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Spin dynamics under the influence of elliptically rotating fields: Extracting the field topology
from time-averaged quantities
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Systems that can be effectively described as a localized spin-s particle subject to time-dependent fields
have attracted a great deal of interest due to, among other things, their relevance for quantum technologies.
Establishing analytical relationships between the topological features of the applied fields and certain time-
averaged quantities of the spin can provide important information for the theoretical understanding of these
systems. Here, we address this question in the case of a localized spin-s particle subject to a static magnetic
field coplanar to a coexisting elliptically rotating magnetic field. The total field periodically traces out an ellipse
which encloses the origin of the coordinate system or not, depending on the values taken on by the static and the
rotating components. As a result, two regimes with different topological properties characterized by the winding
number of the total field emerge: the winding number is 1 if the origin lies inside the ellipse, and 0 if it lies
outside. We show that the time average of the energy associated with the rotating component of the magnetic
field is always proportional to the time average of the out-of-plane component of the expectation value of the
spin. Moreover, the product of the signs of these two time-averaged quantities is uniquely determined by the
topology of the total field and, consequently, provides a measurable indicator of this topology. We also propose an
implementation of these theoretical results in a trapped-ion quantum system. Remarkably, our findings are valid
in the totality of the parameter space and regardless of the initial state of the spin. In particular, when the system
is prepared in a Floquet state, we demonstrate that the quasienergies, as a function of the driving amplitude at
constant eccentricity, have stationary points at the topological transition boundary. The ability of the topological
indicator proposed here to accurately locate the abrupt topological transition can have practical applications for
the determination of unknown parameters appearing in the Hamiltonian. In addition, our predictions about the
quasienergies can assist in the interpretation of conductance measurements in transport experiments with spin
carriers in mesoscopic rings.
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I. INTRODUCTION

The last two decades have shown the emergence of a sig-
nificant body of work in geometrical and topological effects
in physics. The experimental discovery of topological insu-
lators and the ongoing chase for topological superconductors
[1–3] are fundamental milestones towards the possibility of
using topologically protected states for quantum computation
and information applications [4,5]. One of the new research
avenues opened by this success is Floquet topology: the ex-
ploration of topological effects in cases where the spatial
periodicity is replaced (or complemented) by time-periodicity
[6–8]. This has led to proposals of Floquet topological in-
sulators [9,10], Floquet topological superconductors [11–13],
amid a monumental amount of Floquet-related theoretical and
experimental contributions, ranging from cold atoms and ion
traps [14,15] to plasmonic and photonic platforms [16–19].
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In this context novel research advances have also been
achieved on fundamental isolated driven quantum systems, as
it is the case of a spin subject to a time-periodic magnetic field.
Indeed, the Floquet spin-1/2 case has been more extensively
studied, as it maps to the dynamics of any periodically driven
two-level system (TLS) or qubit. The most studied config-
uration involves an uniaxial magnetic field drive which is
perpendicular to a static magnetic field [20–26], the so-called
Rabi model of ubiquitous use in nuclear magnetic resonance
(NMR). The weak driving aspects of the nontrivial solution to
this problem can be captured by considering a circular driving
field that rotates in the plane perpendicular to the static field.
This particular geometrical arrangement of the fields allows
the obtention of the exact solution by a simple transformation
to the rotating frame [27]. Another famous configuration,
leading to Landau-Zener-Stückelberg interferometry physics
[28–30], is obtained when the Rabi setup includes an addi-
tional component of the static field which lies along the axis
of the linear driving.

In this work, instead, we focus on the case in which the
driving field rotates elliptically in a plane that contains the
direction of a competing static field [31]. For circular driving,
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FIG. 1. Sketch of the topological transition undergone by the
magnetic field B(t ) defined in Eq. (1). The total magnetic field
B(t ) is the result of adding an elliptically rotating magnetic field
Br (t ) (dotted red vectors) to a static magnetic field Bs (dashed blue
vectors). For η < 0, the origin of B(t ) lies inside the ellipse and B(t )
rotates periodically around it (a). For η = 0, the origin of B(t ) lies
on the ellipse and B(t ) vanishes periodically in time with periodicity
T (b). For η > 0, the origin of B(t ) lies outside the ellipse and B(t )
performs an oscillating motion (c).

this peculiar configuration was first proposed by Lyanda-
Geller in Ref. [32]. In that reference, the total magnetic field,
i.e., the addition of the driving and the static fields, period-
ically traces out a circle which encloses the origin of the
coordinate system or not, depending on the values taken on
by the static and the rotating components. Specifically, if the
magnitude of the static field is less than the amplitude of the
circular driving, the origin lies inside the circle and the total
magnetic field rotates periodically around it. In this case, the
winding number of the total magnetic field, i.e., the number of
turns that the total magnetic field makes around the origin in
a period, is 1. By contrast, if the magnitude of the static field
is greater than the amplitude of the circular driving, the origin
lies outside the circle and the total magnetic field performs
an oscillating motion, leading to a winding number of 0.
For the case of elliptical driving, these two possibilities are
sketched in panels (a) and (c) of Fig. 1. Thus, depending on the
dominance of the static or the rotating field, the total magnetic
field shows two regimes with different topological properties
characterized by the winding number. The transition from one
regime to the other occurs when the amplitudes of the static
and rotating fields are the same. In this critical case, the total
magnetic field vanishes periodically [see panel (b) of Fig. 1
for the case of elliptical driving]. This precludes the use of
the adiabatic theorem for the critical case and implies that
nonadiabatic physics is inherent in the topological transition
undergone by the total magnetic field. This critical region
has recently been explored in Ref. [33] using another type of
adiabatic approximation.

The physical implementation of the above-described sys-
tem proposed in Ref. [32] was based on electrons moving
in a mesoscopic ring and having Rashba spin-orbit coupling
[34]. The spin of an electron rotating in this type of ring
undergoes a momentum-dependent spin-orbit field which is
contained within the plane of the ring and is perpendicular to

the momentum of the electron, thereby generating a circularly
rotating field [35]. Using the same idea in a ring in which
Dresselhaus spin-orbit coupling is also present [36], an ellipti-
cally rotating field can be generated [37]. By externally tuning
the amplitude of an in-plane Zeeman field, the topology of the
total field can be controlled. Field configurations of this type
have been experimentally realized in InAs-based mesoscopic
rings both in the case of Rashba [38] and Rashba-Dresselhaus
spin-orbit couplings [39,40]. Samples with polygonal shapes,
presenting abrupt changes of the spin-orbit direction, have
also been considered [41,42]. A more direct physical imple-
mentation of this system can be accomplished by applying a
conveniently chosen combination of magnetic fields to qubit
or TLS platforms. Examples of such platforms include GaAs
quantum-dot-based qubits [43–45], silicon qubits [46], NMR
systems [47], and superconducting qubits [28,48]. In this pa-
per, we provide the details of a specific implementation based
on well established ion-trap quantum technologies.

The above-described topological transition has observable
effects on the spin dynamics. In particular, as shown in
Ref. [32], the Berry phase acquired by the adiabatic Floquet
spin states in a time period equals π when the winding number
of the total magnetic field is 1 and equals 0 when it is 0. This
change in the Berry phase can lead to observable interference
effects in the above-mentioned transport experiments with
spin carriers in mesoscopic rings [32]. It is important to stress
that this simple connection between the Berry phase and the
winding number of the total magnetic field is strictly valid
only in the adiabatic limit, i.e., for parameter values suffi-
ciently far from the critical region at which the transition from
one topological regime to the other occurs. This is because, in
this limit, the vectors on the Bloch sphere that represent the
Floquet spin states stay aligned or anti-aligned with the total
magnetic field at all times [49]. Consequently, the winding
number of the Floquet spin states—which, in this case, is
simply the Berry phase divided by π—coincides with that
of the total magnetic field. By contrast, as mentioned above,
near the critical region the spin dynamics is dominated by
nonadiabatic effects and becomes intricate (see, e.g., Fig. 4
in Ref. [49]), obscuring a simple connection between these
winding numbers. Nevertheless, the topological transition of
the total magnetic field is still manifest in the resonance spec-
trum of the spin system as a clearly visible inflection in the
Bloch-Siegert shift [49].

The present paper demonstrates that, despite this intricacy,
the spin dynamics contains precise, extractable information
about the topology of the total magnetic field. Specifically,
we show that the time average of the energy associated with
the rotating component of the magnetic field is always propor-
tional to the time average of the out-of-plane component of the
expectation value of the spin. Crucially, the sign of the propor-
tionality constant is uniquely determined by the topology of
the total magnetic field. Consequently, the product of the signs
of these two time-averaged quantities provides a measurable
indicator of this topology which is valid in the totality of the
parameter space, for the broader class of elliptical drivings,
and regardless of the initial state of the spin. The generality of
this topological indicator contrasts with the limited range of
applicability of previous indicators—as, e.g., the Berry phase
[32] or the parity of the winding number of the Floquet spin
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states [49]—which are not valid near the critical transition
region. Furthermore, the ability of our proposal to accurately
locate the abrupt topological transition can have practical
applications for the determination of unknown parameters ap-
pearing in the Hamiltonian, as, e.g., the frequencies associated
to an unknown static magnetic field (for details, see Sec. VI).

In addition, we apply the above results to the particular case
in which the system is prepared in a Floquet state, and explore
their implications on the Floquet quasienergy spectrum. In
particular, we find that, at the topological transition boundary,
the gradient of the quasienergies with respect to the driving
amplitudes has a vanishing component along the directions of
constant eccentricity. As a consequence, the quasienergies, as
a function of the driving amplitude at constant eccentricity,
have stationary points at the topological transition boundary.
For the particular case of a circularly rotating field, this be-
havior is consistent with the numerical simulations reported
in Ref. [49]. Our predictions for the quasienergy spectrum,
besides being of theoretical interest, can have observable
physical consequences on the above-mentioned experiments
with electrons in mesoscopic rings. For an array of several
hundreds of these rings, the sample-averaged conductance is
linearly related with the cosine of the total (dynamic plus
geometric) phase accumulated by the eigenfunctions of a
single one-dimensional ring [38,50]. Since such total phase
is proportional to the quasienergy of the equivalent Floquet
problem [49], our results on the quasienergy spectrum can
assist in the interpretation of conductance measurements in
these systems.

The outline of the remainder of this paper is as follows.
In Sec. II, we introduce the system of interest and state the
problem under consideration. In Sec. III, we derive a relation
between two time-averaged quantities of the system which has
the ability to indicate the topology of the applied magnetic
field. In Sec. IV, we propose a possible implementation of
our approach by a trapped-ion quantum system. In Sec. V, we
discuss the consequences of our results for the quasienergy
spectrum of Floquet states. Finally, in Sec. VI, we present
conclusions for the main findings of our work.

II. DESCRIPTION OF THE MODEL

Let us consider a localized spin-s particle under the action
of a time-periodic magnetic field of the form

B(t ) = Br (t ) + Bs, (1)

where Br (t ) = Br,x cos(ωt )ux + Br,y sin(ωt )uy is an ellipti-
cally rotating magnetic field of period T = 2π/ω, and Bs =
Bs,xux + Bs,yuy is a static magnetic field. In these expressions,
ux and uy denote two mutually perpendicular unit vectors. The
density operator of the system, ρ̂(t ), obeys the Liouville–von
Neumann equation (we set h̄ = 1 throughout this paper)

i ˙̂ρ(t ) = [Ĥ (t ), ρ̂(t )] (2)

with the Hamiltonian

Ĥ (t ) = −γ B(t ) · Ŝ, (3)

where γ is the gyromagnetic ratio, Ŝ is the vector spin operator
for a particle with spin quantum number s, and the overdot
and centered dot indicate, respectively, derivative with respect

to time and scalar product of vectors. The model presented
here is a generalization of the one considered in Refs. [32,49],
wherein Br,x = Br,y (circularly rotating magnetic field), Bs,y =
0, and s = 1/2. Henceforth, we assume that the frequencies
γ Br,x, γ Br,y, and ω are positive. This is not a true restriction,
since this can always be achieved by properly choosing the
signs of ux and uy.

As time progresses, the tip of the vector B(t ) traces out an
ellipse centered at the tip of Bs, and with semiaxes of lengths
|Br,x| and |Br,y| in the directions of ux and uy, respectively
(see Fig. 1). By scaling the x and y axes by 1/Br,x and 1/Br,y,
respectively, this ellipse is mapped into a circle of unit radius
centered at B′

s = Bs,xux/Br,x + Bs,yuy/Br,y. The origin of the
new coordinate system is inside (respectively, outside) the
circle if the distance from the center of the circle to the origin
is smaller (respectively, greater) than the circle radius, i.e.,
if (Bs,x/Br,x )2 + (Bs,y/Br,y)2 < 1 (respectively, >1). By the
same token, the origin of the new coordinate system lies on
the circle if (Bs,x/Br,x )2 + (Bs,y/Br,y)2 = 1. As the topological
property of being inside or outside a closed curve is preserved
by the above mapping, the dimensionless parameter

η =
(

Bs,x

Br,x

)2

+
(

Bs,y

Br,y

)2

− 1 (4)

determines whether the origin of B(t ) lies inside, outside, or
on the ellipse and, therewith, the type of motion the vector
B(t ) is undergoing. Specifically, for η < 0, the origin of B(t )
lies inside the ellipse and, as a result, the vector B(t ) rotates
periodically around its origin [see panel (a) in Fig. 1]. By
contrast, for η > 0, the origin of B(t ) lies outside the ellipse
and, as a consequence, B(t ) performs an oscillating motion
[see panel (c) in Fig. 1]. Finally, for η = 0, the origin of B(t )
lies on the ellipse, giving rise to a magnetic field B(t ) which
vanishes periodically in time with periodicity T [see panel (b)
in Fig. 1].

The above discussion indicates that, at the critical value
η = 0, the magnetic field B(t ) undergoes a transition between
two regimes with different topological properties, namely, a
rotating regime (for η < 0) and an oscillating one (for η > 0).
The transition from one regime to the other can be controlled
by varying the value of the static magnetic field Bs, according
to Eq. (4). This topological transition manifests itself in the
spin dynamical properties, as discussed in Ref. [49] for a
model which is a particular case of the one considered here.
In the following section, we derive a relation between two
time-averaged quantities of the system which has the ability
to indicate the topology of the applied magnetic field.

III. CHARACTERIZATION OF THE TOPOLOGICAL
TRANSITION

By using Eqs. (2) and (3), it can easily be shown that the ex-
pectation value of the vector spin operator, S(t ) = Tr[Ŝρ̂(t )],
satisfies the classical equation

Ṡ(t ) = −γ B(t ) × S(t ), (5)

where the × symbol indicates vector product of vectors.
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To proceed further, let us introduce the dimensionless T -
periodic vector function

q(t ) =
[

cos(ωt ) − Bs,x

Br,x

]
ξ ux +

[
sin(ωt ) − Bs,y

Br,y

]
uy

ξ
(6)

with ξ = √
Br,y/Br,x. In terms of the parameter ξ , the eccen-

tricity of the ellipse traced out by B(t ) is
√

1 − min(ξ 4, ξ−4),
where min(ξ 4, ξ−4) denotes the minimum of ξ 4 and ξ−4. It
is now straightforward to verify that the following relations
hold:

q(t ) · B(t ) = −η�r

|γ | (7)

and

q̇(t ) × uz = |γ |ωBr (t )

�r
, (8)

where �r = √
γ 2Br,xBr,y is the geometric mean of the fre-

quencies γ Br,x and γ Br,y, and uz = ux × uy is a unit vector
perpendicular to the plane in which B(t ) lies. In addition,
using Eqs. (5) and (7), it can also be verified by simple vector
algebra that

[q(t ) × uz] · Ṡ(t ) = sgn(γ )η�rSz(t ), (9)

where Sz(t ) = uz · S(t ) is the z component of the expectation
value of the vector spin operator.

Taking the time average of both sides of Eq. (9) over a
natural number of periods nT , integrating by parts the left-
hand side of the obtained expression, and using Eq. (8), it can
readily be shown that

Ē (n)
r + R(n) = η�2

r

ω
S̄(n)

z , (10)

where

S̄(n)
z = 1

nT

∫ nT

0
dt Sz(t ), (11)

Ē (n)
r = − γ

nT

∫ nT

0
dt Br (t ) · S(t ), (12)

and R(n) = sgn(γ )�r[q(0) × uz] · [S(nT ) − S(0)]/(2πn).
The term R(n) vanishes in some special cases. This occurs,

for instance, if the system is prepared in a Floquet state [51]
or, more generally, in a statistical mixture of Floquet states. In
that case, the function S(t ) is T -periodic and, consequently,
S(nT ) − S(0) is equal to zero for any natural number n. Inde-
pendently of the initial preparation, this term also vanishes in
the limit as n goes to infinity, since the sequence S(nT ) − S(0)
is bounded. In this limit, Eq. (10) reduces to

Ēr = η�2
r

ω
S̄z, (13)

where S̄z and Ēr are the limits as n goes to infinity of S̄(n)
z

and Ē (n)
r , respectively. In the Appendix it is shown that these

limits exist and can be calculated explicitly by making use
of the Floquet theorem [51]. In computer simulations, or real
experiments, the function S(t ) is known only in a finite time
interval. Thus, the limiting behavior predicted by Eq. (13)
can be reached only approximately by choosing a sufficiently
large value of n. To be more precise, n must be chosen large
enough to ensure that R(n) is much smaller than Ē (n)

r .

Equation (13) is one of the central results of the present
work. It shows that, independently of the initial preparation,
the infinite-time average of the energy associated with the ro-
tating component of the magnetic field, Ēr , is always directly
proportional to the infinite-time average of the z component
of the expectation value of the vector spin operator, S̄z. More-
over, the sign of the proportionality constant η�2

r /ω is closely
correlated with the topology of the applied magnetic field [see
the discussion below Eq. (4)]. Consequently, the quantity

Q = sgn(Ēr )sgn(S̄z ) (14)

can be used as a reliable indicator of this topology, provided
that S̄z �= 0 [52]. Specifically, the values Q = +1 and Q = −1
indicate, respectively, that the magnetic field B(t ) oscillates or
rotates, whereas the value Q = 0 indicates that B(t ) vanishes
periodically in time.

In order to illustrate our result, we simulate the dynamics
of a localized spin-1/2 particle subject to an elliptical driving,
and compute the signs of S̄z and Ēr to obtain Q. We solve
numerically Eq. (2) using Floquet techniques (see Appendix
for general details), and evaluate sgn(Ēr ), sgn(S̄z ), and Q for
different initial spin states. In Fig. 2, the amplitudes of the ro-
tating field are fixed at Br,x = 7.25ω/γ and Br,y = 2.25ω/γ ,
and the strengths of the static field are varied. The computed
Q is, as expected, independent of the initial spin state and
it changes its sign when the total magnetic field changes
its topology. From Eq. (4), we can see that the change of
topology occurs when γ 2B2

s,x/(7.25ω)2 + γ 2B2
s,y/(2.25ω)2 =

1 and, thus, the boundary is elliptical. On the other hand, in
Fig. 3, we explore a situation in which we vary the amplitudes
of the rotating field while the strengths of the static field
are fixed at Bs,x = 2.3ω/γ and Bs,y = 4.1ω/γ . Here, again Q
behaves as an indicator of the topology of the total magnetic
field, regardless of the initial spin state ρ̂(0). According to
Eq. (4), the boundary between the two regions is the curve
γ Br,y/ω = 4.1/

√
1 − 2.32ω2/(γ Br,x )2.

IV. PROPOSAL FOR A TRAPPED-ION IMPLEMENTATION

The previous protocol can be straightforwardly imple-
mented with a trapped-ion quantum system [53,54]. Trapped
ions can be confined with electromagnetic fields in Paul traps,
forming strings in vacuum. They can then be cooled down
via Doppler cooling and sideband cooling to a few amount
of phonons in the ion motional degrees of freedom, and
manipulated with lasers to carry out coherent, i.e., unitary,
operations. Trapped ions have been employed, among other
purposes, for quantum simulations and quantum interfaces
[55–57]. This is an optimal system to perform the protocol
previously described, given that a single ion and a few laser
beams with carrier transitions are all that is needed [53,54].

For the sake of clarity and the ease of experimental im-
plementation, here we restrict ourselves to the case s = 1/2,
although similar analyses could be done for larger s. In this
case, from Eqs. (1) and (3), we have

Ĥ (t ) = −γ σ̂x

2
[Br,x cos(ωt ) + Bs,x]

− γ σ̂y

2
[Br,y sin(ωt ) + Bs,y], (15)

where hereafter σ̂x, σ̂y, and σ̂z are the usual Pauli operators.
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FIG. 2. Numerical illustration of the validity of the topological indicator Q in Eq. (14), for the case s = 1/2 and constant rotating field
amplitudes Br,x = 7.25ω/γ and Br,y = 2.25ω/γ . The numerically-obtained values of sgn(Ēr ) [(a)–(c)], sgn(S̄z ) [(d)–(f)], and Q [(g)–(i)] are
plotted as a function of the dimensionless static field components γ Bs,x/ω and γ Bs,y/ω. From left to right, the initial spin state ρ̂(0) is |↑x〉〈↑x|,
|↑y〉〈↑y|, and |↑z〉〈↑z|, respectively. No color is assigned to the zero-measure regions (lines) in which the quantities sgn(Ēr ), sgn(S̄z ), and Q
are equal to zero. As can be seen in (g)–(i), the value of Q reflects the topology of the total magnetic field regardless of the initial spin state.
Specifically, Q = 1 when B(t ) performs an oscillating motion and Q = −1 when B(t ) rotates periodically around its origin.

FIG. 3. Numerical illustration of the validity of the topological indicator Q in Eq. (14), for the case s = 1/2 and constant static field
amplitudes Bs,x = 2.3ω/γ and Bs,y = 4.1ω/γ . The numerically-obtained values of sgn(Ēr ) [(a)–(c)], sgn(S̄z ) [(d)–(f)], and Q [(g)–(i)] are
plotted as a function of the dimensionless rotating field components γ Br,x/ω and γ Br,y/ω. From left to right, the initial spin state ρ̂(0) is
|↑x〉〈↑x|, |↑y〉〈↑y|, and |↑z〉〈↑z|, respectively. No color is assigned to the zero-measure regions (lines) in which the quantities sgn(Ēr ), sgn(S̄z ),
and Q are equal to zero. As in Fig. 2, (g)–(i) show that the value of Q reflects the topology of the total magnetic field independently of the
initial spin state.
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To illustrate a proposal for implementation, we consider
a single two-level ion trapped in a Paul trap and cooled
enough such that carrier interactions can be performed to a
high fidelity (e.g., about 99%) [53,54]. No coupling to phonon
degrees of freedom is needed, such that one does not require,
in principle, ground state cooling or to enter deeply onto the
Lamb-Dicke regime, although entering to a certain extent in
this regime would be desirable to increase coherence and gate
fidelity.

The basic trapped-ion interaction we will employ is the
coupling of the ion with a laser via a carrier Hamiltonian,
which, expressed in a certain interaction picture, reads

Ĥ i.p.
c (t ) = �c(ei
t+iφσ̂+ + e−i
t−iφσ̂−). (16)

Here, �c is the carrier Rabi frequency, 
 = ω0 − ωL, with ω0

and ωL being, respectively, the energy difference between the
two levels of the ion and the laser frequency, σ̂+ and σ̂− are the
raising and lowering spin operators, respectively, and φ is the
laser phase. The interaction picture in Eq. (16) is computed
with respect to the Hamiltonian ω0σ̂z/2.

The first step of the experiment is to initialize the spin state
onto a certain desired initial state. This can be achieved, for
an arbitrary pure spin-1/2 state, via the combination of up
to three carrier interactions of the form given in Eq. (16) for

 = 0 and different values of �c and φ, depending on the
initial state one would like to obtain Ref. [58]. The subsequent
step is to express the dynamics generated by the Hamiltonian
in Eq. (15) in terms of building blocks of the form given by
Eq. (16), thereby establishing a mapping between the physical
parameters of both equations. By decomposing the sine and
cosine functions into exponentials, Eq. (15) can alternatively
be written as

Ĥ (t ) =
6∑

j=1

�c, j (e
i
 j t+iφ j σ̂+ + e−i
 j t−iφ j σ̂−), (17)

where �c,1 = �c,2 = γ Br,x/4, �c,3 = �c,4 = γ Br,y/4,
�c,5 = γ Bs,x/2, �c,6 = γ Bs,y/2, 
1 = −
2 = 
3 =
−
4 = ω, 
5 = 
6 = 0, φ1 = φ2 = φ4 = φ5 = π , φ3 = 0,
and φ6 = π/2. Therefore, six additional carrier interactions
are required for this purpose.

In order to calculate the topological indicator Q de-
fined by Eq. (14) in a trapped-ion experiment, we need
to compute numerically the integrals in Eqs. (11) and
(12) for a sufficiently large number of periods. This en-
tails knowing the values of the three components of S(t )
at a discrete set of time instants. With respect to Sz(t ),
it is one-half the expectation value of σ̂z, which can be
straightforwardly obtained via resonance fluorescence [58].
Regarding the components Sx(t ) = Tr[σ̂xρ̂(t )]/2 and Sy(t ) =
Tr[σ̂yρ̂(t )]/2, after some simple transformations, they can be
brought into the form Sx(t ) = Tr[σ̂zeiπσ̂y/4ρ̂(t )e−iπσ̂y/4]/2 and
Sy(t ) = Tr[σ̂ze−iπσ̂x/4ρ̂(t )eiπσ̂x/4]/2. Therefore, by straight-
forward local rotations on the ion immediately before
measurement, which can be done via further carrier interac-
tions of the form given by Eq. (16), one can also obtain Sx(t )
and Sy(t ) to a large fidelity by resonance fluorescence.

With this protocol for an experiment with trapped ions,
the topological phase of the applied magnetic field can be
determined by measuring independently S̄(n)

z and Ē (n)
r for a

sufficiently large value of n. Naturally, in this proposal, the
values of the Rabi frequencies are known and, therefore, the
topological phase can be alternatively determined by calcu-
lating the parameter η = �2

c,5/(2�c,1)2 + �2
c,6/(2�c,3)2 − 1.

However, unlike what happens with η, the quantities S̄(n)
z and

Ē (n)
r can be calculated without knowing a priori the value of

the static magnetic field Bs. This may prove useful for possible
scenarios with other kinds of quantum technologies, e.g., NV
centers [59], where the aim may be to obtain the topologi-
cal phase of a partially unknown magnetic field via a spin
measurement. The knowledge of this topological phase can
have practical applications for the determination of unknown
parameters appearing in the system Hamiltonian (for details,
see Sec. VI).

Single-qubit trapped-ion gates can be carried out with ex-
tremely good fidelities, in some cases with errors of one part
in a thousand or even smaller [60]. The main limitation in a
trapped-ion experiment is likely going to be the decoherence
time [54]. Thus, to verify that the above proposal is feasible,
one has to ensure that the time nT required to reach the
limiting behavior predicted by Eq. (13) is sufficiently small
in comparison to the decoherence time.

To illustrate this point with specific examples, let us con-
sider two combinations of Rabi frequencies that result in
different topological phases of the magnetic field. In the first
one, �c,5 = 2�c,1 and �c,6 = 2�c,3, so that η = 1. In the
second one, �c,5 = �c,6 = 0 and, consequently, η = −1. In
order to obtain an estimate of the time nT , we impose the con-
dition that the residual term R(n) be negligible in comparison
to the other two terms in Eq. (10). Assuming that S̄(n)

z does not
vanish for large values of n, which will happen for a variety
of the initial states considered, it then follows that the relation
nT �r � 1 should hold. This can always be achieved for ap-
propriate trapped-ion parameters. For example, if we take ω =
�r, then the above relation takes the form nT �r = 2πn � 1.
In case we would like to have 2πn > 10, it would suffice to
take n = 2. Since �r = 4

√
�c,1�c,3, this would correspond

to an experiment time of 2T = 4π/ω = π/
√

�c,1�c,3. For
carrier Rabi frequencies �c,1 and �c,3 of about 2π × 10 kHz,
this would be well below typical decoherence times of a few
milliseconds.

V. IMPLICATIONS FOR FLOQUET QUASIENERGIES

In an experimental setting, initializing the system in a pure
Floquet state can be impractical. However, in this section, we
apply the results of Sec. III to this case, unveiling interesting
properties of the quasienergy spectrum that are linked to the
topological change of the total magnetic field.

First, note that if |� j, t〉 is a Floquet state with
quasienergy ε j (see Appendix for definitions), it holds that
ĤF(t )|� j, t〉=ε j |� j, t〉, where ĤF(t )≡ Ĥ (t ) − i∂t is the Flo-
quet operator (henceforth, ∂• denotes partial derivative with
respect to the subscript variable •). Making the change of
variables γ Br,x = �rξ

−1 and γ Br,y = �rξ in Eq. (3) and using
the chain rule, it can easily be shown that

∂�r ĤF(t ) = κ · ∇rĤF(t ) = −γ Br (t ) · Ŝ
�r

, (18)
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FIG. 4. Numerical illustration of the fact that, at the topological
transition boundary, the gradient of the quasienergies with respect
to the driving amplitudes has a vanishing component along the
directions of constant eccentricity [see Eq. (19)]. The color map
shows the numerically-obtained values of the quasienergies ε j for
a localized spin-1/2 particle, with the subscript j labeling the pos-
itive quasienergy solution in the first Brillouin zone. As in Fig. 3,
the static field amplitudes are kept constant at the values Bs,x =
2.3ω/γ and Bs,y = 4.1ω/γ , whereas the dimensionless rotating field
components γ Br,x/ω and γ Br,y/ω are varied. The white solid lines
indicate several directions of constant ξ , i.e., of constant eccentricity.
The black dash-dotted line indicates the topological transition curve
γ Br,y/ω = 4.1/

√
1 − 2.32ω2/(γ Br,x )2. The arrows indicate the di-

rections of the gradient ∇rε j at the intersections of the lines of
constant eccentricity with the topological transition curve. These ar-
rows are always perpendicular to the associated constant ξ direction,
illustrating that κ · ∇rε j = 0 when η = 0 [see Eq. (19)]. This is also
evidenced by the fact that at these intersections the white solid lines
of constant ξ are tangent to the level curves of ε j (black solid lines).

where κ = (ξ−1ux + ξuy)γ −1 and ∇r is the gradient op-
erator with respect to the variables Br,x and Br,y, i.e.,
∇r = ux∂Br,x + uy∂Br,y . As mentioned in Sec. III, the parameter
ξ is closely related to the eccentricity of the ellipse traced out
by B(t ). Therefore, the straight lines obtained by keeping the
value of ξ fixed and allowing the value of �r to vary (white
solid lines in Fig. 4) are lines of constant eccentricity.

Let us assume that the spin is initialized in the pure Flo-
quet state ρ̂(0)=|� j, 0〉〈� j, 0|. For this initial condition, the
function S(t ) is T -periodic and, consequently, the infinite-
time averages of −γ Br (t ) · S(t ) and Sz(t ) reduce to averages
over a single period. Therefore, one has that Ēr, j = Ē (1)

r, j and
S̄z, j = S̄(1)

z, j , where the subscript j has been introduced to spec-
ify the particular Floquet state under consideration. Thus, by
applying the Floquet version of the Hellmann-Feynman theo-
rem [61] to Eq. (18), we obtain that ∂�r ε j =κ · ∇rε j = Ēr, j/�r .

From Eq. (13), it then follows that

∂�r ε j = κ · ∇rε j = η�r

ω
S̄z, j . (19)

The above expression provides a relationship between the
parameter η in Eq. (4) and the component of the quasienergy
gradient along the lines of constant eccentricity κ · ∇rε j .
In particular, for the critical value η = 0, one has that
κ · ∇rε j = 0. This implies that, along the topological transi-
tion boundary, the gradient ∇rε j either vanishes or is normal
to the lines of constant eccentricity. This result is specially
relevant for situations in which the static field is kept constant
and the driving amplitudes are varied, as shown in Fig. 4 for
the case s = 1/2.

Another straightforward consequence of Eq. (19) is that
∂�r ε j vanishes when η = 0. By expressing Eq. (4) in terms
of �r and ξ , it can easily be verified that this occurs
when �r = �r,c ≡ √

(γ Bs,xξ )2 + (γ Bs,y/ξ )2. Therefore, the
quasienergy ε j , as a function of �r , has a stationary point
at �r = �r,c. We can determine the nature of this stationary
point by examining the sign of ∂�r ε j given by Eq. (19) imme-
diately to the left and to the right of �r,c. Using that η > 0
for �r < �r,c and η < 0 for �r > �r,c, it then follows that
ε j has a local maximum (respectively, minimum) at �r,c if
S̄z, j > 0 (respectively, S̄z, j < 0) at �r,c. Analogously, if S̄z, j

changes sign at �r,c, then ε j has an inflection point at �r,c.
These three possible situations are illustrated in Fig. 5 for the
case s = 1/2. It is worth mentioning that these results are con-
sistent with the numerical simulations reported in Ref. [49] for
the case ξ = 1 (circularly rotating magnetic field), where it is
shown that ∂�r ε j = 0 at the topological transition curve.

VI. CONCLUSIONS

We have addressed systems that can be modeled by a local-
ized spin-s particle driven by an elliptically rotating magnetic
field coplanarly competing with a static component. Equation
(13) summarizes the main result of this paper: the existence
of a relationship between two time-averaged quantities of the
system which is linked to the topology of the applied magnetic
field. Remarkably, this result is exactly valid in the whole
parameter space, regardless of how strong the applied mag-
netic fields are or how close the system is to the nonadiabatic
region in which the total magnetic field changes its topology.
In addition, it is independent of the initial state of the system.

In practice, the topological indicator Q [see Eq. (14)] can
be computed without requiring a complete knowledge of all
the parameters appearing in the Hamiltonian (3). In particular,
the parameters associated with the static magnetic field (i.e.,
the frequencies γ Bs,x and γ Bs,y) are not necessary for its
computation. This is because the definition of Q in Eq. (14)
involves only the rotating magnetic field, characterized by the
three frequencies γ Br,x, γ Br,y, and ω. As a matter of fact,
since sgn(Ēr ) = sgn(Ēr/�r ), it is easy to see that Q can be
computed knowing only the frequency ω and the dimension-
less parameter ξ = √

Br,y/Br,x, which, as was mentioned in
Sec. III, is closely related to the eccentricity of the ellipse
traced out by the rotating magnetic field.

Our finding paves the way to using time-averaged measure-
ments to obtain knowledge of the underlying topology of the
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FIG. 5. Numerical illustration of the fact that the quasienergies,
as a function of the driving amplitude at constant eccentricity, have
stationary points at the topological transition boundary. The color
map shows the numerically-obtained values of sgn(S̄z, j ) as a function
of �r/ω and γ Bs,y/ω, for s = 1/2, ξ = 0.775, and γ Bs,x/ω = 2.3.
As in Fig. 4, the subscript j labels the positive quasienergy solution in
the first Brillouin zone. The black solid line indicates the topological
transition curve γ Bs,y/ω = 0.775

√
(�r/ω)2 − (2.3 × 0.775)2. The

inset shows the dependence of the dimensionless quasienergy ε j/ω

on �r/ω for the three values of γ Bs,y/ω indicated in the main
figure by horizontal segments with the same line style. The values
of �r,c/ω corresponding to each value of γ Bs,y/ω are given by the
abscissas of the centers of the filled circles. When S̄z, j > 0 at �r,c/ω,
ε j/ω has a local maximum at �r,c/ω (dotted red line). By contrast,
when S̄z, j < 0 at �r,c/ω, ε j/ω has a local minimum at �r,c/ω (solid
yellow line). Finally, when S̄z, j changes sign at �r,c/ω, ε j/ω has an
inflection point at �r,c/ω (dashed green line).

applied magnetic field. Apart from being of theoretical inter-
est, knowing the underlying topology of the applied magnetic
field may also be useful from a practical point of view to
determine unknown parameters appearing in the Hamiltonian.
As a simple example to illustrate this possibility, suppose that
the static component of the magnetic field Bs is unknown, but
the rotational component Br (t ) can be controlled at will. As
mentioned above, our results enable calculating the topology
of the total magnetic field Bs + Br (t ) from the spin dynamics,
without knowing the value of Bs. By varying the size of the
ellipse traced out by Br (t ) while keeping its eccentricity con-
stant (or, equivalently, by varying the value of the frequency
�r while keeping the value of the parameter ξ constant), the
critical frequency �r,c at which the topological indicator Q
changes sign can be calculated. From the expression for �r,c

given in Sec. V, it is a matter of simple algebra to see that two
measurements of �r,c at different ξ values suffice to determine
the unknown frequencies |γ Bs,x| and |γ Bs,y|. Note that this
procedure is possible thanks to the validity of our results
beyond the circular case.

To put our approach into practice, the first step is to iden-
tify quantum systems whose dynamics can be described as a

driven spin-s particle. The most promising candidates are the
two-level quantum systems or qubits (i.e., s = 1/2). In this
paper, we have presented simulations for a driven two-level
quantum system illustrating both the independence of our
results on the initial state of the system and their applicability
to any driving regime. We have also proposed a possible
implementation of our approach by a trapped-ion quantum
system. This setup appears to be an excellent platform for
implementing and testing magnetic fields undergoing topo-
logical transitions because of the exceptional high fidelities
achieved in similar state-of-the-art experiments.

Finally, we have shown that Eq. (13) imposes restrictions
to the quasienergy spectrum (see Sec. V) that are consistent
with previous numerical investigations of the circular driv-
ing case [49], and that can be useful for situations in which
the quasienergy spectrum is accessible. The obtained exact
conditions for the quasienergies are also theoretically relevant
for future investigations attempting to obtain closed analyti-
cal expressions of the Floquet solutions to this problem. In
addition, our predictions for the quasienergy spectrum can
assist in the interpretation of conductance measurements in
transport experiments with spin carriers in mesoscopic rings
(see Sec. I).
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APPENDIX

The Floquet theorem [51] guarantees that the Schrödinger
equation corresponding to the Hamiltonian (3) possesses a
complete set of solutions of the form e−itε j |� j, t〉, with
j = 1, . . . , 2s + 1. The state vectors |� j, t〉 are T -periodic
functions of time and are referred to as Floquet states. The
quantities ε j are called quasienergies and can be taken to lie
within the first Brillouin zone [−ω/2, ω/2). It is easy to see,
then, that the solution of Eq. (2) can be expressed in terms of
the initial density operator ρ̂(0) as

ρ̂(t ) =
2s+1∑
j=1

2s+1∑
k=1

ρ jk (0)|� j, t〉〈�k, t |e−i(ε j−εk )t , (A1)

where ρ jk (0) = 〈� j, 0|ρ̂(0)|�k, 0〉. Using Eq. (A1) to com-
pute S(t ), inserting the resulting expression into Eqs. (11) and
(12), and taking the limit as n tends to infinity, we obtain after
some calculations

S̄z = 1

T

∫ T

0
dt S′

z(t ) (A2)
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and

Ēr = −γ

T

∫ T

0
dt Br (t ) · S′(t ), (A3)

where

S′(t ) =
2s+1∑
j=1

2s+1∑
k=1

ρ jk (0)〈�k, t |Ŝ|� j, t〉δε j ,εk . (A4)

In particular, if the quasienergy spectrum is nondegenerate,
then Eq. (A4) simplifies to

S′(t ) =
2s+1∑
j=1

ρ j j (0)〈� j, t |Ŝ|� j, t〉. (A5)
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