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We investigate the effects of a particular kind of orbits, which we call exotic orbits, on the process of
classical molecular photoassociation. As a starting model system, we consider the process described by the
Morse potential with a time-dependent perturbation consisting of the interaction of an external laser field with
the molecular dipole. When the external perturbation is turned off, the bound molecular states are classically
represented by librational motion, whereas the unbound, the collisional states, are represented by unbound
motion, and in both cases, the energy is a constant of motion. When the perturbation is turned on, the total
energy is no longer a constant of motion and initial conditions in the unbound region can reach the bound region,
and vice versa, through chaotic orbits. Alternatively, we have found that the connection between the bound and
unbound sectors can be achieved through exotic orbits, which are comprised by librationlike parts, a localized
chaotic region, and an unbounded constant-energy part. Thus, if a colliding atomic pair is in an exotic orbit,
it penetrates a chaotic region coming from the unbound sector, subsequently performing librationlike motion,
during which the molecule with constant bound energy is formed. Afterwards, the molecule returns to the chaotic
region and from this region, it can either access a distinct bound energy or dissociate. We call this phenomenon,
in which a metastable molecule is formed, intermittent photoassociation. We show that the key for the emergence
of exotic orbits is the relatively short range of the dipole as compared to the interacting potential range. In order
to further verify our results, we have considered realistic forms for the potentials and dipole functions of several
molecules and found the emergence of exotic orbits, and consequently of intermittent photoassociation, for the
MgLi and SrLi molecular parameters.

DOI: 10.1103/PhysRevE.104.014206

I. INTRODUCTION

Laser-induced photoassociation processes, in which two
colliding atoms absorb or emit photons to create a molecule,
is a topic of current scientific interest [1–4]. Together with
photodissociation and molecular excitation, photoassociation
is a fundamental phenomenon for the control of chemical
reactions with a laser. Moreover, photoassociation is one of
the possible routes for the formation of ultracold molecules
[5] and Bose-Einstein molecular condensate [6].

The driven Morse oscillator is an important model that has
been used in both quantum and classical scenarios for the
study of photodissociation and photoassociation of diatomic
molecules [7–12]. The classical approaches are motivated by
at least two reasons: (i) to interpret the molecular dynamics
from a classical, nonlinear point of view, since quantum-
classical correspondence is found in many situations, and
(ii) to understand the role of nonlinear mechanical forces
exerted on particles interacting with a potential well [13]. The
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unperturbed Morse oscillator has two distinct types of motion:
libration, which corresponds to a bound vibrating molecule,
and a free or colliding atomic pair, which corresponds to
unbound motion. The threshold energy that separates the two
kinds of motion defines the separatrix. The coupling between
the molecular dipole and a time-dependent external field, pro-
duced by a laser, can produce transitions between these two
energy regions. For a null external field, the phase space is
filled by invariant tori and periodic orbits. As the amplitude of
the external field increases, resonance islands, chaotic orbits,
and periodic orbits coexist, and transitions between bound to
unbound states can occur through chaotic routes [8].

Recently, we have proposed controlling photodissociation
based on bent invariant tori, which cross the separatrix without
being broken [9]. It has been shown that it is possible to
deform an invariant torus to reach these two energy regions
using high frequency and high amplitude of the external field.
This fact opened up the possibility for inducing photodisso-
ciation through nonchaotic routes by means of appropriately
designed pulses [14]. This deformed-tori mechanism can also
be adapted to control photoassociation, but this route will not
be pursued here.

In the present work, we investigate the laser pulse pho-
toassociation using a nonlinear dynamics approach. We
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consider linearly polarized pulses, with the photoassocia-
tion occurring in the molecular electronic ground state and
the laser-molecule interaction given in the dipole approxi-
mation. We assess this setting by considering ensembles of
trajectories colliding with the Morse potential in the pres-
ence of external time-dependent pulses. The dipole coupling,
which represents the molecule-field interaction, is given by
a parametrized position-dependent function times the time-
dependent harmonic pulse representing the laser electric field.
The parameters of the dipole function allow for the control
of the shape and the range of the interaction [15–17]. We
observe that the unbound-bound transition can be performed
through chaotic routes in a similar fashion to the known
chaotic dissociation mechanism. Interestingly, we have found
that for short-range interactions there are orbits consisting of
a regular unbound part and a regular bound part coupled by a
chaotic sea. We name such orbits, which present librationlike
motion along with irregular motion, exotic orbits. Traveling
in this kind of orbit, a colliding atomic pair approaches the
region of interaction, coming from a locally unbound regular
movement, and enters the chaotic region; then it can reach a
locally bound trajectory with constant energy. Eventually, the
molecule approaches the chaotic region again, from which it
can access a distinct regular bound trajectory or dissociate.
We call this process “intermittent photoassociation,” whose
molecule is in a metastable state. Metastable states have been
the subject of studies of different areas of science, for exam-
ple, the formation of molecules produced by alkaline atoms,
which may lead to the development of atomic clocks [18],
and in the investigation of the properties of molecules such
as ozone, hydrogen, helium, and others [19–21]. It was also
observed that some properties of Bose-Einstein condensates
[22–25] in diluted gases are due to the existence of molecular
metastability [26]. Having these points in mind, we propose
the use of pulses with appropriate duration to control the
photoassociation process. The exotic orbits emerge in this
context and support the partial photoassociation mechanism.
These orbits are different from the chaotic ones that, while
entering regions with stickiness, spend a long time performing
near regular motions, and when they manage to escape they
remain chaotic. Additionally, stickiness, in general, occurs
around resonance islands where there are other small islands
that trap the motion. The main difference here is that the exotic
orbits occur independently of resonances and stickiness [27].
The trapping of trajectories when the rainbow angle exceeds a
threshold in chaotic atom-surface scattering reported in [28]
has some similarity with the mechanism described for the
exotic orbits.

The paper is organized as follows. In Sec. II we present the
theoretical approach for the Hamiltonian system; in Sec. III
we present and discuss the theoretical results obtained, and in
Sec. IV we apply our strategy to some real molecules in order
to validate our approach. In Sec. V is the conclusion.

II. MORSE PHOTOASSOCIATION MODEL

We consider the relative motion of a pair of colliding
atoms in the presence of a linearly polarized laser field. For
simplicity, we assume a head-on one-dimensional collision
in the direction of the polarization of the laser. A suitable

FIG. 1. Potential and dipole functions for η = 1.0, xe = 1.0. The
solid black line corresponds to the Morse potential, the dotted red
line corresponds to the long-range dipole ξ = 0.005, the dashed blue
line to the medium-range dipole ξ = 0.05, and the short dash-dotted
pink line to the short-range dipole ξ = 1.0.

unperturbed dimensionless Hamiltonian for describing the rel-
ative motion of the nuclei of a diatomic molecule is given by
[29,30]

H0(x, p) = p2

2
+ V (x), (1)

with V (x) = 1
2 (e−2x − 2e−x ) in which x is the distance be-

tween the nuclei and p is the conjugate linear momentum of
the nuclei relative motion. The energy of the equilibrium point
is −0.5 and the separatrix is located at the energy V(x) = 0.
For negative energy, the trajectories are bound, representing a
vibrating molecule, and for positive energies, the trajectories
are unbounded, representing a free or colliding atomic pair.

FIG. 2. Probability of photoassociation as a function of the laser
pulse duration. The external field parameters are ε0 = 11.0, � =
15.0 and the dipole parameters are η = 1.0, xe = 1.0. The narrower
curve corresponds to ξ = 0.005 and the wider curve to = 1.0. For
both plots NTraj = 600.

014206-2



NONLINEAR PHOTOASSOCIATION THROUGH EXOTIC … PHYSICAL REVIEW E 104, 014206 (2021)

FIG. 3. Energy cube of the system for � = 15.0, ε0 = 11.0, η = 1.0, and xe = 1.0. In (a) ξ = 1.0 and in (c) ξ = 0.005. In (b), (d) we show
the corresponding phase space (x, p), the biggest dots (black) are the initial conditions. Dimensionless units are used.

The laser-molecule interaction is described in the dipole
approximation by the term Hlaser (x, t ) = −μ(x)ε(t ), where
ε(t ) is the time-dependent electric field of the laser and μ(x) is
the dipole moment of the molecule that is going to be formed.
Here, we employ a functional form for the dipole, which
allows us to control its shape and range through adjustable
parameters,

μ(x) = e−ξ (x+xe )4
sin[η(x + xe)]

η
, (2)

where η, xe, and ξ are the dimensionless adjustable parame-
ters.

The dipole function given in Eq. (2) allows us to reproduce
realistic dipole functions [31–34]. The parameter η controls
the oscillatory behavior, the parameter ξ sets the range, and
xe gives the overall displacement of the dipole. In addition,
it has been shown that the oscillatory behavior of the dipole

function can prevent trajectories from escaping the potential
well, influencing the dynamics of the system [12].

The harmonic external electric field is written as

ε(t ) = s(t ) ε0 sin(�t ), (3)

where ε0, � are the amplitude and frequency of the laser and
S(t ) is given by

S(t ) =
{

1, if 0 < t � tf
0, otherwise , (4)

where t f corresponds to the pulse duration.
The total Hamiltonian of the system is written as

H (x, p, t ) = p2

2
+ 1

2
(e−2x − 2e−x )

− S(t )
e−ξ (x+xe )4

sin [η(x + xe)]

η
ε0 sin(�t ).

(5)
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FIG. 4. The total energy of an initial condition as a function of
time for ε0 = 11.0, � = 15.0, η = 1.0, and xe = 1.0. The red dotted
curve corresponds to ξ = 1.0 and the blue curve with the star points
corresponds to = 0.005. The black line in E = 0 is to guide the eyes.
Dimensionless units are used.

Therefore, the ensemble of trajectories colliding with the
Morse potential under the action of an external field, governed
by the Hamiltonian (5), accounts for the classical photoasso-
ciation dynamics induced by laser pulses.

III. RESULTS FROM THE MORSE MODEL

The probability of photoassociation is strongly dependent
on the choice of the parameters of the external field; there-
fore, after evaluating different combinations, we defined our
approach with ε0 = 11 and � = 15, which led to an ex-
pressive photoassociation. We consider three different dipole
functions, one with the long range defined by ξ = 0.005,

the other with the intermediary range ξ = 0.05, and the last
with the short range given by ξ = 1. For all scenarios we
used η = 1.0 and xe = 1.0. Figure 1 shows the comparison
between the potential range (black solid line) and the three
dipole functions: (i) the long-range dipole (dotted red line)
which has a range up to x ∼ 5.0, (ii) the medium-range dipole
(dashed blue line) which has a range up to x ∼ 2.0 and, (iii)
the short-range dipole (short dash-dotted pink line) which has
a range up to x ∼ 0.3.

As presented in previous work [12], we define the pho-
toassociation probability PA as the ratio of the number of
trajectories n that remain trapped in the Morse potential after
the action of a laser pulse, by the total number of trajectories

TABLE I. Range of potential and dipole function. Dimensionless
units are used.

�αV = αV − Re �αμ = αμ − Re δ = �αμ

�αV

ξ = 1.0 6.38 0.56 0.09
ξ = 0.05 6.38 2.35 0.37
ξ = 0.005 6.38 7.75 1.21

NTraj,

PA = n

NTraj
, (6)

and we call these trapped trajectories photoassociated
trajectories.

The ensembles of initial conditions are chosen to follow a
Gaussian distribution, in analogy with a colliding wave packet
in the quantum version of the model [29,35,36]. In practice,
we employ a Monte Carlo technique using a normalized dis-
tribution given by [37]

ρ(x, p) =
(

1

4 πδ

)
e

−β

2 (x−x0 )2− (p−p0 )2

8 βδ2 , (7)

where x0 and p0 are the wave packet average position and
momentum, respectively; δ and β are adjustable parameters
which define the width of the Gaussian in the phase space.
Note that for large β and small δ the distribution is con-
centrated around x0 and p0; we set β = 0.12 and δ = 0.2
in all calculations. The procedure to distribute the phase-
space points is as follows: Take y = √

β/2(x − x0) and z =
(p − p0)

√
8βδ2, where y = rcos(θ ) and z = rsin(θ ), with

θ = 2π
 and r = √−ln(1 − ζ ). The points of the phase
space are found by providing values for the pair (ζ , 
) uni-
formly distributed between [0, 1]. The initial conditions x0 and
p0 corresponding to each pair (ζ , 
) are distributed according
to Eq. (7). Figure 2 shows the photoassociation probability
as a function of the laser pulse duration t f for the short-
and the long-range dipoles, and setting NTraj = 600, x0 = 7.0,
p0 = −0.5 as the photoassociation probability PA is essen-
tially the same up to t f ≈ 15.0. However, from this time, the
PA for the long-range (narrower curve) dipole decreases very
fast, while the PA for the short-range (wider curve) dipole
increases up to t f = 20 and then decreases relatively slowly,
reaching 0.15 at t f ≈ 60. The time duration of the laser pulse
has an important role in the behavior of the photoassociation
probability because the final energy of the trajectory, after
the perturbation action, is extremely sensitive to the choice of
the final time. We also observe that for the long-range dipole

TABLE II. Parameters of the equilibrium point, potential range, dipole range, and the ratio between the ranges. Re, αV , αμ are in atomic units.

Re αV αμ �αV = αV − Re �αμ = αμ − Re δ = �αμ

�αV

MgLi 5.72586 20.00 13.66 14.27414 7.92914 0.55549
SrLi 6.708852726 24.96 18.20 18.25147274 11.49147274 0.63
CaLi 6.42506831 25.01 30.00 18.58493164 23.574931464 1.2685
HF 2.35055 6.71 7.367 4.97740142 6.370 1.279
HCL 2.4085748 7.31 9.233 4.901403 6.814403 1.40
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TABLE III. Parameters of Eqs. (8)–(10) for the potentials. Re and De are in atomic units.

Re De β0 β1 β2 β3

SrLi 6.70852726 0.0101871 4.0069261 2.1016080 –1.23119 0.3212922
MgLi 5.725869745 0.007097047 4.069261 0.64016080 –0.0519 0.0112922

the photoassociation exists only for a range of t f ≈ [1.0 : 26]
and has the maximum value of PA ≈ 0.32 for t f ≈ 12.5. On
the other hand, for the short-range dipole the photoassocia-
tion occurs for t f > 5.0, with a maximum of PA ≈ 0.40 for
t f ≈ 20.0. Note that for the short-range dipole, the probabil-
ity of photoassociation is higher compared to the long-range
dipole and it provides greater freedom in managing the pulse
duration time.

It is important to emphasize that after carrying out several
tests it was possible to verify the existence of intermittent
photoassociation for the medium-range dipole as well, which
shows that the occurrence of the exotic orbits is associated
with the range of the dipole. Therefore, we will mention the
medium-range dipole scenario only when it is convenient. If
we employ a pulsed laser field instead of a continuous wave
field (cw), the details of the dynamics will certainly suffer
some influence. However, we expect that the exotic orbits
will continue to exist but eventually will be more difficult
to observe since additional frequencies will appear around
the carrier frequency of the pulse. It is worth commenting
that studies on ultracold atoms trapped in periodically shaken
optical lattices [38] show some correspondence with our ap-
proach, due to the possibilities we have to change the shape
of the laser and the effects of finite width time pulses that we
consider.

In order to understand what causes this change in the char-
acteristic of the photoassociation probability, it is interesting
to analyze the time evolution of the trajectories in the phase
space. To ensure that the trajectory is well represented in
the phase space, we need to use a long-time laser pulse. We
observed that the time t f = 140 is enough for this purpose in
Figs. 3(b) and 3(d). To prevent the phase space from having
a dense number of points, which would be difficult to visual-
ize, we use a smaller number of trajectories, NTraj = 10 and
we keep the average position and momentum xo = 7.0, p0 =
−0.5. We solve the Hamilton equations with the fourth-order
Runge-Kutta method of fixed step h = 10−4. For each period
that the term sin(�t ) is zero, in Hamiltonian equation (5), we
store the points (x, p, E0) where E0 is the unperturbed energy
of the system. With these data we plot a three-dimensional
graphic known as an energy cube.

The energy cube was introduced in [9]. In that work
we selected some level curves of the system governed by
the Hamiltonian (1) and we plotted the energies of some
librational tori and of a few open curves corresponding to

free orbits. The projections on the planes (H0, x) and (H0,
p) evidence that the total energy of the system is a global
constant of motion for the unperturbed system. We call this
three-dimensional (3D) plot as energy cube. Subsequently we
used this idea for the perturbed system in which the total
energy is no longer constant in motion. In the energy cube,
in the presence of the perturbation, the only plotted points
are the ones in which t = n 2π

�
, that is, for multiple times

of the laser field period, which results in H (t = n 2π
�

) =
H0. Then, we consider the Poincaré stroboscopic map of the
system. Concerning the current work, Figs. 3(a) and 3(c) are
the energy cubes for the total Hamiltonian given in Eq. (5). In
these energy cubes, the black dots represent the 3D movement
of the initial conditions, the true trajectories; the blue dots are
the projections of the movement on the plane (Energy, p); the
green dots represent the projections on the plane (Energy, x);
and finally, the red dots are the projections on the plane (x,
p), that is, in the phase space. From these plots, we can easily
identify when the energy is constant and when it is not by
observing the projections corresponding to the blue and green
points. The red projection, or Figs. 3(b) and 3(d), show the
corresponding phase spaces with and without exotic orbits.
Thus, Fig. 3 is particularly important in understanding the
dynamics and in choosing the parameters.

The respective energy cubes for the long-range dipole,
η = 1.0, xe = 1.0, ξ = 0.005, and with short range, η = 1.0,
xe = 1.0, ξ = 1.0 are presented in Fig. 3, as well as the tra-
jectories in the associated phase space. The red projection of
Fig. 3(a) shows that, for the short-range dipole, the motion
is trapped in stable regions of constant energy despite the
variation in position and momentum for some interval of time.
That constant-energy regime is characteristic of the exotic
orbit. These states can also be observed in the blue plane (p,
Energy) between the energies [–0.2: 0]. In Fig. 3(b) we see
that the exotic orbits (metastable states) are in phase space
between x ≈ [0.5 : 4.0] and p ≈ [−1.0 : 1.0]. On the other
hand, this phenomenon is not observed for the long-range
dipole in Figs. 3(c) and 3(d). It is worth noting that a similar
dynamic to this one, which we call exotic orbits, was reported
in [39] but in a different context. In order to detect the exotic
orbits, several tests have been carried out by changing the
laser parameters and the initial conditions, which showed that
they generally occur for initial conditions that have initial
energy values close to the separatrix energy and for intense
and high-frequency fields. For instance, from the 600 initial

TABLE IV. Parameters of Eq. (11) for the molecular dipoles. Atomic units were used.

α1 α2 α3 α4 α5 α6 a b R0 C

SrLi 59.8065 –56.382 21.3226 –4.1561 0.44262 –0.0245 –0.3300 –0.3832 9.71 0.42
MgLi –46.947 36.3473 –10.852 1.59382 –0.1163 0.00339 2.2803 0.84370 7.2 5.88
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FIG. 5. In (a) we show the phase space (R,P) for the molecule MgLi with � = 5.0, ε0 = 4.38, and Re = 5.725 86. In (b) we show an
amplification of the phase space. The red circles are the initial conditions. Atomic units were used.

conditions used to build Fig. 2, we selected only ten and built
the respective energy cubes [Figs. 3(a) and 3(c)] and the phase
space [Figs. 3(b) and 3(d)].

To see the details of the observed temporary trapping, we
consider in Fig. 4 a single trajectory starting from (x0, p0) =
(7.0,−0.5) and analyze its energy over the time interval t =
[0, 140]. The blue curve with star points (long-range dipole)
shows that the trajectory starts with positive energy, collides
with the potential around t ∼ 11, spends a short time with
oscillating energy between positive and negative values, and
then escapes the influence of the potential, around t ∼ 15,
with the same positive initial energy. On the other hand, the
red dotted curve (short-range dipole) shows that the particle
remains trapped in the well, around t ∼ 15 up to t ∼ 40,
identified by the first plateau; from t ∼ 40 it oscillates again
with positive and negative energies until t ∼ 45; thereafter
it is trapped in a second large negative energy plateau until

t ∼ 85, and experiences a third oscillation up to t ∼ 88; in the
range t : [∼88: ∼97] the third negative plateau occurs. Next the
particle oscillates once again in the interval t : [∼97–∼100]; in
the range t : [∼101: ∼110] the fourth negative plateau occurs.
Next the particle oscillates once again in the interval t : [∼110–
∼117]; in the range t : [∼117: ∼125] the fifth negative plateau
occurs; next the particle oscillates once again in the interval t :
[∼125–∼128] and from there it dissociates.

Therefore, for the short-range nonlinear dipole, there are
five plateaus of constant energy, or metastable states, which
are regions where the system could be approximated by
a nonperturbed Hamiltonian with constant negative energy
corresponding to trapped trajectories. This phenomenon cor-
roborates the behavior of the photoassociation probability as a
function of the time duration of the laser pulse seen in Fig. 2.
For the long-range dipole, there is a short window of time to
induce photoassociation, whereas for the short-range dipole,

FIG. 6. In (a) we show the phase space (R,P) for the molecule SrLi with � = 5.0, ε0 = 22.0, and Re = 6.708 852 726. In (b) we show an
amplification of the phase space. The red circles are the initial conditions. Atomic units were used.
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the time window is relatively long, encompassing periods of
constant energy. Based on this behavior, in the short-range
dipole case, the use of laser pulses with duration set in the first
constant-energy plateau will maximize the photoassociation
probability. Thus, the ratio δ, between the molecular dipole
range and the potential range, will be a reference parameter
for our analysis.

We define the range of the potential as being �αV =
αV − Re and the molecular dipole �αμ = αμ − Re, where
Re represents the equilibrium point of the potential (in this
generic case, Re = 0).We define αμ when the dipole reaches
0.1% of its maximum extension; this is αμ = 0.001 × μMAX.
Similarly, αV = 0.001 × VMAX. In this way, we build a table
for the three dipole ranges.

The results of Table I show that the phenomenon of partial
photoassociation is more evident when the ratio between the
range of the dipole and the range of the potential is less than
1; that is, δ < 1. We will take this theoretical result into con-
sideration and verify if this criterion occurs for more realistic
molecular models.

To illustrate the relevant time for the interaction process,
we present a simple calculation for the period of the highest
negative energy of an exotic orbit showed in Fig. 3(b). First,
we numerically calculate its energy, which is E = −0.02561.
Next, we use this energy to calculate the associated action for
the unperturbed system, through J = 1−√−2 H0 = 0.7737,
so that the unperturbed oscillation frequency is ω = (1−J ) =
0.2263, and then the corresponding oscillation period is T =
28.56. The period of the perturbation is merely T = 2π/� =
2π/15 = 0.41. For Fig. 2 the duration of the perturbation
is t = 60 and for Fig. 4, t = 140; that is, we allow the
system to evolve some periods of the perturbation but cor-
responding to a short interaction time in comparison with
T = 28.56.

IV. RESULTS FOR REALISTIC MOLECULAR
PARAMETERS

In this section, we explore the existence of exotic orbits
and intermittent photoassociation for the molecules hydrogen
chloride—HCl, hydrogen fluoride—HF, lithium magnesium–
MgLi, calcium lithium—CaLi, and strontium lithium—SrLi.
We have constructed the molecular potentials and dipole func-
tions based on ab initio data obtained from the literature.
Atomic units are used throughout this section.

In order to describe the molecular potentials of diatomic
molecules we have followed Ref. [40], in which the author
proposed an extended Lennard-Jones potential, which proved
to be a high-precision low-parameter model. The potential
function assumes the form

V (R) = De

[
1 −

(Re

R

)n(R)]2

, (8)

which can be described in a polynomial expansion [41], with
R and Re being the relative internuclear positions and the
equilibrium point in dimensional coordinates. According to
[40] the best choice for n(R) and the values of the parameters
and constants is

n(R) = β0 + β1ζ + β2ζ
2 + β3ζ

3, (9)

FIG. 7. The total energy of an initial condition as a function of
time. In (a) we show the energy for the molecule MgLi from the
initial condition x0 = 16.30 and p0 = −0.027. In (b) we show the
same of (a) in an amplified scale. In (c) we show the energy for
the molecule SrLi from the initial condition x0 = 20.10 and p0 =
−0.07. In (d) we show the same of (c) in an amplified scale. The
black straight lines in E = 0 are to guide the eyes. Atomic units were
used.
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in which

ζ = R − Re

zqR + Re
, z = R − Re

R + Re
, and q =

{
4, if R > Re

6, if R < Re
.

(10)

In order to describe the molecular permanent dipole of
the real molecules, a semiempirical method in the form of a
piecewise-continuous function has been used, which exhibits
correct behaviors for small and large internuclear separations
and agrees with the dipole moment value close to the equi-
librium position between the nuclei of the atoms. For the HCl
and HF molecules, we use the dipole moment function and the
value of the parameters proposed in [34].

The dipole moment functions for the molecules SrLi,
MgLi, and CaLi are obtained in Ref. [31] using a finite field
perturbation theory. We fitted these dipoles using the piece-
wise function described by

μ(R) =
{∑6

n=1 αn Rn, if R < R0

C ea+bR, if R > R0

, (11)

in which αn, a, b, and C are numerically adjustable parame-
ters, while R0 is the numerical crossover point between the
polynomial and the exponential forms. Table II shows all
the parameters involved. In Table II, we show the calculated
ranges and the parameter δ for several molecules. We note
that the MgLi and SrLi molecules present δ smaller than 1,
whereas the CaLi, HCl, and HF molecules have δ greater than
1. Then, based on the results of the previous section, for the
Morse potential, the existence of metastable states would be
possible only for the molecules MgLi and SrLi. To evaluate
this condition, we study the dynamics in the phase space for
these two molecules with the corresponding potentials as well
as the time evolution of the energy. The constants involved
in the fitted potentials and dipole moments are shown in
Tables III and IV.

After checking different parameters for the external field
and for the initial conditions, we found the exotic orbits that
led to intermittent photoassociation for the two molecules
MgLi and SrLi. In Figs. 5 and 6 we show the phase space
for both molecules, respectively, and the time range of the ex-
ternal field described by Eq. (3) with t f = 4 × 104. Only one
initial condition is shown, which has positive initial energy.

In Fig. 5 we see one branch of regular motion for the MgLi
molecule and in Fig. 6 we note three branches of regular

motion for the SrLi molecule, which leads us to expect to
see one and three plateaus in the time evolution of the system
energy. In order to verify this situation, we consider only one
initial condition for each molecule and calculate the energy
time evolution. The results are presented in Fig. 7.

Figures 7(a) and 7(b) show that for the MgLi molecule the
initial condition is trapped in only one plateau that is located
between t [∼2500: ∼12 500]. Figures 7(c) and 7(d) show
that for the SrLi molecule the initial condition is trapped in
three plateaus of negative energy, the first between t [∼2000:
∼4000], the second between t [∼6000: ∼8000], and the third
between t [∼10 000: ∼17 000].

V. CONCLUSION

In this work, we have investigated the classical photoas-
sociation of diatomic molecules. We have initially considered
the driven Morse oscillator accounting for the process. For
different sets of parameters, we have observed molecular pho-
toassociation. In particular, for short-range dipole functions,
we have found that the photoassociation mechanism is not the
usual chaotic one, but it occurred with some constant bound
energies separated by chaotic bursts. The mechanism for such
intermittent photoassociation was supported by what we have
called exotic orbits. Regular librationlike parts and a regu-
lar unbound-motion part, which are connected by a chaotic
section, comprise these orbits. We observe that this intermit-
tent photoassociation is a mechanism that leads to metastable
molecules. We point out that if the laser field is turned off
while the molecule has negative energy, it becomes a stable
and permanent molecule. We have verified that these exotic
orbits, and consequently the intermittent photoassociation,
exist in more realistic molecular models, provided the range
of the dipole interaction is sufficiently short as compared to
the corresponding potential.
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