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Bound electron screening effect on ion-ion potential of warm and hot dense matter
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The effects of bound electron screening in warm and hot dense matter are investigated analytically and a
theoretical description of screened short-range repulsion is given meanwhile. An empirical ion-ion potential
including the classic charge screening and chemical bond attraction at various temperatures and densities is
proposed. By solving hypernetted chain equations and comparing the obtained radial distribution function
(RDF) with ab initio simulations, the proposed ion-ion potential is found to be promising over a wide range
of temperatures and densities for warm dense aluminum and iron. The elastic scattering amplitude and the x-ray
absorption near the edge structure of warm dense aluminum calculated from the obtained RDF are in good
agreement with experiment results.
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I. INTRODUCTION

Understanding structural properties of warm dense matter
(WDM) is of wide interest with application to planetary
physics and fusion science. Such conditions are relevant to
planetary interiors [1], solids heated with x-ray free elec-
tron lasers [2], high-power lasers [3] and laser-driven shocks
[4,5], and imploding capsules during inertial confinement
fusion [6]. Angularly and spectrally resolved x-ray scatter-
ing and diffraction experiments [4,5,7–14] have been carried
out on WDM and dense plasma samples with the aim of
accessing information on the static and dynamic structure
factors. Using the structure of the x-ray absorption edge
[3,15–18], one can also extract information on the electronic
and structural properties such as radial distribution function
(RDF) and local atomic order. The theoretical investigation of
WDM is challenging since the interactions of free electrons,
bound electrons, nuclei, ions, and neutral particles should be
treated accurately. Increasing computing power enables the
wide application of the density functional molecular dynamics
(DFT-MD) method [19–29], which is aimed to completely
describe the interacting quantum systems including strong
ionic correlations with quantum effects of free and bound
electrons. However, ab initio simulations demand much com-
putational power and are subject to limitations concerning
temperature, density, and system size. Various reduced mod-
els and simulation methods have been developed to reduce
the computational cost while retaining sufficient accuracy.
The pseudoatom molecular dynamics simulations combines
density-functional-theory-based calculations of the electronic
structure to classical molecular dynamics simulations with
pair-interaction potentials [30,31]. Classical and quantum
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hypernetted chain (HNC) methods with effective ion-ion
potentials from density-functional theory or first-principle
simulations has been proven to be an efficient reduced model
[19,20,32–37]. The ion-ion interaction potential plays an im-
portant role because the ionic structure of WDM can be
determined very efficiently by the HNC approach with the
effective ion-ion potential. The Yukawa potential model con-
siders only ions that interact via screened Coulomb forces,
which leads to large discrepancies for small distance between
ions, and the short-range interionic screening plays an im-
portant role in determining the static structure factor (SSF)
[38]. Wünsch et al. [19] and Vorberger et al. [37,39] modi-
fied the Yukawa potential by adding a short-range repulsion
(SRR) potential. The static ion structures calculated from the
modified potential are closer to DFT-MD simulations than the
Yukawa potential [19,37]. However, difficulties still remain
for obtaining accurate RDF structures at low temperatures
with the modified ion-ion potential.

In this paper, we further investigate the short-range screen-
ing effect of bound electrons on ion-ion potential of warm and
hot dense matter. An empirical ion-ion potential including ef-
fects of classic charge screening and chemical bond attraction
is proposed. By solving HNC equations with the proposed
ion-ion potential, the RDF of warm dense aluminum and
iron can be obtained numerically. The results agree well with
ab initio simulations over a wide range of densities and
temperatures. Furthermore, elastic scattering amplitude and
the x-ray absorption near edge structure (XANES) calculated
from the obtained RDF are in good agreement with experi-
ment results.

II. METHODS

RDF or SSF represents statistic distribution of ions
in WDM, which can be obtained by solving the HNC
equations. The HNC approach involves a closed system of
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three equations depending on density, temperature, and the
pair-interaction potentials [19,35–37]:⎧⎪⎨

⎪⎩
hab(r) = cab(r) + ∑

c nc(hab(r) ∗ cab(r))

gab(r) = exp[−βVab(r) + hab(r) − cab(r)]

hab(r) = gab(r) − 1.

(1)

gab(r) is the RDF, which describes the distribution of par-
ticles in the system, hab(r) is the total correlation function
for species a and b containing the direct correlation cab(r)
between these two species and all indirect correlations pro-
vided by all other species c [40], Vab(r) is the pair interaction
potential function, r is the distance between particles, nc is the
number density of species c and β = 1

kBT . Both free and bound
electrons are treated as arbitrarily degenerate background and
only ion species are considered in our model. The HNC
equations can be solved numerically through an iterative
method [37].

Different from ideal plasma and condensed matter, WDM
is partially ionized, strongly correlated, and arbitrarily degen-
erate. Chemical bonds formed by bound electrons also play
important roles in mid-Z and high-Z WDM [37,41]. Chemical
bonds in WDM are not stable due to the thermal motions of
ions. When two ions get close, chemical bonds can probably
be formed and, when the ions separate, the formed bonds are
broken [41]. The chemical bonds are more stable for lower
densities and temperatures as the conditions are closer to con-
densed matter. The attraction force of chemical bonds reduces
the repulsion force of the ions. Taking into account the classic
charge screening and chemical bond attraction, an empirical
ion-ion interaction potential including the Yukawa potential
and bound electron screened SRR potential can be written as

Vii(r) =
[

(Ze)2

r
(1 − e− f (r) ) + (Zce)2

r
e− f (r)

]
e−κr, (2)

where Z and Zc are the charge number of ion and nucleus,
respectively, e is the elementary charge, κ is the inverse
screening length of free electrons, and f (r) is the screening
function of bound electrons. We use the Yukawa model [20]
to calculate the average charge number Z . For arbitrary degen-
erate systems, the calculation of the inverse screening length
κ should consider the full Fermi integrals [42],

κ =
[

4π

kBT

∑
c

e2
c

2sc + 1

�3
c

I−1/2(βμc)

]1/2

, (3)

where sc is the spin quantum number of species c and �c is the
thermal wavelength defined by �c = ( 2π h̄2

mckBT )1/2. I−1/2(βμc) is
the Fermi integral and can be calculated using the dimension-

less quantity yc = nc�
3
c

(2sc+1) :

I−1/2(βμc) =
⎧⎨
⎩

yc

(1+0.353yc−0.0099y2
c +0.000375y3

c ) yc < 5.5

y1/3
c

(0.806+0.4535y−4/3
c +1.7y−8/3

c )
yc > 5.5.

(4)

For the HNC method, the quantum nature of the electrons can
only be treated approximately. The interaction between ions
are repulsive in general, but the attraction induced by chemical
bonds can reduce the repulsive force [37]. As the effect of
the chemical bond is mainly short-range attraction, an extra
screening term can be added to the SRR potential to include

the effect of chemical bonds. An empirical formula for the
bound electron screening function can be written as

f (r) = ln2

Ri
r + (ρ0/ρ)5/3eT0/T . (5)

The first term on the right-hand side of Eq. (5) is the contribu-
tion of classic charge screening by bound electrons, Ri is the
ion radius and can be computed by [43–45]

Ri =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1.5(n−1)2a0
0.01Zc+1.29Z , n = 2

1.5(n−1)2a0
0.19Zc+1.29Z , n = 3

1.5(n−1)2a0
0.5235n−0.6746Zc+0.4702 exp (0.3151n)Z , n > 3.

(6)

Here n is the maximum principal quantum number of the
element at ground state, a0 is the Bohr radius. The second
term on the right-hand side of Eq. (5) is the contribution of
chemical bond attraction. ρ0 and T0 are the only two free
parameters in our model and are kept constant for the same
material under all conditions.

The effective ion-ion interaction potential [Eq. (2)] in-
volves the Yukawa potential at the range of long distance
and the screened SRR potential in the vicinity of the central
ion. The major difference between our potential and the po-
tential of Vorberger et al. [37,39] is the addition of an extra
screening term due to chemical bond attraction in Eq. (5).
For high densities and temperatures, the collision rates be-
tween ion-electron and ion-ion are higher and the chemical
bonds are less stable. The screening effect of the chemical
bond is more important at low densities and temperatures, as
implied by Eq. (5).

III. RESULTS AND DISCUSSIONS

The comparison of RDFs calculated from our model and
ab initio simulations for Al at various densities and temper-
atures are shown in Fig. 1. ρ0 = 3.0218 g/cm3 and T0 =
605.8 K are used in Eq. (5) for Al. Figures 1(a)–1(c) show the
RDFs of Al at ρ = 2.7 g/cm3 and T = 1100, 2000, 5000 K,
respectively. The results of our model agree well with ab
initio quantum molecular dynamics (QMD) simulations es-
pecially inside the first coordination shell [3]. The peak value
of the RDF decreases as the temperature increases, indicating
that short-range order of ions decreases with the increas-
ing of temperature. The properties of the chemical bond
between Al ions can be derived from the RDF. The bond
length can be estimated by the coordinate of the first peak
of the RDF and the coordination number can be calculated
as N = 4πρ

∫ rmin

0 g(r)r2dr, where rmin is the coordinate of
the first minimum in the RDF [46]. The bond lengths be-
tween Al ions are 5.1, 5.1, 4.9 and the coordination numbers
are 13.33, 13.28, 13.09 for T = 1100, 2000, 5000 K, respec-
tively. The decreasing of coordination number also implies
the short-range order decreases as the temperature increases.
Figure 1(d) shows the RDF of Al at ρ = 3.4 g/cm3 and
T = 1.1 eV. The result of our model are compared with results
of DFT-MD simulations and the HNC method with Yukawa
plus SRR potential (HNC-Y+a/r4) [19]. Compared to the
result of HNC-Y+a/r4, our model is closer to the result of
DFT-MD simulation in terms of peak values and coordinates.
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FIG. 1. RDFs of warm dense Al at various densities and temperatures. The QMD simulation results in (a)–(c) are from Ref. [3]. The results
of HNC-Y+a/r4 and DFT-MD in (d) are from Ref. [19]. The charge numbers Z calculated by Yukawa model are 0.207, 0.260, 0.413, and
0.700 in (a)-(d), respectively.

The x-ray elastic scattering amplitude and XANES can
be calculated from the RDF of our model for comparison
with experimental results. The elastic scattering ampli-
tude WR(k) = Sii(k)[ f (k) + q(k)]2 of x ray with energy of
17.9 keV scattered by Al at ρ = 8.1 g/cm3 and T = 10 eV is
shown in Fig. 2(a). Sii(k) = 1 + 4πni

∫ ∞
0 [g(r) − 1] sin(kr)

kr r2dr
is the ion SSF, ni is the number density of ions. f (k) is
the ion form factor and q(k) describes the screening cloud
of the free electrons surrounding the ion. f (k) and q(k) can
be calculated using the method of Ref. [47]. The scattering
amplitude calculated from the RDF of our model matches bet-

ter with experimental measurements than the HNC-Y+a/r4

method for k < 10 Å−1 at the corresponding density and tem-
perature [13]. The x-ray elastic scattering amplitude of Al at
ρ=6.3 g/cm3 and T =1.75 eV calculated with our model
is compared with experiment, DFT-MD simulation, and the
HNC-Y+a/r4 data from Ref. [14]. Both our model and
the HNC-Y+a/r4 method are consistent with experiment
and DFT-MD simulation as shown in Fig. 2(b). The K-
edge XANES can be calculated from the RDF with the
multiple-scattering theory in a muffin-tin potential [48,49].
The obtained XANES spectra for Al at various densities and

(a) (b) (c)

FIG. 2. (a) The elastic scattering amplitude as a function of scattering wave number k for Al at ρ = 8.1 g/cm3 and T = 10 eV. The results
of experiments and HNC-Y+a/r4 are from Ref. [13]. (b) The elastic scattering amplitude as a function of scattering wave number k for Al at
ρ = 6.3 g/cm3 and T = 1.75 eV. The results of experiments, DFT-MD simulation, and HNC-Y+a/r4 are from Ref. [14]. (c) K-edge XANES
of Al at various densities and temperatures. The experimental results are from Ref. [16]. The charge numbers Z calculated by Yukawa model
are 2.071 in (a), 1.100 in (b), and 0.344, 1.090, 1.347 for T =0.3, 2.8, 4.6 eV in (c).
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FIG. 3. RDFs of warm and hot dense Fe at various densities and temperatures. The TFMD simulations results in (a)–(d) are from Ref. [21].
rWS = (3/4πni )1/3 is the Wigner-Seitz radius. The charge numbers Z calculated by Yukawa model are 2.11, 6.11, 19.97, and 25.47 in (a)–(d),
respectively.

temperatures are shown in Fig. 2(c). The K-edge position
and slope of experimental results [16], which are sensitive to
density and temperature, can be well reproduced by our model
as depicted in Fig. 2(c).

The ionic structure of warm and hot dense iron is also
investigated with our model and the results are compared with
ab initio simulation results. For iron, ρ0 = 15.2021 g/cm3 and
T0 = 45 991.3 K are used in Eq. (5). The RDFs of warm and
hot dense Fe with temperatures from 10 eV to 5000 eV are
shown in Fig. 3. With increasing temperature, the short-range
order of Fe ions disappears as shown in Figs. 3(a)–3(d) and
this trend is correctly reflected by our model as compared
to the results of Thomas-Fermi molecular dynamics (TFMD)
simulations [21]. The RDFs of warm dense Fe with tempera-
tures fixed at 240 eV and densities from 1.6 to 40 g/cm3 are
shown in Fig. 4. The overall trend of our model is consistent
with the results of orbital-free molecular dynamics (OFMD)
simulations [20] while the peak values of our model is slightly
lower than OFMD results.

IV. CONCLUSIONS

An empirical ion-ion potential of WDM is proposed and
validated using the HNC method. The ion-ion potential in-
cludes the Yukawa potential and bond electron screened
SRR potential. An empirical formula of screening effects
including both linear charge screening and chemical bond
attraction is given for various densities and temperatures.
The RDF obtained from proposed potential is consistent with
ab initio simulations for warm dense Al and Fe at various
densities and temperatures. The elastic scattering amplitude
and XANES calculated from the obtained RDF for Al are

in good agreement with experiment results. The presented
comparisons between results of our model and results of ab
initio simulations and experiments demonstrate the capabil-
ity of our model for obtaining the structural information of
warm and hot dense matter in a relatively wide temperature
and density range. With the inclusion of linear screening and
chemical bond attraction effects on SRR potential, our model
shows better consistency with ab initio simulations and ex-
periments than the HNC-Y+a/r4 approach. The free para-
meters ρ0 and T0 in our model can be determined with a few
ab initio simulations or experiments. Our model can be used

FIG. 4. The RDFs of warm dense Fe at 240 eV with densities
from 1.6 g/cm3 to 40 g/cm3. The OFMD results are from Ref. [20].
The charge numbers Z calculated by Yukawa model are 16.34, 15.55,
14.99, 14.67, 14.5, 14.59 for ρ=1.6, 4, 7.9, 16, 32, 40 g/cm3,
respectively.
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to efficiently calculate the properties of WDM, such as struc-
tural information, transport coefficients, and equation of state,
over a wide temperature and density range, while ab initio
simulations typically consume lots of computational time and
resources.
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