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We present a method for predicting the linear response deformation of finite and semi-infinite 2D solid struc-
tures with circular holes and inclusions by employing the analogies with image charges and induction in electro-
statics. Charges in electrostatics induce image charges near conductive boundaries and an external electric field
induces polarization (dipoles, quadrupoles, and other multipoles) of conductive and dielectric objects. Similarly,
charges in elasticity induce image charges near boundaries and external stress induces polarization (quadrupoles
and other multipoles) inside holes and inclusions. Stresses generated by these induced elastic multipoles as well
as stresses generated by their images near boundaries then lead to interactions between holes and inclusions and
with their images, which induce additional polarization and thus additional deformation of holes and inclusions.
We present a method that expands induced polarization in a series of elastic multipoles, which systematically
takes into account the interactions of inclusions and holes with the external field, between them, and with their
images. The results of our method for linear deformation of circular holes and inclusions near straight and curved
boundaries show good agreement with both linear finite element simulations and experiments.
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I. INTRODUCTION

Elastic materials with holes and inclusions have been stud-
ied extensively in materials science, engineering, and biology.
On the one hand, the goal is to homogenize the microscale
distribution of holes and inclusions to obtain effective ma-
terial properties on the macroscale [1–4], where the detailed
micropattern of deformations and stresses is ignored. On the
other hand, in mechanical metamaterials [5], the geometry,
topology, and contrasting elastic properties of different ma-
terials are exploited to obtain extraordinary functionalities,
such as shape morphing [6,7], mechanical cloaking [8–10],
negative Poisson’s ratio [11–15], negative thermal expan-
sion [16,17], effective negative swelling [18–20], and tunable
phononic band gaps [21–23]. Furthermore, in biology, the
microscale interactions between rigid proteins embedded in
biological membranes structures have important functional
consequences [24–35].

Linear deformations of infinite thin plates with circular
holes under external loading have been studied extensively
over the years [36–40]. However, it remained unclear how
their approaches could be generalized to finite structures with
boundaries. In the two companion papers we employed analo-
gies with electrostatics to describe the stress distribution and
displacements of cylindrical holes and inclusions embedded
either in a thin elastic plate (plane stress) or in an infinitely
thick elastic matrix (plane strain) that are under small external
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loads, which can be treated as a 2D problem with circular
holes and inclusions. We considered infinite and semi-infinite
as well as finite-size 2D structures.

Charges in electrostatics induce image charges near con-
ductive boundaries and an external electric field induces
polarization (dipoles, quadrupoles, and other multipoles) of
conductive and dielectric objects. When such a polarized
object is near a conductive plate, it is also influenced by
the electric field generated by its image, which leads to fur-
ther charge redistribution on the surface of this object [see
Fig. 1(a)]. Moreover, when multiple conductive objects in an
external electric field are placed near conductive plates, they
interact with each other as well as with their images via the
electric fields generated by induced polarizations and induced
image charges [see Fig. 1(b)].

Similarly, charges in elasticity induce image charges
near boundaries and external stress induces polarization
(quadrupoles and other multipoles) inside deformed holes and
inclusions. When such a deformed inclusion is near a bound-
ary it is also influenced by the stress fields produced by its im-
age, which leads to further deformation of the inclusion [see
Fig. 1(c)]. When multiple deformed holes and inclusions are
located near boundaries, they interact with each other as well
as with their images via the stress fields generated by induced
elastic multipoles and induced image charges [see Fig. 1(d)].

In a companion paper [41], we presented a method to
describe linear deformations of circular holes and inclusions
embedded in an infinite 2D elastic matrix under small external
loads, by systematically expanding induced polarization of
each hole and inclusion in terms of elastic multipoles, which
are related to terms in the Michell solution for biharmonic
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FIG. 1. Induction and image charges in electrostatics and elasticity. (a), (b) Induced polarization due to external electric field E0 of (a) a
single and (b) multiple conducting spheres (yellow disks) near a conductive wall (dashed blue line), which induces image charges (dashed
circles). The induced charge distribution on conductive spheres is influenced by interactions between the spheres as well as by interactions
with their images. The resultant electric field lines are shown in gray. (c), (d) Induced quadrupoles due to external uniaxial compressive stress
σ0 in (c) a single and (d) multiple circular holes (white disks) embedded in an elastic matrix near an edge with prescribed tractions (dashed
blue line), which induces image charges (dashed circles). The induced charge distribution inside holes is affected by interactions between holes
as well as by interactions with their images. Heat maps show the resultant stress fields σyy and σxy.

functions [42]. Here, we generalize this method to describe
linear deformation of finite and semi-infinite 2D structures
with circular holes and inclusions by taking into account also
the interaction with induced images near boundaries. The
results of this method are compared with linear finite element
simulations and experiments. We show that the error decreases
exponentially as the maximum degree of elastic multipoles is
increased.

The remaining part of the paper is organized as follows.
In Sec. II we review the concept of image charges in
electrostatics and demonstrate how to construct image charges
and image multipoles near a straight traction-free edge in 2D
linear elasticity. In Secs. III A and III B we use image charges
and image multipoles to develop a method for evaluating
the deformation of semi-infinite structures (Sec. III A) and
infinite strips (Sec. III B) with circular holes and inclusions
under external stress load. In Sec. III C we show how to adapt

this method, when such semi-infinite structures are under
displacement-controlled loads. In Sec. III D we demonstrate
how to use image charges to evaluate the deformation
of circular disks with circular holes and inclusion under
three different loading conditions: hydrostatic stress, no-slip
(displacement control), and slip. In all sections the results
of our method are compared with linear finite element
simulations and experiments. In Sec. IV we give concluding
remarks, and we discuss potential extensions of this method
to structures with other geometries.

II. IMAGE CHARGES IN ELECTROSTATICS
AND ELASTICITY

The method of image charges is commonly used in electro-
statics to satisfy various boundary conditions [43]. Similarly,
image charges can be introduced in 2D elasticity to satisfy
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FIG. 2. Image charges in electrostatics and elasticity. (a) A point electric charge q (green) near an infinite conducting plate (dashed blue
line) induces an opposite image charge I(q) = −q (red) to satisfy the boundary condition that the electric field lines (black lines) are orthogonal
to the conductive plate. (b) A point disclination with charge s (green) embedded in a semi-infinite elastic material near a traction-free edge
(dashed blue line) induces an image charge I(s) (red) to satisfy boundary conditions at the traction-free edge (σxy = σyy = 0). Heat maps show
the resultant stress fields σyy and σxy.

boundary conditions. Below we first discuss image charges
in electrostatics for charges near a straight conductive edge
and then demonstrate how image charges can be constructed
in elasticity for charges near a straight traction-free edge. In
Secs. III C and III D we also show how to construct image
charges near a straight rigid edge (Sec. III C) and near a
curved edge (Sec. III D) with three different types of boundary
conditions.

Let us consider a 2D semi-infinite dielectric medium with
permittivity εe filling half-space y < yb and with a monopole
with charge q at position x0 = (x0, y0) = (x0, yb − h), which
is at the distance h from an infinite perfectly conducting
straight edge at y = yb, as shown in Fig. 2(a). The electric
potential U (x) for this case can be found by solving the gov-
erning equation �U = − q

εe
δ(x − x0) subject to the boundary

condition imposed by the conducting edge, i.e., Ex(x, yb) = 0,
where the electric field E(x) = (Ex(x), Ey(x)) is related to the
electric potential U (x) as E = −∇U [43]. The solution for
the governing equation in an infinite 2D dielectric medium
is Um(x − x0|q) = − q

2πεe
ln |x − x0|, but the corresponding

electric field does not satisfy boundary conditions at the con-
ducting edge. The boundary conditions can be satisfied by
placing an image monopole charge −q on the opposite side
of the conducting edge at position x∗

0 = (x∗
0, y∗

0 ) = (x0, yb +
h) [see Fig. 2(a)] with the corresponding electric potential
I[Um(x − x0|q)] = + q

2πεe
ln |x − x∗

0|. The total electric po-
tential is thus U tot(x) = Um(x − x0|q) + I[Um(x − x0|q)] =
− q

2πεe
ln |x − x0| + q

2πεe
ln |x − x∗

0| [43]. It is straightforward
to check that the corresponding electric field Etot = −∇U tot

satisfies the boundary condition at the conducting edge [see
Fig. 2(a)]. Note that the image of the image charge is the orig-
inal charge itself, i.e., I[I[Um(x − x0|q)]] = Um(x − x0|q)
[43].

Let us consider a related problem in 2D elasticity
for a semi-infinite elastic medium with the Young’s
modulus E filling half-space y < yb with a topological
monopole (disclination) with charge s at position
x0 = (x0, y0) = (x0, yb − h), which is at the distance h
from the traction-free edge (ti ≡ 0) at y = yb [see Fig. 2(b)].
Note that tractions ti are defined as the force per unit length

on the boundary, which are related to the stress tensor σi j as
ti = σi jn j , where n j is the unit normal vector to the boundary.
The Airy stress function χ (x) for this case can be found by
solving the governing equation ��χ = Esδ(x − x0) subject
to the boundary condition imposed by the traction-free
edge, i.e., σxy(x, yb) = σyy(x, yb) = 0, where stress fields
σi j (x) are related to the Airy stress function χ (x) as

σxx = ∂2χ

∂y2 , σyy = ∂2χ

∂x2 , and σxy = − ∂2χ

∂x∂y . The solution for
the governing equation in an infinite 2D elastic medium
is χ s

m(x − x0|s) = Es
8π

|x − x0|2( ln |x − x0| − 1/2), [44,45],
but the corresponding stress fields do not satisfy boundary
conditions at the traction-free edge. Inspired by electrostatics
we try placing an image disclination with charge −s on
the opposite side of the traction-free edge at position
x∗

0 = (x∗
0, y∗

0 ) = (x0, yb + h). The trial Airy stress function is
thus χ tr(x) = χ s

m(x − x0|s) + χ s
m(x − x∗

0| − s) = Es
8π

|x − x0|2
(ln |x − x0| − 1/2) − Es

8π
|x − x∗

0|2( ln |x − x∗
0| − 1/2). This

trial Airy stress function χ tr(x) satisfies one of the
boundary conditions, σ tr

yy(x, yb) = 0, at the traction-free
edge, but the other boundary condition is violated
because σ tr

xy(x, yb) = − Es(x−x0 )h
2π ((x−x0 )2+h2 ) �= 0. Thus in elasticity

additional image multipoles have to be included to
satisfy both boundary conditions. This difference between
electrostatics and elasticity stems from the fact that the
electric potential U (x) is a harmonic function [43], while
the Airy stress function χ (x) is a biharmonic function
[46]. The additional image multipoles can be found by
calculating the Airy stress function χa(x) that corresponds
to distributed tractions fx(x) = −σ tr

xy(x, yb) = Es(x−x0 )h
2π[(x−x0 )2+h2]

and fy(x) = −σ tr
yy(x, yb) = 0 along the edge (x, yb). This

can be done with the help of the solution of the Boussinesq
problem in 2D, where the response to a concentrated force
F = (1, 0) in the x-direction at point (x′, yb) on the edge
is described with the Airy stress function χB(x|x′, yb) =
−(1/π )(y − yb) arctan[(y − yb)/(x − x′)], where x = (x, y)
[47]. The Airy stress function of the additional elastic
image multipoles can then be obtained as χa(x) =∫∞
−∞ dx′ fx(x′)χB(x|x′, yb) = −(Esh/2π )(y − y∗

0 + h) ln |x −
x∗

0|. Thus the Airy stress functions χ s
m(x − x0|s) for the

monopole disclination and for its image I[χ s
m(x − x0|s)] can
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be expressed as

χ s
m(x − x0|s) = + Es

8π
r2(ln r − 1/2), (1a)

I[χ s
m(x − x0|s)] = − Es

8π
r∗2(ln r∗ − 1/2)

− Esh

2π
r∗ sin ϕ∗ ln r∗ − Esh2

2π
ln r∗, (1b)

where we introduced polar coordinates (r, ϕ) and (r∗, ϕ∗)
centered at the disclination [r =

√
(x − x0)2 + (y − y0)2, ϕ =

arctan[(y − y0)/(x − x0)]] and the position of its image [r∗ =√
(x − x∗

0 )2 + (y − y∗
0 )2, ϕ∗ = arctan[(y − y∗

0 )/(x − x∗
0 )]], re-

spectively. It is straightforward to check that the stress fields
resulting from the Airy stress function χ tot = χ s

m + I[χ s
m]

satisfy the boundary conditions along the edge [see Fig. 2(b)].

Just like in electrostatics, the image of the image disclination
is the original disclination itself, i.e., I[I[χ s

m(x − x0|s)]] =
χ s

m(x − x0|s).
The Airy stress function for the disclination χ s

m can be used
to systematically construct the Airy stress functions for all
other elastic multipoles, as discussed in detail in the compan-
ion paper [41]. Here, we repeat this procedure to construct the
images for all other elastic multipoles. First, we show how
to construct an image for a topological dipole (dislocation),
which is formed at x0 = (x0, y0) = (x0, yb − h), when two
opposite disclinations with charges ±s are located at x± =
x0 ± a(cos θ, sin θ ), where the angle θ describes the orienta-
tion of dislocation. Thus the Airy stress functions χ s

d (x − x0)
for the dislocation and I[χ s

d (x − x0)] for its image at position
x∗

0 = (x∗
0, y∗

0 ) = (x0, yb + h) can be expressed as [48,49]

χ s
d (x − x0|sa, θ ) = χ s

m(x − x+|s) + χ s
m(x − x−| − s),

χ s
d (x − x0|sa, θ )

a→0−−→ −Esa

2π
r ln r cos(ϕ − θ ), (2a)

I
[
χ s

d (x − x0|sa, θ )
] = I[χ s

m(x − x+|s)] + I[χ s
m(x − x−| − s)],

I
[
χ s

d (x − x0|sa, θ )
] a→0−−→ +Esa

2π
r∗ ln r∗ cos(ϕ∗ − θ ) + Esah

2π
sin(2ϕ∗ + θ ) + Esah

π
sin θ

(
ln r∗ − 1

2

)
+ Esah2

π

cos(ϕ∗ + θ )

r∗ ,

(2b)

where we again used polar coordinates (r, ϕ) centered at the dislocation and (r∗, ϕ∗) centered at its image.
The Airy stress functions for a quadrupole and higher-order multipoles and their images can be constructed similarly. The

multipole Qs
n of order n is constructed by placing n positive and n negative disclinations symmetrically around x0 = (x0, y0) =

(x0, yb − h), such that disclinations of charges si = s(−1)i are placed at positions xi = x0 + a(cos(θ + iπ/n), sin(θ + iπ/n)),
where i ∈ {0, 1, . . . , 2n − 1} and the angle θ describes the orientation of elastic multipole. The Airy stress functions for such
multipoles χ s

n and their images I[χ s
n] at positions x∗

0 = (x∗
0, y∗

0 ) = (x0, yb + h) are expressed in polar coordinates as

χ s
n (x − x0|san, θ ) =

2n−1∑
i=0

χ s
m(x − xi|si),

χ s
n (x − x0|san, θ )

a→0−−→ + Esan

4(n − 1)π

cos[n(ϕ − θ )]

rn−2
, (3a)

I
[
χ s

n (x − x0|san, θ )
] =

2n−1∑
i=0

I
[
χ s

m(x − xi|si )
]
,

I
[
χ s

n (x − x0|san, θ )
] a→0−−→ +Esan

4π

cos(nϕ∗ + nθ )

r∗n−2 − Esan

4(n − 1)π

n cos[(n − 2)ϕ∗ + nθ ]

r∗n−2 + Esanh

2π

sin[(n + 1)ϕ∗ + nθ ]

r∗n−1

− Esanh

2(n − 1)π

(2n − 1) sin[(n − 1)ϕ∗ + nθ ]

r∗n−1 + Esanh2

π

cos(nϕ∗ + nθ )

r∗n . (3b)

In 2D elasticity, there is another type of monopole besides disclinations. This is a nontopological monopole with charge p that
describes local contraction of material at point x0 = (x0, y0) = (x0, yb − h) and the corresponding Airy stress function χ

p
m can

be obtained as the solution of equation ��χ
p
m = E p�0δ(x − x0), where �0 corresponds to the Laplace operator with respect to

x0 [41,45]. The Airy stress functions χ
p
m for this nontopological monopole and I[χ p

m] for its image at position x∗
0 = (x∗

0, y∗
0 ) =

(x0, yb + h) can thus be obtained from the Airy stress function χ s
m for disclination as

χ p
m(x − x0|p) = �0χ

s
m(x − x0|p),

χ p
m(x − x0|p) = +E p

4π
(1 + 2 ln r), (4a)

I[χ p
m(x − x0|p)] = �0I[χ s

m(x − x0|p)],

I[χ p
m(x − x0|p)] = +E p

4π
[1 − 2 ln r∗ − 2 cos(2ϕ∗)] + E ph

π

sin ϕ∗

r∗ . (4b)
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The Airy stress functions for a dipole, a quadrupole,
and higher-order multipoles that arise from nontopological
monopoles p and their images can be constructed similarly
as for higher-order multipoles arising from disclinations. The
multipole Qp

n of order n is constructed by placing n posi-
tive and n negative nontopological monopoles symmetrically
around x0 = (x0, y0) = (x0, yb − h), such that nontopological
monopoles of charges pi = p(−1)i are placed at posi-
tions xi = x0 + a(cos(θ + iπ/n), sin(θ + iπ/n)), where i ∈
{0, 1, . . . , 2n − 1} and the angle θ describes the orientation of
multipole. Airy stress functions χ

p
n for such multipoles and

I[χ p
n ] for their images at positions x∗

0 = (x∗
0, y∗

0 ) = (x0, yb +
h) are expressed in polar coordinates as

χ p
n (x − x0|pan, θ ) =

2n−1∑
i=0

χ p
n (x − xi|pi ),

χ p
n (x − x0|pan, θ )

a→0−−→ −E pan

π

cos[n(ϕ − θ )]

rn
, (5a)

I
[
χ p

n (x − x0|pan, θ )
] =

2n−1∑
i=0

I
[
χ p

m(x − xi|pi )
]
,

I
[
χ p

n (x − x0|pan, θ )
] a→0−−→ +E pan

π

(n + 1) cos(nϕ∗ + θ )

r∗n

− E pan

π

n cos[(n + 2)ϕ∗ + nθ ]

r∗n

+ E panh

π

2n sin[(n+1)ϕ∗+nθ ]

r∗n+1 .

(5b)

Note that the elastic multipoles described above are related
to the terms in the Michell solution [42] for the biharmonic
equation, which is discussed in detail in the companion paper
[41]. The operator I for constructing the Airy stress functions
of images can be written in a compact form as was previously
shown by Adeerogba [50]

I[χ0(x, y)] = −χ0(x, 2yb − y) + 2(y − yb)
∂χ0(x, 2yb − y)

∂y

− (y − yb)2�χ0(x, 2yb − y). (6)

Note that the above operator works for all elastic multi-
poles except for the disclination (topological monopole), for
which it produces additional uniform stress that has to be sub-
tracted. Adeerogba derived this expression for eigenstresses
in the elastic matrix, which correspond to all nontopological
multipoles.

III. ELASTIC MULTIPOLE METHOD
WITH IMAGE CHARGES

Using the concept of image charges described in Sec. II
and procedures that were presented in the companion paper
[41], we describe a method for calculating the linear defor-
mation of circular inclusions and holes embedded either in a
semi-infinite (y < yb) elastic matrix, in an infinite elastic strip
(ya < y < yb), or in an elastic disk with radius R. External
load induces elastic multipoles at the centers of inclusions
and holes, which further induce image multipoles in order
to satisfy boundary condition at the edges. The amplitudes

of induced multipoles are obtained from boundary conditions
(continuity of tractions and displacements) between different
materials in the elastic matrix.

In the following subsections, we describe the method for
the general case where circular inclusions can have different
sizes and material properties (holes correspond to zero shear
modulus). Note that our method applies to the deformation
of cylindrical holes and inclusions embedded in a thin plate
(plane stress) as well as of cylindrical inclusions and holes
embedded in an infinitely thick elastic matrix (plane strain)
by appropriately setting the values of Kolosov’s constants
[46]. In Sec. III A we describe the method for a semi-infinite
elastic matrix (y < yb) subject to uniform tractions along the
boundary. In Sec. III B we adapt this method for the case
of an infinite elastic strip (ya < y < yb) subject to uniform
tractions along the boundary. In Sec. III C we use our method
to describe the deformation of a semi-infinite elastic matrix
(y < yb) subject to displacement control boundary conditions.
Finally, in Sec. III D we describe the deformation of a circular
disk subject to either hydrostatic stress, no-slip (displacement
control), and slip boundary conditions. In all of these sections,
we compare the results of our method with linear finite ele-
ment simulations and experiments.

A. Inclusions in a semi-infinite elastic matrix with uniform
tractions along the outer boundary of the elastic matrix

1. Method

Let us consider a 2D semi-infinite elastic matrix with the
Young’s modulus E0 and Poisson’s ratio ν0 filling the half-
space y < yb subject to external stresses (σ ext

xx , σ ext
yy , σ ext

xy ).
Embedded in the elastic matrix are N circular inclusions
with radii Ri centered at positions xi = (xi, yi ) = (xi, yb − hi )
with Young’s moduli Ei and Poisson’s ratios νi, where i ∈
{1, . . . , N} and hi is the distance from the center of the ith
inclusion to the traction controlled edge at y = yb (see Fig. 3).
Holes are described with the zero Young’s modulus (Ei = 0).

External stress, represented with the Airy stress function

χext(x, y) = 1
2σ ext

xx y2 + 1
2σ ext

yy x2 − σ ext
xy xy, (7)

induces nontopological monopoles, nontopological dipoles,
quadrupoles, and higher-order multipoles at the centers of in-
clusions, while topological defects (disclination, dislocation)
cannot be induced, as was discussed in the companion paper
[41]. Thus the Airy stress function χout(ri, ϕi|ai,out ) outside the
ith inclusion due to the induced multipoles can be expanded as

χout(ri, ϕi|ai,out )

= Ai,0R2
i ln

(
ri

Ri

)

+
∞∑

n=1

R2
i

(
ri

Ri

)−n

[Ai,n cos(nϕi ) + Bi,n sin(nϕi )]

+
∞∑

n=2

R2
i

(
ri

Ri

)−n+2

[Ci,n cos(nϕi ) + Di,n sin(nϕi )], (8)

where the origin of polar coordinates (ri =√
(x − xi )2 + (y − yi )2, ϕi = arctan[(y − yi )/(x − xi )]) is

at the center xi = (xi, yi ) = (xi, yb − hi ) of the ith inclusion
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FIG. 3. Illustration of external loading (σ ext
xx , σ ext

yy , σ ext
xy ) for the

semi-infinite structure (y < yb) with circular inclusions (colored
disks) with uniform tractions along the edge (dashed blue line). Im-
ages of inclusions are represented with dashed circles. The schematic
describes polar coordinates (ri, ϕi) and (r j, ϕ j) relative to the centers
xi of the ith inclusion with radius Ri and x j of the jth inclusion
with radius Rj , respectively. Similarly, we define polar coordinates
(r∗

i , ϕ
∗
i ) and (r∗

j , ϕ
∗
j ) relative to the centers x∗

i of the image of the
ith inclusion and x∗

j of the image of the jth inclusion, respectively.
Here, ai j (a∗

i j) is the separation distance between the centers of the
ith inclusion and the jth inclusion (the image of the jth inclusion)
and θi j (θ∗

i j) is the angle between the line joining their centers and the
x-axis.

with radius Ri and the set of amplitudes of induced multipoles
is ai,out = {Ai,0, Ai,1, . . . , Bi,1, Bi,2, . . . ,Ci,2,Ci,3, . . . , Di,2,

Di,3, . . . }. The induced elastic multipoles at the center of the
ith inclusion then further induce image multipoles at position
x∗

i = (x∗
i , y∗

i ) = (xi, yb + hi ) to satisfy boundary conditions at
the edge [σyy(x, yb) = σ ext

yy , σxy(x, yb) = σ ext
xy ]. The Airy stress

functions of image multipoles due to the ith inclusion can be
expanded as
I[χout(ri, ϕi|ai,out )]

= χ∗
out(r

∗
i , ϕ∗

i |a∗
i,out ),

χ∗
out(r

∗
i , ϕ∗

i |a∗
i,out )

= A∗
i,0R2

i ln

(
r∗

i

Ri

)
+ B∗

i,0R2
i ϕ

∗
i

+
∞∑

n=1

R2
i

(
r∗

i

Ri

)−n

[A∗
i,n cos(nϕ∗

i ) + B∗
i,n sin(nϕ∗

i )]

+
∞∑

n=2

R2
i

(
r∗

i

Ri

)−n+2

[C∗
i,n cos(nϕ∗

i ) + D∗
i,n sin(nϕ∗

i )],

(9)
where the origin of polar coordinates (r∗

i =√
(x − x∗

i )2 + (y − y∗
i )2, ϕ∗

i = arctan[(y − y∗
i )/(x − x∗

i )])
is at the center x∗

i of the image of the ith inclusion. Note
that in the above expansion in Eq. (9) we included the term
proportional to B∗

i,0ϕ
∗
i , which is absent in the expansion for

the Airy stress function χout(ri, ϕi|ai,out ) of the ith inclusion
in Eq. (8). This term is not allowed for inclusions located
inside the elastic matrix because the Airy stress function
χout(ri, ϕi|ai,out ) must be continuous as the angle ϕi spans
the range of values from 0 to 2π . On the other hand, the
images of inclusions are located outside the elastic matrix
(see Fig. 3) and thus the angle ϕ∗

i cannot attain values in
the whole range from 0 to 2π . The amplitudes a∗

i,out =
{A∗

i,0, A∗
i,1, . . . , B∗

i,0, B∗
i,1, . . . ,C∗

i,2,C∗
i,3, . . . , D∗

i,2, D∗
i,3, . . . }

of image multipoles are related to the amplitudes ai,out of
induced multipoles for the ith inclusion as

A∗
i,n =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−Ai,0, n = 0,

−(n + 1)Ai,n − (n + 2)Ci,n+2

−2(n − 1) hi
Ri

Bi,n−1

−2(2n + 1) hi
Ri

Di,n+1

+4(n − 1) h2
i

R2
i
Ci,n,

n � 1,
(10a)

B∗
i,n =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, n = 0,

+2Bi,1 + 3Di,3

+2 hi
Ri

Ai,0 − 6 hi
Ri

Ci,2,
n = 1,

+(n + 1)Bi,n + (n + 2)Di,n+2

−2(n − 1) hi
Ri

Ai,n−1

−2(2n + 1) hi
Ri

Ci,n+1

−4(n − 1) h2
i

R2
i
Di,n,

n � 2,

(10b)

C∗
i,n =

⎧⎪⎨
⎪⎩

+Ci,2 − Ai,0, n = 2,

+(n − 1)Ci,n + (n − 2)Ai,n−2

+2(n − 2) hi
Ri

Di,n−1,
n � 3,

(10c)

D∗
i,n =

{−(n − 1)Di,n − (n − 2)Bi,n−2

+2(n − 2) hi
Ri

Ci,n−1
n � 2, (10d)

where we used results for the image multipoles derived in
Sec. II. The total Airy stress function outside all inclusions
can then be written as

χ tot
out(x, y|aout ) = χext(x, y) +

N∑
i=1

χout(ri(x, y), ϕi(x, y)|ai,out)

+
N∑

i=1

I[χout(ri(x, y), ϕi(x, y)|ai,out)], (11)

where the first term is due to external stress and the two
summations describe contributions due to induced multipoles
at the centers of inclusions and due to their images. The set of
amplitudes of induced multipoles for all inclusions is defined
as aout = {a1,out, . . . , aN,out}.

Similarly, we expand the induced Airy stress function in-
side the ith inclusion as [41]

χin(ri, ϕi|ai,in )

= ci,0r2
i +

∞∑
n=2

R2
i

(
ri

Ri

)n

[ai,n cos(nϕi ) + bi,n sin(nϕi )]

+
∞∑

n=1

R2
i

(
ri

Ri

)n+2

[ci,n cos(nϕi) + di,n sin(nϕi )], (12)

053004-6



METHOD OF IMAGE CHARGES FOR DESCRIBING … PHYSICAL REVIEW E 103, 053004 (2021)

TABLE I. Stresses σi j and displacements ui corresponding to different terms for the Airy stress function χ in the Michell solution [46].
The value of Kolosov’s constant for plane stress is κ = (3 − ν )/(1 + ν ) and for plane strain is κ = 3 − 4ν. Here, μ is the shear modulus and
ν is the Poisson’s ratio.

χ σrr σrϕ σϕϕ 2μ

(
ur

uϕ

)

r2 2 0 2 r
(

κ − 1
0

)
ln r r−2 0 −r−2 r−1

(−1
0

)
rn+2 cos(nϕ) −(n + 1)(n − 2)rn cos(nϕ) n(n + 1)rn sin(nϕ) (n + 1)(n + 2)rn cos(nϕ) rn+1

(
(κ − n − 1) cos(nϕ)
(κ + n + 1) sin(nϕ)

)

rn+2 sin(nϕ) −(n + 1)(n − 2)rn sin(nϕ) −n(n + 1)rn cos(nϕ) (n + 1)(n + 2)rn sin(nϕ) rn+1

(
(κ − n − 1) sin(nϕ)

−(κ + n + 1) cos(nϕ)

)

r−n+2 cos(nϕ) −(n + 2)(n − 1)r−n cos(nϕ) −n(n − 1)r−n sin(nϕ) (n − 1)(n − 2)r−n cos(nϕ) r−n+1

(
(κ + n − 1) cos(nϕ)

−(κ − n + 1) sin(nϕ)

)

r−n+2 sin(nϕ) −(n + 2)(n − 1)r−n sin(nϕ) n(n − 1)r−n cos(nϕ) (n − 1)(n − 2)r−n sin(nϕ) r−n+1

(
(κ + n − 1) sin(nϕ)
(κ − n + 1) cos(nϕ)

)

rn cos(nϕ) −n(n − 1)rn−2 cos(nϕ) n(n − 1)rn−2 sin(nϕ) n(n − 1)rn−2 cos(nϕ) rn−1

(−n cos(nϕ)
n sin(nϕ)

)

rn sin(nϕ) −n(n − 1)rn−2 sin(nϕ) −n(n − 1)rn−2 cos(nϕ) n(n − 1)rn−2 sin(nϕ) rn−1

(−n sin(nϕ)
−n cos(nϕ)

)

r−n cos(nϕ) −n(n + 1)r−n−2 cos(nϕ) −n(n + 1)r−n−2 sin(nϕ) n(n + 1)r−n−2 cos(nϕ) r−n−1

(
n cos(nϕ)
n sin(nϕ)

)

r−n sin(nϕ) −n(n + 1)r−n−2 sin(nϕ) n(n + 1)r−n−2 cos(nϕ) n(n + 1)r−n−2 sin(nϕ) r−n−1

(
n sin(nϕ)

−n cos(nϕ)

)

where we kept only terms that generate finite stresses at the
center of inclusion and we omitted constant and linear terms
{1, ri cos ϕi, ri sin ϕi} that correspond to zero stresses. The set
of amplitudes of induced multipoles is represented as ai,in =
{ai,2, ai,3, . . . , bi,2, bi,3, . . . , ci,0, ci,1, . . . , di,1, di,2, . . . }. The
total Airy stress function inside the ith inclusion is thus

χ tot
in (x, y|ai,in ) = χext(x, y) + χin(ri(x, y), ϕi(x, y)|ai,in), (13)

where the first term is due to external stress and the second
term is due to induced multipoles.

The amplitudes of induced multipoles ai,out and ai,in are
obtained by satisfying boundary conditions that tractions and
displacements are continuous across the circumference of
each inclusion [41]

σ tot
in,rr (ri = Ri, ϕi|ai,in ) = σ tot

out,rr (ri = Ri, ϕi|aout), (14a)

σ tot
in,rϕ (ri = Ri, ϕi|ai,in ) = σ tot

out,rϕ (ri = Ri, ϕi|aout), (14b)

utot
in,r (ri = Ri, ϕi|ai,in ) = utot

out,r (ri = Ri, ϕi|aout), (14c)

utot
in,ϕ (ri = Ri, ϕi|ai,in ) = utot

out,ϕ (ri = Ri, ϕi|aout), (14d)

where stresses and displacements are obtained from the total
Airy stress functions χ tot

in (x, y|ai,in ) inside the ith inclusion
[see Eq. (13)] and χ tot

out(x, y|aout ) outside all inclusions [see
Eq. (11)]. In the boundary conditions for the ith inclusion in
Eq. (14), we can easily take into account contributions due
to the induced multipoles ai,in and ai,out in this inclusion and
due to external stresses σ ext

xx , σ ext
yy , and σ ext

xy after rewriting
the corresponding Airy stress function χext(x, y) in Eq. (7) in
polar coordinates centered at the ith inclusion as

χext(ri, ϕi ) = 1
4

(
σ ext

xx + σ ext
yy

)
r2

i − 1
4

(
σ ext

xx − σ ext
yy

)
r2

i cos(2ϕi)

− 1
2σ ext

xy r2
i sin(2ϕi ). (15)

This can be done with the help of Table I, which shows the val-
ues of stresses and displacements corresponding to each term
in the Michell solution [46]. In order to calculate the contri-
butions from induced multipoles in other inclusions as well as
all the contributions from image multipoles from the ith and
other inclusions, we need to expand expressions for the Airy
stress functions χout(r j, ϕ j |a j,out ) and I[χout(r j, ϕ j |a j,out )]
around the center xi of the ith inclusion. Polar coordi-
nates (r j, ϕ j ) centered at the jth inclusion can be expressed
in terms of polar coordinates (ri, ϕi ) centered at the ith
inclusion as

r j (ri, ϕi ) =
√

r2
i + a2

i j − 2riai j cos(ϕi − θi j ),

ϕ j (ri, ϕi ) = π + θi j − arctan

{
ri sin(ϕi − θi j )

[ai j − ri cos(ϕi − θi j )]

}
,

(16)

where ai j =
√

(xi − x j )2 + (yi − y j )2 is the distance between
the centers of the ith and jth inclusions and θi j = arctan[(y j −
yi )/(x j − xi )] is the angle between the line joining the centers
of inclusions and the x-axis, as shown in Fig. 3. Similarly,
polar coordinates (r∗

j , ϕ
∗
j ) centered at the image of the jth in-

clusion can be expressed in terms of polar coordinates (ri, ϕi )
centered at the ith inclusion as

r∗
j (ri, ϕi ) =

√
r2

i + a∗
i j

2 − 2ria∗
i j cos(ϕi − θ∗

i j ),

ϕ∗
j (ri, ϕi ) = π + θ∗

i j − arctan

{
ri sin(ϕi − θ∗

i j )

[a∗
i j − ri cos(ϕi − θ∗

i j )]

}
,

(17)
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TABLE II. Coefficients for the expansion of the Airy stress functions χout(r j (ri, ϕi ), ϕ j (ri, ϕi )|a j,out) and I[χout(r j (ri, ϕi ), ϕ j (ri, ϕi )|a j,out)]
in Eqs. (18) and (19).

n � 2 A0
n(θi j ) = − 1

n cos(nθi j ) B0
n (θi j ) = − 1

n sin(nθi j )

n � 2, m � 1 Am
n (θi j ) = (−1)m

(m+n−1
n

)
cos((m + n)θi j ) Bm

n (θi j ) = (−1)m
(m+n−1

n

)
sin((m + n)θi j )

n � 0, m � 2 Cm
n (θi j ) = (−1)m

(m+n−2
n

)
cos((m + n)θi j ) Dm

n (θi j ) = (−1)m
(m+n−2

n

)
sin((m + n)θi j )

n � 0, m � 2 Em
n (θi j ) = (−1)m−1

(m+n−1
n+1

)
cos((m + n)θi j ) Fm

n (θi j ) = (−1)m−1
(m+n−1

n+1

)
sin((m + n)θi j )

where a∗
i j =

√
(xi − x∗

j )2 + (yi − y∗
j )2 is the distance between the centers of the ith inclusion and the image of the jth inclusion

and θ∗
i j = arctan[(y∗

j − yi )/(x∗
j − xi )] is the angle between the line joining these centers and the x-axis as shown in Fig. 3. The

Airy stress functions χout(r j, ϕ j |a j,out ) and I[χout(r j, ϕ j |a j,out )] due to induced multipoles centered at the jth inclusion and due
to their image multipoles, respectively, can be expanded in Taylor series around the center of the ith inclusion as [36,41]

χout(r j (ri, ϕi ), ϕ j (ri, ϕi )|a j,out) =
∞∑

n=2

R2
j

rn
i

an
i j

[
cos(nϕi ) f n

c (Rj/ai j, θi j |a j,out ) + sin(nϕi ) f n
s (Rj/ai j, θi j |a j,out )

]

+
∞∑

n=0

R2
j

rn+2
i

an+2
i j

[
cos(nϕi)g

n
c(Rj/ai j, θi j |a j,out ) + sin(nϕi )g

n
s (Rj/ai j, θi j |a j,out )

]
, (18a)

I
[
χout(r j (ri, ϕi ), ϕ j (ri, ϕi )|a j,out)

] =
∞∑

n=2

R2
j

rn
i

a∗n
i j

[
cos(nϕi ) f n

c (Rj/a∗
i j, θ

∗
i j |a∗

j,out ) + sin(nϕi ) f n
s (Rj/a∗

i j, θ
∗
i j |a∗

j,out )
]

+
∞∑

n=0

R2
j

rn+2
i

a∗n+2
i j

[
cos(nϕi )g

n
c(Rj/a∗

i j, θ
∗
i j |a∗

j,out ) + sin(nϕi )g
n
s (Rj/a∗

i j, θ
∗
i j |a∗

j,out )
]
, (18b)

where we omitted constant and linear terms {1, ri cos ϕi, ri sin ϕi} that correspond to zero stresses, and we introduced functions

f n
c (Rj/ai j, θi j |a j,out ) =

∞∑
m=0

{
Rm

j

am
i j

[
Aj,mAm

n (θi j ) + Bj,mBm
n (θi j )

] + Rm−2
j

am−2
i j

[
Cj,mCm

n (θi j ) + Dj,mDm
n (θi j )

]}
, (19a)

f n
s (Rj/ai j, θi j |a j,out ) =

∞∑
m=0

{
Rm

j

am
i j

[
Aj,mBm

n (θi j ) − Bj,mAm
n (θi j )

] + Rm−2
j

am−2
i j

[
Cj,mDm

n (θi j ) − Dj,mCm
n (θi j )

]}
, (19b)

gn
c(Rj/ai j, θi j |a j,out ) =

∞∑
m=2

Rm−2
j

am−2
i j

[
Cj,mEm

n (θi j ) + Dj,mFm
n (θi j )

]
, (19c)

gn
s (Rj/ai j, θi j |a j,out ) =

∞∑
m=2

Rm−2
j

am−2
i j

[
Cj,mFm

n (θi j ) − Dj,mEm
n (θi j )]. (19d)

In Eq. (19), we set Cj,0 = Dj,0 = Cj,1 = Dj,1 = 0 and introduced coefficients Am
n (θi j ), Bm

n (θi j ), Cm
n (θi j ), Dm

n (θi j ), Em
n (θi j ), and

Fm
n (θi j ) that are summarized in Table II.
Next, we calculate stresses and displacements at the circumference of the ith inclusion by using expressions for the Airy

stress functions χext(ri, ϕi ) in Eq. (15) due to external stresses, χin(ri, ϕi|ai,in) and χout(ri, ϕi|ai,out ) in Eqs. (12) and Eq. (8) due
to induced multipoles for the ith inclusion, χout(r j, ϕ j |a j,out ) in Eq. (18a) due to induced multipoles for the jth inclusion ( j �= i),
and I[χout(r j, ϕ j |a j,out )] in Eq. (18b) due to image multipoles for the jth inclusion ( j = 1, . . . , N). With the help of Table I,
which shows how to convert each term of the Airy stress function to stresses and displacements, we obtain

σ tot
in,rr

(
ri = Ri, ϕi|ai,in

) = 1

2

(
σ ext

xx + σ ext
yy

) + 1

2

(
σ ext

xx − σ ext
yy

)
cos(2ϕi ) + σ ext

xy sin(2ϕi) + 2ci,0

−
∞∑

n=1

{n(n − 1)[ai,n cos(nϕi ) + bi,n sin(nϕi )] + (n + 1)(n − 2)[ci,n cos(nϕi ) + di,n sin(nϕi )]},

(20a)

σ tot
out,rr (ri = Ri, ϕi|aout) = 1

2

(
σ ext

xx + σ ext
yy

) + 1

2

(
σ ext

xx − σ ext
yy

)
cos(2ϕi ) + σ ext

xy sin(2ϕi) + Ai,0

−
∞∑

n=1

{n(n + 1)[Ai,n cos(nϕi ) + Bi,n sin(nϕi)] + (n + 2)(n − 1)[Ci,n cos(nϕi ) + Di,n sin(nϕi )]}
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−
∑
j �=i

∞∑
n=2

R2
j R

n−2
i

an
i j

n(n − 1)
[

cos(nϕi ) f n
c (Rj/ai j, θi j |a j,out ) + sin(nϕi ) f n

s (Rj/ai j, θi j |a j,out )
]

−
∑
j �=i

∞∑
n=0

R2
j R

n
i

an+2
i j

(n + 1)(n − 2)[cos(nϕi )g
n
c(Rj/ai j, θi j |a j,out ) + sin(nϕi )g

n
s (Rj/ai j, θi j |a j,out )]

−
N∑

j=1

∞∑
n=2

R2
j R

n−2
i

a∗n
i j

n(n − 1)[cos(nϕi ) f n
c (Rj/a∗

i j, θ
∗
i j |a∗

j,out ) + sin(nϕi ) f n
s (Rj/a∗

i j, θ
∗
i j |a∗

j,out )]

−
N∑

j=1

∞∑
n=0

R2
j R

n
i

a∗n+2
i j

(n + 1)(n − 2)[cos(nϕi )g
n
c(Rj/a∗

i j, θi j∗ |a∗
j,out ) + sin(nϕi)g

n
s (Rj/a∗

i j, θ
∗
i j |a∗

j,out )],

(20b)

σ tot
in,rϕ (ri = Ri, ϕi|ai,in) = −1

2

(
σ ext

xx − σ ext
yy

)
sin(2ϕi ) + σ ext

xy cos(2ϕi) +
∞∑

n=1

{n(n − 1)[ai,n sin(nϕi ) − bi,n cos(nϕi )]

+ n(n + 1)[ci,n sin(nϕi ) − di,n cos(nϕi)]}, (20c)

σ tot
out,rϕ (ri = Ri, ϕi|aout) = −1

2
(σ ext

xx − σ ext
yy ) sin(2ϕi ) + σ ext

xy cos(2ϕi )

−
∞∑

n=1

{n(n + 1)[Ai,n sin(nϕi ) − Bi,n cos(nϕi )] + n(n − 1)[Ci,n sin(nϕi) − Di,n cos(nϕi )]}

+
∑
j �=i

∞∑
n=2

R2
j R

n−2
i

an
i j

n(n − 1)
[

sin(nϕi ) f n
c (Rj/ai j, θi j |a j,out ) − cos(nϕi ) f n

s (Rj/ai j, θi j |a j,out )
]

+
∑
j �=i

∞∑
n=0

R2
j R

n
i

an+2
i j

n(n + 1)
[

sin(nϕi )g
n
c(Rj/ai j, θi j |a j,out ) − cos(nϕi )g

n
s (Rj/ai j, θi j |a j,out )

]

+
N∑

j=1

∞∑
n=2

R2
j R

n−2
i

a∗n
i j

n(n − 1)
[

sin(nϕi ) f n
c (Rj/a∗

i j, θ
∗
i j |a∗

j,out ) − cos(nϕi ) f n
s (Rj/a∗

i j, θ
∗
i j |a∗

j,out )
]

+
N∑

j=1

∞∑
n=0

R2
j R

n
i

a∗n+2
i j

n(n + 1)
[

sin(nϕi)g
n
c(Rj/a∗

i j, θ
∗
i j |a∗

j,out ) − cos(nϕi)g
n
s (Rj/a∗

i j, θ
∗
i j |a∗

j,out )
]
, (20d)

2μi

Ri
utot

in,r (ri = Ri, ϕi|ai,in) = −1

4

(
σ ext

xx + σ ext
yy

)
(1 − κi ) + 1

2

(
σ ext

xx − σ ext
yy

)
cos(2ϕi) + σ ext

xy sin(2ϕi ) + ci,0(κi − 1)

−
∞∑

n=1

{n[ai,n cos(nϕi ) + bi,n sin(nϕi )] + (n + 1 − κi )[ci,n cos(nϕi) + di,n sin(nϕi )]}, (20e)

2μ0

Ri
utot

out,r (ri = Ri, ϕi|aout) = −1

4

(
σ ext

xx + σ ext
yy

)
(1 − κ0) + 1

2
(σ ext

xx − σ ext
yy ) cos(2ϕi ) + σ ext

xy sin(2ϕi)−Ai,0

+
∞∑

n=1

{n[Ai,n cos(nϕi ) + Bi,n sin(nϕi )] + (n − 1 + κ0)[Ci,n cos(nϕi ) + Di,n sin(nϕi )]}

−
∑
j �=i

∞∑
n=2

R2
j R

n−2
i

an
i j

n
[

cos(nϕi) f n
c (Rj/ai j, θi j |a j,out ) + sin(nϕi) f n

s (Rj/ai j, θi j |a j,out )
]

−
∑
j �=i

∞∑
n=0

R2
j R

n
i

an+2
i j

(n + 1 − κ0)
[

cos(nϕi)g
n
c(Rj/ai j, θi j |a j,out ) + sin(nϕi )g

n
s (Rj/ai j, θi j |a j,out )

]

−
N∑

j=1

∞∑
n=2

R2
j R

n−2
i

a∗n
i j

n
[

cos(nϕi) f n
c (Rj/a∗

i j, θ
∗
i j |a∗

j,out ) + sin(nϕi) f n
s (Rj/a∗

i j, θ
∗
i j |a∗

j,out )
]

−
N∑

j=1

∞∑
n=0

R2
j R

n
i

a∗n+2
i j

(n+1−κ0)
[

cos(nϕi )g
n
c(Rj/a∗

i j, θ
∗
i j |a∗

j,out )+ sin(nϕi )g
n
s (Rj/a∗

i j, θ
∗
i j |a∗

j,out )
]
, (20f)
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2μi

Ri
utot

in,ϕ (ri = Ri, ϕi|ai,in ) = −1

2

(
σ ext

xx − σ ext
yy

)
sin(2ϕi ) + σ ext

xy cos(2ϕi )

+
∞∑

n=1

{n[ai,n sin(nϕi ) − bi,n cos(nϕi)] + (n + 1 + κi )[ci,n sin(nϕi ) − di,n cos(nϕi )]}, (20g)

2μ0

Ri
utot

out,ϕ (ri = Ri, ϕi|aout) = −1

2

(
σ ext

xx − σ ext
yy

)
sin(2ϕi ) + σ ext

xy cos(2ϕi )

+
∞∑

n=1

{n[Ai,n sin(nϕi ) − Bi,n cos(nϕi )] + (n − 1 − κ0)[Ci,n sin(nϕi) − Di,n cos(nϕi )]}

+
∑
j �=i

∞∑
n=2

R2
j R

n−2
i

an
i j

n
[

sin(nϕi ) f n
c (Rj/ai j, θi j |a j,out ) − cos(nϕi ) f n

s (Rj/ai j, θi j |a j,out )
]

+
∑
j �=i

∞∑
n=0

R2
j R

n
i

an+2
i j

(n + 1 + κ0)
[

sin(nϕi )g
n
c(Rj/ai j, θi j |a j,out ) − cos(nϕi )g

n
s (Rj/ai j, θi j |a j,out )

]

+
N∑

j=1

∞∑
n=2

R2
j R

n−2
i

a∗n
i j

n
[

sin(nϕi ) f n
c (Rj/a∗

i j, θ
∗
i j |a∗

j,out ) − cos(nϕi ) f n
s (Rj/a∗

i j, θ
∗
i j |a∗

j,out )
]

+
N∑

j=1

∞∑
n=0

R2
j R

n
i

a∗n+2
i j

(n + 1 + κ0)
[

sin(nϕi)g
n
c(Rj/a∗

i j, θ
∗
i j |a∗

j,out ) − cos(nϕi )g
n
s (Rj/a∗

i j, θ
∗
i j |a∗

j,out )
]
.

(20h)

In the above equations, terms with coefficients σ ext
xx , σ ext

yy ,
and σ ext

xy correspond to χext(ri, ϕi ), terms with coefficients
ai,n, bi,n, ci,n, di,n correspond to χin(ri, ϕi|ai,in ), terms with
coefficients Ai,n, Bi,n, Ci,n, Di,n correspond to χout(ri, ϕi|ai,out ),
terms with factors ai j correspond to χout(r j, ϕ j |a j,out ), and
terms with factors a∗

i j correspond to I[χout(r j, ϕ j |a j,out )]. We
introduced the shear modulus μi = Ei/[2(1 + νi )] and the
Kolosov’s constant κi for the ith inclusion, where the value of
Kolosov’s constant is κi = (3 − νi )/(1 + νi ) for plane stress
and κi = 3 − 4νi for plane strain conditions [46]. Similarly,
we define the shear modulus μ0 = E0/[2(1 + ν0)] and the
Kolosov’s constant κ0 for the elastic matrix.

The boundary conditions in Eq. (14) have to be satisfied
at every point (ϕi) on the circumference of the ith inclusion.
Thus the coefficients of Fourier modes {1, cos(nϕi ), sin(nϕi )}
have to match in the expansions of tractions and displace-
ments in Eq. (20). This enables us to construct a matrix
equation for the set of induced multipoles {ai,out, ai,in} in the
form (see also Fig. 4)(

Mtrac
out,i j + M∗trac

out,i j, Mtrac
in,i j

Mdisp
out,i j + M∗disp

out,i j, Mdisp
in,i j

)(
a j,out

a j,in

)
=
( 0

bdisp
i

)
, (21)

where the summation over inclusions j is implied. The top
and bottom rows of matrix M in the above equation are ob-
tained from the boundary conditions in Eq. (14) for tractions
(superscript “trac”) and displacements (superscript “disp”),
respectively. The left and right columns of matrix M describe
the effect of induced multipoles a j,out and a j,in, respectively.
Matrices M∗

i j describe interactions between the ith inclusion
and the image of the jth inclusion; these are new compared to
the companion paper [41]. Note that each inclusion interacts
with its image as well as with images of other inclusions.

The entries in matrices Mtrac
out,ii, M∗trac

out,ii, and Mtrac
in,ii for the ith

inclusion are numbers that depend on the degrees of induced
multipoles. The entries in matrices Mdisp

out,ii, M∗disp
out,ii, and Mdisp

in,ii
for the ith inclusion depend on the degrees of induced multi-
poles, the radius of inclusion Ri and the material properties of
the inclusion (μi, κi) and elastic matrix (μ0, κ0). Additionally,
the entries in matrices M∗trac

out,ii and M∗disp
out,ii also depend on the

distance hi from the center of the ith inclusion to the boundary.
Matrices Mtrac

out,i j and Mdisp
out,i j encode the interactions between

inclusions i and j. The entries in these matrices depend on
the degrees of induced multipoles, the radii Ri and Rj of
inclusions, the angle θi j , and the separation distance ai j be-
tween inclusions (see Fig. 3). In addition to that, the entries
in matrix Mdisp

out,i j also depend on the material properties of the

elastic matrix (μ0, κ0). Matrices M∗trac
out,i j and M∗disp

out,i j describe
the interaction between the ith inclusion and the image of the
jth inclusion. These matrices depend on the degrees of image
multipoles, the radii Ri and Rj of inclusions, the distance h j

from the center of the jth inclusion to the boundary, the angle
θ*

i j , and the separation distance a∗
i j between the ith inclusion

and the image of the jth inclusion (see Fig. 3). Matrices
M∗disp

out,i j additionally depend on the material properties of the
elastic matrix (μ0, κ0). Note that the other matrices are zero,
i.e., Mtrac

in,i j = Mdisp
in,i j = 0. The entries in vector bdisp

i depend
on the magnitude of external stresses (σ ext

xx , σ ext
yy , σ ext

xy ), the
degrees of induced multipoles, the radius of inclusion Ri, and
the material properties of the inclusion (μi, κi) and elastic
matrix (μ0, κ0). Note that in bdisp

i the only nonzero entries are
the ones that correspond to Fourier modes 1, cos(2ϕi), and
sin(2ϕi ).

To numerically solve the system of equations for induced
multipoles in Eq. (21) we truncate the multipole expansion
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FIG. 4. Structure of the system of Eqs. (21) for the amplitudes of induced multipoles ai,out, ai,in for inclusions i ∈ {1, . . . , N}. The matrix
M is divided into 4N2 blocks, where blocks Mtrac

in,i j and Mtrac
out,i j + M∗trac

out,i j correspond to the boundary conditions for tractions around the

circumference of the ith inclusion in Eqs. (14a) and (14b), and blocks Mdisp
in,i j and Mdisp

out,i j + M∗disp
out,i j correspond to the boundary conditions

for displacements around the circumference of the ith inclusion in Eqs. (14c) and (14d). The red boxes mark blocks with i �= j that account for
the interactions between different inclusions. The effect of external stresses is contained in vectors bdisp

i . See text for the detailed description
of elements represented in this system of equations.

at degree nmax. For each inclusion i, there are 4nmax − 1
unknown amplitudes of multipoles ai,out = {Ai,0, Ai,1, . . . ,

Ai,nmax , Bi,1, Bi,2, . . . , Bi,nmax , Ci,2,Ci,3, . . . ,Ci,nmax , Di,2, Di,3,

. . . , Di,nmax} and 4nmax − 1 unknown amplitudes of
multipoles ai,in = {ai,2, ai,3, . . . , ai,nmax , bi,2, bi,3, . . . , bi,nmax ,

ci,0, ci,1, . . . , ci,nmax , di,1, di,2, . . . , di,nmax}. Furthermore,
we truncate the series for the Airy stress function
of image multipoles I[χout(ri, ϕi|ai,out )] in Eq. (9)
as well as the Taylor expansions for the Airy
stress functions χout(r j (ri, ϕi ), ϕ j (ri, ϕi )|a j,out) and
I[χout(r j (ri, ϕi ), ϕ j (ri, ϕi )|a j,out)] in Eq. (18) at the same
order nmax. By matching the coefficients of Fourier
modes {1, cos ϕi, sin ϕi, . . . , cos(nmaxϕi ), sin(nmaxϕi )} in
the expansions for tractions and displacements in Eq. (20)
around the circumference of the ith inclusion, we in
principle get 2(2nmax + 1) equations from tractions and
2(2nmax + 1) equations from displacements. However,
the zero Fourier modes for σrϕ and uϕ are equal to zero.
Furthermore, the coefficients of Fourier modes cos ϕi and
sin ϕi are identical for each of the σrr , σrϕ , ur , and uϕ

in Eq. (20). By removing the equations, which do not
provide any new information, the dimensions of matrices
Mtrac

out,i j , M∗trac
out,i j , Mtrac

in,i j , Mdisp
out,i j , M∗disp

out,i j , and Mdisp
in,i j , become

(4nmax − 1) × (4nmax − 1). Thus Eq. (21) describes the

system of N (8nmax − 2) equations for the amplitudes
of induced multipoles {a1,out, a1,in, . . . , aN,out, aN,in}. The
solution of this system of equations gives amplitudes of
induced multipoles, which are linear functions of applied
loads σ ext

xx , σ ext
yy , and σ ext

xy . These amplitudes are then used
to obtain the Airy stress functions χ tot

in (x, y|ai,in ) in Eq. (13)
inside inclusions and χ tot

out(x, y|aout ) in Eq. (11) outside
all inclusions, which enables us to calculate stresses and
displacements everywhere in the structure. The accuracy
of obtained results depends on the number nmax for the
maximum degree of induced multipoles, where larger number
nmax yields more accurate results. In the next sections, we
compare results obtained with the method described above
with linear finite element simulations and experiments.

2. Comparison with linear finite element
simulations and experiments

First, we tested the elastic multipole method for one circu-
lar hole of radius R embedded in a semi-infinite plate (y < 0)
subjected to uniaxial stress σ ext

xx (see Fig. 5). This way we
investigated how a single hole interacts with its image near a
traction-free edge (σ ext

xy (x, 0) = σ ext
yy (x, 0) = 0). Three differ-

ent values of the separation distance h between the center of
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(b) (c) (d)

(h)

(a)

(e) (f) (g)

(i) (j)

FIG. 5. Uniaxial deformation of a semi-infinite elastic plate with a hole near a traction free edge. (a) Schematic image describing the initial
undeformed shape of the structure and the direction of applied load σ ext

xx = −0.11E0, where E0 is the Young’s modulus of the elastic matrix,
its Poisson’s ratio is ν0 = 0.3, and the plane stress condition was used. The radius of the circular hole is R, which is at the distance h from the
traction-free edge. (b)–(d) Contours of deformed holes and deformed boundaries for h/R = 4, 2, and 1.25. Dashed blue lines show the contours
obtained with elastic multipole method for nmax = 10, and green solid lines show the contours obtained from finite element simulations. As
a reference, we include red solid lines that correspond to shapes of holes that are far away from edges (h/R → ∞). (e)–(g) Absolute values
of the amplitudes of induced multipoles aout at the center of the hole for nmax = 10. Amplitudes are normalized, such that Ãn = An/σ

ext
xx ,

B̃n = Bn/σ
ext
xx , C̃n = Cn/σ

ext
xx , D̃n = Dn/σ

ext
xx . The dark and light blue colored bars correspond to the positive (An, Bn,Cn, Dn > 0) and negative

(An, Bn,Cn, Dn < 0) amplitudes, respectively. Note that the amplitudes B2m = D2m = A2m+1 = C2m+1 = 0 due to the symmetry of the problem.
(h–j) The normalized errors for displacements εdisp(nmax) (blue dashed lines) and stresses εstress(nmax) (green solid lines) obtained from Eq. (22).
The left column corresponds to results for h/R = 4, the middle column to h/R = 2 and the right column to h/R = 1.25.

the hole and the traction-free edge were considered: h = 4R,
h = 2R, and h = 1.25R. The value of applied uniaxial stress
was σ ext

xx = −0.11E0, where E0 is the Young’s modulus of the
elastic matrix, and we used the plane stress condition with
the value of Kolosov’s constant κ0 = (3 − ν0)/(1 + ν0) and
the Poisson’s ratio ν0 = 0.3. Such large values of external
loads were used only to exaggerate deformations. Note that
in practical experiments these loads would cause nonlinear
deformation.

In Fig. 5 we show the contours of deformed holes and the
amplitudes of induced multipoles aout for different values of
the separation distance h between the center of the hole and
the traction-free edge, where we set nmax = 10. Note that the
amplitudes ain = 0 because the Young’s modulus is zero for
the hole. Results from the elastic multipole method are com-
pared with linear finite element simulations on a rectangular
domain of size 800R × 400R (see Appendix A for details).
When the hole is far from the traction-free edge (h 
 R) it
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interacts very weakly with its image, which can be seen from
the expansion of stresses and displacements in Eq. (20), where
terms describing interactions between the ith inclusions and
its image contain powers of Ri/a∗

ii � 1, where a∗
ii = 2h. This

is the case for the separation distance h = 4R, where we find
that the contour of the hole has elliptical shape [see Fig. 5(b)],
which is characteristic for deformed holes embedded in an
infinite elastic matrix [1,41]. When the hole is moved closer
to the traction-free edge (h = 2R, h = 1.25R) it interacts more
strongly with its image. As a consequence, the contour of
the deformed hole becomes progressively more nonellipti-
cal, approaching a teardrop shape, and the traction-free edge
bulges out near the hole [see Figs. 5(c) and 5(d)]. This is also
reflected in the amplitudes aout of induced multipoles. They
decrease exponentially with the degree of multipoles and de-
crease more slowly when the hole is closer to the traction-free
edge [Figs. 5(e)–5(g)].

To determine the proper number for the maximum
degree nmax of induced multipoles, we performed a conver-
gence analysis for the spatial distributions of displacements
u(nmax )(x, y) and von Mises stress σ

(nmax )
vM (x, y), where σvM =

(σ 2
xx − σxxσyy + σ 2

yy + 3σ 2
xy)1/2. Displacements and von Mises

stresses were evaluated at Np discrete points (xi, y j ) =
(iR/50, jR/50), where i ∈ {−500,−499, . . . , 500} and j ∈
{−1000,−999, . . . , 0} and grid points that lie inside the
hole were excluded. The normalized errors for displace-
ments εdisp(nmax) and stresses εstress(nmax) were obtained by
calculating the relative changes of spatial distributions of
displacements and von Mises stresses when the maximum
degree nmax of induced multipoles is increased by one. The
normalized errors are given by [51]

εdisp(nmax) =
√√√√∑

i, j

[u(nmax+1)(xi, y j ) − u(nmax )(xi, y j )]2

Np
(
d σ ext

vM

/
E0
)2 ,

(22a)

εstress(nmax) =
√√√√∑

i, j

[
σ

(nmax+1)
vM (xi, y j ) − σ

(nmax )
vM (xi, y j )

]2

Np
(
σ ext

vM

)2 .

(22b)

Here, displacements and von Mises stresses are normalized
by the characteristic scales dσ ext

vM/E0 and σ ext
vM, respectively,

where d = 2R is the diameter of the hole, σ ext
vM = |σ ext

xx | is the
value of von Mises stress due to applied load, and E0 is the
Young’s modulus of surrounding elastic matrix. The normal-
ized errors are plotted in Figs. 5(h)–5(j). As the maximum
degree nmax of induced multipoles is increased, the normalized
errors for displacements εdisp(nmax) and stresses εstress(nmax)
decrease exponentially, because the induced elastic multipoles
form the basis for the biharmonic equation. This is akin to
the spectral method, which is exponentially convergent when
the functions and the shapes of boundaries are smooth [51].
Note that the normalized errors decrease more slowly when
the hole is moved closer to the traction-free edge and the
interaction of hole with its image becomes important [see
Figs. 5(h)–5(j)], which is reflected in larger magnitudes of
amplitudes of higher-order multipoles [Figs. 5(e)–5(g)].

Additionally, we compared the results of the elastic multi-
pole method with experiments (see Appendix B for details).
The size of the elastomer sample in the experiment was
100 mm × 100 mm × 25 mm with the hole of diameter 2R =
8.11 mm, and the distance between the center of the hole
and the traction-free edge was h = 6.25 mm [see Fig. 6(a)].
The contour of the deformed hole in the compressed exper-
imental sample under external strain εext

xx = −0.05 (σ ext
xy ≈ 0

due to applied silicone oil to reduce friction) was compared
with those obtained with elastic multipole method and lin-
ear finite element simulation [see Fig. 6(b)]. For the elastic
multipole method, we used external stress σ ext

yy = E0ε
ext
yy and

plane stress condition was assumed since the experimental
sample was free to expand in the out-of-plane direction. Lin-
ear finite element simulation was performed for a 100 mm ×
100 mm 2D structure with a circular hole located at the
center under plane stress condition. In finite element simu-
lation, the sample was compressed by imposing a uniform
displacement in the x-direction on the left and right edges,
while allowing the nodes on these edges to move freely in
the y-direction. The midpoints of the left and right edge
were constrained to prevent rigid body translations in the
y-direction.

The contour of the deformed hole obtained with the ex-
periment matched very well to those obtained with elastic
multipole method (nmax = 10) and finite element simulations
[see Fig. 6(b)]. We also compared the equivalent von Mises
strain field defined as εvM = σvM/E [46] with

εvM =
√

ε2
xx − εxxεyy + ε2

yy + 3ε2
xy + ν

(1−ν)2 (εxx + εyy)2

1 + ν

(23)

that were obtained with elastic multipole method (nmax =
10), finite element simulations and digital image correlation
(DIC) analysis of experiment (see Appendix B). Strain fields
show characteristic features of the induced quadrupoles [see
Figs. 6(c)–6(e)], because they have the largest amplitude and
because the effect of higher-order multipoles decays faster
away from holes and images. The effect of higher-order
multipoles is most pronounced in the region between the
hole and the traction-free edge, where contributions from
both the hole and from its image are important. The strain
fields agree very well between the elastic multipole method
[Fig. 6(c)] and linear finite element simulations [Fig. 6(d)].
The strain fields for experimental samples are qualitatively
similar, but they deviate quantitatively near the hole, as can
be seen from the heat map in Fig. 6(e). The quantitative
comparison of strains at four different points A–D (marked
in Fig. 6) showed a relative error of 1%–4% between elastic
multipole method and finite elements, and a relative error of
1%–10% between elastic multipole method and experiments
(see Table III). The discrepancy between elastic multipole
method and finite element simulations is attributed to the finite
size effects. For the elastic multipole method, we assumed
a semi-infinite domain, while finite domains were modeled
in finite element simulations to mimic experiments. The dis-
crepancy between experiments and elastic multipole method
is attributed to the confounding effects of nonlinear defor-
mation due to moderately large compression (εext

xx = −0.05),
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(a) (b)

0.0

0.4

0.8
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(c) (d) (e)

FIG. 6. Uniaxial horizontal compression of an elastic structure with a hole near a traction-free edge. (a) Schematic image describing the
initial undeformed shape of the structure and applied strain εext

xx = −0.05. The size of the experimental sample was 100 mm × 100 mm ×
25 mm with the hole of diameter 2R = 8.11 mm, and the distance between the center of the hole and the traction-free edge was h = 6.25 mm.
The Young’s modulus of the elastic matrix was E0 = 0.97 MPa, and the Poisson’s ratio was ν0 = 0.49. For linear finite element simulations,
we used a 2D structure of size 100 mm × 100 mm under plane stress condition. The elastic multiple method describes the deformation of a
semi-infinite 2D elastic matrix, where we used the load σ ext

xx = εext
xx E0 and plane stress condition. (b) Contours of deformed holes and traction-

free edges obtained with elastic multipole method (dashed blue lines, nmax = 10), experiments (solid red lines) and finite element simulations
(solid green lines). (c–e) Equivalent von Mises strain fields εvM were obtained with (c) elastic multipole method (nmax = 10), (d) finite element
simulations, and (e) DIC (digital image correlation) analysis of experiments. Strain fields were normalized with the value of the equivalent von
Mises strain εext

vM = |εext
xx | imposed by the applied load. Note that the strain data were corrupted near the edges for this experimental sample due

to oil stains on the speckle patterns near the boundary. For this reason, we omitted the affected border regions (gray) in the heat map (e). Four
marked points A–D were chosen for the quantitative comparison of strains εvM. See Table III for details.

3D deformation due to relatively thick samples, fabrication
imperfections, nonzero friction between the sample and the

TABLE III. Quantitative comparison for the values of equivalent
von Mises strains εvM normalized with the value for the applied
external load εext

vM = |εext
xx | at points A–D (defined in Fig. 6) in com-

pressed samples with one hole near a traction-free edge obtained
with elastic multipole method (EMP), finite element simulations
(FEM) and DIC analysis of experiments (EXP). The relative per-
cent errors between the EMP and FEM were calculated as 100 ×
(ε(EMP)

vM − ε
(FEM)
vM )/ε(FEM)

vM . The relative percent errors between the
EMP and EXP were calculated as 100 × (ε(EMP)

vM − ε
(EXP)
vM )/ε(EXP)

vM .

Strain εvM/εext
vM Error of EMP (%)

Point EMP FEM DIC FEM DIC

A 1.5390 1.4868 1.3998 3.5 9.9
B 0.5782 0.5586 0.5506 3.5 5.0
C 1.1760 1.1406 1.1586 3.1 1.5
D 0.9932 0.9836 0.9792 1.0 1.4

mounting grips of the testing machine, the alignment of cam-
era with the sample (2D DIC system was used), and the
errors resulting from the choice of DIC parameters (see, e.g.,
Refs. [52,53]).

B. Inclusions in an infinite elastic strip with prescribed tractions
along the outer boundary of the strip

In this section, we consider the deformation of an infinite
elastic strip (ya < y < yb) with embedded circular holes and
inclusions by prescribing uniform tractions along the outer
boundary of an elastic strip. The deformation of the elastic
matrix again induces elastic multipoles at the center of holes
and inclusions. However, in this case, the induced multipoles
generate an infinite number of image multipoles, similar to
an infinite number of images for charges between parallel
conductive plates in electrostatics [43]. The effect of all
images can be captured with the integrals introduced by How-
land [54], who considered deformation of an infinite elastic
strip in response to a localized force. Here, however, we take
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FIG. 7. Images of an elastic multipole with the Airy stress function χ0 at position x0 between the two parallel traction-free edges at y = ya

and y = yb. See text for the detailed description.

a different approach, because we would like to explicitly show
the contribution of each image.

To demonstrate how to enumerate all images let us
first consider an elastic multipole with the Airy stress
function χ0 that is at position x0 = (x0, y0) between the
two traction-free edges a and b at y = ya and y = yb (see
Fig. 7). To satisfy the boundary conditions at the edge
a, we first place an image multipole Ia[χ0] ≡ Ia,1[χ0] at
position x∗a,1

0 = (x∗a,1
0 , y∗a,1

0 ) = (x0, 2ya − y0) as discussed
in Sec. III A. This first image ensures that the boundary
conditions at the edge a are satisfied, but the boundary
conditions at the edge b are still violated. To correct this,
we need to place two more images with the Airy stress
functions Ib[χ0] ≡ Ib,1[χ0] and Ib[Ia[χ0]] ≡ Ib,2[χ0]
at positions x∗b,1

0 = (x∗b,1
0 , y∗b,1

0 ) = (x0, 2yb − y0) and
x∗b,2

0 = (x∗b,2
0 , y∗b,2

0 ) = (x0, 2yb − y∗a,1
0 ), respectively. These

two additional images ensure that the boundary conditions at
the edge b are satisfied, but now the boundary conditions
at the edge a are violated. Thus we need to add two
more images with the Airy stress functions Ia[Ib[χ0]] ≡
Ia,2[χ0] and Ia[Ib[Ia[χ0]]] ≡ Ia,3[χ0] at positions x∗a,2

0 =
(x∗a,2

0 , y∗a,2
0 ) = (x0, 2ya − y∗b,1

0 ) and x∗a,3
0 = (x∗a,3

0 , y∗a,3
0 ) =

(x0, 2ya − y∗b,2
0 ), respectively. These two additional images

ensure that the boundary conditions at the edge a are satisfied,
but now the boundary conditions at the edge b are violated.
Thus, we need to keep adding more and more images, which
are getting further and further away from the edges of the
strip (see Fig. 7). The infinite set of images can be constructed
recursively with the Airy stress functions Ia,k+1[χ0] =
Ia[Ib,k[χ0]] and Ib,k+1[χ0] = Ib[Ia,k[χ0]] that are at
positions x∗a,k+1

0 = (x∗a,k+1
0 , y∗a,k+1

0 ) = (x0, 2ya − y∗b,k
0 ) and

x∗b,k+1
0 = (x∗b,k+1

0 , y∗b,k+1
0 ) = (x0, 2yb − y∗a,k

0 ), respectively.
The initial conditions for the recursive relations are
Ia,0[χ0] = Ib,0[χ0] = χ0 and x∗a,0

0 = x∗b,0
0 = (x0, y0).

Below we show how to use this approach to analyze the
deformation of elastic strips with circular inclusions and
holes.

Consider a 2D infinite elastic strip with the Young’s modu-
lus E0 and the Poisson’s ratio ν0 filling the space ya < y <

yb subject to external stress σ ext
xx with traction-free edges a

and b, where the boundary conditions are σyy = σxy = 0 at
y = ya and y = yb. Embedded in the elastic matrix are N
circular inclusions with radii Ri centered at positions xi =
(xi, yi ) with Young’s moduli Ei and Poisson’s ratios νi, where
i ∈ {1, . . . , N}. Holes are described with the zero Young’s
modulus (Ei = 0).

The external load σ ext
xx , represented with the Airy stress

function χext(x, y) = σ ext
xx y2/2, induces elastic multipoles at

the centers of inclusions and holes. The Airy stress function
χout(ri, ϕi|ai,out ) outside the ith inclusion due to the induced
multipoles can be expanded as shown in Eq. (8), where
the origin of polar coordinates (ri, ϕi ) is at the center xi of
ith inclusion and the set of induced multipoles is ai,out =
{Ai,0, Ai,1, . . . , Bi,1, Bi,2, . . . ,Ci,2,Ci,3, . . . , Di,2, Di,3, . . . }.
The induced multipoles ai,out at the center of the ith inclusion
then further induce an infinite set of image multipoles at
positions x∗a,k

i and x∗b,k
i , where k ∈ {1, 2, . . .}, to satisfy

the boundary conditions at the traction-free edges a and b.
The positions of these image multipoles can be generated
recursively as x∗a,k+1

i = (x∗a,k+1
i , y∗a,k+1

i ) = (xi, 2ya − y∗b,k
i )

and x∗b,k+1
i = (x∗b,k+1

i , y∗b,k+1
i ) = (xi, 2yb − y∗a,k

i ) with the
initial conditions x∗a,0

i = x∗b,0
i = xi = (xi, yi ). The Airy stress

functions Ia,k[χout] and Ib,k[χout] of image multipoles for the
ith inclusion can be expanded as

Ia,k[χout(ri, ϕi|ai,out )] = χ∗
out

(
r∗a,k

i , ϕ∗a,k
i |a∗a,k

i,out

)
, (24a)

Ib,k[χout(ri, ϕi|ai,out )] = χ∗
out

(
r∗b,k

i , ϕ∗b,k
i |a∗b,k

i,out

)
, (24b)

where the function χ∗
out is defined in Eq. (9),

the origins of polar coordinates (r∗a,k
i , ϕ∗a,k

i ) and
(r∗b,k

i , ϕ∗b,k
i ) are at x∗a,k

i and x∗b,k
i , respectively, and

the sets of amplitudes of image multipoles are a∗a,k
i,out =

{A∗a,k
i,0 , A∗a,k

i,1 , . . . , B∗a,k
i,0 , B∗a,k

i,1 , . . . , C∗a,k
i,2 , C∗a,k

i,3 , . . . ,

D∗a,k
i,2 , D∗a,k

i,3 , . . . } and a∗b,k
i,out = {A∗b,k

i,0 , A∗b,k
i,1 , . . ., B∗b,k

i,0 ,

B∗b,k
i,1 , . . . ,C∗b,k

i,2 ,C∗b,k
i,3 , . . ., D∗b,k

i,2 , D∗b,k
i,3 , . . . }. The amplitudes

of image multipoles a∗a,k
i,out and a∗b,k

i,out are related to the
amplitudes ai,out of induced multipoles at the center of the ith
inclusion, and they can be generated recursively. The initial
conditions for recursive relations are a∗a,0

i,out = a∗b,0
i,out = ai,out,

and the amplitudes of image multipoles a∗a,k+1
i,out and a∗b,k+1

i,out

are related to the amplitudes of image multipoles a∗b,k
i,out and

a∗a,k
i,out as

A∗a,k+1
i,n =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

−A∗b,k
i,0 , n = 0,

−(n + 1)A∗b,k
i,n − (n + 2)C∗b,k

i,n+2

−2(n − 1)α∗b,k
i B∗b,k

i,n−1

−2(2n + 1)α∗b,k
i D∗b,k

i,n+1

+4(n − 1)
(
α∗b,k

i

)2
C∗b,k

i,n ,

n � 1,

(25a)
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B∗a,k+1
i,n =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, n = 0,

+2B∗b,k
i,1 + 3D∗b,k

i,3 + 2α∗b,k
i A∗b,k

i,0

−6α∗b,k
i C∗b,k

i,2 ,
n = 1,

+(n + 1)B∗b,k
i,n + (n + 2)D∗b,k

i,n+2

−2(n − 1)α∗b,k
i A∗b,k

i,n−1

−2(2n + 1)α∗b,k
i C∗b,k

i,n+1

−4(n − 1)(α∗b,k
i )2D∗b,k

i,n ,

n � 2,

(25b)

C∗a,k+1
i,n =

⎧⎪⎪⎨
⎪⎪⎩

+C∗b,k
i,2 − A∗b,k

i,0 , n = 2,

+(n − 1)C∗b,k
i,n + (n − 2)A∗b,k

i,n−2

+2(n − 2)α∗b,k
i D∗b,k

i,n−1,
n � 3,

(25c)

D∗a,k+1
i,n =

{
−(n − 1)D∗b,k

i,n − (n − 2)B∗b,k
i,n−2

+2(n − 2)α∗b,k
i C∗b,k

i,n−1,
n � 2,

(25d)

A∗b,k+1
i,n =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

−A∗a,k
i,0 , n = 0,

−(n + 1)A∗a,k
i,n − (n + 2)C∗a,k

i,n+2

−2(n − 1)α∗a,k
i B∗a,k

i,n−1

−2(2n + 1)α∗a,k
i D∗a,k

i,n+1

+4(n − 1)
(
α∗a,k

i

)2
C∗a,k

i,n ,

n � 1,

(25e)

B∗b,k+1
i,n =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, n = 0,

+2B∗a,k
i,1 + 3D∗a,k

i,3 + 2α∗a,k
i A∗a,k

i,0

−6α∗a,k
i C∗a,k

i,2 ,
n = 1,

+(n + 1)B∗a,k
i,n + (n + 2)D∗a,k

i,n+2

−2(n − 1)α∗a,k
i A∗a,k

i,n−1

−2(2n + 1)α∗a,k
i C∗a,k

i,n+1

−4(n − 1)(α∗a,k
i )2D∗a,k

i,n ,

n � 2,

(25f)

C∗b,k+1
i,n =

⎧⎪⎪⎨
⎪⎪⎩

+C∗a,k
i,2 − A∗a,k

i,0 , n = 2,

+(n − 1)C∗a,k
i,n + (n − 2)A∗a,k

i,n−2

+2(n − 2)α∗a,k
i D∗a,k

i,n−1,
n � 3,

(25g)

D∗b,k+1
i,n =

{
−(n − 1)D∗a,k

i,n − (n − 2)B∗a,k
i,n−2

+2(n − 2)α∗a,k
i C∗a,k

i,n−1,
n � 2,

(25h)

where α∗a,k
i = (yb − y∗a,k

i )/Ri and α∗b,k
i = (ya − y∗b,k

i )/Ri.

The total Airy stress function outside all inclusions can
then be written as

χ tot
out(x, y|aout )

= χext(x, y) +
N∑

i=1

χout(ri(x, y), ϕi(x, y)|ai,out)

+
N∑

i=1

∞∑
k=1

Ia,k[χout(ri(x, y), ϕi(x, y)|ai,out)]

+
N∑

i=1

∞∑
k=1

Ib,k[χout(ri(x, y), ϕi(x, y)|ai,out)], (26)

where the first term is due to external stress, the first summa-
tion describes contributions due to induced multipoles at the
centers of inclusions and the last two summations describe
contributions due to images of induced multipoles. The set of
amplitudes of induced multipoles for all inclusions is defined
as aout = {a1,out, . . . , aN,out}.

We also expand the induced Airy stress function
χin(ri, ϕi|ai,in ) inside the ith inclusion, as shown in Eq. (12),
where the set of amplitudes of induced multipoles is ai,in =
{ai,2, ai,3, . . . , bi,2, bi,3, . . . , ci,0, ci,1, . . . , di,1, di,2, . . . }. We
again define the total Airy stress function χ tot

in (x, y|ai,in ) inside
the ith inclusion, which also includes the effect of the external
load (χext) as shown in Eq. (13). The rest of the steps are the
same as the ones described in Sec. III A. The amplitudes of
induced multipoles ai,out and ai,in are obtained by satisfying
the boundary conditions that tractions and displacements
are continuous across the circumference of each inclusion
in Eq. (14), which can be converted to the matrix equation
similar to that in Eq. (21). To numerically solve the matrix
equation we truncate the degrees of multipoles at nmax

as discussed in Sec. III A. Furthermore, we truncate the
summation for the number of images at kmax in Eq. (26).

The elastic multipole method described above was com-
pared with linear finite element simulations and experiments.
Three different configurations of elastic strips with length
L = 100 mm and thickness 25 mm were considered: w =
12.75 mm wide strips with one hole, w = 19.97 mm wide
strips with two holes placed orthogonal to the long axis of the
strip, and w = 20.72 mm wide strips with two holes at 45◦
angle relative to the long axis of the strip [see Figs. 8(a)–8(c)].
The diameter of all holes was d = 8.00 mm. Experiments
were carried out using displacement controlled compressive
and tensile loading (strain εext

xx ), where both ends of the strip
were glued to aluminum plates, while the outer edges of the
strip were free to move (see Appendix B). For the elastic mul-
tipole method, we set the external load to σ ext

xx = E0ε
ext
xx , σ ext

yy =
σ ext

xy = 0 and assumed plane stress condition. For 2D linear
finite element simulations we used plane stress condition
with the same external loads as for elastic multipole method
(see Appendix A). Note that the elastic multipole method
considers infinitely long strips (L → ∞), while the length L
is finite in experiments and simulations. In experiments and
simulations, we observed a slight bending of strips under both
compression and tension because holes were placed asymmet-
rically. However, this bending is not captured by the elastic
multipole method. Bending could in principle be captured by
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(a) (b) (c)

(e) (f)(d)

FIG. 8. Deformation of elastic strips with holes and inclusions. (a)–(f) Schematic images describing the initial undeformed shapes of
structures with holes and the direction of applied strain εext

xx . The Young’s modulus of the elastic matrix is E0 = 0.97 MPa, and Poisson’s
ratio is ν0 = 0.49. Holes are represented with white circles and inclusions with orange circles (Einc = 2.9 GPa, νinc = 0.37). (a)–(f) For each
structure, we show contours of deformed holes, inclusions, and traction-free edges under tensile (left) and compressive (right) loads. Note that
contours are only in the vicinity of deformed holes and inclusions, and they do not span the whole length of samples. Dashed blue lines show
the contours obtained with elastic multipole method for nmax = 10 and kmax = 6. Red and green solid lines show the contours obtained with
experiments and linear finite element simulations, respectively. For all samples the length was L = 100 mm, and the thickness was 25 mm.
The diameters of all inclusions and holes were d = 8.00 mm. Other geometrical properties were (a), (d) h = 7.06 mm, w = 12.75 mm,
(b), (e) h = 5.67 mm, a = 9.49 mm, w = 20.72 mm, and (c), (f) h = 7.56 mm, a = 9.57 mm, w = 19.97 mm. Tensile and compressive loads
were (a) εext

xx = +0.027 and εext
xx = −0.033, (b) εext

xx = +0.027 and εext
xx = −0.029, (c) εext

xx = +0.020 and εext
xx = −0.030, (d) εext

xx = +0.250 and
εext

xx = −0.250, (e) εext
xx = +0.034 and εext

xx = −0.033, (f) εext
xx = +0.038 and εext

xx = −0.033.
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adding additional terms to the Airy stress functions, such as
y3 and xy3 [46], which were omitted in our expansion for
the induced multipoles. Note that the coefficients of these
additional terms cannot be obtained from the continuity of
tractions and displacements across the circumference of inclu-
sions in Eq. (14), but additional equations would be needed,
such as the boundary conditions at the two ends of the strip.
This is beyond the scope of this paper and hence we expect
to observe some errors for the elastic multipole method due to
the neglected bending.

In Figs. 8(a)–8(c) we show contours of deformed holes
obtained with elastic multipole method (nmax = 10, kmax = 6),
linear finite elements, and experiments. The results for all
three different approaches agree very well in the vicinity of
holes where the effect of bending is small. In Fig. 8(a) we
observe more pronounced deformations of the hole and the
outer edges of the strip in the regions where they approach
each other due to the strong interaction between the hole and
its images. This is similar to the deformation of the hole near
the single traction-free edge in Figs. 5 and 6, but here such
deformation is observed on both sides [Fig. 8(a)]. Note that
deformations are more pronounced near the left edge because
the hole is closer to the left edge, and thus the interactions
between the hole and its images become more dominant. In
Figs. 8(b) and 8(c) we observe interactions between holes as
well as interactions between holes and their images, which
is reflected in more pronounced deformations in the regions,
where holes are close to each other, and in the regions, where
holes are close to the outer edges of the strip.

In Figs. 8(d)–8(f) we repeated the analysis, where for
each sample one of the holes was filled with a PMMA rod
that was glued to the elastic matrix with a cyanoacrylate
adhesive. Compared to the base elastic matrix with Young’s
modulus E0 = 0.97 MPa, the PMMA inclusion is very rigid
(Einc = 2.9 GPa). This is reflected in the contours of deformed
samples, where inclusions remain circular, while holes and
traction-free edges are deformed [see Figs. 8(d)–8(f)]. We
observe interactions between holes and inclusions as well as
interactions between them and their images, which is reflected
in more pronounced deformations in the regions, where holes
are close to inclusions, and in the regions, where holes and
inclusions are close to the outer edges of the strip. Note that
for a narrow elastic strip with a single inclusion [see Fig. 8(d)]
we had to apply a very large compressive or tensile strain of
εext

xx = ±25% to observe a notable deformation of the outer
edges of the strip in the vicinity of inclusion. At such large
compressive or tensile loads there was a failure of the glue
between the PMMA rod and the elastic matrix as well as
between the elastic matrix and the outer aluminum plates at
the two ends of the strip. Thus we were not able to perform
experiments in this case. Note that the strip edges near the
rigid inclusion [Fig. 8(d)] bulge in the opposite direction than
the strip edges near holes [e.g., Fig. 8(a)], which is related
to the opposite sign of amplitudes of induced quadrupoles as
discussed in the companion paper [41].

Furthermore, in Fig. 9 we compared the equivalent von
Mises strain obtained with elastic multipole method and lin-
ear finite element simulations for all 6 samples described
above (see Fig. 8). The strain fields obtained with the two
methods agree very well. Note that we were unable to ob-

tain strain fields in experiments because of the delamination
of the spray-painted speckle pattern near the edges of the
strip, which is required for DIC analysis. We observe large
strain concentrations in regions where holes are close to the
traction-free edges, inclusions and other holes. In contrast, we
observe reduced strains in regions where inclusions are close
to free edges. The quantitative comparison of strains at four
different point A–D (marked in Fig. 9) showed a relative error
of 0%–6% (see Table IV). The relative error was the largest
in the regions that were affected by the bending of strips in
finite element simulations, which was neglected in the elastic
multipole method.

Finally, we also comment on the convergence analysis for
spatial distributions of displacements u(nmax,kmax )(x, y) and von
Mises stresses σ

(nmax,kmax )
vM (x, y) as a function of the numbers

nmax for the maximum degree of induced multipoles and kmax

for the maximum number of images. Displacements and von
Mises stresses were evaluated at Np discrete points (xi, y j ) =
(iR/50, jw/200), where i ∈ {−250,−249, . . . , 250} and j ∈
{−100,−99, . . . , 100} and grid points that lie inside holes
and inclusions were excluded. Here, R is the radius of holes
and w is the width of the strip. The normalized errors for
displacements εdisp(nmax, kmax) and stresses εstress(nmax, kmax)
were obtained by calculating the relative changes of spatial
distributions of displacements and von Mises stresses when
the maximum degree nmax of induced multipoles and the max-
imum number kmax of images are both increased by one. The
normalized errors are given by [51]

εdisp(nmax, kmax)

=
√√√√∑

i, j

[
u(nmax+1,kmax+1)(xi, y j ) − u(nmax,kmax )(xi, y j )

]2

Np
(
d σ ext

vM

/
E0
)2 ,

(27a)

εstress(nmax, kmax)

=
√√√√∑

i, j

[
σ

(nmax+1,kmax+1)
vM (xi, y j ) − σ

(nmax,kmax )
vM (xi, y j )

]2

Np
(
σ ext

vM

)2 .

(27b)

Here, displacements and von Mises stresses are normalized
with the characteristic scales dσ ext

vM/E0 and σ ext
vM, respectively,

where d is the diameter of holes, σ ext
vM = |σ ext

xx | is the value
of von Mises stress due to external load, and E0 is the
Young’s modulus of the surrounding elastic matrix. The nor-
malized errors are plotted in Fig. 10 for the elastic strip with
one hole [see Fig. 8(a)]. As the maximum degree nmax of
induced multipoles and the maximum number kmax of im-
ages are increased, the normalized errors for displacements
εdisp(nmax, kmax) and stresses εstress(nmax, kmax) decrease expo-
nentially. As discussed in Sec. III A and in Ref. [41] a higher
number nmax is needed when either holes and inclusions are
close to each other or when holes and inclusions are close
to the boundary. For sufficiently large nmax, the errors are
quite low already for kmax = 1 (see Fig. 10), because the
most dominant interactions occur with the nearest image. The
errors can then be further reduced by increasing the number of
images kmax.
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(a) (b) (c)

(d) (e) (f)

0.0
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FIG. 9. Equivalent von Mises strain fields εvM were obtained with elastic multipole method (nmax = 10, kmax = 6) and linear finite element
simulations. The values of the strain fields εvM were normalized with the value of the equivalent von Mises strain εext

vM = |εext
xx | due to the

external load. The geometrical properties and the magnitudes of applied loads for the samples in (a)–(f) were the same as in Fig. 8. For each
of the samples in (a)–(f), four marked points A–D were chosen for the quantitative comparison of strains εvM. See Table IV for details.

C. Inclusions in a semi-infinite elastic matrix with prescribed
displacements along the outer boundary of the elastic matrix

In this section, we consider the deformation of a semi-
infinite elastic matrix (y < yb) with embedded circular holes
and inclusions by prescribing uniform displacements along

the outer boundary of the elastic matrix. We follow the same
procedure as described in Sec. III A for prescribed uniform
tractions along the outer boundary of the elastic matrix. Defor-
mation of the elastic matrix induces elastic multipoles at the
centers of holes and inclusions, which further induce image

TABLE IV. Quantitative comparison for the values of equivalent von Mises strains εvM normalized with the value for the applied external
load εext

vM = |εext
xx | at points A–D for six different samples defined in Fig. 9 obtained with elastic multipole method (EMP) and finite element

simulations (FEM). The relative percent errors between the EMP and FEM were calculated as ε = 100 × |ε(EMP)
vM − ε

(FEM)
vM |/ε(FEM)

vM .

Sample (a) Sample (b) Sample (c) Sample (d) Sample (e) Sample (f)

Strain εvM/εext
vM Strain εvM/εext

vM Strain εvM/εext
vM Strain εvM/εext

vM Strain εvM/εext
vM Strain εvM/εext

vM

Point EMP FEM ε(%) EMP FEM ε(%) EMP FEM ε(%) EMP FEM ε(%) EMP FEM ε(%) EMP FEM ε(%)

A 0.439 0.454 3.3 0.875 0.883 0.9 0.675 0.692 2.4 1.168 1.154 1.2 1.002 0.952 5.3 1.045 1.005 4.0
B 5.740 6.077 5.5 0.331 0.330 0.2 1.301 1.245 4.5 0.643 0.612 5.0 0.231 0.223 3.6 1.190 1.135 4.9
C 3.783 3.746 1.0 4.561 4.562 0.0 3.311 3.203 3.4 0.273 0.283 3.6 3.443 3.497 1.5 0.496 0.524 5.3
D 0.971 0.984 1.3 5.760 5.803 0.7 4.188 4.308 2.8 1.014 1.004 0.9 1.955 2.020 3.2 2.166 2.141 1.2
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FIG. 10. The normalized errors for (a) displacements εdisp(nmax, kmax) and (b) stresses εstress(nmax, kmax) as defined in Eq. (27) for the
deformation of an elastic strip with a single hole [see Fig. 8(a)].

multipoles in order to satisfy boundary conditions at the outer
edge. The first step is thus to find the appropriate Airy stress
functions for image multipoles. As described in Sec. II, it is
sufficient to find the Airy stress function for the image of
disclination, which can then be used to derive expressions
for the Airy stress functions that correspond to images for all
other elastic multipoles.

Thus we first consider a semi-infinite elastic medium with
Young’s modulus E0 and Poisson’s ratio ν0 filling half-space
y < yb with a disclination with charge s at position x0 =
(x0, y0) = (x0, yb − h), which is at the distance h from the
fixed edge at y = yb. The Airy stress function χ (x) for this
case can be found by solving the equation ��χ = E0sδ(x −
x0) with the boundary conditions ux(x, yb) = uy(x, yb) = 0.
This boundary condition can be achieved by bonding the
elastic matrix to an infinitely rigid material (E → ∞) on the
half-plane (y > yb) at y = yb. Such a problem was previously
considered by Adeerogba in Ref. [50], who demonstrated that
for the eigenstresses in the elastic matrix described with the
Airy stress function χ0(x, y), boundary conditions at the fixed
edge can be satisfied with the addition of the image Airy stress
function

I[χ0(x, y)]

= 1

4

(
1

κ0
− κ0

)∫
dy

∫
dy �χ0(x, 2yb − y)

+ 1

κ0
χ0(x, 2yb − y) − 2

κ0
(y − yb)

∂χ0(x, 2yb − y)

∂y

+ 1

κ0
(y − yb)2�χ0(x, 2yb − y), (28)

where the value of Kolosov’s constant κ0 is (3 − ν0)/(1 + ν0)
for plane stress and 3 − 4ν0 for plane strain condition [46].
The above operator in Eq. (28) works for all elastic multi-
poles except for the disclination (topological monopole), for
which it produces additional uniform stress that has to be sub-
tracted. For the disclination with charge s at position x0 with
the Airy stress function χm(x − x0|s) = E0s

8π
|x − x0|2( ln |x −

x0| − 1/2), we obtain the Airy stress function for its image at

position x∗
0 = (x∗

0, y∗
0 ) = (x0, yb + h) as

8πκ0

E0s
I
[
χm(x − x0|s)

]

= r∗2 ln r∗ +
(
5 + 2κ0 + κ2

0

)
8

r∗2

+
(−9 − κ0 − 7κ2

0 + κ3
0

)
16

r∗2 cos(2ϕ∗)

−
(
1 − κ2

0

)
2

r∗2 ln r∗ cos(2ϕ∗) +
(
1 − κ2

0

)
2

r∗2
ϕ∗ sin(2ϕ∗)

+ 4hr∗ ln r∗ sin ϕ∗ + 4h2 ln r∗, (29)

where (r∗
i = √

(x − x∗
0 )2 + (y − y∗

0 )2, ϕ∗
i = arctan[(y −

y∗
0 )/(x − x∗

0 )]) are polar coordinates centered at the image
of the disclination. Note that the terms r∗2 ln r∗ cos(2ϕ∗)
and r∗2ϕ∗ sin(2ϕ∗) are absent in the Michell solution
for the biharmonic equation [42], but their difference
r∗2 cos(2ϕ∗) ln r∗ − r∗2ϕ∗ sin(2ϕ∗) is harmonic and thus
satisfies the biharmonic equation. The images for all other
multipoles can be obtained by using the operator in Eq. (28)
or by taking appropriate derivatives of the Airy stress function
for the image of disclination as demonstrated in Sec. II.

Now let us consider a 2D semi-infinite elastic matrix with
the Young’s modulus E0 and the Poisson’s ratio ν0 filling
the half-space y < yb subjected to external strain (εext

xx , εext
yy ).

Embedded in the elastic matrix are N circular inclusions
with radii Ri centered at positions xi = (xi, yi ) = (xi, yb −
hi ) with Young’s moduli Ei and Poisson’s ratios νi, where
i ∈ {1, . . . , N} and hi is the distance between the center of
the ith inclusion and the displacement-controlled edge at
y = yb. Holes are described with the zero Young’s modulus
(Ei = 0).

The external strain (εext
xx , εext

yy ) can be described with
the equivalent external stresses σ ext

xx = E0

(1−ν2
0 )

[εext
xx + ν0ε

ext
yy ],

σ ext
yy = E0

(1−ν2
0 )

[εext
yy + ν0ε

ext
xx ] for plane stress condition and

with stresses σ ext
xx = E0

(1+ν0 )(1−2ν0 ) [(1 − ν0)εext
xx + ν0ε

ext
yy ],

σ ext
yy = E0

(1+ν0 )(1−2ν0 ) [(1 − ν0)εext
yy + ν0ε

ext
xx ] for plane strain
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condition. External load represented with the Airy stress
function χext(x, y) = 1

2σ ext
xx y2 + 1

2σ ext
yy x2 then induces

elastic multipoles at the centers of inclusions and holes.
The Airy stress function χout(ri, ϕi|ai,out ) outside the
ith inclusion due to the induced multipoles can be
expanded as shown in Eq. (8), where the origin of polar
coordinates (ri, ϕi ) is at the center xi of the ith inclusion
and the set of amplitudes of induced multipoles is ai,out =
{Ai,0, Ai,1, . . . , Bi,1, Bi,2, . . . , Ci,2,Ci,3, . . . , Di,2, Di,3, . . . }.
The induced elastic multipoles at the center of the ith
inclusion then further induce image multipoles at position
x∗

i = (x∗
i , y∗

i ) = (xi, yb + hi ) to satisfy boundary conditions
at the edge (ux(x, yb) = xεext

xx , uy(x, yb) = ybε
ext
yy ). The Airy

stress function I[χout(ri, ϕi|ai,out )] of image multipoles due
to the ith inclusion can be expanded as shown in Eq. (9),
where the set of amplitudes of image multipoles is a∗

i,out =
{A∗

i,0, A∗
i,1, . . . , B∗

i,0, B∗
i,1, . . . ,C∗

i,2,C∗
i,3, . . . , D∗

i,2, D∗
i,3, . . . }.

The amplitudes a∗
i,out of image multipoles can be obtained

with the help of the image operator in Eq. (28) and they are
related to the amplitudes of induced multipoles ai,out for the
ith inclusion as

A∗
i,n =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

+ 1
κ0

Ai,0 + (− 1
κ0

+ κ0
)
Ci,2, n = 0,

+ (n+1)
κ0

Ai,n + 1
n

[ (n+1)2

κ0
− κ0

]
Ci,n+2

+ 2(n−1)
κ0

hi
Ri

Bi,n−1 + 2(2n+1)
κ0

hi
Ri

Di,n+1

− 4(n−1)
κ0

h2
i

R2
i
Ci,n,

n � 1,

(30a)

B∗
i,n =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(− 1
κ0

+ κ0
)
Di,2, n = 0,

− 2
κ0

Bi,1 − (
4
κ0

− κ0
)
Di,3

− 2
κ0

hi
Ri

Ai,0 + 6
κ0

hi
Ri

Ci,2,
n = 1,

− (n+1)
κ0

Bi,n − 1
n

[ (n+1)2

κ0
− κ0

]
Di,n+2

+ 2(n−1)
κ0

hi
Ri

Ai,n−1 + 2(2n+1)
κ0

hi
Ri

Ci,n+1

+ 4(n−1)
κ0

h2
i

R2
i
Di,n,

n � 2,

(30b)

C∗
i,n =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

− 1
κ0

Ci,2 + 1
κ0

Ai,0, n = 2,

− (n−1)
κ0

Ci,n − (n−2)
κ0

Ai,n−2

− 2(n−2)
κ0

hi
Ri

Di,n−1,
n � 3,

(30c)

D∗
i,n =

{+ (n−1)
κ0

Di,n + (n−2)
κ0

Bi,n−2

− 2(n−2)
κ0

hi
Ri

Ci,n−1,
n � 2. (30d)

The total Airy stress function χ tot
out(x, y|aout ) outside all

inclusions is then the sum of contributions due to external
load, χext(x, y), due to induced multipoles at the center of
the ith inclusion, χout(ri, ϕi|ai,out ), and due to their images,
I[χout(ri, ϕi|ai,out )], as shown in Eq. (11). We also expand
the induced Airy stress function inside the ith inclusion
χin(ri, ϕi|ai,in ), as shown in Eq. (12), and define the total
Airy stress function χ tot

in (ri, ϕi|ai,in) inside the ith inclusion,
which also includes the effect of external load, χext(x, y) as
shown in Eq. (13). The rest of the steps are the same as
those described in Sec. III A. The amplitudes of induced mul-

tipoles ai,out and ai,in are obtained by satisfying the boundary
conditions that tractions and displacements are continuous
across the circumference of each inclusion in Eq. (14), which
can be converted to the matrix equation similar to that
in Eq. (21).

The elastic multipole method described above was tested
for one circular hole of radius R embedded in a semi-infinite
plate (y < 0) subjected to uniaxial strain εext

yy = −0.15 under
plane stress condition [see Fig. 11(a)]. Three different values
of the separation distance h between the center of the hole
and the rigid edge were considered: h = 4R, h = 2R, and h =
R/0.7. In Figs. 11(b)–11(d) we show the contours of deformed
holes for different values of the separation distance h of the
hole from the rigid edge, where we set nmax = 10. When the
hole is far away from the edge (h = 4R) its deformed shape
is elliptical because the interaction of hole with its image is
very weak [see Fig. 11(b)]. However, when the hole is moved
closer to the rigid edge (h = 2R, h = R/0.7), its deformed
shape deviates from the ellipse, because the hole interacts
more strongly with its image [see Figs. 11(c) and 11(d)]. In
particular, for h = R/0.7, the portion of the contour of the
deformed hole facing the rigid edge overlaps with that of the
undeformed hole, whereas the portion of the circumference
of the deformed hole facing away from the rigid edge is still
elliptical. This occurs because displacements near the rigid
edge are very small.

The normalized errors obtained from the convergence anal-
ysis for displacements εdisp(nmax) and stresses εstress(nmax)
are evaluated according to Eq. (22) and they are plotted
in Fig. 11(g). As the maximum degree nmax of induced
multipoles is increased, the normalized errors decrease ex-
ponentially, and they decrease more slowly when the hole is
brought close to the rigid edge and their interaction with its
image becomes important [see Fig. 11(d)].

Results from the elastic multipole method are compared
with linear finite element simulations on a rectangular domain
of size 800R × 400R with prescribed displacements along
the boundary (see Appendix A for details). The contours of
deformed holes in simulations matched very well with those
obtained with the elastic multipole method with nmax = 10
[Figs. 11(b)–11(d)]. We also compared the equivalent von
Mises strain fields εvM [see Eq. (23)] obtained with elas-
tic multipole method [Fig. 11(e)] and linear finite elements
[Fig. 11(f)]. The agreement between the two strain fields
is very good and the quantitative comparison of strains at
four different points A–D [marked in Figs. 11(e) and 11(f)]
showed a relative error of only ∼0.1% (see Table V), which
is much smaller than errors for the example with one hole
near the traction-free edge in Sec. III A. This is because the
sample of size ≈25R × 25R was used for linear finite element
simulations to match the size of the experimental sample
for the traction-free edge case, but here we used a much
larger sample of size 800R × 400R, which better approxi-
mates semi-infinite elastic matrix that is analyzed with the
elastic multipole method. Moreover, the hole was further away
from the rigid edge than for the traction-free case in Sec. III A,
which results in lower amplitudes of induced higher-order
multipoles.

Note that we tried to perform experiments for this case
as well by gluing the edge to aluminum plates. Upon
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(e)

(a)

(f)
2.0

0

1.0

(g)

(b) (c) (d)

FIG. 11. Deformation of a circular hole near a straight rigid edge under external strain. (a) Schematic image describing the initial
undeformed shape of the structure and the direction of applied strain εext

yy = −0.15 (εext
xx = 0). The Poisson’s ratio for the elastic matrix was

ν0 = 0.30. (b)–(d) Contours of deformed holes for R/h = 0.25, 0.5, and 0.7, where R is the hole radius and h is the distance between the
center of the hole and the rigid edge. Dashed blue lines show the contours obtained with elastic multipole method for nmax = 10. Green solid
lines show the contours obtained with linear finite element simulations. As a reference, we include black solid lines that correspond to the
undeformed configurations of holes at their original positions. (e)–(f) Equivalent von Mises strain fields εvM for the case with R/h = 0.7 were
obtained with (e) elastic multipole method (nmax = 10) and (f) linear finite element simulations. Strain fields were normalized with the value of
the equivalent von Mises strain εext

vM = |εext
yy | imposed by external loads. Four marked points A–D were chosen for the quantitative comparison

of strains εvM. See Table V for details. (g) The normalized errors for displacements εdisp(nmax) (blue lines) and stresses εstress(nmax) (green lines)
are defined in Eq. (22).

compression of the sample, we observed a pronounced out-
of-plane deformation in the vicinity of the hole, which is not
captured by the elastic multipole method and by 2D linear

TABLE V. Quantitative comparison for the values of equivalent
von Mises strains εvM normalized with the value for the applied
external load εext

vM = |εext
yy | at points A–D (defined in Fig. 11) in com-

pressed samples with one hole near a rigid edge obtained with elastic
multipole method (EMP) and finite element simulations (FEM). The
relative percent errors between EMP and FEM were calculated as
100 × (ε(EMP)

vM − ε
(FEM)
vM )/ε(FEM)

vM .

Strain εvM/εext
vM

Point EMP FEM ε(%)

A 0.22208 0.22232 0.11
B 1.48299 1.48307 0.02
C 0.55360 0.55369 0.01
D 1.01509 1.01508 0.00

finite element simulations. Hence, we skipped the comparison
with experiments in this case.

D. Inclusions in deformed elastic disks

In this section we consider the deformation of an elastic
disk with embedded circular holes and inclusions by pre-
scribing three different types of boundary conditions at the
outer edge of the disk: hydrostatic stress (σrr �= 0, σrϕ = 0),
no-slip condition (ur �= 0, uϕ = 0), and slip condition (ur �= 0,
σrϕ = 0). Physically, the hydrostatic boundary condition cor-
responds to the uniform pressure applied on the boundary.
The no-slip boundary condition corresponds to prescribing
a uniform radial displacement without any slipping in the
tangential direction, i.e., tangential displacements are zero.
Finally, the slip boundary condition corresponds to the
uniform radial displacement with slipping in the tangen-
tial direction, i.e., the boundary tangential force is zero.
As described in previous sections, the deformation of the
elastic matrix induces elastic multipoles at the centers of
holes and inclusions, which further induce image multi-
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(b)(a)

FIG. 12. Image charges in electrostatics and elasticity for circular geometry. (a) A point electric charge q (green) at distance � from the
center of a circular conductive shell with radius R (dashed blue line) induces an opposite image charge I(q) = −q (red) at the inverse point
at distance �∗ = R2/� to satisfy the boundary condition that the electric field lines (black lines) are orthogonal to the conductive shell. (b) A
disclination with charge s (green) embedded in an elastic disk near a traction-free edge induces an image charge I(s) (red) at the inverse point
to satisfy the boundary conditions at the edge, where tractions must vanish (σrr = σrϕ = 0).

poles to satisfy boundary conditions at the outer edge of the
disk.

Image charges in circular geometries have been con-
sidered in electrostatics, where it is known that a charge
q inside a conductive circular shell of radius R induces
an image charge −q at the inverse point [see Fig. 12(a)]
[43,55], where the charge and the image charge are located
along the same radial line and their distances to the cen-
ter of the conductive circular shell are � and �∗ = R2/�,
respectively. Similarly, a disclination with charge s embed-
ded inside an elastic disk induces image disclination at the
inverse point to satisfy boundary conditions at the edge of
the elastic disk [see Fig. 12(b)]. Using the method described
below, we can show that for a disclination with the Airy
stress function χm(r0, ϕ0|s) = E0s

8π
r2

0 (ln r0 − 1/2) embedded
inside an elastic disk with Young’s modulus E0 and traction-
free boundary (σrr = σrϕ = 0), the induced image charge
is described with the Airy stress function I[χm(r0, ϕ0|s)] =
E0s
8π

{ − r∗
0

2(ln r∗
0 − 1/2) − 2(�∗ − �)r∗

0 ln r∗
0 cos(ϕ∗ − θ ) −

(�∗ − �)2 ln r∗
0 − [1 − �2/R2 + 2 ln(�/R)]r∗

0
2/2}. Here, the

origins of polar coordinates (r, ϕ), (r0, ϕ0), and (r∗
0 , ϕ∗

0 ) are
at the center of the elastic disk, at the position of disclination
(r = �, ϕ = θ ), and at the position of its image (r = �∗, ϕ =
θ ), respectively. The expressions for the Airy stress func-
tions for images of all other multipoles can then be obtained
similarly as discussed in Sec. II or by using the compact
expression for the image operator I that was derived by Og-
bonna in Ref. [56]. While compact analytical expressions for
the images of disclination are possible to obtain for traction-
free and no-slip boundary conditions, this is not possible for
the slip boundary condition. Below we describe how images
multipoles can be systematically obtained for all boundary
conditions by following the standard procedure from electro-
statics [55].

Now let us consider a 2D elastic disk of radius R with
the Young’s modulus E0 and the Poisson’s ratio ν0. Embed-
ded in the disk are N circular inclusions of radii Ri with
Young’s moduli Ei, Poisson’s ratios νi, where i ∈ {1, . . . , N}.
They are centered at positions xi = (r = �i, ϕ = θi ), where

�i is the distance from the center of the ith inclusion to
the center of the disk. Holes are described with the zero
Young’s modulus (Ei = 0). As discussed above, we con-
sider three different loading conditions: hydrostatic stress
(σrr (r = R, ϕ) = σ ext

rr , σrϕ (r = R, ϕ) = 0), no-slip condition
(ur (r = R, ϕ) = uext

r , uϕ (r = R, ϕ) = 0), and slip condition
(ur (r = R, ϕ) = uext

r , σrϕ (r = R, ϕ) = 0). In the absence of
inclusions, all three loading conditions are equivalent, i.e.,
they produce identical isotropic deformation (displacements,
stresses) of disk described with the Airy stress function
χext(r, ϕ) = 1

2σ ext
rr r2, where the radial displacement uext

r at
the edge of the disk is related to the radial stress σ ext

rr as
uext

r = (κ0 − 1)σ ext
rr R/(4μ0). Here μ0 = E0/[2(1 + ν0)] is the

shear modulus and the value of Kolosov’s constant κ0 for
plane stress is κ0 = (3 − ν0)/(1 + ν0) and for plane strain is
κ0 = 3 − 4ν0.

External stress induces elastic multipoles at the centers
of inclusions. Thus the Airy stress function outside the ith
inclusion due to the induced multipoles can be expanded as

χout
(
ri, ϕi|ai,out

)
= Ai,0R2

i ln

(
ri

Ri

)

+
∞∑

n=1

R2
i

(
ri

Ri

)−n

[Ai,n cos(nϕi ) + Bi,n sin(nϕi )]

+
∞∑

n=2

R2
i

(
ri

Ri

)−n+2

[Ci,n cos(nϕi ) + Di,n sin(nϕi )],

(31)
where the origin of polar coordinates (ri, ϕi ) is at
the center xi of the ith inclusion with radius Ri and
the set of amplitudes of induced multipoles is ai,out =
{Ai,0, Ai,1, . . . , Bi,1, Bi,2, . . . , Ci,2, Ci,3, . . . , Di,2, Di,3, . . . }.
To satisfy boundary conditions at the outer edge of
disk these multipoles further induce image multipoles
I[χout(ri, ϕi|ai,out )]. Since the boundary conditions have to
be satisfied at the outer edge of the elastic disk, it is more
convenient to expand all Airy stress functions with respect to
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the polar coordinates (r, ϕ) centered at the origin of the disk.
Polar coordinates (ri, ϕi ) centered at the ith inclusion can be
expressed in terms of polar coordinates centered at the disk as
ri(r, ϕ) = [r2 + �2

i − 2r�i cos(ϕ − θi )]
1/2

and ϕi(r, ϕ) = π +

θi − arctan {[r sin(ϕ − θi )]/[� − r cos(ϕ − θi )]}. Since we are
interested in the region where r → R we expand the Airy
stress functions χout(ri(r, ϕ), ϕi(r, ϕ)|ai,out) in terms of powers
of �i/r < 1 as

χout(ri(r, ϕ), ϕi(r, ϕ)|ai,out) = χout
(
r, ϕ|ad

i,out

)
,

χout(ri(r, ϕ), ϕi(r, ϕ)|ai,out) = Ad
i,0R2

i ln

(
r

Ri

)
+

∞∑
n=1

R2
i

(
r

Ri

)−n[
Ad

i,n cos(nϕ) + Bd
i,n sin(nϕ)

]

+
∞∑

n=2

R2
i

(
r

Ri

)−n+2[
Cd

i,n cos(nϕ) + Dd
i,n sin(nϕ)

]
, (32)

where the amplitudes ad
i,out = {Ad

i,0, Ad
i,1, . . . , Bd

i,1, Bd
i,2, . . . ,Cd

i,2,Cd
i,3, . . . , Dd

i,2,Cd
i,3, . . . } relative to the center of disk are related

to the amplitudes ai,out relative to the center of the ith inclusion as

Ad
i,n =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Ai,0, n = 0,

+∑n
m=1

(n−1
m−1

)(
�i
Ri

)n−m{Ai,m cos[(n − m)θi] − Bi,m sin[(n − m)θi]}
+∑n+1

m=2

(n−1
m−2

)(
�i
Ri

)n−m+2{−Ci,m cos[(n − m)θi] + Di,m sin[(n − m)θi]}
− 1

n

(
�i
Ri

)n
Ai,0 cos(nθi ),

n � 1,
(33a)

Bd
i,n =

⎧⎪⎪⎨
⎪⎪⎩

+∑n
m=1

(n−1
m−1

)(
�i
Ri

)n−m{Ai,m sin[(n − m)θi] + Bi,m cos[(n − m)θi]}
+∑n+1

m=2

(n−1
m−2

)(
�i
Ri

)n−m+2{−Ci,m sin[(n − m)θi] − Di,m cos[(n − m)θi]}
− 1

n

(
�i
Ri

)n
Ai,0 sin(nθi ),

n � 1, (33b)

Cd
i,n = {∑n

m=2

(n−2
m−2

)(
�i
Ri

)n−m{Ci,m cos[(n − m)θi] − Di,m sin[(n − m)θi]}, n � 2, (33c)

Di,n = {∑n
m=2

(n−2
m−2

)(
�i
Ri

)n−m{Ci,m sin[(n − m)θi] + Di,m cos[(n − m)θi]}, n � 2. (33d)

Image multipoles I[χout(ri(r, ϕ), ϕi(r, ϕ)|ai,out)] for the ith inclusion are at positions x∗
i = (r = �∗

i , ϕ = θi ), where �∗
i = R2/�i >

R. Thus their Airy stress function is expanded in terms of powers r/�∗
i as

I[χout(ri(r, ϕ), ϕi(r, ϕ)|ai,out)] = χin
(
r, ϕ|a∗d

i,out

)
,

I[χout(ri(r, ϕ), ϕi(r, ϕ)|ai,out)] = c∗d
i,0r2 +

∞∑
n=2

R2
i

(
r

Ri

)n[
a∗d

i,n cos(nϕ) + b∗d
i,n sin(nϕ)

]

+
∞∑

n=1

R2
i

(
r

Ri

)n+2[
c∗d

i,n cos(nϕi ) + d∗d
i,n sin(nϕ)

]
, (34)

where the amplitudes of image multipoles relative to the disk center are a∗d
i,out = {a∗d

i,2, a∗d
i,3, . . . , b∗d

i,2, b∗d
i,3, . . . , c∗d

i,0, c∗d
i,1, . . . ,

d∗d
i,1 , d∗d

i,2 , . . . } and factors of �∗
i /Ri are absorbed in the amplitudes a∗d

i,out. The amplitudes of image multipoles a∗d
i,out are related

to the amplitudes of induced multipoles ad
i,out, such that the boundary conditions for tractions and displacements at the edge of

the disk are satisfied. To evaluate tractions and displacements at the edge we define the total Airy stress function outside all
inclusions as

χ tot
out(r, ϕ|aout) = χext(r, ϕ) +

N∑
i=1

χout(ri(r, ϕ), ϕi(r, ϕ)|ai,out) +
N∑

i=1

I[χout(ri(r, ϕ), ϕi(r, ϕ)|ai,out)],

χ tot
out(r, ϕ|aout) = χext(r, ϕ) +

N∑
i=1

R2
i

[
Ad

i,0 ln

(
r

Ri

)
+ c∗d

i,0

(
r

Ri

)2]

+
N∑

i=1

∞∑
n=1

R2
i

[
Ad

i,n

(
r

Ri

)−n

+ Cd
i,n

(
r

Ri

)−n+2

+ a∗d
i,n

(
r

Ri

)n

+ c∗d
i,n

(
r

Ri

)n+2]
cos(nϕ)

+
N∑

i=1

∞∑
n=1

R2
i

[
Bd

i,n

(
r

Ri

)−n

+ Dd
i,n

(
r

Ri

)−n+2

+ b∗d
i,n

(
r

Ri

)n

+ d∗d
i,n

(
r

Ri

)n+2]
sin(nϕ), (35)
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where we set a∗d
i,1 = b∗d

i,1 = Cd
i,1 = Dd

i,1 = 0. With the help of Table I, we then evaluate tractions and displacements as

σ out
tot,rr (r = R, ϕ|aout ) = σ ext

rr +
N∑

i=1

[
Ad

i,0

(
R

Ri

)−2

+ 2c∗d
i,0

]
+

N∑
i=1

∞∑
n=1

[
−n(n + 1)Ad

i,n

(
R

Ri

)−n−2

− (n − 1)(n + 2)Cd
i,n

(
R

Ri

)−n

− n(n − 1)a∗d
i,n

(
R

Ri

)n−2

− (n + 1)(n − 2)c∗d
i,n

(
R

Ri

)n
]

cos(nϕ)

+
N∑

i=1

∞∑
n=1

[
−n(n + 1)Bd

i,n

(
R

Ri

)−n−2

− (n − 1)(n + 2)Dd
i,n

(
R

Ri

)−n

−n(n − 1)b∗d
i,n

(
R

Ri

)n−2

− (n + 1)(n − 2)d∗d
i,n

(
R

Ri

)n
]

sin(nϕ), (36a)

σ out
tot,rϕ (r = R, ϕ|aout ) = +

N∑
i=1

∞∑
n=1

[
−n(n + 1)Ad

i,n

(
R

Ri

)−n−2

− n(n − 1)Cd
i,n

(
R

Ri

)−n

+ n(n − 1)a∗d
i,n

(
R

Ri

)n−2

+ n(n + 1)c∗d
i,n

(
R

Ri

)n
]

sin(nϕ) +
N∑

i=1

∞∑
n=1

[
n(n + 1)Bd

i,n

(
R

Ri

)−n−2

+ n(n − 1)Dd
i,n

(
R

Ri

)−n

−n(n − 1)b∗d
i,n

(
R

Ri

)n−2

− n(n + 1)d∗d
i,n

(
R

Ri

)n
]

cos(nϕ), (36b)

2μ0

R
uout

tot,r (r = R, ϕ|aout ) = 2μ0

R

(
uext

r + ux cos ϕ + uy sin ϕ
) +

N∑
i=1

[
−Ad

i,0

(
R

Ri

)−2

+ (κ0 − 1)c∗d
i,0

]

+
N∑

i=1

∞∑
n=1

[
nAd

i,n

(
R

Ri

)−n−2

+ (κ0 + n − 1)Cd
i,n

(
R

Ri

)−n

− na∗d
i,n

(
R

Ri

)n−2

+ (κ0 − n − 1)c∗d
i,n

(
R

Ri

)n
]

cos(nϕ) +
N∑

i=1

∞∑
n=1

[
nBd

i,n

(
R

Ri

)−n−2

+ (κ0 + n − 1)Dd
i,n

(
R

Ri

)−n

−nb∗d
i,n

(
R

Ri

)n−2

+ (κ0 − n − 1)d∗d
i,n

(
R

Ri

)n
]

sin(nϕ), (36c)

2μ0

R
uout

tot,ϕ (r = R, ϕ|aout ) = 2μ0

R
(−ux sin ϕ + uy cos ϕ) +

N∑
i=1

∞∑
n=1

[
nAd

i,n

(
R

Ri

)−n−2

− (κ0 − n + 1)Cd
i,n

(
R

Ri

)−n

+na∗d
i,n

(
R

Ri

)n−2

+ (κ0 + n + 1)c∗d
i,n

(
R

Ri

)n
]

sin(nϕ) +
N∑

i=1

∞∑
n=1

[
−nBd

i,n

(
R

Ri

)−n−2

+ (κ0 − n + 1)Dd
i,n

(
R

Ri

)−n

− nb∗d
i,n

(
R

Ri

)n−2

− (κ0 + n + 1)d∗d
i,n

(
R

Ri

)n
]

cos(nϕ), (36d)

where terms containing σ ext
rr and uext

r correspond to χext(r, ϕ), terms with coefficients Ad
i,n, Bd

i,n, Cd
i,n, Dd

i,n correspond to
χout(ri, ϕi|ai,out ), and terms with coefficients a∗d

i,n, b∗d
i,n, c∗d

i,n, d∗d
i,n correspond to I[χout(ri, ϕi|ai,out )]. We also included displace-

ments ux and uy due to a rigid body translation and introduced the shear modulus μi = Ei/[2(1 + νi )] and the Kolosov’s constant
κi for the ith inclusion, where the value of Kolosov’s constants is κi = (3 − νi )/(1 + νi ) for plane stress and κi = 3 − 4νi for
plane strain conditions [46]. Similarly, we define the shear modulus μ0 = E0/[2(1 + ν0)] and the Kolosov’s constant κ0 for the
elastic matrix of the disk.
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For the hydrostatic stress boundary condition, we re-
quire that σ out

tot,rr (r = R, ϕ|aout ) = σ ext
rr in Eq. (36a) and that

σ out
tot,rϕ (r = R, ϕ|aout ) = 0 in Eq. (36b). From this system of

equations we obtain

a∗d
i,n = {

−(n + 1)
(Ri

R

)2n
Ad

i,n − n
(Ri

R

)2n−2
Cd

i,n, n � 2,

(37a)

b∗d
i,n = {

−(n + 1)
(Ri

R

)2n
Bd

i,n − n
(Ri

R

)2n−2
Dd

i,n, n � 2,

(37b)

c∗d
i,n =

{− 1
2

(Ri
R

)2
Ad

i,0, n = 0,

n
(Ri

R

)2n+2
Ad

i,n + (n − 1)
(Ri

R

)2n
Cd

i,n, n � 1,

(37c)

d∗d
i,n = {

n
(Ri

R

)2n+2
Bd

i,n + (n − 1)
(Ri

R

)2n
Dd

i,n, n � 1. (37d)

For the no-slip boundary condition, we require that
uout

tot,r (r = R, ϕ|aout ) = uext
r in Eq. (36c) and that uout

tot,ϕ (r =
R, ϕ|aout ) = 0 in Eq. (36d). From this system of equations we
obtain

a∗d
i,n =

{
1
κ0

(n + 1)
(Ri

R

)2n
Ad

i,n

+ 1
nκ0

(n2 + κ2
0 − 1)

(Ri
R

)2n−2
Cd

i,n

, n � 2, (38a)

b∗d
i,n =

{
1
κ0

(n + 1)
(Ri

R

)2n
Bd

i,n

+ 1
nκ0

(n2 + κ2
0 − 1)

(Ri
R

)2n−2
Dd

i,n

, n � 2, (38b)

c∗d
i,n =

⎧⎪⎪⎨
⎪⎪⎩

1
(κ0−1) A

d
i,0

(Ri
R

)2
, n = 0,

− 1
κ0

n
(Ri

R

)2n+2
Ad

i,n

− 1
κ0

(n − 1)
(Ri

R

)2n
Cd

i,n

, n � 1,
(38c)

d∗d
i,n =

{
− 1

κ0
n
(Ri

R

)2n+2
Bd

i,n

− 1
κ0

(n − 1)
(Ri

R

)2n
Dd

i,n

, n � 1, (38d)

ux =
N∑

i=1

− 2

κ0

Ri

2μ0

(Ri

R

)2

Ad
i,1, (38e)

uy =
N∑

i=1

− 2

κ0

Ri

2μ0

(Ri

R

)2

Bd
i,1. (38f)

For the slip boundary conditions, we require that uout
tot,r (r =

R, ϕ|aout ) = uext
r in Eq. (36c) and that σ out

tot,rϕ (r = R, ϕ|aout ) =
0 in Eq. (36b). From this system of equations we obtain

a∗d
i,n =

{
(n+1)(κ0−1)

[κ0(n−1)+n+1]

(Ri
R

)2n
Ad

i,n

+ 2nκ0
[κ0(n−1)+n+1]

(Ri
R

)2n−2
Cd

i,n

, n � 2, (39a)

b∗d
i,n =

{
(n+1)(κ0−1)

[κ0(n−1)+n+1]

(Ri
R

)2n
Bd

i,n

+ 2nκ0
[κ0(n−1)+n+1]

(Ri
R

)2n−2
Dd

i,n

, n � 2, (39b)

c∗d
i,n =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
(κ0−1) A

d
i,0

(Ri
R

)2
, n = 0,

2n
[κ0(n−1)+n+1]

(Ri
R

)2n+2
Ad

i,n

+ (n−1)(1−κ0 )
[κ0(n−1)+n+1]

(Ri
R

)2n
Cd

i,n

, n � 1,
(39c)

d∗d
i,n =

{
2n

[κ0(n−1)+n+1]

(Ri
R

)2n+2
Bd

i,n

+ (n−1)(1−κ0 )
[κ0(n−1)+n+1]

(Ri
R

)2n
Dd

i,n

, n � 1, (39d)

ux =
N∑

i=1

(1 − κ0)
Ri

2μ0

(Ri

R

)2

Ad
i,1, (39e)

uy =
N∑

i=1

(1 − κ0)
Ri

2μ0

(Ri

R

)2

Bd
i,1. (39f)

Above we showed how the amplitudes for image mul-
tipoles a∗d

i,out relative to the center of the disk are related
to the amplitudes of induced multipoles ad

i,out, which can
be further expressed in terms of the amplitudes of induced
multipoles ai,out relative to the center of the ith inclusion by
using Eq. (33). In principle we could also expand the Airy
stress function for the image multipoles I[χout(ri, ϕi|ai,out )] =
χ∗

out(r
∗
i , ϕ∗

i |a∗
i,out ) in terms of polar coordinates (r∗

i , ϕ∗
i ) rel-

ative to the center x∗
i of the image of the ith inclusion as

shown in Eq. (9) and we could also relate the amplitudes
a∗d

i,out to the amplitudes a∗
i,out. However, we omit this step,

because we never actually need to evaluate the Airy stress
functions I[χout(r j, ϕ j |a j,out )] with respect to x∗

i , but we need
to expand them around the center xi of the ith inclusion to
evaluate boundary conditions at the edge of that inclusion as
was discussed in details in Sec. III A. The resulting expression
is

I[χout(r j (ri, ϕi ), ϕ j (ri, ϕi )|a j,out)] = χin
(
ri, ϕi|a∗i

j,out

)
,

I[χout(r j (ri, ϕi ), ϕ j (ri, ϕi )|a j,out)] = c∗i
j,0r2

i +
∞∑

n=2

R2
j

(
ri

R j

)n

[a∗i
j,n cos(nϕi ) + b∗i

j,n sin(nϕi )]

+
∞∑

n=1

R2
j

(
ri

R j

)n+2

[c∗i
j,n cos(nϕi ) + d∗i

j,n sin(nϕi )], (40)

where the amplitudes a∗i
j,out of image multipoles relative to the center xi = (r = �i, ϕ = θi ) of the ith inclusion are related to the

amplitudes a∗d
j,out relative to the center of disk as

a∗i
j,n = +

∞∑
m=n

(
m

n

)(
�i

R j

)m−n{
a∗d

j,m cos[(n − m)θi] − b∗d
j,m sin[(n − m)θi]

}

+
∞∑

m=n−1

(
m + 1

n

)(
�i

R j

)m−n+2{
c∗d

j,m cos[(n − m)θi] − d∗d
j,m sin[(n − m)θi]

}
, (41a)

053004-26



METHOD OF IMAGE CHARGES FOR DESCRIBING … PHYSICAL REVIEW E 103, 053004 (2021)

b∗i
j,n = +

∞∑
m=n

(
m

n

)(
�i

R j

)m−n{
a∗d

j,m sin[(n − m)θi] + b∗d
j,m cos[(n − m)θi]

}

+
∞∑

m=n−1

(
m + 1

n

)(
�i

R j

)m−n+2{
c∗d

j,m sin[(n − m)θi] + d∗d
j,m cos[(n − m)θi]

}
, (41b)

c∗i
j,n =

∞∑
m=n

(
m + 1

n + 1

)(
�i

R j

)m−n{
c∗d

j,m cos[(n − m)θi] − d∗d
j,m sin[(n − m)θi]

}
, (41c)

d∗i
j,n =

∞∑
m=n

(
m + 1

n + 1

)(
�i

R j

)m−n{
c∗d

j,m sin[(n − m)θi] + d∗d
j,m cos[(n − m)θi]

}
. (41d)

The rest of the steps are the same as in Sec. III A. We
expand the induced Airy stress function inside ith inclusion
χin(ri, ϕi|ai,in ) as shown in Eq. (12), where the set of
amplitudes of induced multipoles is represented as ai,in =
{ai,2, ai,3, . . . , bi,2, bi,3, . . . , ci,0, ci,1, . . . , di,1, di,2, . . . }. We
again define the total Airy stress function χ tot

in (x, y|ai,in )
inside the ith inclusion, which also includes the effect of the
external load (χext) as shown in Eq. (13). The amplitudes of
induced multipoles ai,out and ai,in are obtained by satisfying
the boundary conditions that tractions and displacements are
continuous across the circumference of each inclusion in
Eq. (14), which can be converted to a matrix equation similar
to that in Eq. (21). The only difference in this procedure is
that we use the above Eq. (40) instead of Eq. (18b) when
expanding the Airy stress functions I[χout(r j, ϕ j |a j,out )] for
the image multipoles around the center xi of the ith inclusion.
To solve the matrix equation numerically, we truncate the
degrees of multipoles at nmax as discussed in Sec. III A.

The elastic multipole method described above was tested
for a compressed elastic disk of diameter D with a sin-
gle circular hole with diameter d = 0.20D for all three
different boundary conditions discussed above under plane
stress condition (see Fig. 13). The distance between the cen-
ter of the hole and the edge of disk was h = 0.14D. In
Figs. 13(b)–13(d), we show contours of deformed holes and
disk boundaries for (b) hydrostatic stress, (c) no-slip, and (d)
slip boundary conditions obtained with the elastic multipole
method (nmax = 10), which match very well with the contours
obtained with linear finite element simulations (see Appendix
A for details). For easier comparison between different bound-
ary conditions, we chose the value of the hydrostatic stress
σ ext

rr = 8μ0uext
r /[D(κ0 − 1)] such that the pristine elastic disk

without holes would have the same displacement of the edge
uext

r as was used for the no-slip and slip boundary conditions,
where μ0 = E0/[2(1 + ν0)] is the shear modulus and κ0 =
(3 − ν0)/(1 + ν0) is the Kolosov’s constant for plane stress
condition. For the hydrostatic stress boundary condition in
Fig. 13(b), we observe a pronounced deformation in the region
where the hole is close to the outer edge of the disk, which is
similar to the case of one hole near the traction-free edge in
Fig. 5. For the no-slip boundary condition in Fig. 13(c) we
observe that the hole remains circular in the region where the
hole is close to the outer edge of the disk, which is similar to
the case for one hole near the straight rigid edge in Fig. 11.
For the slip boundary condition in Fig. 13(d) we observe that
the deformation of the hole is more pronounced in the region

where the hole is close to the outer edge of the disk, but
this deformation is not as striking as for the hydrostatic stress
boundary condition in Fig. 13(b).

These observations are also reflected in the amplitudes aout

of induced multipoles at the center of the hole [Figs. 13(e)–
13(g)]. For the hydrostatic stress boundary condition, which
results in the most pronounced deformation of the hole, the
amplitudes of induced multipoles decrease very slowly with
the degree of multipoles [see Fig. 13(e)]. In contrast, the
no-slip boundary condition results in the least pronounced
deformation of the hole and the amplitudes of induced
multipoles decrease much more rapidly with the degree of
multipoles [see Fig. 13(f)]. The results for the slip boundary
condition are somewhere in between [see Fig. 13(g)].

The convergence analysis for the spatial distribu-
tions of displacements u(nmax )(r, ϕ) and von Mises stress
σ

(nmax )
vM (r, ϕ) in the elastic multipole method was used to

asses how many multipoles are needed. Displacements and
von Mises stresses were evaluated at Np discrete points
(ri, ϕ j ) = (iR/500, 2π j/500), where i ∈ {1, 2, . . . , 500} and
j ∈ {0, 1, . . . , 499} and grid points that lie inside the hole
were excluded. The normalized errors for displacements
εdisp(nmax) and stresses εstress(nmax) were obtained by cal-
culating the relative changes of spatial distributions of
displacements and von Mises stresses when the maximum
degree nmax of induced multipoles is increased by one. The
normalized errors are given by [51]

εdisp(nmax) =
√√√√∑

i, j

[u(nmax+1)(ri, ϕ j ) − u(nmax)(ri, ϕ j )]2

Np
(
d σ ext

vM

/
E0
)2 ,

(42a)

εstress(nmax) =
√√√√∑

i, j

[
σ

(nmax+1)
vM (ri, ϕ j ) − σ

(nmax )
vM (ri, ϕ j )

]2

Np
(
σ ext

vM

)2 .

(42b)

Here, displacements and von Mises stresses are normalized
with the characteristic scales dσ ext

vM/E0 and σ ext
vM, respectively,

where d = 2R is the diameter of the hole, σ ext
vM is the value of

von Mises stress due to external load, and E0 is the Young’s
modulus of surrounding elastic matrix. The normalized errors
for displacements εdisp(nmax) and stresses εstress(nmax) for all
three boundary conditions are shown in Figs. 13(h)–13(j). The
normalized errors decrease exponentially with the maximum
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(a) (b) (c) (d)

(e) (f) (g)

(h) (i) (j)

FIG. 13. Deformation of a circular hole near the edge of a deformed elastic disk. (a) Schematic image describing the initial undeformed
shape of the structure and the direction of applied deformation. The Poisson’s ratio for the elastic matrix was ν0 = 0.49 and the Young’s
modulus was E0. Hole is represented with the white circle. Geometrical parameters are d/D = 0.20 and h/D = 0.14. (b)–(d) Contours of
deformed holes and disk boundaries for (b) hydrostatic stress (σ ext

rr = −0.098E0, σ ext
rϕ = 0), (c) no-slip (uext

r = −0.025D, uext
ϕ = 0), and (d) slip

(uext
r = −0.025D, σ ext

rϕ = 0) boundary conditions. For all three cases, plane stress condition was used with the Kolosov’s constant κ0 = (3 −
ν0 )/(1 + ν0 ). Dashed blue lines show the contours obtained with elastic multipole method for nmax = 10. Green solid lines show the contours
obtained from linear finite element simulations. (e)–(g) Absolute values of the amplitudes of induced multipoles aout at the center of hole
obtained with nmax = 10 for (e) hydrostatic stress, (f) no-slip, and (g) slip boundary conditions. The amplitudes are normalized, such that Ãn =
An/σ

ext
rr , B̃n = Bn/σ

ext
rr , C̃n = Cn/σ

ext
rr , D̃n = Dn/σ

ext
rr . For the no-slip and slip boundary conditions we use the relation σ ext

rr = 8μ0uext
r /[D(κ0 −

1)], where μ0 = E0/[2(1 + ν0)] is the shear modulus of elastic material. The dark and light blue colored bars correspond to the positive
(An, Bn,Cn, Dn > 0) and negative (An, Bn,Cn, Dn < 0) amplitudes, respectively. Note that the amplitudes B2m = D2m = A2m+1 = C2m+1 = 0
due to the symmetry of the problem. (h)–(j) The normalized errors for displacements εdisp(nmax) (blue dashed lines) and stresses εstress(nmax)
(green solid lines) obtained from Eq. (42) for the (h) hydrostatic stress, (i) no-slip, and (j) slip boundary conditions.

degree of multipoles nmax, which mimics the exponential de-
cay of amplitude of induced multipoles in Figs. 13(e)–13(g).
The normalized errors for the hydrostatic stress boundary
condition were the largest [Fig. 13(h)], which is reflecting
the observation that the amplitudes of multipoles decrease
very slowly with the degree of multipoles [see Fig. 13(e)].
In contrast, the normalized errors for the no-slip boundary
condition reduced very quickly with the maximum degree
of multipoles nmax [see Fig. 13(i)], which is again mimick-
ing the distribution of amplitudes of induced multipoles [see
Fig. 13(f)]. The results for the slip boundary condition are
somewhere in between [see Fig. 13(j)].

The elastic multipole method was also tested against ex-
periments. We developed a simple experimental system for
radial compressive loading of elastic disks with holes. The
elastic disks were placed in rigid rings with smaller diam-
eters made from polyethylene plastic (see Fig. 14). Elastic
disks with diameter D = 100 mm and thickness 25 mm were
pushed sequentially through the rigid rings of decreasing di-
ameters ranging from 99 mm to 94 mm in steps of 1 mm
[see Figs. 14(a) and 14(c)]. Silicone oil was applied to re-
duce friction between the rubber sample and the walls of
rigid rings. This experimental setup is thus approximating
the slip boundary condition discussed above. The contours of
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(a) (b)

(c)

FIG. 14. Experimental system for the compressive testing of disk samples. (a) A rubber disk sample with diameter 100 mm was placed in
progressively smaller rigid rings made from polyethylene plastic. The inner diameters of rigid rings gradually decreased from 99 to 94 mm
in steps of 1 mm. (b) A compressed rubber sample inside a rigid ring with diameter D1 was placed on a flatbed photo scanner, which was
used to extract the contours of deformed holes. (c) A schematic of a rubber sample pushed from a larger ring with diameter D1 into a
smaller ring with diameter D2 < D1. Silicone oil was applied to reduce friction between the rubber sample and the walls of the polyethylene
ring.

deformed holes were then obtained by scanning the surface of
compressed samples [see Fig. 14(b)].

In Fig. 15 we show initial and deformed configurations
of disks with four different arrangements of holes. In exper-
iments, disks were pushed through all six rigid rings. For
each ring, the surface of disks was scanned and the contours
of deformed holes were extracted with the Image Processing
Toolbox in MATLAB 2018b. At higher compression, we ob-
served a noticeable out-of-plane deformation in the vicinity
of holes, which is not captured with the elastic multipole
method. Therefore we used only those experimental results,
where the out-of-plane deformation was minimal. The de-
formed contours of holes obtained with experiments were
compared to the contours obtained with the elastic multiple
method (nmax = 10) and linear finite element simulations for
the slip boundary condition and under plane stress condition.
An excellent match was observed between the contours ob-
tained with different methods (second row in Fig. 15). As
in previous examples, we observed more pronounced defor-
mations of holes in the regions where holes were close to
each other and where holes were close to the edge of the
disk. We have also compared the equivalent von Mises strain
fields εvM [see Eq. (23)] obtained with the elastic multipole
method (third row in Fig. 15) and finite elements (fourth row
in Fig. 15). Note that we were unable to obtain strain fields
in experiments because the DIC analysis requires rather small
compression increments to reliably track the movement of the
speckle pattern, while in our experiments, the compression of
samples was obtained in moderately large discrete steps (see
Fig. 14). In strain fields, we observe strain concentration in re-
gions where holes are close to each other and in regions where
holes are close to the disk boundary, which is similar to the
observations for holes near traction-free edges in Secs. III A
and III B. The agreement between the strain fields obtained
with two different methods is very good and the quantitative
comparison of strains at four different points A–D (marked in
Fig. 15) showed a relative error of ∼1% (see Table VI). Note
that the relative errors were so small because we used exactly

the same geometry of elastic disks for both finite elements and
elastic multipole method.

IV. CONCLUSION

In this paper, we demonstrated how image charges and
induction, which are common concepts in electrostatics, can
be effectively used also for the analysis of linear deforma-
tion of bounded 2D elastic structures with circular holes and
inclusions for both plane stress and plane strain conditions.
The multipole expansion of induced fields described in this
work is a so-called far-field method, and hence it is extremely
efficient when holes and inclusions are far apart from each
other and when they are far from the boundaries. In this case,
very accurate results can be obtained by considering only
induced quadrupoles, since the effect of higher-order multi-
poles decays more rapidly at large distances. When holes and
inclusions are closer to each other or when they are closer to
the boundaries, their interactions with each other via induced
higher-order multipoles and their interactions with induced
images become important as well. The accuracy of the results
increases exponentially with the maximum degree of elastic
multipoles, which is also the case in electrostatics, and this
is characteristic for spectral methods [51]. The results of the
elastic multipole method matched very well with both linear
finite element simulations and experiments.

The elastic multipole method presented here could also be
extended to include defects and other geometries of structures
with holes and inclusions as discussed in the companion pa-
per [41]. The analysis for elastic disks in Sec. III D could
be directly extended to the analysis for linear deformation
of an elastic annulus with circular holes and inclusion by
constructing an infinite set of image multipoles similarly as
was done for the elastic strip in Sec. III B. For structures
with other geometries, the first step is to identify the Airy
stress function for the image of disclination, which is directly
related to the Green’s function for biharmonic equation (see
Sec. II). The Green’s function for a rectangular geometry can
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(a) (c)(b)

01.02.03.0

(d)

FIG. 15. Deformation of elastic disks with holes. (a–d) Schematic images describing the initial undeformed shapes of structures with holes
and the direction of applied deformation uext

r for the slip boundary condition. Holes are represented with white circles. For all elastic disks,
the diameter was D = 100 mm and the thickness was 25 mm. They were made of rubber with the Young’s modulus E0 = 0.97 MPa and
Poisson’s ratio is ν0 = 0.49. For each structure we show the contours of deformed holes and disk boundaries and we report the value of applied
compression uext

r . Plane stress condition was used for all cases with the Kolosov’s constant κ0 = (3 − ν0 )/(1 + ν0 ). Dashed blue lines show
the contours obtained with elastic multipole method for nmax = 10. Red and green solid lines show the contours obtained with experiments and
linear finite element simulations, respectively. For each of the four structures, we show equivalent von Mises strain fields εvM obtained with
elastic multipole method (nmax = 10) and finite element simulations. Strain fields were normalized with the value of the equivalent von Mises
strain εext

vM = 4uext
r /[D(1 + ν0 )(κ0 − 1)] imposed by external loads. Four marked points A–D were chosen for the quantitative comparison of

strains εvM. See Table VI for details. The diameters of holes in (a)–(c) were d = 20.0 mm. In (a)–(c) the distance h from the centers of holes to
the edge of the elastic disk were (a) h = 14.00 mm, (b) h = 13.95 mm, and (c) h = 14.00 mm. In (b) and (c) the separation distance a between
holes was (b) a = 23.07 mm and (c) a = 23.10 mm. In (d) the diameters of holes were d1 = d2 = 20.0 mm and d3 = 8.0 mm, and they were
centered at (x1, y1) = (−10.64 mm, 6.11 mm), (x2, y2) = (12.76 mm, 5.17 mm), and (x3, y3) = (−0.11 mm, −5.97 mm).
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TABLE VI. Quantitative comparison for the values of equivalent von Mises strains εvM normalized with the value for the applied external
load εext

vM = 4|uext
r |/[D(1 + ν0 )(κ0 − 1)] at points A–D for four different disk samples with holes defined in Fig. 15 obtained with the elastic

multipole method (EMP) and linear finite element simulations (FEM). The relative percent errors between EMP and FEM were calculated as
ε = 100 × |ε(EMP)

vM − ε
(FEM)
vM |/ε(FEM)

vM .

Sample (a) Sample (b) Sample (c) Sample (d)

Strain εvM/εext
vM Strain εvM/εext

vM Strain εvM/εext
vM Strain εvM/εext

vM

Point EMP FEM ε(%) EMP FEM ε(%) EMP FEM ε(%) EMP FEM ε(%)

A 2.5205 2.5396 0.75 0.8505 0.8475 0.36 2.2558 2.2703 0.64 1.3196 1.3227 0.23
B 1.5034 1.4946 0.59 2.3422 2.3406 0.07 0.9111 0.9047 0.71 2.3110 2.2805 1.34
C 1.7716 1.7723 0.04 2.8214 2.8076 0.49 3.3440 3.3368 0.19 0.7336 0.7248 1.21
D 0.8077 0.8075 0.03 0.6439 0.6441 0.03 0.6586 0.6584 0.03 0.7592 0.7593 0.01

be obtained with a Fourier series [46]. The Green’s func-
tion for an infinite elastic wedge with traction-free boundary
conditions was previously obtained by Gregory in Ref. [57].
Interestingly, for a sufficiently small wedge angle the Airy
stress functions exhibit an infinite number of oscillations near
the wedge tip [57–60]. Once the Airy stress functions for
the images of disclinations are found, then the Airy stress
functions for images of all other multipoles can be obtained
by following the procedure outlined in Sec. II. These results
could then be used to analyze deformations of structures with
holes and inclusions, where external load induces elastic mul-
tipoles at the center of holes and inclusions, which further
induce image multipoles to satisfy boundary conditions at
the outer boundaries of these structures. The amplitudes of
induced multipoles can then be obtained from the continuity
of tractions and displacements at the boundary of each hole as
described in Sec. III A.

While the elastic multipole method presented here focused
on linear deformation, these concepts can also be extended to
the nonlinear regime. Recently, Bar-Sinai et al. used induced
elastic quadrupoles to describe the nonlinear deformation of
compressed structures with periodic arrays of holes to esti-
mate the initial linear deformation, the critical buckling load,
as well as the buckling mode [61]. However, they have not
considered the boundary effects, and the accuracy of their
method could be improved by including image multipoles and
expanding the induced fields to higher order multipoles. Thus
the elastic multipole method has the potential to significantly
advance our understanding of deformation patterns in struc-
tures with holes and inclusions.
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APPENDIX A: LINEAR FINITE ELEMENT SIMULATIONS

Linear analyses in finite element simulations were per-
formed with the commercial software Ansys® Mechanical
Release 17.2. Geometric models of 2D plates with holes and

inclusions were discretized with 2D eight-node, quadratic el-
ements of type PLANE183 set to the plane stress option. The
material for plates and inclusions was modeled as a linear
isotropic elastic material. To ensure high accuracy, we used a
fine mesh with 360 quadratic elements evenly spaced around
the circumference of each hole and each inclusion, and ele-
ments of similar sizes were also used inside the inclusions. To
keep the number of elements at a manageable level, the size
of elements was allowed to increase at a rate of approximately
2% per element, when moving away from inclusions.

For the simulation of a single hole with radius R embedded
in a compressed plate near a traction-free edge in Fig. 5, we
used a sufficiently large rectangular domain of size L × w

with length L = 800R and width w = 400R to minimize the
effect of boundaries far away from the hole. Along the left
and right boundaries, we prescribed tractions σxx(±L/2, y) =
σ ext

xx and σxy(±L/2, y) = 0, and along the top and bot-
tom boundaries, we prescribed tractions σxy(x,±w/2) =
σyy(x,±w/2) = 0. To prevent rigid body motions of the
structure, the midpoints of the left and right edges of the
domain were constrained to move only in the x-direction
[uy(±L/2, 0) = 0], while the midpoint of the bottom edge of
the domain was fixed in the x-direction [ux(0,−w/2) = 0].

For comparison with the experiment of the sample with
one hole near a traction-free edge in Fig. 6 we simulated
a plate of length L = 100 mm and width w = 100 mm. To
mimic experimental conditions, the plate was compressed
by prescribing a uniform horizontal displacement on the
left and right surfaces [ux(±L/2, y) = ±L/2εext

xx ], while al-
lowing the nodes on these surfaces to move freely in the
y-direction [σxy(±L/2, y) = 0]. The top and bottom bound-
aries were traction-free [σxy(x,±w/2) = σyy(x,±w/2) = 0].
The midpoints of the left and right edges were again con-
strained [uy(±L/2, 0) = 0] to prevent rigid body translation
in the y-direction. For the simulation of elastic strips of
length L = 100 mm and width w in Figs. 8 and 9 we
used a uniform external pressure load at the two ends
of the strip [σxx(±L/2, y) = σ ext

xx , σxy(±L/2, y) = 0], while
the other boundaries were traction-free [σxy(x,±w/2) =
σyy(x,±w/2) = 0]. To prevent rigid body motions of the strip
we restricted three degrees of freedom [ux(0,−w/2) = 0,
uy(0,−w/2) = 0, ux(0,+w/2) = 0].

For the simulation of a single hole with radius R located
near a straight rigid edge in Fig. 11, we used a domain
of length L = 800R and width w = 400R. Points on the
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(a) (b)

glued

FIG. 16. Experimental systems for displacement controlled (a) tensile and (b) compressive tests for thin strips with holes and inclusions.
The mechanism sits on a scanning device, which is used to extract the contours of deformed holes and inclusions. The two ends of the strip
were glued to the aluminum plates [see the zoomed-in photo in (a)] to prevent bending due to the asymmetric position of holes and inclusion
for both tensile and compressive loading. F-clamps were used to apply the tensile load to the elastic strip in (a). A 3D printed plastic wrench
was used to precisely control the screw turns to achieve the desired compression in (b).

top boundary of the domain were fixed [ux(x,+w/2) =
uy(x,+w/2) = 0], and the sample was compressed by ap-
plying uniform displacement in the y-direction on the bottom
boundary of the plate [uy(x,−w/2) = wεext

yy , σxy(x,−w/2) =
0]. Points on the left and right boundaries were con-
strained to move only in the y-direction [ux(±L/2, y) = 0 and
σxy(±L/2, y) = 0].

For the simulations of elastic disks with radius R in Figs. 13
and 15 we considered three different boundary conditions:
hydrostatic [σ out

tot,rr (r = R, ϕ) = σ ext
rr , σ out

tot,rϕ (r = R, ϕ) = 0],
no-slip [uout

tot,r (r = R, ϕ) = uext
r , uout

tot,ϕ (r = R, ϕ) = 0], and slip
[uout

tot,r (r = R, ϕ) = uext
r , σ out

tot,rϕ (r = R, ϕ) = 0]. To prevent the
rigid-body motions of elastic disks with holes, we fixed three
degrees of freedom for the hydrostatic load [ux(x = 0, y =
0) = uy(x = 0, y = 0) = ux(x = 0, y = R) = 0] and one de-
gree of freedom for the slip boundary condition [ux(x =
0, y = R) = 0]. No additional constraints were needed for the
no-slip boundary condition.

APPENDIX B: EXPERIMENTAL METHODS

Experimental samples were prepared by casting Elite Dou-
ble 32 (Zhermack) elastomers with a measured Young’s
modulus E0 = 0.97 MPa and assumed Poisson’s ratio ν =
0.49 [15]. Molds were fabricated from 5 mm thick acrylic
plates with laser cut circular holes, which were then filled
with acrylic cylinders in the assembled molds to cre-
ate cylindrical holes in elastomer samples. Approximately
30 min after casting, molds were disassembled and solid
samples were placed in a convection oven at 40 ◦C for
12 h for further curing. The cylindrical inclusions made
from acrylic (Young’s modulus E = 2.9 GPa, Poisson’s
ratio ν = 0.37 [62]) were inserted into the holes in elas-
tomer samples and glued by a cyanoacrylate adhesive where
required.

We designed a custom testing system for extracting the
contours of deformed holes and inclusions in compressed
experimental samples. The system comprises a custom-made
loading mechanism and a flatbed photo scanner (see Fig. 16).
For the experiment in Sec. III A, the sample was placed be-
tween aluminum plates and silicone oil was applied to reduce
friction. Compressive displacement loading was applied in-

crementally in 1/3 mm steps via 120◦ turns of the M10x1
screw (metric thread with 10 mm diameter and 1 mm pitch)
in the mechanism controlled by a 3D printed plastic wrench
[see Fig. 16(b)]. For the experiments with elastic strips in
Sec. III B, samples were glued to aluminum plates to pre-
vent bending due to the asymmetric position of holes and
inclusions [see Fig. 16(a)]. Compressive loading was applied
as described above. For the tensile displacement loading, we
again turned the M10x1 screw in increments of 1/3 mm.
The outward movement of the screw created a gap between
the screw and the wooden block, which was then closed by
applying compression with F-style clamps [see Fig. 16(a)].

The loading mechanism was placed on an Epson V550
photo scanner to scan the surface of deformed samples and
silicone oil was applied between the sample and the glass sur-
face of the scanner to reduce friction between them. Scanned
images were postprocessed with the Corel PHOTO-PAINT
X8 and Image Processing Toolbox in MATLAB 2018b. First,
the dust particles and air bubbles trapped in a thin silicone oil
film were digitally removed from scanned images. Scanned
grayscale images were then converted to black and white
binary images from which the contours were extracted with
MATLAB. Note that when samples were mounted in the loading
mechanism they could be slightly compressed even before we
start turning the screw to apply additional loads. To identify
the value of this offset, we fitted contours of holes, inclusions,
and edges for each sample in experiments to those obtained
with finite elements at a specific wrench position (usually,
at the third increment, i.e., ∼1.0 mm displacement). This
offset was then used when we compared experiments to the
multipole method and simulations at a different value of the
applied load.

We designed another testing system for capturing the dis-
placement and strain fields in compressed samples via the
digital image correlation (DIC) technique [see Fig. 9(b) in
Ref. [41]]. Black and white speckle patterns were sprayed
onto the surface of samples with slow-drying acrylic paint to
prevent the pattern from hardening too quickly, which could
lead to delamination under applied compressive loads. Using a
Zwick Z050 universal material testing machine, we applied a
compressive displacement in 0.2 mm increments, where again
a silicone oil was applied between the steel plates and the
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elastomer samples to prevent sticking and to reduce friction.
A Nikon D5600 photo camera was used at each step to take
a snapshot of the compressed sample. These photos were

then used to calculate the displacements and strains fields
via Ncorr, an open-source 2D DIC MATLAB-based software
[63].

[1] J. D. Eshelby, The determination of the elastic field of an ellip-
soidal inclusion, and related problems, Proc. R. Soc. London A
241, 376 (1957).

[2] Z. Hashin and S. Shtrikman, A variational approach to the
theory of the elastic behaviour of multiphase materials, J. Mech.
Phys. Solids 11, 127 (1963).

[3] P. P. Castañeda and J. R. Willis, The effect of spatial distribution
on the effective behavior of composite materials and cracked
media, J. Mech. Phys. Solids 43, 1919 (1995).

[4] S. Torquato, Random Heterogeneous Materials: Microstructure
and Macroscopic Properties, Interdisciplinary Applied Mathe-
matics Vol. 16 (Springer, New York, 2002).

[5] K. Bertoldi, V. Vitelli, J. Christensen, and M. van Hecke,
Flexible mechanical metamaterials, Nat. Rev. Mater. 2, 17066
(2017).

[6] R. M. Neville, F. Scarpa, and A. Pirrera, Shape morph-
ing Kirigami mechanical metamaterials, Sci. Rep. 6, 31067
(2016).

[7] E. Siéfert, E. Reyssat, J. Bico, and B. Roman, Bio-inspired
pneumatic shape-morphing elastomers, Nat. Mater. 18, 24
(2019).

[8] T. Bückmann, M. Thiel, M. Kadic, R. Schittny, and M.
Wegener, An elasto-mechanical unfeelability cloak made of
pentamode metamaterials, Nat. Commun. 5, 4130 (2014).

[9] T. Bückmann, M. Kadic, R. Schittny, and M. Wegener, Mechan-
ical cloak design by direct lattice transformation, Proc. Natl.
Acad. Sci. USA 112, 4930 (2015).

[10] S. A. Cummer, J. Christensen, and A. Alù, Controlling sound
with acoustic metamaterials, Nat. Rev. Mater. 1, 16001 (2016).

[11] R. F. Almgren, An isotropic three-dimensional structure with
Poisson’s ratio = −1, J. Elast. 15, 427 (1985).

[12] R. Lakes, Foam structures with a negative Poisson’s ratio,
Science 235, 1038 (1987).

[13] K. Bertoldi, P. M. Reis, S. Willshaw, and T. Mullin, Negative
Poisson’s ratio behavior induced by an elastic instability, Adv.
Mater. 22, 361 (2010).

[14] J. Shim, S. Shan, A. Košmrlj, S. H. Kang, E. R. Chen, J. C.
Weaver, and K. Bertoldi, Harnessing instabilities for design of
soft reconfigurable auxetic/chiral materials, Soft Matter 9, 8198
(2013).

[15] S. Babaee, J. Shim, J. C. Weaver, E. R. Chen, N. Patel, and K.
Bertoldi, 3D soft metamaterials with negative Poisson’s ratio,
Adv. Mater. 25, 5044 (2013).

[16] Q. Wang, J. A. Jackson, Q. Ge, J. B. Hopkins, C. M. Spadaccini,
and N. X. Fang, Lightweight Mechanical Metamaterials with
Tunable Negative Thermal Expansion, Phys. Rev. Lett. 117,
175901 (2016).

[17] L. Wu, B. Li, and J. Zhou, Isotropic negative thermal expansion
metamaterials, ACS Appl. Mater. Interfaces 8, 17721 (2016).

[18] J. Liu, T. Gu, S. Shan, S. H. Kang, J. C. Weaver, and K. Bertoldi,
Harnessing buckling to design architected materials that exhibit
effective negative swelling, Adv. Mater. 28, 6619 (2016).

[19] H. Zhang, X. Guo, J. Wu, D. Fang, and Y. Zhang, Soft mechan-
ical metamaterials with unusual swelling behavior and tunable
stress-strain curves, Sci. Adv. 4, eaar8535 (2018).

[20] M. Curatolo, Effective negative swelling of hydrogel-solid com-
posites, Extreme Mech. Lett. 25, 46 (2018).

[21] K. Bertoldi and M. C. Boyce, Mechanically triggered trans-
formations of phononic band gaps in periodic elastomeric
structures, Phys. Rev. B 77, 052105 (2008).

[22] P. Wang, J. Shim, and K. Bertoldi, Effects of geometric and
material nonlinearities on tunable band gaps and low-frequency
directionality of phononic crystals, Phys. Rev. B 88, 014304
(2013).

[23] J. Shim, P. Wang, and K. Bertoldi, Harnessing instability-
induced pattern transformation to design tunable phononic
crystals, Int. J. Solids Struct. 58, 52 (2015).

[24] B. J. Reynwar, G. Illya, V. A. Harmandaris, M. M. Müller,
K. Kremer, and M. Deserno, Aggregation and vesiculation of
membrane proteins by curvature-mediated interactions, Nature
(London) 447, 461 (2007).

[25] K. S. Kim, J. Neu, and G. Oster, Curvature-mediated interac-
tions between membrane proteins, Biophys. J. 75, 2274 (1998).

[26] O. Kahraman, P. D. Koch, W. S. Klug, and C. A. Haselwandter,
Bilayer-thickness-mediated interactions between integral mem-
brane proteins, Phys. Rev. E 93, 042410 (2016).

[27] H. Agrawal, M. Zelisko, L. Liu, and P. Sharma, Rigid pro-
teins and softening of biological membranes—With application
to HIV-induced cell membrane softening, Sci. Rep. 6, 25412
(2016).

[28] M. Goulian, R. Bruinsma, and P. Pincus, Long-range forces
in heterogeneous fluid membranes, Europhys. Lett. 22, 145
(1993).

[29] J.-M. Park and T. Lubensky, Interactions between membrane
inclusions on fluctuating membranes, J. Phys. I France 6, 1217
(1996).

[30] R. Golestanian, M. Goulian, and M. Kardar, Fluctuation-
induced interactions between rods on a membrane, Phys. Rev.
E 54, 6725 (1996).

[31] R. Golestanian, M. Goulian, and M. Kardar, Fluctuation-
induced interactions between rods on membranes and inter-
faces, Europhys. Lett. 33, 241 (1996).

[32] T. R. Weikl, M. M. Kozlov, and W. Helfrich, Interaction of
conical membrane inclusions: Effect of lateral tension, Phys.
Rev. E 57, 6988 (1998).

[33] C. Yolcu and M. Deserno, Membrane-mediated interactions
between rigid inclusions: An effective field theory, Phys. Rev.
E 86, 031906 (2012).

[34] C. Yolcu, R. C. Haussman, and M. Deserno, The effective
field theory approach towards membrane-mediated interactions
between particles, Adv. Colloid Interface Sci. 208, 89 (2014).

[35] X. Liang and P. K. Purohit, A method to compute elastic and
entropic interactions of membrane inclusions, Extreme Mech.
Lett. 18, 29 (2018).

[36] A. E. Green, General bi-harmonic analysis for a plate contain-
ing circular holes, Proc. R. Soc. London A 176, 121 (1940).

[37] R. A. W. Haddon, Stresses in an infinite plate with two unequal
circular holes, Q. J. Mech. Appl. Math. 20, 277 (1967).

[38] V. G. Ukadgaonker, Stress analysis of a plate containing two cir-
cular holes having tangential stresses, AIAA J. 18, 125 (1980).

053004-33

https://doi.org/10.1098/rspa.1957.0133
https://doi.org/10.1016/0022-5096(63)90060-7
https://doi.org/10.1016/0022-5096(95)00058-Q
https://doi.org/10.1038/natrevmats.2017.66
https://doi.org/10.1038/srep31067
https://doi.org/10.1038/s41563-018-0219-x
https://doi.org/10.1038/ncomms5130
https://doi.org/10.1073/pnas.1501240112
https://doi.org/10.1038/natrevmats.2016.1
https://doi.org/10.1007/BF00042531
https://doi.org/10.1126/science.235.4792.1038
https://doi.org/10.1002/adma.200901956
https://doi.org/10.1039/c3sm51148k
https://doi.org/10.1002/adma.201301986
https://doi.org/10.1103/PhysRevLett.117.175901
https://doi.org/10.1021/acsami.6b05717
https://doi.org/10.1002/adma.201600812
https://doi.org/10.1126/sciadv.aar8535
https://doi.org/10.1016/j.eml.2018.10.010
https://doi.org/10.1103/PhysRevB.77.052105
https://doi.org/10.1103/PhysRevB.88.014304
https://doi.org/10.1016/j.ijsolstr.2014.12.018
https://doi.org/10.1038/nature05840
https://doi.org/10.1016/S0006-3495(98)77672-6
https://doi.org/10.1103/PhysRevE.93.042410
https://doi.org/10.1038/srep25412
https://doi.org/10.1209/0295-5075/22/2/012
https://doi.org/10.1051/jp1:1996125
https://doi.org/10.1103/PhysRevE.54.6725
https://doi.org/10.1209/epl/i1996-00327-4
https://doi.org/10.1103/PhysRevE.57.6988
https://doi.org/10.1103/PhysRevE.86.031906
https://doi.org/10.1016/j.cis.2014.02.017
https://doi.org/10.1016/j.eml.2017.10.003
https://doi.org/10.1098/rspa.1940.0082
https://doi.org/10.1093/qjmam/20.3.277
https://doi.org/10.2514/3.7642


SIDDHARTHA SARKAR et al. PHYSICAL REVIEW E 103, 053004 (2021)

[39] K. Ting, K. T. Chen, and W. S. Yang, Applied alternating
method to analyze the stress concentration around interacting
multiple circular holes in an infinite domain, Int. J. Solids
Struct. 36, 533 (1999).

[40] S. K. Hoang and Y. N. Abousleiman, Extended Green’s solution
for the stresses in an infinite plate with two equal or unequal
circular holes, J. Appl. Mech. 75, 031016 (2008).
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