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The duration of the quasistationary states (QSSs) emerging in the d-dimensional classical inertial α-XY
model, i.e., N planar rotators whose interactions decay with the distance ri j as 1/rα

i j (α � 0), is studied
through first-principles molecular dynamics. These QSSs appear along the whole long-range interaction regime
(0 � α/d � 1), for an average energy per rotator U < Uc (Uc = 3/4), and they do not exist for U > Uc.
They are characterized by a kinetic temperature TQSS, before a crossover to a second plateau occurring at the
Boltzmann-Gibbs temperature TBG > TQSS. We investigate here the behavior of their duration tQSS when U
approaches Uc from below, for large values of N . Contrary to the usual belief that the QSS merely disappears as
U → Uc, we show that its duration goes through a critical phenomenon, namely tQSS ∝ (Uc − U )−ξ . Universality
is found for the critical exponent ξ � 5/3 throughout the whole long-range interaction regime.
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I. INTRODUCTION

Critical phenomena appear frequently, mostly resulting
from a collective behavior in many-component systems,
which exhibit large instabilities and fluctuations near criti-
cality [1–5]. They are found in various areas, from social to
natural sciences, in equilibrium and nonequilibrium regimes,
being characterized by significant alterations in their asso-
ciated fundamental properties; as typical examples one may
mention earthquakes, strong climate changes, stock-market
crashes, and phase transitions. The latter ones, particularly
equilibrium phase transitions occurring in fluids and mag-
netic systems, have been extensively studied in the literature
[1,2]. As a prototype, one has the simple ferromagnet, where
a well-defined critical point typified by a temperature Tc

(or equivalently, by a critical internal energy per particle
Uc) signals a continuous phase transition between param-
agnetic and ferromagnetic states. Continuous equilibrium
phase transitions are characterized by a significant increase of
correlations, leading to a powerlike divergence of the corre-
lation length at criticality; consequently, power-law behavior
emerges in the divergence of response functions, as well as in
the onset of associated order parameters. A peculiar situation
occurs in the two-dimensional XY model, where a Kosterlitz-
Thouless ordering (usually known as a soft phase) presents a
divergent correlation length for all T � TKT [2].

Nonequilibrium regimes are very common in nature, so
that a diversity of nonequilibrium critical phenomena has
also been found (see, e.g., Refs. [4,5]), some of them being
specified by critical parameters, whereas in other cases the
fine tuning of certain quantities is not necessary. Herein we
present a critical phenomenon that occurs in a quasistationary
state (QSS) of a system of XY rotators interacting through

long-distance ferromagnetic couplings. For given values of
the internal energy per rotator U , we will show numerical
evidence that the duration of the QSS (hereafter denoted tQSS)
increases with U approaching Uc, exhibiting a power-law
divergence as U → Uc from below, where Uc denotes the
critical energy per particle, to be defined below.

II. THE α − XY INERTIAL MODEL

Apart from its potential-energy contribution, the system we
analyze herein presents also a kinetic term in the Hamiltonian,
enabling equations of motion to be derived. More precisely,
the so-called α-XY inertial model is defined by the Hamilto-
nian [6]

H = K + Vα =
N∑

i = 1

Ei,

Ei = p2
i

2
+ 1

2Ñ

N∑
j �= i

1 − cos (θi − θ j )

rα
i j

, (1)

where, from now on, without loss of generality, we set mo-
ments of inertia, coupling constants, as well as kB, equal to
the unit. The model consists of N two-component rotators
(with length normalized to the unit), located at the sites of a d-
dimensional hypercubic lattice of linear size L (N ≡ Ld ) and
the ferromagnetic interactions between pairs decay with their
respective distance ri j = |ri − r j | (measured in lattice units
and defined as the minimal one, since periodic conditions
will be used). Moreover, the parameter α � 0 controls the
interaction range, interpolating between two special limits,
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namely, α = 0 and α → ∞, corresponding respectively to
the Hamiltonian mean-field (HMF) model [7], characterized
by fully coupled planar rotators, and to nearest-neighbor-
interaction models. The two time-dependent contributions,
K ≡ K (t ) and Vα ≡ Vα (t ), represent the kinetic and potential
energies at time t , whereas Ei ≡ Ei(t ) stands for one-particle
energies; these quantities follow the conservation of total
energy, i.e., H = K (t ) + Vα (t ) = ∑

i Ei(t ) = const (∀t ). Fur-
thermore, the prefactor in the potential energy of Hamiltonian
(1) yields an “extensive” energy for all values of α/d , where
[8,9]

Ñ = 1

N

N∑
i = 1

N∑
j �= i

1

rα
i j

=
N∑

j = 2

1

rα
1 j

, (2)

recovering the expected quantities in the two special limits,
i.e., Ñ = N − 1 ∼ N (α = 0) and Ñ = 2d (α → ∞).

The HMF model has been largely investigated in the
literature (see, e.g., Refs. [7,10–19]), leading to many
anomalous properties, such as negative specific heat, QSSs,
non-Maxwellian velocity probability distributions, and ergod-
icity breaking, among others. Some of these features have
been addressed through connections with the Vlasov equation
(see, e.g., Refs. [20–24] and references therein), as well as
within nonextensive statistical mechanics [25,26]. This frame-
work emerged through the proposal of a generalized entropic
form [27],

Sq = k
W∑

i=1

pi

(
lnq

1

pi

)
, (3)

where lnq u ≡ (u1−q − 1)/(1 − q) (ln1 u = ln u), being char-
acterized by an index q (q ∈ R), recovering Boltzmann-Gibbs
(BG) entropy in the limit q → 1, i.e., S1 ≡ SBG. As a con-
sequence, the distributions that optimize the entropy Sq

generalize the Gaussian into the usually referred to as q-
Gaussian probability distributions [25,26].

A special interest was also dedicated to the α-XY model
[cf. Eq. (1)], either on a ring (dimension d = 1) (see, e.g.,
Refs. [6,28–30]), or on d-dimensional lattices (d = 1, 2, 3)
[31–33]. By means of first-principles molecular-dynamics
simulations, it was shown that the largest Lyapunov expo-
nent scales with the total number of rotators as N−κ , where
κ depends on (α, d ) only through the ratio α/d , leading
to κ > 0 in the long-range regime (0 � α/d � 1), whereas
κ → 0 in the short-range regime (α/d > 1), corresponding to
positive Lyapunov exponents. Moreover, q-Gaussian proba-
bility distributions have been obtained for the time-averaged
momenta distributions, both before and after the transition
to the long-standing state whose kinetic temperature coin-
cides with that of the BG equilibrium state, with a value
of the entropic index q = qp(α/d ) within the long-range
regime [32]. On the other hand, Maxwellian distributions
were found in the limiting short-range regime, as well as for
ensemble-averaged momenta probability distributions. De-
viations from BG predictions have also been observed for
time-averaged energy probability distributions, where instead
of the BG exponential, q-exponential probability distribu-
tions emerged from the simulations in the long-range regime,
with q = qE (α/d ) [32]. Essentially similar results have been

obtained for an analogous system, defined in terms of Heisen-
berg (three-component) classical rotators, usually called the
inertial α-Heisenberg model [34–36], as well as for a long-
range-interaction Fermi-Pasta-Ulam model [37–41].

The model defined in Eq. (1) will be studied numerically by
molecular-dynamics simulations, i.e., by a direct integration
of the equations of motion,

θ̇i = ∂H
∂ pi

= pi, ṗi = −∂H
∂θi

= − 1

Ñ

N∑
j �= i

sin (θi − θ j )

rα
i j

,

(4)
where the angle θi(t ), together with its conjugated angular mo-
mentum pi(t ), describe the state of rotator i (i = 1, 2, . . . , N)
at time t . Two important quantities, namely, the kinetic tem-
perature and internal energy per particle, are defined in the
usual way,

T (t ) = 2

N
〈K (t )〉, U ≡ 〈H〉

N
= 1

N

∑
i

〈Ei(t )〉, (5)

whereas a ferromagnetic order (whenever present) is charac-
terized by the norm of the magnetization vector,

M(t ) = 1

N

N∑
i=1

Si(t ), (6)

with Si(t ) ≡ [cos θi(t ), sin θi(t )]. In the HMF limit (α = 0)
one gets from Eq. (1),

U = T

2
+ 1

2
(1 − M2), (7)

which, in fact, was shown to apply throughout the whole range
0 � α/d � 1 of the α-XY inertial model [28,29]. Therefore,
this model presents a paramagnetic-ferromagnetic continuous
phase transition at the critical values Tc = 1/2 and Uc = 3/4.

Previous investigations of the α-XY inertial model (see,
e.g., Refs. [31,32]) have shown the existence of long-living
QSSs for 0 � α/d � 1 and U � Uc. A particular emphasis
was given to these QSSs for the energy value U = 0.69, show-
ing a crossover to a state whose temperature coincides with
the one obtained within BG statistical mechanics. Recently,
detailed numerical analyses focused on the duration tQSS for
both α-XY (U = 0.69) [33] and α-Heisenberg (for a given
U � Uc, where Uc = 5/6) [36] inertial models. It was shown
that tQSS presents similar behavior for these two models, i.e.,
it depends on N , α, and d; in fact, tQSS decreases with α/d and
increases with both N and d [33,36].

III. QSS DURATION AS A FUNCTION OF U

In the present work we vary the internal energy per rotator
U (U � Uc) to investigate the U dependence of the duration
tQSS for the α-XY inertial model. The numerical procedure
follows Ref. [33], i.e., the 2N equations in (4) were integrated
by means of a fourth-order symplectic algorithm [42], consid-
ering an integration step h = 0.2, yielding conservation of the
energy per particle within a relative precision of 10−4 (at least)
throughout all our calculations. We applied periodic boundary
conditions and a fast-Fourier-transform algorithm, for which
the total number of rotators were chosen as N = l6 = (l3)2 =
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FIG. 1. The kinetic temperature T (t ) [cf. Eq. (5)] of the HMF
model is represented vs time (in logarithmic scale), considering ini-
tial magnetization M(0) � 0, different values of the internal energy
per rotator U < Uc (Uc = 3/4), and N = 30 000. Notice that tQSS

grows with U , as Uc is approached from below. A similar analysis
may be carried for the initial condition M(0) = 1 and the results for
both conditions are compared in the inset, where the duration tQSS is
represented vs (Uc − U ) in a log-log plot. For this value of N , QSSs
are identified clearly throughout different ranges of U , comparing the
two initial conditions (see text).

(l2)3 (l = 4, 5, 6, 7, 8, 9, 10), all of them being expressed in
the form N = Ld (d = 1, 2, 3). Hence, we used N = 4096 =
(64)2 = (16)3, 15 625 = (125)2 = (25)3, 46 656 = (216)2 =
(36)3, 117 649 = (343)2 = (49)3, 262 144 = (512)2 = (64)3,
531 441 = (729)2 = (81)3, and 106 = (1000)2 = (100)3. At
the initial time, the angular momenta {pi} were drawn from
a uniform distribution, pi ∈ [−1, 1], then rescaled to achieve
the desired value for U and

∑
i pi = 0. For the angles, we

chose θi from a uniform distribution θi ∈ [0, 2π ], as well as
θi = 0 (∀i), corresponding to minimum (M(0) � 0) and maxi-
mum (M(0) = 1) total magnetizations, respectively; as shown
in Ref. [33], both initial conditions yielded qualitatively simi-
lar results for the duration tQSS.

In Fig. 1 we represent the kinetic temperature T (t ) of
Eq. (5) in a linear-log plot, for an HMF model with N =
30 000 rotators, initial magnetization M(0) � 0, and several
values of the internal energy per rotator U < Uc (Uc = 3/4).
A similar analysis may be carried for the initial condition
M(0) = 1, where for this value of N , clear QSSs are identified
in the energy range 0.68 � U � 0.73; for initial magnetiza-
tion M(0) � 0 these states are well established for 0.60 �
U � 0.73. The results for both conditions are compared in the
inset, where the duration tQSS is conveniently represented in a
log-log plot, showing that close to Uc the data for both initial
conditions coincide. From now on, we restrict our analysis to
the initial condition of magnetization M(0) � 0.

Similar plots are exhibited in Fig. 2(a) where the kinetic
temperature T (t ) is represented versus time, for the α-XY
model with α/d = 0.9, and lattice dimensions d = 1, 2, 3.
Several values of U < Uc are considered, and one notices that
the duration tQSS increases with U (d fixed), as well as with d
(U fixed). We call the attention to the particular growth with
U , as Uc is approached from below; in fact, the insets of both
Figs. 1 and 2(a) indicate a powerlike divergence as U → Uc,

tQSS ∝ (Uc − U )−ξ (Uc = 3/4, ξ � 1.67), (8)

typical of a critical phenomenon [1]. The inset of Fig. 2(a)
yields a contribution to the proportionality factor, dρ (ρ =
0.31), introduced in Ref. [33], which becomes necessary
as α/d approaches the short-range regime, so that ρ = 0
(α/d � 0.7) and ρ = 0.31 (α/d = 0.8, 0.9). In Fig. 2(b) we
represent typical curves of T (t ) [chosen from Fig. 2(a)],
for U approaching Uc (from below), in conveniently
defined dimensionless variables, i.e., Tscaled(t ) = [T (t ) −
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FIG. 2. (a) The kinetic temperature T (t ) of Eq. (5) is represented vs time (in logarithmic scale), for the α-XY model with α/d = 0.9,
N = 262 144 (d = 1, 2, 3), typical values of U < Uc (Uc = 3/4), considering the initial condition M(0) � 0. Notice that the duration tQSS

increases with U (d fixed) and d (U fixed). In the inset we represent tQSS (properly rescaled) vs (Uc − U ) in a log-log plot showing a data
collapse. (b) Typical curves as U → Uc [from (a)] are exhibited in convenient dimensionless variables in a linear-log representation; the
collapse for three different values of U (d = 1, 2, 3) indicates the appropriateness of the scaling tQSS = Cdρ (Uc − U )−1.67 (see text).
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FIG. 3. Data for the duration tQSS of Fig. 2(a) (N = 262 144
and α/d = 0.9) are exhibited in conveniently rescaled variables vs
(Uc − U ) in a log-log plot; results from similar analyses, with other
values of N (N = 46 656, 117 649, and 531 441) are also presented.
Following Ref. [33], a collapse of all data is verified, where the two
fitting parameters μ and A depend on the ratio α/d , and for the
present case, μ(0.9) = 29.63 and A(0.9) = 0.51. A good agreement
of the data with the scaling of Eq. (8) is verified as U → Uc.

TQSS(t )]/[TBG(t ) − TQSS(t )] vs t/tQSS, where TQSS(t ) and
TBG(t ) represent, respectively, the kinetic temperature at the
QSS and BG temperature at the upper plateau; in the abscissa,
tQSS ∼ Cdρ (Uc − U )−1.67, where C will be identified below.
Using these variables, a reasonably good collapse of nine
curves from Fig. 2(a) (U = 0.72, 0.73, 0.74, for d = 1, 2, 3)
is observed.

The analysis of Fig. 2(a) was repeated for several values of
N , yielding the data presented in Fig. 3, where we plot the
duration tQSS (conveniently rescaled) versus (Uc − U ), in a
log-log plot. The data collapse extends the results obtained

previously for U = 0.69, d = 1, 2, 3, and fixed values of α/d
[cf. Eq. (3.1) in Ref. [33]], to a broader energy range,

tQSS = dρμ(α/d )NA(α/d ) ε−ξ , (9)

where ε ≡ (Uc − U )/(Uc − 0.69); the fitting parameters
μ(α/d ) and A(α/d ) are given in Fig. 3 for the case α/d = 0.9;
to define ε we refer to U = 0.69 because this value is fre-
quently used in the literature since it yields, for the present
model, the largest discrepancy between TQSS and TBG. It is
important to mention that, considering the sizes investigated
(typically varying by a factor of 10 in Fig. 3), the exponent
ξ � 1.67 did not significantly change, indicating that our sim-
ulations have attained sufficiently large N values.

In Fig. 4(a) we exhibit data of the duration tQSS, obtained
from simulations of N = 46 656 rotators, versus (Uc − U ), in
a log-log representation. Different values of α/d were consid-
ered, i.e., α/d = 0.5, 0.6, 0.7, 0.8, 0.9, and, for completeness,
we include the results for the HMF model (limit α = 0) of
Fig. 1. As U → Uc, all cases show a good agreement with
the scaling of Eq. (8); in the inset, using the proposal of
Ref. [33], one observes a collapse of all data for different
values of α/d . The results of Fig. 4(a) extend the energy range
of those obtained previously for U = 0.69, d = 1, 2, 3, and
fixed values of N [cf. Eq. (3.2) in Ref. [33]], yielding

tQSS = dρν(N ) exp[−B(N )(α/d )2]ε−ξ , (10)

where the two N-dependent fitting parameters present the
values ν(N ) = 1.7 × 107 and B(N ) = 9.52. We emphasize
that the results of Fig. 4(a) indicate universality of the ex-
ponent ξ with respect to α/d , i.e., ξ � 1.67 for all 0 �
α/d � 1. In Fig. 4(b) the data of Fig. 3 (several values of
N , α/d = 0.9) are plotted together with those of Fig. 4(a)
(N = 46 656 and various α/d); the collapse shows a good
agreement of all data with the scaling of Eq. (8), for U → Uc.
Consequently, the factor C = 150 of Fig. 2(b) [valid for N =
262 144, α/d = 0.9 (d = 1, 2, 3)] is compatible with those
that appear either in Eq. (9), or in Eq. (10), within a 4%
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FIG. 4. (a) Data for the duration tQSS (conveniently rescaled) is represented vs (Uc − U ) in a log-log plot, considering N = 46 656, several
values of α/d (α/d = 0.5, 0.6, 0.7, 0.8, and 0.9), and dimensions d = 1, 2, and 3; for completeness, the α = 0 results of Fig. 1 are also shown.
In the inset, using the proposal of Ref. [33], one observes a data collapse. (b) Data of the inset in (a) (red crosses) are plotted together with
those of Fig. 3 (open black circles), thus exhibiting that Eqs. (9) and (10) are numerically equivalent for the entire range of parameters used
here.
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discrepancy. In fact, variations in C lead to translations of
the whole group of curves in Fig. 2(b), so that by adjusting
appropriately this factor it is possible to centralize all curves
around t/tQSS = 1.

IV. CONCLUSIONS

To conclude, we have found a critical phenomenon as-
sociated with the duration tQSS of the quasistationary states
that occur in the d-dimensional classical inertial α-XY model.
These states emerge throughout the whole long-range in-
teraction regime (0 � α/d � 1), for an average energy per
rotator U < Uc, where Uc = 3/4 represents the critical en-
ergy associated with the ferromagnetic-paramagnetic phase
transition. Hence, the quasistationary states appear throughout
the whole ferromagnetic phase, but not in the paramagnetic
one. We have shown that, contrary to the belief that these
states simply disappear in the limit U → Uc (from below),
they actually go through an interesting critical phenomenon
following tQSS ∝ (Uc − U )−ξ , where the critical exponent ξ �
5/3 is universal along the whole long-range interaction regime
(0 � α/d � 1), for d = 1, 2, 3, and arbitrary large values of
N . Usually, critical phenomena occur in highly connected
many-particle systems (essentially, in the limit N → ∞), for

a sufficiently low temperature (or equivalently, low internal
energy per particle), which represent some of the require-
ments for the existence of the quasistationary states in the
d-dimensional classical inertial α-XY model. Consequently,
the above-mentioned critical effect is associated with these
nonequilibrium states, present throughout the whole ferro-
magnetic phase. The divergence of tQSS in the limit U → Uc

(from below) should be influenced by the strong correlations
that are expected to arise (also in quasistationary states), as
one approaches the well-established equilibrium phase tran-
sition between the ferromagnetic and paramagnetic states.
Further properties, such as the existence of an associated di-
verging correlation length, in these out-of-equilibrium states,
are the object of future investigations. This dynamical critical
phenomenon should occur also in other long-range-interaction
models (e.g., with the Heisenberg model symmetry), leading
to a better understanding of their corresponding long-living
non-Boltzmannian states.
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