustic solitary wave solution
(31) changes over time, showing accelerating or decelerat-
ing features due to the presence of the function a(7) in its
argument, whereas its amplitude remains constant. Both the
amplitude and velocity of the source debris function F (30)
change over time, showing shape changing effects. Since the
analytic forms of the time varying velocities of both U and F
are identical, they move together. So they can also be regarded
as “pinned accelerated solitary waves,” as discussed in [7].
The pinned nature of U and F can be seen from Fig. 1
for a given choice: a(T) = —5¢~"), where the dynamical
evolution of both U and F is shown by plotting the func-
tions at different times. The three-dimensional (3D) plots of
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FIG. 1. Plots of the decelerated solitary wave solution U given
by Eq. (31) and the forcing function F given by Eq. (30) with X at
Y =O0fortimesT =0,7 = 1,and T = 2 for the choice of d; = 1.5
and a(T) = —5¢~ %' . The top, middle, and bottom panels indicate the
natures of U and F at T =0, T = 1, and T = 2 respectively, with
the dotted blue lines and the dashed red lines corresponding to U and
F, respectively. The plots clearly indicate that U and F are pinned
to each other; that is, they move with the same velocity in spite of
having different amplitudes.

U and F on the x-t plane for the same choice of a(T) as
before are shown in Fig. 2. Although a(T') is an arbitrary
function, it should be chosen according to the situation. In
the plots, we have chosen the exponential form so that the
solitary wave possesses a deceleration —% that can be

J

FIG. 2. Three-dimensional plots of the DIAW solution U and
debris function F given by Egs. (31) and (30), respectively, on the
x-t plane for Y =0, a(T) = —5e%", and d; = 1.5. The exponential
form of a(T') causes the DIAW to decelerate with time, whereas its
amplitude remains constant. On the other hand, both the amplitude
and velocity of the source debris function F vary with time.

calculated from (31). Such deceleration of the solitary wave
may be relevant to the real debris problem. For the periodic
choice a(T) = 2cos T, the solitary wave solution accelerates
and decelerates periodically, which is unsuitable for the debris
problem. But it can be an interesting choice for other physical
systems, like the shallow water wave system. If we consider
the (2+1)-dimensional propagation of a free surface nonlin-
ear shallow water wave with the periodic bottom boundary
condition, then we can obtain the solitary wave solution that
decelerates and accelerates periodically. The periodic bottom
boundary condition means that the bottom of the channel is
porous in such a way that the downward fluid velocity is a
periodic function of time. Then we would get a free surface
solitary wave solution with that kind of nature.

The solutions obtained so far for one solitary wave can
be generalized to an N solitary wave solution U of Eq. (28)
with time varying velocity. Similarly, the N debris function
F that is pinned with the dust-ion acoustic solitary wave also
accelerates or decelerates during propagation. Using Hirota’s
formalism [46,47], the two solitary wave solution U of (28)
can be evaluated as

U =2[InGlxx, G=1+exp(6)) + exp(62) + ap exp (6, + 6>),

[3k7 k5 (ki — ka)* — (kymy — kamy )]

ap =

[3k3 k2 (ki + k2)? — (kumy — komy)?]

(32)

k4 2
6 = I:k,-X ey — M / a(T)dT]

ki
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for the choice of the debris function

F =2a(T)[InGlxx, G=1+exp () +exp(6) + app exp (6; + 62),

33 K3 (ki — ko) — (kymo — komy )]
[3K3 13 (ki + ka)2 — (ki — komy 2]

app =

(33)
K+ m?

@:[hx+wY—l7—iT+/aUMT}

i

where k; and m; are constants. Here, the amplitude of F varies with time, whereas that of U remains constant. But both U and F
accelerate and decelerate with the same velocity, which depends on a(T').
Generalizing the above solutions, the accelerated N solitary wave solution U of (28) can be obtained as

U =2 [InGlxx,

n B; pj(pi—1)
G= > |II (j}) (Bjo; +

u=0,1,2 | j=1

n n

0)\sj(2—m;)

5-)) T exp ZM}'"E}'"’ Z wimAj )|,
=1

1<j<l

§=h@J+X+/@GMT+mD+éV (34)

m =OtlT+,31(X+/G(T)dT)+VzY+771(0), vi = Bipj,

(kj —k)* = (1/3)(p; — p1)*
(kj — k))> — (1/3)(pj — p1)?

exp(Aji) =

for the choice of

F =2a(T) [InGlxx,

. ,Bj #ils=D) 0)\ M (2—pj)
o= ¥ T (35) @) e
J

u=0,12 | j=1

Zﬂjfj‘i' Z wimiAj | |,
=1

1<j<l

g:@@ﬁ+x+/kawT+mm+é% (35)

m =azT+ﬂl<X+/a<T>dT) +nY +0” v = Bip;,

(kj — k) = (1/3)(p; — p)*
(kj —k)* = (1/3)(p; — p)*’

exp(4;) =

where k;, w;, p;, EJQ, oy, Br, vi, and nl(o) are arbitrary real constants. The variation of the velocities of U and F is a result of the
presence of a(T'). Thus, we have obtained a family of special exact pinned solitary wave solutions for both F and U with an
accelerating and decelerating feature that may be useful in future research on this subject.

IV. EXACT PINNED CURVED SOLITARY
WAVE SOLUTION

In the previous section, we found a family of exact
pinned accelerated solitary wave solutions, the velocity of
which changes over time instead of being constant. Such
accelerated solitary waves move simultaneously with the
charged debris object; hence, they are called pinned solitary
waves. The amplitude of the dust-ion acoustic solitary wave
remains constant, whereas both the amplitude and velocity
of the debris function change, causing shape changing
effects. Generally, in a real space plasma environment, the
density localization may not always be of the form of line
solitons. It may bend, twist, or turn during its propagation.
Hence, to model such real physical phenomena, solitary
wave solutions with arbitrary free functions that have such
bending properties may be useful. Hence, along with arbitrary
accelerated solitary waves, curved solitary waves on the x-y

(

plane are also important. In this section, we will try to find
such exact solitary wave solutions which can bend on the x-y
plane depending on the forcing debris function. In [48], a
numerical simulation for the propagation of a magnetosonic
wave was performed with a two-dimensional circular source
term. A noticeable difference from the one-dimensional (1D)
simulation is observed in the shapes of wakes and precursors,
which are curved in nature. This observation also strengthens
the possibility of the existence of curved solitary waves in
experiment. There is no generalized exact solution of the
forced KP equation. In most cases, the forcing function
destroys the complete integrability of the equation; hence, its
exact solvability is also lost. But for certain special localized
forcing functions, we can get exact solutions. An exact pinned
solitary wave solution U of (28) that can bend on the x-y
plane is obtained in the following form:

U = % sechz[g X +AY)—cT +90):| (36)
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for the choice of the forcing debris function F' as

F=A %1 sechz{JTa X +AY)— T +90]}

-l-\/c_lAyy(tanh {@[X TAY) =T +eo]} _ 1),
X >0,
F=A %1 sechz{g X +AY)— ;T +90]}

+Jc_1Ayy(tanh{@[X +A(Y) —ClT +6()]} + 1),

X <0, (37)

where c) is a constant and A(Y') is an arbitrary function of Y.
The function F in Eq. (37) vanishes as X —> =00, satisfying
Poisson’s equation (4), as discussed before. There might
be other choices of F' to get an exact curved solitary wave
solution U of (28), but we consider (37) as an example of F'
to explore the situation. The nonlinear function A(Y) makes
the solitary wave bend in the x-y plane. Both the solutions U
and F given by Egs. (36) and (37) are pinned solutions, like
the solutions discussed in the previous section. As we showed
in the previous section, the pinned nature can be understood
by plotting both U and F with X at different times. The 3D
plots of both U and F given by Egs. (36) and (37) for a given
choice of A(Y') are provided in Fig. 3. Thus, we have provided
an exact pinned curved solution U for Eq. (28) for a specific
choice of the localized function F. The solution may be used
for modeling the twist or turn of the solitary waves during
its motion in real experiments. Although there may be more
general numerical or approximate solutions, the exact form
of this curved solution makes it important in this field.

V. RESULTS AND DISCUSSIONS

A few specific points of this work that need to be discussed
are stated below.

(1) In this work, we have derived a few (2+1)-dimensional
exact dust-ion acoustic solitary wave solutions for the choice
of specific localized debris functions. The constant amplitude
exact solitary waves U may accelerate or bend on the x-t and
x-y planes, respectively, due to specific choices of the forcing
functions, as discussed in Secs. III and I'V.

(2) We can see that the coefficient of each term in Eq. (26)
depends on v, which depends on & via Eq. (23), i.e.,

1 n4o
V= = 7,0 (38)
r l -« d”i()

Hence, we can see that o must be <1 for a real v,. The
variation of the phase velocity v, with parameter « is plotted
in Fig. 4, where we see that v, increases with o. For the ion
acoustic wave, we can evaluate v, to be equal to 1. The static
dust grains increase the phase velocity by a factor of ﬁ
(3) The solitary wave gets accelerated and decelerated due
to the presence of the nonlinear function a(7"). Obviously, for
a(T) = const, we get the standard line solitary waves with

FIG. 3. Three-dimensional plots of the DIAW solution U and
debris function F given by Egs. (36) and (37), respectively, on the
x-y plane at T = 0, ¢; = 0.5, and 6y, = 0 for the choice of arbitrary
functionas A(Y) = f sechYdY . It can be easily seen that both U and
F get curved on the x-y plane.

constant velocity. The acceleration of the solitary wave is
shown by the contour plots in Figs. 5 and 6.

(4) The exact accelerated solitary wave solution (31) can
be expressed in old variables as: &,7n and T (used during

4.0

35¢F

25}

1.5F

[ PR PR PR PR PR

0.2 0.4 0.6 0.8

FIG. 4. Variation of phase velocity v, with «.
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FIG. 5. The contour plot of the DIAW solution U (31) in the x-¢
plane for Y =0, a(T) = 2,d, = 1.5. We can see that the peak of
the solitary wave U moves along a straight line in the x-¢ plane for
a(T') = const, thus showing the usual line solitary waves.

derivation of forced KP equation in the manuscript)

= w sechz[@{é +V(B/C)n —diBt

3
_ <6gﬁ ) / exp(—2Bt)dr”, (39)

nj

-4 -2 0 2 4

FIG. 6. The contour plot of the DIAW solution U (31) in the x-¢
plane for Y =0, a(T) = —5¢~%",d;, = 2. We can see that the peak
of the solitary wave U moves along a curved path in the x-¢ plane for
the exponential form of a(T").

. IOTS a

FIG. 7. The variation of the DIAW n, in (39) with « at the center
E=n=0att=1ford =1.5.

0.1 0.2 0.3 0.4

where the coefficients A, B, and C are given as

vp(3 —v) v, v,
A= ———— B:—, =D=— 4
2 ’ 2 ¢ 2 (40)

for a(T) = —S5e~?T. The variation of the DIAW #; in (39)
with o at the center £ = n = 0 at T = 1 is shown in Fig. 7.

(5) In this work, we have also derived an exact curved
solitary wave solution for a special localized debris function.
The exact solitary wave solution can bend on the x-y plane
depending on the forcing function. In [48], a two-dimensional
circular source term was considered in their numerical sim-
ulation for the propagation of a magnetosonic wave. The
noticeable difference from the 1D simulation is in the shapes
of wakes and precursors, which are curved in nature. This
observation also strengthens the possibility of observing the
exact curved solitary wave solution (36) in the experimental
scenario. It should be noted that the curvature of the solution
(36) occurs due to the presence of the nonlinear function A(Y')
in the argument of the solution (36). Now it is necessary to
determine how much curvature takes place by varying A(Y),
i.e., what the condition is for larger bending. For the static case
(T = 0), the locus of the maximum amplitude of the curved
solitary wave solution (36) is of the form

% [X +AY)+ 6] =0. (41)

Now taking the derivative with respect to Y twice in Eq. (41)
we get

s _ A (42)
ay = A
where the slope is defined as § = 3—);. We see from (42) that

for a higher value of right-hand side, the rate of variation of
the slope S will be higher. Hence, in that case, the slope of the
maximum amplitude curve will vary large for traversing the
unit distance in Y. Larger rate of variation of slope S describes
larger bending. Hence, for large bending of solitary waves to
take place, the double derivative of A(Y) must also be high.
This is explained clearly by the contour plot in Fig. 8.

(6) Similar to the exact solutions obtained in [7], we de-
rive a few intricate exact solitary wave solutions. The only
difference is the solutions derived in [7] are line solitary
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FIG. 8. Contour plot of the curved dust-ion acoustic solitary
wave solution U given by Eq. (36) on the x-y plane at T = 0 for
c1=0.5,0=0,and A(Y) = f sechYdY. The plot shows that the
DIAW solution U bends on the x-y plane due to the function A(Y).

waves, whereas the solutions derived in the present work are
accelerated and curved solitary waves. Basically, we have
investigated a few specific forms of F for which we get exact
solitary wave solutions for U with bending features. The ve-
locity profiles for both U and F are found to be identical. For
other general choices of F, perturbative or numerical solutions
need to be obtained.

VI. CONCLUDING REMARKS

In this work, we have considered the low temperature and
low density plasma in the LEO region in the presence of
localized charged space debris particles. The dynamics of
(241)-dimensional nonlinear dust-ion acoustic waves induced
in the system is found to be governed by the forced KP-II
equation, where the forcing term depends on the charged
space debris function. We have found some exact curved
solitary wave solutions for the DIAW that can bend on the x-¢
and x-y planes. A family of exact pinned accelerated solitary
wave solutions (30)—(35) has been derived. The velocity of the
solutions changes over time, whereas the amplitude remains
constant. The solutions contain an arbitrary time dependent
function a(T') that can be chosen accordingly for modeling
different types of dynamics of the solutions. Also, a special
exact solitary wave solution (36) has been derived for a special
debris function (37) that gets curved on the x-y plane, where
its curvature depends on the nature of the forcing debris func-
tion. The solution also contains an arbitrary function A(Y).
For different choices of A(Y), we would get different kinds
of bending of the solitary wave. Thus, the exact solutions
of this work may be interesting to the nonlinear dynamics
community and useful for different practical applications.
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