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A molecular-statistical theory of the orientational elasticity of nematic liquid crystals has been developed
employing the orientational deformation tensor which describes the rotation of the director. An explicit expres-
sion for the general elasticity tensor of the nematic phase has been obtained and the Frank elastic constants
are expressed in terms of the three independent parameters of this tensor. Explicit expressions for the Frank
elastic constants have been derived in the molecular field approximation in terms of the orientational order
parameters and the corresponding coefficients of expansion of the intermolecular potential in spherical invariants.
Frank elastic constants have been calculated numerically for nematic liquid crystals composed of both polar
and nonpolar molecules together with the orientational order parameters using the classical Gay-Berne model
interaction potential and the two of its popular modifications. The polarity of the uniaxial molecular shape
has been directly introduced into the model potential by modifying the distance of closest approach. The
elastic constants are presented as functions of temperature for different values of the molecular elongation, the
anisotropy of the potential well and the molecular shape polarity. It has been shown that the elastic constants are
much more sensitive to the details of the intermolecular interaction potential in comparison with the orientational
order parameters. In particular, a relatively weak polarity of the molecular shape may result in an unusual
decrease of the splay constant K;; which may vanish at some temperature leading to the instability of the

homogeneous nematic phase. This may represent a mechanism of the formation of the splay-bend phase.
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I. INTRODUCTION

In nematic liquid crystals (LCs) primary axes of
anisotropic molecules are partially ordered along the local
symmetry axis specified by the director (a unit vector) n
or, more precisely, along the principal axis of the uniaxial
tensor ngng — 844/3. The equilibrium distribution of the di-
rector may be inhomogeneous under the action of external
fields or boundary condition and in such cases the inhomoge-
neous nematic LC possesses orientational deformation energy
specified by three elastic constants Kj;, Ky, and K33 which
correspond to the splay, twist, and bend deformations, respec-
tively [1,2]. The elastic constants of nematic LCs are very
important material parameters as they determine the response
of the LC to external fields which is crucial for LC display de-
vices and numerous other LC applications. On the other hand,
the elastic constants are very sensitive to the microscopic state
of a nematic LC and to the intermolecular interaction potential
which is determined by the structure of mesogenic molecules.

Since the later 2000s, the orientational elasticity of nematic
LCs has attracted a renewed attention mainly due to the dis-
covery of the anomalous behavior of Frank elastic constants
in bent-core LCs. A dramatic reduction of the bend elastic
constant has been observed in many bent-core nematics and
in particular close to the transition into the twist-bend nematic
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phase [3-5]. The twist elastic constant is also significantly
reduced in some flexible bent-core materials [6]. A number
of attempts have been made to explain such an anomalous
behavior by using a continuum theory [7] and a molecular
theory of nematic elasticity generalized to the case of biaxial
and polar molecules [8,9], although the existing theory is far
from being complete.

One notes that the continuum theory of nematic elasticity is
very well established and the corresponding molecular theory
for LCs composed of uniaxial molecules has been developed
in the past by many authors (see Refs. [10-20] and a review
[21]). In a number of theories, only steric repulsion between
hard spherocylinders or hard ellipsoids of revolution has
been taken into account using the Onsager theory [11,12,19],
density-functional approach [17,22] or the reference system
of parallel hard ellipsoids [13,15]. The elastic constants have
been expressed in terms of the geometrical parameters of the
model molecular shape. Priest [11] has obtained rather general
expressions for the elastic constants in terms of the second-
and fourth-order orientational order parameters employing the
spherical harmonics expansion of the general pair interaction
potential and the pair correlation function. In other molecular
theories, both intermolecular repulsion and attraction have
been taken into consideration including the dispersion in-
teraction between molecules with anisotropic polarizability
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[10,16,17,23] and electrostatic interactions between perma-
nent molecular dipoles and quadrupoles [20].

In this paper, we propose a general approach to deriving
the free energy density of distorted nematic LCs based on the
so-called orientational deformation tensor y;; which explicitly
describes the director rotation. In this approach, the elasticity
tensor is explicitly expressed as a finite sum of simple terms,
and all elastic constants are presented in terms of the three
relevant coefficients of such a representation. Employing the
molecular field approximation together with the expansion of
pair interaction potential in terms of the so-called spherical in-
variants [24,25], we derive general expressions for the elastic
constants. In contrast to the general expressions for the elastic
constants derived by Poniewierski and Stecki [22], the expres-
sions presented in this paper are independent of the derivatives
of the single-molecule distribution function and are presented
as the ensemble averages of the corresponding quantities.
Thus the theory establishes a direct relationship between the
intermolecular potential and Frank elastic constants. The cor-
responding general theory of elasticity in nematic LCs is
presented in Secs. II and III. In Sec. IV, for illustration, we
expand both the classical Gay-Berne (G-B) model intermolec-
ular interaction potential and the two popular modifications
in spherical invariants and employ the expansion coefficients
to numerically evaluate the orientational order parameters and
Frank elastic constants for nonpolar molecules. The calculated
elastic constants are presented as functions of the temperature
for different values of molecular anisometry and anisotropy of
the potential well parametrizing the G-B potentials. In Sec. VI
we generalize the theory of nematic elasticity to the case of
polar molecules and numerically calculate the corrections to
the splay and bend elastic constants which are determined
by polar molecular shape. Finally in Sec. VII we discuss the
results of this study.

II. FREE ENERGY OF THE DISTORTED NEMATIC PHASE

The distortion free energy is traditionally derived in terms
of the derivatives of the director V;n; (see, for example,
Refs. [1,26]). This method, however, has a number of com-
plications as one has to take into consideration that n is a unit
vector and that all expressions must be invariant under sign
inversion of n. The alternative approach employs the so called
orientational deformation tensor y;; = €1V jng where €; i
is the unitary antisymmetric Levi-Civita tensor.

The deformation tensor of the nematic phase can be de-
rived, for example, in the following way. Let us consider an
inhomogeneous nematic phase where n(r;) and n(r;) are the
directors at the points r; and r,, respectively. If the distance
rip = |rp — ry] is sufficiently small, then the rotation of the
director from the point r; to the point r, is characterized by the
small angle §6; = €;xn;(r;)n;(r;). Performing the gradient
expansion of n(r,) around n(r,)

n(ry) =n(ry) + (rpz - V)n(ry) +...,
one obtains
86; X ri2,;Vij- (1

where only the terms linear in gradients are taken into account.

The free energy density of the distorted nematic phase can
now be expanded in terms of y;; keeping the quadratic terms:

Fa = NijVij + KijpgVijVpg» @

where the material tensors A;; and Kjj,, are defined in the
homogeneous nematic state.

The first term in Eq. (2) is nonzero only in the chiral
nematic phase. Indeed, y;; is a pseudotensor while the free-
energy density F; is a scalar and hence the material tensor A ;;
must also be a pseudotensor vanishing in the achiral nematic
phase. Hence from the symmetry point of view, the tensor A;;
can be expressed in the following general form:

Aij = hobij + Mninj, (3)

where Ao and A; are pseudoscalars. Accordingly, the first term
in Eq. (2) reduces to:

Aijyii = Modijvij = —Ao(n - (V x m)). 4

This is the well-known chiral term in the distortion free energy
which characterizes the helical twisting power in the chiral
nematic phase.

The second term of Eq. (2) is invariant under the simul-
taneous interchange i — p and j — g and hence only the
symmetric in those indexes part of the tensor K;;,, contributes
to the elastic energy. Taking into account also the symmetry
of the nematic phase, this part of the elasticity tensor can be
expressed as:

Kijpg = Kobipdjq + K12(8ij8pg + 8igdjp) + K3dipnjng
+ IC48jqn,-n,, + IC5(5,,qn,-nj + (Sijl’lp}’lq)
+ Ke(bignjn, + 8j,ming) + Kqninjn,ny,. %)

One notes that the last four terms in Eq. (5) do not contribute
to Eq. (2) as their contractions with y;; or y,, vanish since
n;y;; = 0. The contraction of the term K28;;8,, With y;;¥p,
yields the contribution proportional to the square of the twist
deformation:

K128118pq¥ijVpq = Ki2n - (V x m)I%, (6)

and hence the parameter /i, contributes to the twist elastic
constant K.

Contribution of other terms in Eq. (5) to the total distortion
free energy can be evaluated using the local coordinate system
in which the z axis is parallel to the director n at the point
r. In this coordinate system, V;n, = 0 for all i because n
is a unit vector. For the rest director derivatives one usu-
ally introduces convenient notations: t; = —Vn,, t) = Vyn,,
s1 = Vyny, so =Vyny, and by =V n,, by = V_.n, (see, for
example, Ref. [26]). Then the twist deformation can be ex-
pressed as

n-(Vxn)]=—-+0n), (N

while the splay and bend vectors read as:
n(V -n) = (s; +s2)n, (®)
(n-V)n = bk + by, 9)

correspondingly, where the unit vectors X and § are in the
direction of the x and y axis of the local coordinate system,
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respectively. In the same local coordinate system, the compo-
nents of orientational deformation tensor y;; are expressed as

Yii =1, Y2 =—5,y3=—byand o =51, yn =10, y3 =
b;. The components y3; = 0 for all i.
Using these expressions one obtains:
KodipdiqVij¥Vrg = Kovijvij
= ’Co[(l‘l +102)2 4 (51 4+ ) + b3+ b3
— 2111, — 25152), (10)

K128ig8,pVii Vg = Kial(t + 12)* = 211t — 251521, (11)

K38ipnjngijvpg = K (b7 + b3). (12)

Using Egs. (7)—(9) one can express (s; + $)? = (V-
n)?, (ti +6)>=[n-(Vxn)]*> and b% + b% =[nx(Vx
n)]>. The combination —2(tif +s5;5) =V -[(mn-V)n —
n(V -n)] is a surface term which does not contain second
derivatives of the director. As a result, the distortion free-
energy density (2) can be written in the familiar form:

Fa ==k (V xn)]+ 1K (V- n)
+ 1K - (V x W2 + 1Ks33[n x (V x n)?
+K,V-[(n-V)n—n(V -n)], (13)

where the Frank elastic constants can be expressed in terms of
the coefficients in Eq. (5):

K1 = 2Ky, (14)

Ky = 2(Ko + 2K 1), (15)
K33 = 2(Ko + K3), (16)
K, = K12 + Ko. amn

Thus the elastic constants of the nematic phase are expressed
by three independent constants gy, K3, and Xj, which enter
the general expression for the elasticity tensor K. One notes
that the constant K;, determines the difference between K,
and K3, while the constant K5 specifies the difference between
Ki) and Kj;. Finally the Frank elastic constants can be ex-
pressed as the following contractions of the general elasticity
tensor:

Kt = 3Kijpg(8ip — niny)(3jq — njng)

- %Kiqu((giq - ninq)((sjp - nj”p)’ (18)

Ky = jTI(iqu(Sip - ninp)(a,fq - I’lji’lq)

+ %Kiqu((siq —ning)(8j, — njn,), (19)

K33 = K;jpy(8ip — ninp)njn,
= Kijiqnjng — Kijpgninpnjng, (20)

These general expressions relate conventional bulk elastic
constants with the components of the elasticity tensor K.

Particular expressions for the elasticity tensor can be obtained
using a molecular filed theory of nematic LCs and are pre-
sented in the following section.

III. MOLECULAR-STATISTICAL THEORY OF THE
DISTORTED NEMATIC PHASE

A molecular theory of elasticity of nematic LCs can be
developed using the mean-field expression for the free energy
of the inhomogeneous nematic phase. In this approximation
(see, for example, Ref. [27]) the free energy is determined
by the one-particle distribution function f;(w, r) which may
also depend on position of the molecule r in the case of
inhomogeneous director distribution n(r). Here the orienta-
tional degrees of freedom of a generally biaxial molecule
are specified by w = (a, b), where the unit vectors a and b
are in the directions of the long and short molecular axes,
respectively.

One notes that in the system of polar molecules, the one
particle distribution function can be approximately expressed
as [8,9,14] fi(w,r) = f(®)[1 + h(w, r)], where f(w) is the
orientational distribution function of the homogeneous nonpo-
lar nematic phase and i(w, r) is a small polar correction to the
distribution function which exists only in the inhomogeneous
state and is proportional to the gradients of the director. Such
a polar correction to the distribution function eventually gives
rise to the corresponding polar corrections to splay and bend
elastic constants [8,9,14]. In this section, we consider the
nematic phase composed of nonpolar molecules and hence
h(w, r) = 0. Then the distribution function f is equal to that
in the homogeneous nematic phase and may depend on the
position r only via the inhomogeneous director n(r). The sta-
tistical theory of elasticity of polar nematic LCs is considered
in Sec. VL.

We also assume for simplicity that the mesogenic
molecules are effectively uniaxial (i.e., we neglect the order-
ing of short molecular axes for generally biaxial molecules
[28]) and assume that the orientational distribution function
and the corresponding pair interaction potential are indepen-
dent of the short axes b. Hence in the uniaxial nematic LC
fi(w, r) = f(a-n(r)). The free energy in the molecular field
approximation can then be expressed as

F = pkgT / fla-n(r)]In[Af(a n(r))] dadr

1
+ 5,02 / V(aj, rps, a2)

x fla; -n(rp]flaz - n(r2)ldripdaidasdr;, (21)

where A is a constant, p is the average molecular number
density and V (aj, ry2, ay) is the effective pair intermolecular
interaction potential which depends on the long axes a; and
a, of the molecules 1 and 2 and on the intermolecular vector
r;; = r; — ry. the effective interaction potential may also in-
clude the steric cut-off factor which accounts for the fact that
the moleculas cannot penetrate each other [29].
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The effective interaction potential V (ay, ri,, a,) can be ex-
panded in terms of the so-called spherical invariants [25,27]:

V(ar, rp, a2) = Z Uit (r12)T"™™ (a1, 12, a5), (22)
Imk

where uj» = ri»/r2 and the set 7""%(a;, u;,, ay) is a com-
plete set of basis functions that contain the vector a; to
the power [/, the vector u;, to the power m and the vector
a, to the power k. The explicit expressions for some in-
variants are given, for example, by van der Meer [24]. For
convenience, we present the particular form of the relevant
invariants 7/ and their key properties in Appendix A. The
invariants with one zero index are just Legendre polynomials,
ie, T""(a;, )2, ay) = P,(a; - ay) where P,(x) is the Legen-
dre polynomial of rank n.

The spherical invariants possess a number of important
properties which simplify calculations. In particular the inte-
gral of T (a;, uy,, ay) with two arbitrary functions g;(a -
n;) and g»(a, - ny) which depend only on a; and a, can be
expressed as [24]:

/gl(al -n)T" (a;, upy, a)g2(as - my)daday

= 18T " (1, w2, my), (23)

where S,, = [daP,(a-n)g,(a-n,) and where ¢ =1,2.
Equation (23) can also be used in the particular case when

J

both gi(a - n) and g,(a - n) are equal to the orientational dis-
tribution function of the homogeneous nematic phase f(a - n).
In this case, S;; and S, are the orientational nematic order
parameters of rank / and k, respectively.

Substituting the expansion Eq. (22) into the free-energy
Eq. (21) and using the integration rule Eq. (23) one obtains:

F = ,okBT/f[a~n(r)] In{Af[a-n(r)]} da dr

L,
+ 7P ZSISk

Imk
X /Uzmk(rlz)Tlmk(n(l‘L), up, n(ry))drppdry.  (24)

This free energy depends on the director at two different
space points r; and r, and it is the free energy of the inho-
mogeneous nematic phase, which can be expressed as a sum
of the free energy of the homogeneous state and the distortion
free energy determined by the deformations of the director
distribution. One notes that the first term in Eq. (24) is local
and does not contribute to the distortion energy. For smoothly
inhomogeneous director, the distortion free energy can be
separated from the free energy of the homogeneous state by
expanding the functions T (n(r;), ujs, n(r,)) in the second
term of Eq. (24) in powers of r, around r;.

Indeed, let us define T/ (r;,up, 12) =T (n(r)),
u;y, n(r;)) and expand them as functions of r; in Taylor series
around ry:

T lm 7 lm T lm 2,2, 82 7 lm
T (e, wip, 1) ~ T (ry, wpn, 11) + 112 |: T! k(l'l,lllz,l‘z)} + —=Z q[ T! k(l’l,llu,l‘z)} , (25)
axz,j r=r, 2 3X2’ja)€2,q r=r|
where the derivatives can be expressed as
d an,
[ T (ry, upo, 1‘2)} = —t( 1)|: Tlmk(nulllz,nz)] (26)
ax2, J r=r ox Ony s np=n;=n(r)
and
82 7 lmk 82 Imk
——— 1" (r1, a2, 12) = (ry) T (ny, upp, ny)
8x2,}'3x2,q ry=r; axqax] 3712 t m=n;=n(r;)
on, dong 92T Imk
+ _(rl) (1'1) —(nl,ulz,nz) : (27)
ax ony 0ny mo=n; =n(r;)

As the integral of the term linear in 5 ; in Eq. (25) vanishes identically for achiral molecules (i.e., for any centrosymmetric
interaction potential) the free-energy Eq. (24) naturally splits into the energy of homogeneous nematic state:

Fo= platV [ @ minias@-mida+ 30V Y [ dratimnn

Imk

X /f(al -n)T" (a;, up, a2)f (a2 - n)da day, (28)

and the part describing the distortion free energy:

"k, g, 1'2):| . (29)

r;=r;

92 .
Fy=- 5S¢ | dr Ui dr)| ——T'
,0 1%;; I kf 12712,j712,4U k("lz)/ r][axz,jaxz,q

052701-4



MOLECULAR-STATISTICAL THEORY OF ELASTICITY IN ... PHYSICAL REVIEW E 103, 052701 (2021)

On substituting Eq. (27) into F; one notices that the integral over r; of the first term of Eq. (27) containing the second derivative
of the director can be taken by parts as:

/ 9%n,
dl']
0x,0x

on; ong
/drlaim) " (n)[

(1'1)|:a T (ny, up, nz)}
ny

m=n;=n(r)

2Tlmk

anz,,anz,s

aZTlmk

- (30)
on 2)/‘8 nis

(ny, w2, M) + (ny, uyy, 112):| ,

ny=n;=n(r)
and the second term here obviously cancels out the integral over r; of the second term in Eq. (27). Therefore, one obtains the
distortion free energy (29) as:

s an, ong 92T mk
Fy = ——p >SSk | driari,rigUi(r) drig o (r)g () T w, o) (31)
a ony 9Ny m=n;=n(r)
Imk =M 1
Next, one notices that
on,
gj = —€nilyYij- (32)
Substituting the director derivatives in this form in Eq. (31), one obtains:
aZTlmk
Fi = ——Pz ZSlSk / driarp, i, qU/mk(VIZ)/drletvtnvyljempnuypq|:—(nlv up, 112)} , (33)
Imk 8112,,3111@ n=n;=n(r;)
which reduces the distortion energy density to the general form (2) and enables one to express the energy as
Fd = Z[dl‘ [(,l]n;,qyuypq, (34)
Imk
and the elasticity tensor is reduced to a sum Kjjp; = Y Kll]";’; of different contributions expressed as:
Ik 1 5 82Tlmk r
K™ = —— p~S;Sk€rvi€suploh dr rir, Uy (r —(n,—,n) 35
ijpq 4I0 Pk€tvi€suprty u/ j'q lmk( )|:3n2,13n1,s 1 ’ 2 I ( )

The relationship between the elasticity tensor (29) and (35)
and the general results obtained by Poniewierski and Stechi
[22] is discussed in Appendix B.

IV. ORDER PARAMETERS AND FRANK ELASTIC
CONSTANTS OF NONPOLAR NEMATICS

In practice, the series in Eq. (22) should be truncated to
take into account the first few relevant terms. Here we preserve
all nonpolar invariants up to the fourth order in a; and a, and
up to the quadratic order in u,. Then the effective interaction
potential is approximately expressed as:

V(ar, T2, @) ~ Uy + U (r12)T*"
+ Unpo(rip) T?
+ Usno (r12) T
+ Unpa (rip) T

(aj,uy, az)

(a1, up2, @) + U (r2) T (g, uyp, a3)
(a1, up2, @) + Usa(r) T (ar, upp, ay)
(a1, up2, @) + Usou(ri) T (ay, uya, a2).

(36)

A. Orientational order parameters

If the orientational deformations in the nematic phase are
smooth on the molecular interaction scale, then one may
neglect their effect on the nematic order parameters and
evaluate them by minimizing the free energy of the homo-
geneous phase given by Eq. (28). Varying the free energy as a

(

functional of Fj[f(a - n)] one obtains the integral equation:

f(a;-n) =Z 'exp[—Uwr(a; - n)/ksT], (37)

where Z is the normalization factor and Uyg(a; - n) is the

mean-field potential which is expressed as:

Uvr(a; -m) = p Zsk / dr iUy (ri2)T"™ (a1, w2, m),
Imk
(38)

where we have taken into account that in the homogeneous
nematic phase n(r;) = n(r;) = n = const.

Integrating over rj, and using the fact that for m > O,
[ T"*(a, ujp, n)d*u;, = 0, together with Eq. (23), one fi-
nally obtains the following approximate expression for the
mean-field potential where all terms with k, I, m < 4 in the
expansion (36) are taken into account:

Umr(a; - n) = pSY*2Py(a; - n) + pSsV***Py(a; - n). (39)

Here we have omitted the index of the order parameter S, to
follow the historical notations, and introduced the parameters
V% according to the general rule (A17).

Substituting Eq. (39) into Eqgs. (37) and (28) one obtains
the final expression for the homogeneous nematic free-energy
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density:
1 1

1
LF = 2252202 _ L 2g2 40
vohT TP 2P 4

—pkBTln/exp[—UMp(a -n)/kgT]da, (40)

where Uyir(a - n) is given by Eq. (39). This free energy is fully
determined by the two order parameters, S and S4, which can
be obtained by its numerical minimization.

B. Frank elastic constants

As shown in Appendix C, substitution of the effective pair
interaction potential (36) into Eq. (35) allows obtaining the
elastic constants (18-20) as:

K]] — 27'[,02S(_SZ/{202 _ %Su222 + S4u422)
— D p?s; U™, (41)

Ky =27 p*S(—=SU? + 15U + 1S,U*?)
— Wy 22U, (42)

K33 = 27T,OZS(—SM202 _ %SUZZZ _ %5421422)
— %JT,OZSE U, 43)

where all constants 2//"* are evaluated according to the gen-
eral rule (A18).

V. ORDER PARAMETERS AND ELASTIC CONSTANTS
FOR MOLECULES INTERACTING VIA THE GAY-BERNE
POTENTIAL

As the elastic constants expressed by Egs. (18)—(20) ex-
plicitly depend on two order parameters, S and Sy, their
evaluation requires a particular model, relying on a specific
molecular interaction potential. Typically in LCs, the main
part of the molecular interaction potential is determined by
the long-range attraction and short-range repulsion of hard
elongated molecules.

A. Gay-Berne pair interaction potential

A useful model potential of that kind is the G-B potential
[30] which combines relative simplicity, continuity, and capa-
bility of reproducing orientational order of anisotropic liquids
[31,32]. It expresses the pair intermolecular interaction energy
as an anisotropic generalization of the Lenard-Jones potential:

Uss(ar, Iz, a2) =4 ¢(aj, u, ay)
x {[r2/ro — o (aj, u,ap) + 11712

—[ria/ro — o (ar, u, a) + 117} (44)

with the range

o(ar,u, az)
X w-a +u-a)’ | (woa—u-ap)’]) "
o 2 1+ xa;-a l1—xa;-a

(45)

and strength
e(ar, u, a)
=eoll — x*(ar - @)’

. x' T -a+u-ay)?
x 11— =
20 1T+x a-a

1-— X’ a; - ay
(46)

(u~a| —u~a2)21|}“

depending on the orientations of long molecular axes.

Two parameters characterize the effective molecular shape:
ro is its breadth and x = (k* —1)/(k> 4+ 1) is determined
by the relative molecule elongation x. The parameter xy' =
(V" —1)/(k""* + 1) is determined by the ratio «’ of
the well depths for side-to-side and end-to-end molecular
orientations.

The parameters p and v enumerate certain known mod-
ifications of the potential. Thus, the values u =2, v=1
correspond to the potential originally proposed in Ref. [30],
while other sets, such as u =1, v=2,and u =1, v =3,
have been studied later in Refs. [33] and [32,34] correspond-
ingly.

One notes that in the generalized mean-field approximation
used in this paper the G-B potential (44) is to be multiplied
by a step function ®(rj, — rpo(a;, u, a)) which excludes
from the integration in Eq. (38) the anisometric volume rjp <
roo (aj, u, ap) where the potential is positive. This steric cut-
off factor removes the contribution of certain intermolecular
configurations when the interacting anisotropic molecules are
too close to each other and effectively intersect.

B. Expansion coefficients

The analytical dependence of G-B potential on the in-
termolecular distance rj, allows expressing the coefficients
(A17) as

3
—r
pele _ ﬁ/daldagT“O“(auU, ay)

2¢e(aj, u, ap)

X —_—
495

+1080%(a;, u, a,)], 47)

[31 + 8lo(a;, u, ap)

while the coefficients (A18) reduce to

5
,
y'lmk — ”Tl”?k" /daldale’"k(al,u, a)

2¢(ag, u, ap)

s
+4340%(a;, u, a,) + 37803 (a;, u, ay)
+2520%(ar, u, ap)]. (48)

[461 + 4550 (a;, u, ay)

Numerically evaluating the remaining integrals we obtain the
dimensionless parameters v = V”"k(sorg)’1 and " =
U™ (gor)~! that determine the phase behavior and elastic
constants. Those corresponding to the classical G-B potential
with u = 2, v = 1 are presented in Fig. 1, while the constants
of modified potentials with u =1, v =2 and with u =1,
v = 3 are shown in Figs. 2 and 3, respectively. As discussed
in Appendix D, the moderate values of the parameters of

052701-6



MOLECULAR-STATISTICAL THEORY OF ELASTICITY IN ...

PHYSICAL REVIEW E 103, 052701 (2021)

Elongation x

Elongation x

-0.30
-0.35

1 T T T T

3 4
Well anisotropy «’

3 4
Well anisotropy x’

N

ﬂ
q

3.0
2.5
2.0
1.5
1.0
0.5
0.0
-0.5
-1.0

0.0

-0.1
-0.2
-0.3
-0.4
-0.5
-0.6

V/
\—//
_\—/

-3
E -4
-5
b -6
7
I > 3 4 s 6
Well anisotropy x’

FIG. 1. Colormaps of the dimensionless parameters of the classical G-B pair potential with u = 2 and v = 1 characterizing its expansion
in spherical invariants determining the nematic ordering (v2°> and v***) and the elastic constants (12, 4***, 4?2, and u*??). The white dotted

line of the border between the areas of positive and negative elastic constants and four exemplary points A, B, C, and D are shown in the v

plot.
6
0.0 )
5 -0.5
-1.0
« -1.5
£ 4 2.0 7
‘éb 25
S 3 -3.0 |
[sa}
-3.5
A -4.0
2 - ° i
-4.5
B
-5.0
1 T T T T T T T T T
6
5
)
o 4
2
=]
=]
g
E 3
-2.5
2 -
-3.0
1 T T T T T T T T T
1 2 3 4 5 6 1 2 3 4 5 6

Well anisotropy &’

FIG. 2. Colormaps of the dimensionless parameters of the modified G-B pair potential with p
in spherical invariants determining the nematic ordering (v

A, B, C, and D are marked in the v?* plot.

Well anisotropy &’

202

052701-7

|

and v**) and elastic constants (u

202

202

222

u 6

Hs
= 1 and v = 2 characterizing its expansion
404 4222 and u*??). Four exemplary points

3 4
Well anisotropy &’

—_
8]

6

, U



OSIPOV, ANTONOV, AND GORKUNOV

PHYSICAL REVIEW E 103, 052701 (2021)

Elongation

-20 10

20

40 30

60 1 -40

-50

80 .60

-100 -70

80

-120 | -90
-140 100
110

T T T T

Elongation x

8]
1
1

B
\
O 0 2 N B W N~

[
—_ =
N

(=]
R
=]

1 T T T T T T
1 2 3 4 5 6 1 2 3
Well anisotropy x’

Well anisotropy x’

20 20

-30 40

-40 b -60
50 -80
60 | -100
70 -120
80 -140
90 | -160
100 180

4 5 6 1 2 3 4 5 6

Well anisotropy x’

FIG. 3. Same as Fig. 2 for the modified G-B pair potential with u = 1 and v = 3.

the classical G-B potential arise as a result of substantial
compensation of much larger contributions. For the modified
G-B potential, this compensation is less pronounced and the
dimensionless constants of this potential are all negative and
by one-two orders of magnitude larger at large «.

C. Elastic constants of the Gay-Berne nematic

Using the evaluated dimensionless parameters of the po-
tentials we calculate the order parameters S and S; by
a direct minimization of the free energy (40) and obtain
them as functions of the dimensionless temperature T =
kgT (|v*?] g prg)’l. Note that the latter includes the absolute
value of the parameter v?’2, which allows us to rescale the
temperature dependencies into very similar ranges.

The elastic constants are determined by the order param-
eters and the coefficients U/ according to Egs. (41)-(43).
We express them by the dimensionless constants k; =

I(ii(sopzrg)_l determined by the dimensionless parameters
Imk .

u
ki = =28 — 2w 8% + 21 SSqu*? — RSy ut™,
(49)
kyy = =27 S°u*” + £ S + 3 SSuu*? — RSy u™™,
(50)
ks = =27 8%0*” — 2 ST — S SSut?? — D sy ut™
(51)

The stability of nematic phase naturally requires all elastic
constants to be positive. As shown in Fig. 1, this substantially
reduces the appropriate range of x for the original G-B po-

tential. The main factor is the large parameter u?>??, which
negatively contributes to the elastic constants when x exceeds
2. As shown in Appendix D, several vector combinations
entering >?*> with different signs are all very large, but they
substantially compensate each other yielding moderate values
of u?%.

Within the range of positive elastic constants, we choose
four well-separated points marked as A, B, C, and D in Fig. 1
and present the corresponding temperature variations of the
order parameters in Fig. 4(a) and the dimensionless elastic
constants in Fig. 4(b). One can readily see that the temperature
variation of the order parameters is very similar for all four
cases. At the same time, the variation of the elastic constants
is very different: The difference between the constants can be
rather small (as for the point B) or sufficiently large. One
notes, however, that in all cases K, is the largest elastic
constant which is in contradiction with typical experimental
data for nematic LCs consisting of prolate molecules. This is
another disadvantage of the classical G-B potential.

For the modified G-B potentials with u =1, v =2 and
uw =1, v =73 the whole range of the parameters « and «’
corresponds to a stable nematic phase with positive elastic
constants. For four well separated points marked as A, B, C,
and D in Figs. 2 and 3, we present the corresponding tem-
perature variation of the order parameters and dimensionless
elastic constants in Figs. 5 and 6, respectively. One notes that
the points B, C, and D correspond to the same value of the
parameter x. Comparing the graphs B, C, and D in Figs, 5
and 6 one concludes that the relative difference between the
elastic constants is increasing with the increasing molecular
elongation. Comparing also the graphs A and B, one may
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FIG. 4. Thermodynamics of nematic liquid crystal determined
by the parameters of classical G-B potential with u =2, v =1 (see
Fig. 1): (a) Dependencies of the order parameters S and S; and
(b) dimensionless elastic constants k; (solid), k», (dashed), and k33
(dotted) on the dimensionless temperature for four sets of parameters
corresponding to the points A, B, C, and D,marked in Fig. 1. Same
colors correspond to same points.

assume that this difference also decreases with the increasing
anisotropy of the potential well. Note also that the points A
and B are the same for all three G-B potentials and one can
see that the elastic constants of the classical G-B potential are
significantly different from those for the modified potentials.
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FIG. 5. Same as Fig. 4 for the modified G-B potential with u =
1, v = 2. The four sets of parameters correspond to the points marked
as A, B, C, and D in Fig. 2.

VI. ELASTICITY OF THE NEMATIC PHASE COMPOSED
OF POLAR MOLECULES

A. Contribution of polar intermolecular interactions to the free
energy of the nematic phase

In the homogeneous uniaxial nematic state, the
orientational one-particle distribution function fi(a, b, n)
= f((n-a)z, (n - b)?) because the phase is nonpolar and
hence there is only quadratic dependence on all orientational
variables. Thus in the mean-field approximation, all polar
molecular interactions that are described by the terms with
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odd ! and k in the expansion Eq. (22) do not affect the
homogeneous state.

In contrast, in the distorted nematic state, the polar part
of intermolecular interactions gives rise to a small polar cor-
rection to the distribution function. In this paper, we restrict
ourselves to uniaxial molecular interactions and hence the
orientational distribution function depends only on the unit
vector a along the primary molecular axis. In the first approx-
imation, the orientational distribution function of the distorted

J

nematic then can be expressed as:
fi(a,n(r)) = f(a-n(r))[l + ha, n(r))], (52)

where the distribution function f(a-n) is even in a and n,
while the small polar correction /(a, n) is an odd function
of a.

This orientational distribution function together with the
polar correction A(a, n(r)) can be obtained by minimizing the
free energy of the inhomogeneous nematic phase given by
Eq. (21), where the distribution functions are more generally
given by Eq. (52). Minimization of the free-energy results in
the following expression:

1
Sfla; -n(rp][1 + h(a, n(ry))] = 7 &Xp {_kBLT / V(ay, rip, az)f[az - n(rz)][1 + h(ay, H(rz))]dazdl'lz}, (53)
where
Z= /exp {_kBLT / V(ay, i, a2)flas - n(r2)][1 + h(az, n(rz))]dazdl‘u}dal. (54)

Substituting Eq. (53) back into Eq. (21) one expresses the free energy density as:

1
F = —pkgT InZ — Epz f V(ay, r12, ay) f[ay - n(r2)][1 + A(ag, n(ry))]

x fla; - n(r)][1 + h(a;, n(r;))ldr.dada;. (55)

Expanding the orientational distribution function f(a, - n(rz)) in gradients of the director as:
flaz n()] ~ flay - n(r)] + (r2 - V) flay -n(r)] + (2 - VY flay - n@)] +...., (56)

and accordingly expanding the free-energy density Eq. (55) in powers of the small function %, one can write the total free energy

of the inhomogeneous nematic phase in the form:

F=F+F+ / F,o(ry)dr. (57)

Here Fj, and Fy are the free energies given by Egs. (28) and (29) of nonpolar nematic considered above, while F, describes the

additional free energy of distortion:

1
Fp(ry) = —502/V(a1,r12,az)f[az-n(rz)]f[al -n(ry)]h(az, n(r))h(a;, n(r;))dripdarda,

1
+ 5,02 / V(ai, ri2, a2)f[a; - n(ry)]h(az, n(ry))(ri2 - V) flay - n(ry)ldrixdasda

2

One notes that only the polar part of the intermolecu-
lar interaction potential contributes to all integral terms in
Eq. (58).

Taking into account that the function A(a, n(r)) is odd
in a, one concludes that the first term in Eq. (58) does not
vanish only if the potential V (aj, ri2, ay) is odd both in a;
and a, while the second term in Eq. (58) is nonzero only if the
potential is odd both in a, and uy,. In a similar way, the third
term does not vanish if the potential is odd both in a; and uy5;.
Finally, the last term in Eq. (58) does not vanish only if the
potential is odd in a, and even in uy;.

1
—=p’ / V(ay, riz, a2)f[a; - n(ry)]ha(a;, n(ry))(ry2 - V)flay - n(ry)ldriadasda

3 2
2£BT /f[a1 ~n(r1)][/V(a1,r12,az)f[az-n(rl)]h(az,n(rz))dazdrlz} da. (58)

(

Accordingly, it is convenient to present an arbitrary polar
achiral potential of interaction between uniaxial molecules
Vy(ay, ri2, a2) as a sum of the two parts:

Vp(ar, rio, @) = Vyi(ay, rio, a2) + Vp(ag, rp, a2),  (59)

where the potential V,,;(ay, ri2, ay) is odd both in a; and ay,
while V,»(ay, ri2, a2) is odd in ri; and also in a; or in aj.
Both parts of the potential can be expanded in polar spherical
invariants as in Eq. (22). For V),1(aj, r2, ay), the indices / and
k are odd and the index m is even. In contrast, the expansion
of the potential V,»(aj, ry2, a;) contains only invariants with
odd /, odd m, and even k or odd k, odd m, and even [.
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FIG. 6. Same as Fig. 4 for the modified G-B potential with u =
1, v = 3. The four sets of parameters correspond to the points marked
as A, B, C, and D in Fig. 3.

One concludes that the potential V), (aj, ry2, a2) does not
contribute to the second and third terms in Eq. (58) because
it is even in the unit intermolecular vector u;y and hence
these terms vanish after integration over u;;. It contributes,
however, to the first and last terms in Eq. (58). In a similar
way, the potential V,»(ay, ry2, a;) which is odd in u;, does
not contribute to the first and last terms in Eq. (58) providing
a nonzero contribution to the second and third terms.

Taking into account, for simplicity, only the invariants of
the first and second order in a; and a,, one obtains the follow-
ing approximate expressions:

~ 101
V@, riz, a2) & Ui (ri2)T 7 (ag, upp, a2)

+ Ui (ri)T* (ay, upy, a3),  (60)
and

Vpz(ar, riz, az)
~ 110 011
~ Uno(ri)IT (ar,upp,a2) =T (a1, upp, az)]

+ Ui ()T (ay, upp, a2) — T (ay, up, ap)].
(61)

Substituting Egs. (60) and (61) into Eq. (58) one notices that
the unknown polar correction £ to the distribution function
contributes to all integrals only via a vector:

m = / af[a-n(r)]h(r, a)d*a, (62)

enabling one to express the free-energy density Eq. (58) as:
Fp=— 27 p?m* P10
— 27 p*W'"2S{(m - n)(V -n) + [m - (n - V)n]}

2.3 2 2
- %(V‘O‘)Z{s[(n ‘m)? — "ﬂ + "%} (63)

where the constants V'°! and W'!? are defined by (A17) and
(A19) respectively. It is worth mentioning that only the terms
Uio1(ri2)T """ (a1, uya, @) and Uy12(ri2)T "% (ay, w2, a) pro-
vide nonzero contributions to Eq. (58).

The polar order parameter m can in principle be deter-
mined by minimization of the free-energy density Eq. (63).
One notes, however, that the free-energy Eq. (63) possesses a
minimum only within a certain range of parameters. Indeed,
let us consider for simplicity the stability of the isotropic
phase. In the isotropic phase S = 0 and hence Eq. (63) can
be written in the following simple form:

F, = —2mp?p'0! (1 + %V'O')mz. (64)
As the isotropic phase is nonpolar by definition, it should
be stable with respect to the formation of spontaneous polar
(e.g., ferroelectric) order specified by the order parameter
m, the energy density Eq. (64) must be non-negative. This
requires the constant V', which promotes the polar order, to
be negative as well as the expression (1 + 47 pV1%! /3k3T) to
be positive, i.e., restricting [V'%| < 3kgT /47 p.
Minimizing the free-energy density Eq. (63) with respect
to m yields its equilibrium value:

WIIZS
My = = —yior
n(V - n) (n-V)n
X .
1+ %le(zé'—i— 1) 1+ S‘ZTT/;V]()](I —5)

(65)

Finally, substituting my back into Eq. (63) one obtains the
final expression for the polar correction to the free-energy
density of deformation:

ﬂpz(WIIZS)Z
Fp= 2yl
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(V-n)?
1+ 522 V10128 + 1)

(- V)n)®
L+ JZeyior —s) |

(66)
Comparing with Eq. (13) and taking into account that ((n -
V)n)?> = (n x V x n)?, one concludes that Eq. (66) describes

the following corrections to splay and bend elastic constants
which are determined by polar molecular shape:

npz(anS)?

AKn = ——>6r "> (67)
AK33 = %1:25)2)&, (68)
where
Y= [1 + %V'O'(zs + 1)}_1, (69)
YL = [1 + ;;TT';V“”(I — S)]l. (70)

One notes that at small S < 1 both corrections are negative
as V1% < 0and |V'9'| < 3kgT /47 p. Now let us consider the
temperature variation of these corrections determined by the
factors | and y,. At S = 0, they are equal and positive y; =

vy =1+ 471pV101/3kBT)71. However, the variation of y
with the decreasing temperature is completely different from
that of y,. Indeed, y, remains positive for all temperatures
and values of S and approaches unity in the limit of perfect
orientational order S = 1. Thus the polar correction to Ks3 is
generally small as long as the coupling constant W!!? remains
relatively small. In contrast, y; increases with the decreasing
temperature and diverges at some temperature 7' = Ty, when
47 p V'O [28 (Tyn) + 1] = kT,

Thus the polar correction to the splay elastic constant is
negative and its absolute value increases with the decreasing
temperature diverging at T = Ty,. Formally at T = Ty, the
nematic phase (if it still exists in this temperature range)
looses its stability with respect to the homogeneous polar or-
der. However, this phase transition is preempted by an elastic
instability because the absolute value of the negative polar
correction AKj; grows very fast in the pretransitional region
above T, and at some temperature Ty > Ty, the total splay
elastic constant (i.e., the sum of polar and nonpolar contri-
butions) vanishes and the homogeneous nematic phase looses
its stability with respect to the inhomogeneous director dis-
tribution. This may result in the formation of the splay-bend
phase.

B. Elastic constants of polar Gay-Berne nematic

For a quantitative illustration of the effect of polar molec-
ular shape on the elasticity of the nematic phase we consider
a polar modification of the G-B potential (44) by introducing
an additional factor to the anisotropic interaction range (45)
which has the qualitative meaning of the closest distance of
approach between the two molecules:

o(aj,u, ay)

=[1 —n@—pH2+ p)p*]

— afla.
alT_gz

0.25n

0.00m

1.75n

09 1.50m 0.50m

Distance, r/ r,

1.00m

FIG. 7. Cuts of the range (71) of polar G-B potential with n =
0.03 (solid) and n = 0 (dashed) by the plane containing the main
molecular axes a; , for their antiparallel and perpendicular orienta-
tions. The relative molecular elongation is k = 4.

. . 2
x{l—l[(u a;+u-ap) n

(u-a; —u-a,)>7 ] "
2 1+ xa;-a ’

l—X a; - ay
(711)

The added factor depends on the molecular axes a;, a, and
the intermolecular unit vector u via the combination p =
(u-a; —u-ap). The dependence on p allows the potential to
retain its symmetry with respect to the molecular permutation
(a; < ap and u <> —u). At the same time, it introduces the
so-called head-tail asymmetry with respect to the flipping of
the main axis of each molecule, a; <> —a; or a, <> —a,.

The introduced polarity is quantitatively characterized by
the parameter n and the particular polynomial dependence
on p ensures that the range is not an even function of p
but remains fixed for certain molecular orientations corre-
sponding to p = 0, £2. For instance, the polarity does not
affect the interaction range of the molecules with parallel
main axes, a; = a,. However, as shown in Fig. 7, sufficiently
small values of n result in a noticeable asymmetry of the
interaction range for molecules aligned in an antiparallel way
or perpendicular to each other.

Using the polar G-B potential one can evaluate the elastic
constants (49) and (51) together with their polar corrections
given by the following dimensionless expressions:

K 7 (w!Ps)” (72)
17 201011 4+ 47010128 + 1370221

L _ m(w!t2S) (73)
33 — 21)101[1 +47rv101(1 _ S)(3T|v202|)—1]’

where the dimensionless parameter w'!'? = W“z(sorg )y lis
defined similarly to u/"* and v""* introduced in Sec. V. The
analytical integration over the intermolecular distance yields
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FIG. 8. Colormaps of dimensionless parameters of the expansion in spherical invariants of the modified polar G-B pair potential with
w=1,v=3,and n = 0.005. In the v** plot the four exemplary points A, B, C, and D are shown for which we evaluate the elastics constants
in Fig. 9 and the white dashed line shows the border of the area with K, singularity. The colormaps of not shown parameters are marginally

affected by 1 and remain practically identical to those in Fig. 3.

the orientational integral:

—167?
2 _ ré/daldasz(ahm a)

495
x g(ar, u, a)[65 4+ 1240 (a;, u, ay)

+ 1620%(a;, u, ay) + 14403 (a;, u, ay)],  (74)

which has to be evaluated numerically.

We have employed the modified G-B potential with u = 1
and v = 3, add a weak polarity of the molecular shape spec-
ified by the parameter n = 0.005 and calculated numerically
all dimensionless parameters of the expansion of such a po-
tential which enter the expressions for the elastic constants. It
appears that the effect of the weak molecular polarity n on
the most of the parameters u/"* and v""* which determine
the nonpolar contributions to the elastic constants (49)—(51)
is practically negligible apart from the parameter u>?>. The
latter, as discussed above and in Appendix D, arises as a
result of partial cancellation of several large contributions, and
the polar modification of the potential noticeably affects this
balance. In Fig. 8 we present the colormap of the parameter
v292 which is practically unaffected by weak polarity 7, the
colormap of the parameter #*?*> which is slightly altered by
the polarity (compare with the similar plot in Fig. 3), as well

1 andwllZ

as of the two additional expansion coefficients v'°
which are determined by the molecular polarity.

In Fig. 9, we present the temperature variation of the elastic
constants of polar nematics with the polar contributions (72)
and (73) taken into account. One can readily see that in the
case of weak polarity, the temperature dependencies of the
twist and bend elastic constants remain practically unaffected.
At the same time, the splay elastic constant kj; behaves in
a completely different way: First, it increases with the de-
creasing temperature similarly to k33 and ky, but then reaches
a maximum and rapidly decreases until vanishing at some
temperature 7y which is different for different parameters of
the interaction potential. One notes that the homogeneous
nematic phase may be stable only in the temperature range
between the nematic-isotropic transition temperature 7n; and
Ty provided that Tx; > Tp. For some values of the parameters,
the instability temperature 7, may be formally higher than
Tni and then there is no stable nematic phase at all. This
is illustrated in Fig. 8 where all points on the white dashed
line correspond to Ty; = Tp. Below this line, Ty < Ty, and
hence all combinations of parameters do not correspond to
a stable homogeneous nematic phase. Note that this area
covers a substantial part of the «-«’ plane. It is truly remark-
able how a very weak polar interaction which corresponds
to less than 1% of the total intermolecular interaction po-

052701-13



OSIPOV, ANTONOV, AND GORKUNOV

PHYSICAL REVIEW E 103, 052701 (2021)

1.0

< o o
ES = )

Order parameters

o
)

0.0
2000

1500

1000

500

0 i t ;
600 - 1
400 - 1

200 1

Dimensionless elastic constants
=
[

0
800f
600t ks,

400 _ ky v
200—D N,
O 1 L L
0.10 0.15 0.20 0.25

Dimensionless temperature 7

FIG. 9. Same as Fig. 6 for the modified polar G-B potential with
pn =1, v=3, and n = 0.005. The four sets of parameters corre-
spond to the points marked as A, B, C, and D in Fig. 8.

tential may completely destabilize the nematic phase at all
temperatures.

VII. DISCUSSION

In this paper we have used a novel approach to the
evaluation of the elastic constants of nematic LCs. The
distortion free energy of the nematic phase has been ex-
pressed in terms of the orientational deformations tensor y;; =
€k V jni which specifies the pure rotation of the director and
explicitly accounts for the nonpolar symmetry of the nematic
phase. The general fourth rank elasticity tensor of the nematic
phase has been expressed as a sum of five independent terms,

and it has been shown that only three terms contribute to the
elastic constants. As a result, the Frank elastic constants have
been rigorously expressed in terms of the three corresponding
coefficients. One notes that these coefficients which have not
been considered in the literature before, have a physical mean-
ing. For example, the constants K, and K5 determine the
difference between K| and K3;, and K;; and K33, respectively.
Finally, explicit expressions for the elastic constants have been
obtained as the contractions of the elasticity tensor with the
appropriate tensors which depend on the components of the
director.

Approximate expressions for the elastic constants have
been derived using the molecular-field approximation in
the molecular theory of nematic LCs. The intermolecular
interaction potential is expanded in the complete set of
functions—the so-called spherical invariants. As a result,
the elastic constants of the nematic phase are expressed as
sums of the contributions which depend on the corresponding
expansion coefficients and on the orientational order param-
eters of the increasing order. In practice, such a sum can
be truncated after the first few terms because the remaining
terms depend on the higher order parameters which decrease
rapidly with the increasing rank. It has also been shown that
the elasticity tensor of the nematic phase, obtained in this
paper can be transformed into the form which exactly corre-
sponds to the general result derived in Ref. [22] provided the
molecular-field approximation is employed. One notes, how-
ever, that the expressions for the elastic constants, obtained,
for example, in Ref. [22] depend on the derivatives of the
orientational distribution function which are to be evaluated
separately, and thus the elastic constants are not expressed
as explicit ensemble averages. In contrast, in the present
theory the intermolecular potential is expanded in spheri-
cal invariants and each term is explicitly averaged with the
distribution functions. Therefore, the theory establishes a di-
rect approximate relationship between Frank elastic constants
and the intermolecular interaction potential and the order
parameters.

One notes that this approach can in principle be used for
any interaction potential which is available in the analytical
or in the numerical form. For illustration, we have calculated
numerically all elastic constants for the model nematic LC
composed of molecules interacting via the popular G-B po-
tential. Both the classical version of the G-B potential and
two its modifications have been used and the elastic con-
stants have been calculated as functions of temperature, for
different molecular elongation and anisotropy of the potential
well. Surprisingly, the model nematic phase with the classi-
cal G-B interaction appears to be unstable with respect to
the director deformations in the broad range of the model
parameters. Moreover, even in the stable nematic phase the
largest elastic constant is Ky, which is in contradiction with
typical experimental data for nematic LCs composed of pro-
late molecules. In contrast, for the two modified versions
of the G-B potential [32-34], the nematic phase is always
stable and K33 is the largest elastic constant as one expects.
It has also been shown that the difference between the elastic
constants is increasing with the increasing molecular elonga-
tion. Thus the results indicate that Frank elastic constants are
significantly more sensitive to the details of the intermolecular
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interactions than the order parameters, and some particular
interactions may lead to the elastic instabilities in the nematic
phase.

The molecular theory of elasticity of the nematic phase
has also been generalized to account for the polar molecular
shape. It has been taken into consideration that the orienta-
tional distribution function of polar molecules in the nematic
phase with inhomogeneous director distribution contains a
small correction which is proportional to bend and splay de-
formation vectors [8,14]. This means that even in the system
of uniaxial polar molecules the distribution function does
not have the simple form f(a,r)= f[a-n(r)] as assumed
in the molecular theory of nematic LCs composed of non-
polar molecules. The polar correction has been determined
by minimization of the free energy of the inhomogeneous
nematic phase taking into account the gradient terms and
polar intermolecular interactions. A small polar correction to
the orientational distribution function gives rise to the cor-
responding corrections to splay and bend elastic constants
which appear to be negative throughout the range of the stable
nematic phase. It has been shown that the behavior of these
corrections is completely different. In the case of uniaxial
polar molecules, considered in this paper, the polar correction
to the bend elastic constant is generally small for weakly polar
molecules and its absolute value decreases with the decreasing
temperature. In contrast, the absolute value of the correction to
the splay elastic constant rapidly increases with the decreasing
temperature and may even diverge at some temperature Tgp.
At this temperature, the nematic phase looses its stability
with respect to the formation of the homogeneous polar (e.g.,
ferroelectric) order.

It is interesting to note, however, that this polar instability
can never occur in the conventional nematic phase because it
is preempted by another structural instability. In the pretransi-
tional region above Ty the absolute value of the negative polar
correction AKj; can be very large and at some temperature
Tp > Tip the total splay elastic constant Kj; (the sum of the
positive nonpolar and negative polar contributions) vanishes.
This results in an instability of the homogeneous nematic
phase with respect to an inhomogeneous distribution of the
director and may be considered as a mechanism of the transi-
tion into the splay-bend phase [1,2,3].

One concludes that the homogeneous nematic phase
may be stable only in the temperature range between the
nematic-isotropic transition temperature 7y; and the insta-
bility temperature 7T, and both these temperatures strongly
depend on the parameters of the interaction potential. It has
been shown that in some areas of the parameters space Tp is
higher than Tyy and hence the systems with the corresponding
values of the parameters do not exhibit any stable homoge-
neous nematic phase. Thus even a weak polar intermolecular
interaction may completely destabilize the nematic phase at
all temperatures.

The theory developed in this paper may also be generalized
to describe elasticity of nematic LCs composed of biaxial and
polar bent-core molecules which may exhibit the twist-bend
phase. Bent-core molecules can be modeled, for example, by
two G-B interaction cites. The corresponding theory will be
presented in our future publication.
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APPENDIX A: INVARIANTS 7™k

The first several functions 7' read as:

Ty, up, a2) = (a; - ay), (AD)
T'"'%ay, upa, a2) = (a; - up), (A2)
T (a;, up, a2) = (ay - up2), (A3)

T (ar, up, a2) = 3(a; - up)(@z - up) — (a; - ap),  (Ad)
T'" (@, up, @) = 3(a; - ap)(a - up) — (a; -upp),  (A5)
T*'(aj, upp, a2) = 3(a; - a)(ar -up) — (a2 - upp), (A6)

220
T°"(ar,upp, a2) = Pr(a; - upp)

= 3(a; -up)’ — 1, (A7)

T (a;, up, a;) = Po(a; - ay)

=3(a;-a)’ — 1, (A8)

022
T “(ar,upp, a2) = Py(ay - up)

3 2
= s(ay-up

; 1 (A9)

— 1
T*%(a;, up, a2) = Py(a; - a3)
=3(a;-a)* — L@ -a)’ +3, (Al0)
T**(a;, up, ay)
= 2(a; - a)(a - up)(a; - up)

—3a-a)’ — 3@ up)’ — (- ap)’ + 1,

(A11)
T*(a;, up, ay)
= ¥(a; - a)*(a; - upp)’

— 3(a; - ap)(ax - up)(ag - up) + H(upp - ay)?

— 2(upy-a)’ — 3@ ) + g, (A12)
and

T (a;, up, ap) = T*%(ay, up, a)). (A13)

The functions are mutually orthogonal in a sense that

Imk Imk
/Tm (aj, 2, a2)T" ™" (aj, uj2, ax)dajda

= 11 S Sue |1 T (Al4)
but not properly normalized, as [|T'%|| =||T!°|| =
T = 22, T2 = || T2 = || T2 = $x?,
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[|T20)] = [|T*?]| =
T2 = IT**]| =

Therefore, expansion of an arbltrary pair 1nteract10n poten-
tial U(ay, r, a,) reads as:

r
Ui r.a) = Y Ui (OT"™ (a1, > a0 ).

Imk

||T()22|| _ 16 2 ||T222|| — 56 2

, and
||T422||_56 2 ||T404|| 16 2

(A15)

with the coefficients obtained as

Ui (r) = T

x/U(al,r, az)TI'"k<al,£,az)daldaz. (A16)
r

Note that upon integration, the right-hand side is independent
of the direction of r.

If a potential is even with respect to the permutation 1 <> 2
of interacting particles, then certain coefficients are interre-
lated. In particular, Uy10(r) = —Up11(7), Uy12(r) = —=Us1:1 (1),
Uoo(r) = Upa(r), and Uso () = Unpa(r).

The contributions to the homogeneous nematic free energy
is expressed by the integrals

pimk — / dr rPUpy(r), (A17)

0

the elastic constants of nonpolar nematic are determined by
the integrals

o0
Uk = / dr r*Upu(r), (A18)
0

J

while the elasticity of nematics composed of polar molecules
involves also the integrals

wink — / dr Uy (r). (A19)
0

APPENDIX B: COMPARISON WITH THE GENERAL
EXPRESSIONS OF PONIEWIERSKI AND STECKI

Poniewierski and Stecki [22] have considered the orienta-
tional elasticity of the nematic phase composed of uniaxial
nonpolar molecules by introducing another elasticity tensor
M, that presents the corresponding part of the distortion
free-energy density as

on 8n
Fu= kBTM,q,A -— (B1)
ox 8
They have obtained the following exact expression for this
elasticity tensor:

1
Migs =

2
7P / ri2,jr2,4Ca(ag, ro, az)az ay ¢

df(a;-n)df(az-n)
d(a;-n) d(ay-n)

where Cy(ay, ry, ay) is the direct pair correlation function of
the homogeneous nematic phase. The Frank elastic constants
are then expressed in terms of the components of the tensor
quts as K]] = Mxxxxa K22 = Mxyxyv and K33 = sz,xz- It can
readily be shown that exactly the same expression can also be
derived from the above Eq. (31) in terms of the molecular-field
approximation.

dl’]zdaldaz, (B2)

Indeed, by comparing Eq. (B1) with Eq. (31) one identifies this elasticity tensor in the form:

MMF —

S8 dr - Ui —_—
iats 2k T Z I k/ 12512, j12.4U k(ru)[anz,tanl,s

2 2
p J Imk
— dr : _ S S U T""(n, upp, n
2kBT/ 12r12,,/r12,q|:8n27t8n1’s(;mk 1S Uik (r12) (ny, up 2))i|

ZTImk

(ny, uyy, nz)]

n=n;=n

np=n;=n
/02 32
= 2T |:—8n2,t3nl,s (f dripriz jriag / V(ai, upp, a2)f(a; - ny)f(ay - mp)daday, >:|n2:nl:n7 (B3)
where we have taken into account that according to (22) and (23)
fdrl2r12,jr12,q [ V(aj,upp, a)f(a; - ny)f(ar - m)dajda, = ZSISkUzmk(Flz)Tl"'k(nl, up, my). (B4)

Imk

One notes that in (B3) the derivative 3%/ (0ny,,0n; ) is acting only on the orientational distribution functions f(a; - n;) and

f(ay - mp). Taking into consideration also that

2
[Wf (ar-m)f(ar - nz)]

n,=n;=n

. df(a;-m)of(ay - 11)’ (B5)
T 7 d(ap-n) d(ax-m)

allows expressing the tensor (B3) of the nematic phase in the molecular-field approximation in the form:

2
MF

2ksT

P
Miys = ——— | rzjn2qV (@i, r, aay saz, X

df(a;-n)df(ay-n)
d(a;-n) d(ay-n)

dl’]zdaldaz. (B6)
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This exactly coincides with the general result of Poniewirski
and Stecki (B2) if the direct -correlation function
Cy(ap, rip, ay) is replaced by —V(ay, ryz, a3)/kgT in the
molecular-field approximation.

APPENDIX C: CONTRIBUTIONS FROM VARIOUS
SPHERICAL INVARIANTS TO THE ELASTIC CONSTANTS

Let us separately consider the contributions to the elasticity
tensor of different terms in Eq. (36). For the invariant 72%% one
obtains

82T202 r
[—(nl, -, ﬂz)] =38, +3mn,. (€D
8n2,, 8n1,5 r ny=n,;=n

and one can readily see that the contribution of the second
term to the elasticity tensor Eq. (35) vanishes, while the first
term yields the contribution:

4
= —7p?S* U™ 8;,(8;p — miny), (C2)

3
202 2¢2
1([qu =—=p S €rvi€rupMyNy dr rjquZOZ(r)

where the constant /2> as well as all similar ones can be
evaluated by integrating the potential as in Eq. (A18).

Substituting Eq. (C2) into Egs. (18)—(20) one obtains that
this part of the potential equally contributes to all elastic
constants:

K =K = K3* = =27 p°S* U, (C3)

404

In a similar way, the derivative of the invariant can be

expressed as

82T404 r
[— (nl, Ly nz)i| = 108,, + 45mn,.  (C4)
anzy,anl_s r ny=n,=n

Equation (C4) is similar to Eq. (C1) and hence one may
directly conclude that the T4** term in the interaction po-
tential also yields the same contribution to all three elastic
constants:

K =K = K = — 2w p?S; U™ (C5)
One notes that the invariants 72?° and 7°** depend only on
one of the directors, n; or n,, and hence they do not contribute
to the elasticity as their second derivatives in (35) vanish.

To calculate the contributions of the invariants 7222, 7422,
and T%** we first calculate the contributions from the follow-
ing different terms: (m; - my)(n; - w)(my - w), (n; - np)%(m; -
u)?, and (n; - my)*(ny - u)*:

/[az(nl -m)(ny -u)(ny - u)

3n2,8n13

2
] ujugd-u
n,=n;=n

= / [(n - w)?8s + (- w)(nguy + moug) + ugity Juju,d*u

4
= 3[283, (8jq +njng) + 2840, + 8; (859 + ngny)
+ 8;4(8sj + ngnj) + 8sjnng + Sggniny], (Co6)

/' |:32(n1 ‘m)*(m - u)?

2
u;u,du
jUq
Ony, 0ny :|n2:n1=n

/ [2(n - u)*(8y + ngny) + 4ngu, (- w)luu,d*a

8
E[((Sﬂ + nn)(Sjq + 2n5ny) + 28 jqngny

+ 284050 + 268, jngny], ((e1))]
52 RN 2
/[ (n; -mp)*(n; - u) } ugdu
8n2t8nls n=n;=n

/ [2(n - u)*(8y + ngny) + 4nyug(n - w)luu,d*u

8
E[((SS, + ngn)(Sjq + 2n5ny) + 28 jqngny
+ 285qminj + 285;n:n4]. (C8)

Note that the integrals over u are evaluated using a helpful
identity:

47
/ wjttgu,u,d*u = 15 Giado +8jp8ug + 8jugp). (C9)

Accordingly,

2T222

[ | g (. £
uuu,| ——(n;, -, n
"ty ony ,0n g 1r 2

2
= ?[—481-4(83, + ngny) + 68gnng + 38, j(85q + nsng)

nm=n;=n

+ 38,4(85; + ngn;) + 38 ;mny + 3854n 1] (C10)

and

1
I{lzjé%] = — Zp2S2/dr r4U222(r) etuiesupnunu

2T222

il r
x [ duuju, —(m, —,nz)
8n2,t3n1,8 r n=n;=n

_ %pzsz u222 [2(5,;, — i’ll'l’lp)(3n_jnq — 28_1‘(1)

+ 3(€qup€jvi + Gjupeqvi)nvnu]- (C11)
Substituting Eq. (C11) into Egs. (18)—(20) one finally ob-

tains the following contributions of the 7'??? term to the elastic
constants:

2
K22 = —?” p2S2 U2, (C12)
4
K = S p'S U, (C13)
2
K2 = —?” P22 U2, (C14)
The second derivative of the function 7%*? can be ex-
pressed as:
927422 v
/du u,-uq|:—(n1, - n2)i|
' ony ,0ny ¢ r fy=n,=n
2
= ?[—55181'(1 — 3,j8sq — 8,q85j + 585,njnq
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FIG. 10. Colourmaps of the contributions from different vector combinations to the dimensionless parameter u???

Berne pair potential with 4 =2 and v = 1.

+ 6385,min; + 638;mmy + 6840,
— & jnghg — Signghnj + Tnghynjng) (C15)
and the corresponding contribution to the elastic tensor reads:

422
Kiqu

1
—Z,OZSS4 / dr r*Usn(r) €i€suphuny

r
X [du ujuq[ (nl, —,n2>]
r n,=n;=n

A
2 422
_gp SS4Z/{ €rvi€supoly

82T422

8n2,,8n1,5

X [—(Ssz(sjq - 8tj8sq - Stq(ssj + Saﬂnjnq]

b4
=3 02SSaU [(8;p — miny) (84 — Snjng)

+ (ejviequp + Eqviejup)nvnuL (C16)

which contributes to the elastic constants (18)—(20) as:
K7 = mp?SSyU*?, (C17)
K2 = % PSS, U2, (C18)

4

K2 = - Tﬂ P2SSU, (C19)

One can readily see that the contribution of the func-
tion T?** is the same as that of 7% and hence K?* =

-100

-150

-200

-250

-300

-350

-
NS

4
Well anisotropy x”

(=)}

of the classical Gay-

K72, K33 = K332, and K3* = K{3*. Combining the contri-
butions from all invariants one obtains the final expressions
for the elastic constants given by Eqs. (41)—(43).

APPENDIX D: CONTRIBUTIONS TO 1?2

Relatively large positive parameter u???> of the origi-

nal G-B potential with © =2 and v = 1 negatively con-

tributes to the elastic constants and destabilizes the ne-

matic phase for « exceeding 2-3. In order to understand

the role of different contributions to u?*?, we express it
de(ag, u, ap)

as
L
56n2/ A 3108y

x [461 + 4550 (a1, u, ay) + 4340%(a;, u, a,)

222

+3780° (a1, u, ay) + 2520 (a;, u, ay)]
9
X |:§(31 ~az)(az - upp)(ag - up)
3 3 3
_E(al cay)’ — 5(31 ‘up)? — 5(“12 cap)? + 1i|,
(DD

and calculate separately the contributions of the vector com-
binations in the latter square brackets. As seen in Fig. 10, all
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such contributions are negative and their absolute values are
much larger than the resulting parameter u>*2. Therefore, we
conclude that this and other more moderate parameters of the
classical G-B potential arise as a result of substantial compen-

sation of much larger terms. Note, for another example, that
the parameter u?° stays between —1 and 3, while the separate
contributions from (a; - a,)? and unity are larger by orders of
magnitude.
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