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Bounds on fluctuations for finite-time quantum Otto cycle
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For quantum Otto engine driven quasistatically, we provide exact full statistics of heat and work for a class of
working fluids that follow a scale-invariant energy eigenspectra under driving. Equipped with the full statistics
we go on to derive a universal expression for the ratio of nth cumulant of output work and input heat in terms
of the mean Otto efficiency. Furthermore, for nonadiabatic driving of quantum Otto engine with working fluid
consisting of either a (i) qubit or (ii) a harmonic oscillator, we show that the relative fluctuation of output work is
always greater than the corresponding relative fluctuation of input heat absorbed from the hot bath. As a result,
the ratio between the work fluctuation and the input heat fluctuation receives a lower bound in terms of the square
value of the average efficiency of the engine. The saturation of the lower bound is received in the quasistatic limit
of the engine.
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I. INTRODUCTION

The quest to build the most efficient and powerful heat en-
gine led Carnot [1] to pioneer the subject what is known today
as Thermodynamics [2,3]. Although initial development of the
subject were motivated by engineering optimization problem,
thermodynamics remains as one of the fundamental physical
theories in science. In fact its core principles have survived
both relativity and quantum revolution. One of the central
result of thermodynamics is that efficiency of any engine
operating between hot and cold reservoirs with temperatures
Th and Tc, respectively, is upper bounded by Carnot efficiency,
ηC = 1 − Tc/Th. Traditionally thermodynamics was only con-
cerned with average quantities as fluctuation can be ignored
for large systems, for example, steam engines, automobile
engines, etc. But with the rapid technological development
of miniturization of devices and advancement in accessing
very low temperatures one can no longer ignore fluctuations
of thermal and/or quantum origin [4–11]. Over the last three
decades due to the discovery of fluctuation theorems [12–17]
we have taken a big leap in understanding fluctuations of very
large class of systems driven out-of-equilibrium.

Very recently, for out-of-equilibrium systems, thermody-
namic uncertainty relations (TURs) [18–27] provided lower
bound on the relative fluctuations of integrated currents (heat,
particle, energy, etc.) in terms of the net entropy production.
In other words, TUR restricts optimization of relative fluc-
tuations and entropy production in an arbitrary manner by
providing a trade-off relation between these quantities. As a
consequence of this result, a continuous heat engine operating
in a nonequilibrium steady state follows a trade-off relation
involving its efficiency, output power, and power fluctuations
[19]. For a similar setup operating as an engine, it was recently
shown by some of us that, in the linear response regime,
relative fluctuation of work current is always lower bounded
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by the input heat current [28]. In this Letter, we consider
a finite-time quantum Otto engine setup and show that a
bound similar to Ref. [28] exists. In particular, we show, for
two prototypical systems driven arbitrarily, that, the ratio of
work fluctuation and input heat fluctuation from the hot bath
receives a lower bound which is determined by the square of
the average efficiency of the engine. The equality of the bound
is received in the quasistatic (QS) limit and can be shown for
a class of working fluids following a scale invariant energy
eigenspectra.

The plan of this Letter is as follows: We first introduce the
quantum Otto cycle along with the projective measurement
scheme that allows us to construct the probability distribution
function to study fluctuations. We follow a similar scheme, as
proposed in Ref. [29], to construct the joint probability dis-
tribution of heat and work. However, in our work, we will be
primarily focusing on the higher order statistics/cumulants of
heat and work instead of the stochastic efficiency which was
the main focus of Ref. [29]. Next in the QS limit, we derive a
general joint cumulant generating function of heat and work
for scale-invariant driven Hamiltonian and show that the ratio
of nth cumulant of output work and nth cumulant of input heat
is exactly equal to the nth power of the average efficiency and
consequently upper bounded by the nth power of the Carnot
efficiency. Next we provide two paradigmatic examples [a
two-level system (TLS) and a harmonic oscillator (HO)] of
nonadiabatic driving of the quantum Otto cycle and show that
relative fluctuations of work are always lower bounded by
relative fluctuations of heat whenever the Otto cycle works
as engine. Finally we summarize our central results.

II. UNIVERSAL QUANTUM OTTO CYCLE

We consider a standard four-stroke quantum Otto cycle
[29–41], as illustrated in Fig. 1. The working fluid is initially
(t = 0) thermalized by placing it in a weak contact with a
cold reservoir at inverse temperature βc = 1/Tc (kB is set to
unity). The fluid is then separated from the bath and is sub-
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FIG. 1. Schematic of a four-stroke quantum Otto cycle. For a
detailed description about the cycle please refer to the text. As
per our convention, energy flowing towards the working fluid is
considered as positive. The cycle operates as a heat engine when
〈w〉 = 〈w1〉 + 〈w3〉 < 0 and 〈qh〉 > 0.

jected to four strokes. (i) Unitary expansion stroke (A → B).
In this stroke, the working fluid expands unitarily under a
time-dependent driving that takes the initial Hamiltonian H0

to a final Hamiltonian Hτ in a time duration τ . The working
fluid, in this step, consumes an amount of work w1 which
is not a fixed number but rather a stochastic quantity due to
the random thermal initial condition and possible quantum
fluctuations during the unitary evolution. (ii) Isochoric heating
stroke (B → C). During this step, the working medium is put
in weak contact with a hot bath at inverse temperature βh to
achieve full thermalization. The Hamiltonian for the working
fluid therefore remains the same while the fluid absorbs an
amount of heat qh. Here, we assume that the interaction time
with the bath is long enough to achieve equilibration. (iii)
Unitary compression stroke (C → D). In the next stroke, the
system is detached from the hot bath and unitarily compressed
via driving the working fluid back to the initial Hamiltonian
H0 starting from Hτ while the fluid consuming an amount of
work w3. For simplicity, we assume that the time duration
for this stroke is the same as the expansion stroke. In this
study, we are going to assume that the compression protocol
is a time-reversed version of the corresponding expansion
protocol. (iv) Isochoric cooling stroke (D → A). In the final
stroke, the fluid is put in contact with a cold bath at inverse
temperature βc to reach equilibrium and thereby closing the
cycle. It is important to note that, as per our convention (see
Fig. 1), energy flowing into the fluid is always considered to
be positive. From here onwards, we denote w = w1 + w3 as
the net work performed on the working fluid.

III. JOINT PROBABILITY DISTRIBUTION FOR WORK
AND INPUT HEAT IN QUANTUM OTTO ENGINE

In the quantum regime, a thermodynamically consistent
way of studying fluctuations for nonequilibrium systems is
via the two-point projective measurement scheme. Such a
measurement scheme is also consistent with the quantum
fluctuation relations [12–17]. In fact, very recently, following

this scheme, an expression for efficiency statistics for the
Otto cycle with arbitrary working fluid was obtained [29].
We follow a similar procedure here. Since in this work we
are interested only in the heat engine regime, we construct
the joint probability distribution p(w1, qh,w3) by performing
projective measurements of the respective Hamiltonians in-
volving in the first three strokes (A → B → C → D). We then
receive

p(w1, qh,w3) =
∑
nmkl

δ
(
w1 − (

ετ
m − ε0

n

))
δ
(
qh − (

ετ
k − ετ

m

))

×δ
(
w3 − (

ε0
l − ετ

k

))
T τ

n→m T τ
k→l

e−βcε
0
n

Z0

× e−βhε
τ
k

Zτ

, (1)

where ε0
n (ετ

n ) are the energy eigenvalues of initial (fi-
nal) Hamiltonian during the unitary expansion stroke A →
B. Here Z0 = ∑

n exp(−βcε
0
n ) and Zτ = ∑

n exp(−βhε
τ
n )

are the partition functions. T τ
n→m = |〈mτ |Uexp|n0〉|2 (T τ

k→l =
|〈l0|Ucom|kτ 〉|2) is the transition probability between the
eigenstates of H0 and Hτ during the unitary expansion (com-
pression) stoke. From the above distribution function, the joint
distribution for net work w = w1 + w3 and input heat qh can
also be obtained easily. As mentioned before, we focus in
the engine regime, (i.e., as per our convention, 〈w〉 < 0 and
〈qh〉 > 0) and correspondingly investigate the bound for the
ratio for the output work fluctuation to the input heat fluctua-
tion by defining our central quantity

η(2) = 〈〈w2〉〉〈〈
q2

h

〉〉 . (2)

Note that the double angular bracket refers to the cumulants. It
is important to note that this definition for the ratio of fluctua-
tions or η(2) is different than what follows from the stochastic
efficiency definition η̃2 = 〈〈w2

q2
h
〉〉, which was recently investi-

gated in Ref. [29]. In what follows, we first present universal
result for η(2) for quasi-static Otto cycle with working fluid
satisfying a scaling relation and then extend our study to the
nonadiabatic regime for two paradigmatic models, consisting
of (i) a TLS and (ii) a HO.

IV. QUASISTATIC LIMIT

Before discussing the most-general situation, we first focus
on the QS driving limit for the unitary strokes for an Otto
cycle. In this limit, one receives universal results for η(2). As
per the quantum adiabatic theorem, in the slow-driving limit,
the occupation probabilities between the instantaneous energy
eignestates do not change with time which imply for the
transition probabilities in Eq. (1) pn→m = δnm and pk→l = δkl .
As a result, the joint distribution of input heat (qh) and the net
work w = w1 + w3 simplifies to

pQS(w, qh) =
∑
n,k

δ
(
w − [(

ετ
n − ε0

n

) + (
ε0

k − ετ
k

)])

× δ
(
qh − (

ετ
k − ετ

n

)) e−βcε
0
n

Z0

e−βhε
τ
k

Zτ

. (3)
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Instead of looking at a most general eigenpectra for the driving
Hamiltonians, we consider a scale-invariant energy eigenspec-
tra under driving, given as ετ

n = ε0
n/λ

2
τ where λτ is the scaling

factor. Such a scaling can be realized for driving Hamiltoni-
ans of the form Ht = p2/2m + V (x, λt ) with the interaction
following a scaling property V (x, λt ) = V0(x/λt )/λ2

t . Such
Hamiltonians represent a broad class of single particle and
many-body systems [42–46]. Under these conditions, the cor-
responding characteristic function (CF) χQS(α1, α2) with α1

and α2 being the counting parameters for w and qh, respec-
tively, simplifies to

χQS(α1, α2) =
∑
n,k

e
i(ε0

n −ε0
k )
[

1
λ2
τ

(α1−α2 )−α1

]
e−βcε

0
n

Z0

e−βhε
τ
k

Zτ

. (4)

A relation between work and heat cumulants immediately
follows from it as

〈〈wn〉〉 = (−1)n
(
1 − λ2

τ

)n〈〈qn
h〉〉. (5)

Consequently the nth order ratio for net work and input
heat from the hot bath is given as

η
(n)
QS = (−1)n 〈〈wn〉〉〈〈

qn
h

〉〉 = (
1 − λ2

τ

)n = 〈η〉n
QS � ηn

C, (6)

where 〈η〉 = 〈−w〉/〈qh〉 is the standard thermodynamic effi-
ciency which for an Otto engine in the QS limit reduces to
〈η〉QS = (1 − λ2

τ ). Note that the upper bound can be simply
obtained by demanding the positivity of the net entropy pro-
duction for the Otto cycle. This is our first central result. We
note that a similar result was obtained for central moments
instead of cumulants in Ref. [47] for a classical Carnot engine
where one receives an equality for the upper bound instead of
the inequality in Eq. (6). Interestingly, the results in Eq. (5)
also holds true for the central moments.

A similar exercise can be carried out in the refrigerator
regime as well, following the strokes (C → D → A → B) and
the corresponding nth order ratio for input heat from cold bath

and net work is given as

ε(n) = 〈〈qn
c〉〉

〈〈wn〉〉 =
(

λ2
τ

1 − λ2
τ

)n

= 〈ε〉n
QS �

(
1 − ηC

ηC

)n

, (7)

where ε(1) = 〈qc〉/〈w〉 is the average coefficient of perfor-
mance of an Otto refrigerator which in the QS limit reduces to

〈ε〉QS = ( λ2
τ

1−λ2
τ
).

V. BEYOND QUASISTATIC LIMIT - NON
ADIABATIC DRIVING

Beyond the quasistatic limit, it is non-trivial to derive
universal bound for arbitrary working fluid. We therefore
focus on two paradigmatic model systems to understand the
nonadiabatic driving situation. We consider the working fluid
for Otto engine consisting of (i) a TLS, and (ii) a simple
HO. Interestingly, a TLS as a working fluid was recently
implemented and studied from the perspective of an Otto heat
engine [8].

A. Working fluid consisting of a two-level system

We first consider a TLS with a Hamiltonian evolving uni-
tarily from HA = 1

2ω0σx to HB = 1
2ωτσy during the expansion

(A → B) stroke and back to HA during the compression stroke
(B → A) (h̄ is set to unity). For the compression stroke we
consider here the reverse protocol of the expansion stroke.
Here σx,y,z are the standard Pauli matrices, ω0,τ denote the
angular frequencies with ωτ > ω0 corresponding to the en-
ergy gap expansion. The evolution of the density operator
during the expansion (compression) protocol is governed by a
unitary operator Uexp(Ucom = U †

exp). It is not necessary for our
case to specify this operator explicitly, as the below results are
valid for arbitrary time-dependent protocol under the above-
mentioned initial and final TLS Hamiltonians.

One can obtain the the joint CF for the net work w and
qh [48] and compute the first- and second-order cumulants of
heat and work. We present here the expressions

〈w〉 ≡ 〈w1〉 + 〈w3〉 =
[
ω0

2
+ ωτ

2
(1 − 2u)

]
tanh

(
βcω0

2

)
+

[
ωτ

2
+ ω0

2
(1 − 2u)

]
tanh

(
βhωτ

2

)
, (8)

〈qh〉 = −ωτ

2

[
tanh

(
βhωτ

2

)
+ tanh

(
βcω0

2

)
(1 − 2u)

]
, (9)

〈〈w2〉〉 = 1

2
(ωτ + ω0)2 − 2 u ωτω0 − 〈w1〉2 − 〈w3〉2, (10)

〈〈
q2

h

〉〉 = ω2
τ

4

[
2 − tanh2

(
βhωτ

2

)
− (1 − 2u)2 tanh2

(
βcω0

2

)]
, (11)

where u represents the probability of no transition between the
final and the initial eigenstates during the unitary strokes. The
QS limit therefore corresponds to u = 1. It is easy to check
from the above expressions that, in the QS limit, one receives
η

(2)
QS = 〈η〉2

QS = (1 − ω0/ωτ )2 which matches with the result
obtained in the previous section with a proper scaling factor
λ2

τ = ω0/ωτ .
Beyond the QS limit, we provide a rigorous proof in

Ref. [48] that while the TLS medium working as a heat engine

i.e., under the conditions 〈w〉 < 0 and 〈qh〉 > 0, the following
quantity:

A ≡ 〈〈w2〉〉〈qh〉2 − 〈〈
q2

h

〉〉〈w〉2 � 0 (12)

is always non-negative with the equality sign achieved in the
QS limit (u = 1). Therefore, for the TLS Otto cycle, while
operating as an engine, we receive

η(2) ≡ 〈〈w2〉〉〈〈
q2

h

〉〉 � 〈w〉2

〈qh〉2
= 〈η〉2. (13)
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FIG. 2. Scatter plot of η(2) − 〈η〉2 for the TLS Otto cycle while
operating as a heat engine. All parameters except u here are chosen
randomly in the interval between [0, 10]. u is varied randomly be-
tween [0, 1]. Simulation is done for one million random points.

In other words, in the engine regime, η(2) is always lower
bounded by the square value of the average efficiency. An-
other way to interpret Eq. (12) is that the relative fluctuation
of output work is always greater than relative fluctuations of

input heat in the engine regime i.e.,

〈〈w2〉〉
〈w〉2

�
〈〈

q2
h

〉〉
〈qh〉2

. (14)

This is the second central result of this Letter. Note that,
we did not find such a result or proof in the refrigerator
regime. In Fig. 2 we present a scatter plot for η(2) − 〈η〉2 for
the TLS, while operating as a heat engine, by choosing all
the parameters randomly. As the Hamiltonian here is scale
invariant under the driving protocol, we expect that η(2) − 〈η〉2

approaches zero in the quasistatic driving limit which in this
case corresponds to u = 1. Thus, in Fig. 2, close to u = 1,
large number of points cluster around the zero value.

B. Working fluid consisting of a harmonic oscillator (HO).

We next consider another paradigmatic example with
working fluid consisting of a single harmonic oscillator. The
time-dependent Hamiltonian for the unitary strokes is given as
H (t ) = p2/2m + 1

2 mω2(t )x2 where in this case, the trapping
frequency ω(t ) is modulated as a function of time from ω0 at
t = 0 to ωτ at t = τ during the stroke A → B. For the unitary
compression stroke C → D a reverse protocol is considered
which can be obtained from the expansion stroke by replacing
t by τ − t .

The CF for this case can be obtained exactly [48]. We write
down the expressions for the average and the noise for both
absorbed heat and net work in the nonadiabatic limit [49,50]

〈w〉 = 〈w1〉 + 〈w3〉 = 1

2

[(
Qωτ − ω0

)
coth

(
βcω0

2

)
+ (

Qω0 − ωτ

)
coth

(
βhωτ

2

)]
, (15)

〈qh〉 = ωτ

2

[
coth

(
βhωτ

2

)
− Q coth

(
βcω0

2

)]
, (16)

〈〈w2〉〉 = 〈w1〉2 + 〈w3〉2 − 1

2
(ω0 − ωτ )2 + (Q − 1) ω0ωτ + 1

4
(Q2 − 1)

[
ω2

τ coth2

(
βcω0

2

)
+ ω2

0 coth2

(
βhωτ

2

)]
, (17)

〈〈
q2

h

〉〉 = −ω2
τ

4

[
2 − coth2

(
βhωτ

2

)
− (2Q2 − 1) coth2

(
βcω0

2

)]
. (18)

The above expressions are valid for arbitrary protocol of ω(t ).
Here Q ∈ [1,∞] is the so-called adiabaticity parameter which
characterizes the degree of adiabaticity. The QS limit corre-
sponds to Q = 1 and it is easy to check that η(2) saturates the
lower bound, i.e., η

(2)
QS = 〈η〉2

QS = (1 − ω0/ωτ )2 which is ex-
pected as the energy eigenspectra follow the scaling relation.
We perform extensive numerical simulation by choosing the
parameters randomly and notice that, for this model as well,
in the engine regime, the lower bound is always respected.
In Fig. 3 we present a scatter plot for η(2) − 〈η〉2 for the
HO working fluid in the engine regime with the parameters
chosen randomly over a broad range. It is clear that the lower
bound is always respected for this model with the difference
disappearing in the QS limit i.e., for Q = 1.

VI. CONNECTION OF THE BOUND η(2) > 〈η〉2

WITH THE TUR.

At this point, it is important to make a connection with the
TUR studies [18–27] which provide independent bounds on

relative fluctuations of individual observables (work, heat) in
terms of total entropy production. In Ref. [23] it was shown
that if a nonequilibrium process satisfying the exchange fluc-
tuation theorem, which for our case is χ (α1, α2) = χ (−α1 +
iβc,−α2 + i(βc − βh)) [48], then the relative fluctuations of
individual integrated currents are lower bounded by a function
which solely depends on the total entropy production 〈〉.
More precisely,

〈〈w2〉〉
〈w〉2

� f (〈〉),

〈〈
q2

h

〉〉
〈qh〉2

� f (〈〉), (19)

where 〈〉 = βc〈w〉 + (βc − βh) 〈qh〉 is the net entropy pro-
duction and f (x) = csch2(g(x/2)) where g(x) is the inverse
function of x tanh(x). For the two paradigmatic examples
studied in this letter and satisfying the exchange fluctuation
theorem, we have shown that in the heat engine regime the
relative fluctuation of total work is always greater than the
relative fluctuation of heat absorbed from the hot bath. This
implies that these relative fluctuations are not independent
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FIG. 3. Scatter plot of η(2) − 〈η〉2 for the harmonic oscillator
(HO) Otto cycle while operating as a heat engine. All parameters
except Q are chosen randomly in the interval between [0, 10]. Q is
varied randomly between [1, 6]. Simulation is done for one million
random points.

of each other but rather follows the following sequence of
bounds in the engine regime:

〈〈w2〉〉
〈w〉2

�
〈〈

q2
h

〉〉
〈qh〉2

� f (〈〉). (20)

VII. SUMMARY

In summary, we have investigated bounds on the ratio of
nonequilibrium fluctuation for output work and input heat for
a finite-time Otto cycle operating as an engine. We provide
a universal result for the ratio η(n) in the quasistatic limit
which is exactly equal to the nth power of the corresponding
average efficiency 〈η〉. In the nonadiabatic limit we show for
two paradigmatic models that η(2) receives a lower bound
determined by 〈η〉2. Importantly, this result further connects to
the TUR study where as a consequence of the lower bound, the
relative fluctuation of work, always surpass the corresponding
relative fluctuation of heat absorbed from the hot bath. Future
work will be directed towards providing a general proof for
the lower bound for arbitrary working fluid operating as an
engine in the nonadiabatic regime. Also, it will be interesting
to analyze the validity of such bounds in presence of both
driving force and external magnetic field [51].
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