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Explicit volume-preserving numerical schemes for relativistic trajectories and spin dynamics
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A class of explicit numerical schemes is developed to solve for the relativistic dynamics and spin of particles in
electromagnetic fields, using the Lorentz—Bargmann-Michel-Telegdi equation formulated in the Clifford algebra
representation of Baylis. It is demonstrated that these numerical methods, reminiscent of the leapfrog and Verlet
methods, share a number of important properties: they are energy conserving, volume conserving, and second-

order convergent. These properties are analyzed empirically by benchmarking against known analytical solutions
in constant uniform electrodynamic fields. It is demonstrated that the numerical error in a constant magnetic field
remains bounded for long-time simulations in contrast to the Boris pusher, whose angular error increases linearly
with time. Finally, the intricate spin dynamics of a particle is investigated in a plane-wave field configuration.

DOI: 10.1103/PhysRevE.103.043310

I. INTRODUCTION

The classical relativistic dynamics of charged particles
in electromagnetic fields is ubiquitous in nature and, as
a consequence, is an important topic in many areas of
physics, ranging from plasma physics, astrophysics, accel-
erator physics, and many others [1-5]. In plasma physics,
the main theoretical tools based on numerical simulations
of the Vlasov equation, the so-called particle-in-cells (PIC)
method, rely on accurate long-term approximations of particle
trajectories [6-9]. In particle accelerators, these trajectories
are important to determine the stability of the beam in the
storage ring, again requiring long-time solutions [10-12].

Recently, some studies have pointed out the importance of
spin dynamics in plasmas [13,14]. Also, it is well known in
particle physics that spin dynamics is important to prepare the
electron beam in the right polarization, requiring fine tuning
and control of the electromagnetic fields in the accelerator
[15,16].

Describing these physical systems theoretically then re-
quire two main ingredients: an equation that describes the
(classical) state of the particle (position, velocity, and spin)
and an accurate approximation for the solution of this equa-
tion. The former is provided by the combination of the
relativistic Lorentz equation, for charged particle trajecto-
ries, and the Bargmann-Michel-Telegdi (BMT) equation [17],
which gives a classical description of spin precession when
gradients of the field can be neglected [1]. The latter is the
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subject of this article, where numerical methods are developed
to solve these equations.

Solving the Lorentz—-BMT set of equations numerically
and efficiently for long-time simulations is a long-standing
problem. To reach this goal, many numerical approaches have
been developed over the years, most of them focusing on
the Lorentz equation and neglecting spin. The quintessential
numerical scheme is the Boris pusher [18], developed in the
1970s and now widely used in PIC codes and for simulating
the particle dynamics in magnetic fields. Its success stems
from the fact that the algorithm is simple and preserves the
phase-space volume in the nonrelativistic limit, despite not
being symplectic [19]. Moreover, it also preserves energy
explicitly for certain field configurations [20]. These prop-
erties make this method much more accurate in long-time
simulations than standard approaches for systems of ordi-
nary differential equations, such as the Runge-Kutta methods,
while still being easy to implement. Given its success, the
Boris method has been revisited many times. For example,
more accurate versions of the Boris method have been devel-
oped via a modified gyration angle update [21,22] or a filter
algorithm [23]. Also, a Boris-type algorithm with spatial step-
ping also exists [24]. Other alternatives to the Boris method in
the nonrelativistic limit include high-order exponential opera-
tor splitting [25-29], symplectic methods [30,31], multisteps
methods [32], and the line integral method [33].

In the relativistic regime, the system of equations becomes
nonlinear and, thus, more challenging to solve. In addition,
the Boris method is no longer volume conserving and, thus,
loses its accuracy in strong electromagnetic fields. For these
reasons, many alternatives to the Boris approach have been de-
veloped recently to tackle the relativistic dynamics of charged
particles [34-38]. Most of these approaches rely on the
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explicit conservation of the phase-space volume and/or the
conservation of energy for long-time accuracy. Many of the
most popular numerical schemes are compared in Ref. [39].
Attempts to solve the BMT equation in conjunction with the
Lorentz-force equation are more rare, however, but can be
found in Refs. [40,41].

In this article, we put forth frameworks for simulating rela-
tivistic dynamics of trajectory and spin for charged particles in
a strong electromagnetic field based on the spinor formulation
of Baylis [42—46]. Leapfrog-like and Verlet-type second-order
numerical methods are developed based on operator splitting.
Both preserve the phase-space volume; additionally, energy is
conserved when the electric field is absent. These properties
are tested empirically by comparing computed trajectories to
known analytical solutions in homogeneous constant electric
and magnetic fields. It is demonstrated that the numerical error
stays bounded for all field configurations, in contrast to the
Boris method, for which the numerical error increases linearly
with time in the case of a strong constant magnetic field. Fur-
thermore, our formulation provides an access to spin, which
can be evaluated by solving another differential equation. The
spin dynamics is benchmarked with the exact solution for a
particle moving in a plane electromagnetic wave.

This article is organized as follows. In Sec. II, we review
the formalism of the Clifford algebras applied to electrody-
namics. In Sec. III the numerical methods are described. In
Sec. IV the methods are benchmarked against the relativistic
Boris method. We then close in Sec. V with conclusions and
an outlook. Units where ¢ = 1 are used throughout this article.

II. REVIEW OF THE FORMALISM OF CLIFFORD
(GEOMETRIC) ALGEBRAS APPLIED
TO ELECTRODYNAMICS

In this section, the application of the Clifford algebra to
electrodynamics and particle dynamics is reviewed. More
details on this formulation can be found in Refs. [45-47].
Throughout this paper, a classical particle of charge ¢ and
mass m is considered. Bold letters correspond to ordinary
three-dimensional vectors.

A. Charged particle dynamics

In the usual classical relativistic formulation, the trajectory
of a charged particle x is governed by the Lorentz-force equa-
tion

@ _ £+ B 1)
- = — X s
dt 1 dt

where p = ymdx/dt denotes the momentum,

y = 1/y/1 — (dx/dt)? is the Lorentz factor, E and B are
the electric and magnetic fields, respectively. The manifestly
covariant form of this equation reads as

o
mdL =qF""uy, 2)
dr
where u* = (u°, u) = y(1, dx/dt) is the proper velocity, 7 is
the proper time, and F'**” is the electromagnetic field tensor.
The Einstein summation convention is assumed over repeated
greek indices w, v =0, 1,2, 3.

In the Clifford algebra formalism, the motion and orienta-
tion of a particle is determined by its eigenspinor A, which
is just the special Lorentz transformation relating the rest
frame of the charge to the laboratory frame. The properties
of space-time vectors known in the rest frame of the charge
are transformed to the laboratory frame by A. For instance,
the proper velocity of the particle in the laboratory frame is

U=AA", 3)
where

U= (oouo +ou' + o’ + 03143)

0 3 L_ 2
:<u +u u—m>. (4)

u +ir W =i

The component oy is the 2x2 identity matrix while oy, k =
1, 2, 3, are the Pauli matrices. Note that both matrices U and
A are unimodular owing to the mass-shell condition det(U ) =
(u®)?> — u? = 1. The velocity in the usual quadrivector repre-
sentation can be recovered via
u" = 1Tr Uoy,). 5)
As shown in [46,48,49], the Lorentz-force equation (2) can
be written in terms of A as
dA
2= L, ©)
dt 2m
where F is the electromagnetic field tensor represented by the
traceless matrix

F = E*oy + iB oy
_ E3 E' —iE? 4 B3 B! — iB?
“\E'+iE?  -E3 \B'+iBz -B )
@)

The equivalence between Egs. (2) and (6) can be proven as
follows. Taking the proper time derivative of Eq. (3) gives

dU _dA A "
dt  dt dt ’

It follows from Eq. (6) that

dA . q dAT q
—A'=2FU, A—=_LUF". 9
dt 2m dt 2m ©
Thus,
du q
— = —(FU+UF"),
drt Zm( + )

’%(G()E u+ Eroy + 0w x BY),  (10)

given that U is Hermitian. Therefore, the scalar and vector
parts of the above equation give, respectively,

du®
m— =gqE -u, (11D
dt
du 0
md— =uqE + (u x gB). (12)
T
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Since the eigenspinor is related to the proper velocity, the
space-time trajectory x* is recovered as

x* = 1Tr (xoy,), (13)

dx .
— = AA".
dt
The eigenspinor of a particle is different for different ob-
servers. Suppose that A, is the eigenspinor of a charged
particle with respect to observer A. Let Lgs transform prop-
erties from the rest frame of the observer A as viewed by
observer B. The eigenspinor for observer B is then

(14)

A B = LBA A A-
The transformation of the eigenspinor thus takes the form

A — LA.

B. Spin dynamics

The most significant advantage of the spinorial propaga-
tor is the ability to provide the classical spin dynamics as
described by the BMT equation. Arbitrarily defining o3 as
the direction of the spin in the particle’s rest frame, the spin

4-vector in the laboratory frame is then given by [50]
S = AozA”, (15)

where A obeys the dynamical equation (6) for the g factor
g = 2. Taking the proper time derivative of (15), we have

dS dA dAf

o= E@AT + A@y. (16)
It follows from Eq. (6) that
dA i q dAT -
E@A = %FS, A037 = %SF . )
Thus,
95 _ 4 (s 4 sFh
dt 2m

— L (6oE - S + SoE*or + 01 (S x BY)  (18)
m
given that U is Hermitian. Therefore, collecting the terms and
writing in covariant form, we end up with the BMT equation
as* q
= —F*fsg.
dt m P

19)

In the standard approach, this differential equation is solved
along with the Lorentz-force equation (2). This is a challeng-
ing problem because the two equations are coupled via the
electromagnetic field. In the Clifford algebra formulation, we
solve for A by using Eq. (6) and the spin is simply evaluated
using Eq. (15).

For a general g factor, the calculation of spin is more
challenging. We must introduce an auxiliary spinor Y that is
dedicated to track the classical spin according to the following
equation [50]:

Y

—-— = i[(2 +9F +2—-gUFTU]Y,
8m

T (20)

where U = AAT. Here, A is calculated employing the g=2
propagator in Eq. (6); thus, U is known at each step in t.
Having calculated Y, the spin for g # 2 is

S="o;Y". (21)

INt can be verified that when g = 2, one recovers T = A and
S =~S. Following the same steps of Eqs. (16), (17), and (18)
for S instead, we arrive at

d . qlg = g ~
— S == —Faﬂ 2 -1 o F)lll 22
d‘L'S m|:2 Sg + (2 )U (Sx UM):|, (22)

which is the BMT equation for a general g factor.

III. NUMERICAL METHODS

In this section, a class of numerical schemes is developed
starting from the Lorentz—BMT force equation formulated
in the Clifford algebra representation developed by Baylis.
The main physical goal is obtaining accurate relativistic tra-
jectories of particles immersed in a space-time dependent
electromagnetic field. This will be achieved by a combined
use of the split-operator method and standard discretiza-
tion techniques, resulting in simple but efficient numerical
methods.

The starting point is the system of ordinary differential
equations (ODE) obeyed by the particle in its proper reference
frame, obtained from Eq. (3), along with Eq. (6). The proper
time is related to the laboratory frame time by dt/dt = y(¢),
where y (¢) is the Lorentz factor. Then, the particle dynamical
equations become

dNG@) g
= e GG, 23)
A0 1 cepatieo) 24)
FTERC N M)

where A(x(t)) € M,(C) is the eigenspinor describing the mo-
tion and orientation of a particle, x(r) € M,(C) is the position
of the particle, and F € M,(C) is the electromagnetic tensor.
All these quantities are 2x2 complex matrices [M,(C)] ex-
pressed in the Clifford algebra described in Sec. II, where
a Pauli matrix basis decomposition is given [see Egs. (7)
and (14)]. When g # 2, these two equations should be sup-
plemented by Eq. (20) to obtain the spin dynamics. In the
laboratory frame, this is expressed as

dYE®) g
T v (CRRAIO)
+(2 = QU EOIF ()T ()] (x(1))-

(25)

Together with the initial values x(fy) = x° and A(x°) =
A%, Egs. (23) and (24) form the initial value problem solved
by the numerical methods. The initial position x° is evaluated
from Eq. (14). A° can be obtained by using the fact that A is
a unimodular element of the Pauli algebra, and therefore can
be written as a pure boost [42,43,51]:

w

INET (26)
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where w? is the initial rapidity. The rapidity is given by

0

wo = okﬁk

arctan(|u’|), Q27)
where @° := u°/|u| is the unit vector in the direction of the
initial velocity u° € R3.

The ODE system (23) and (24) has an important mathemat-
ical property: it preserves the phase-space volume. This can
be demonstrated by showing that the ODE is divergenceless.
For this purpose, we follow Ref. [52] and introduce similar
notation. First, the ODE system is written in the general form

dz(t)
dt

=G(z) for z,Ge C™, (28)

where z = (z1, ..., z,)" is a real vector containing the ODE
degrees of freedom (DOF) while G, also a vector, specifies the
dynamics of all DOF. The exact flow ¢,, of the ODE system
is defined by

2t + A1) = @ar(2(1)). (29)

To write the ODE system (23) and (24) in the form of Eq. (28),
the vectorization operator is introduced:

A= vec(A)
= [Ai, . A A A Av - Ag] T
(30)
for any m x m matrices A with components (A;;); j=1,..m-

This operation is a mapping vec : M,,(C) - C ™ that trans-
forms a square matrix into a vector by stacking the columns of
the matrix. This operation obeys some properties, in particular
vec(AB) = (I, ® A)vec(B). Armed with this notation, it is
now possible to demonstrate that the ODE system is volume
preserving.

An ODE system is divergence free when

— =0. (31)

" 3G;
—/ 0z

i=1

In addition, a divergence-free ODE system is volume preserv-
ing [52], thus, we now demonstrate that Eq. (31) holds for
(23) and (24). First, the vectorization mapping is applied to
the ODE system yielding

-

dR }
2 4 LeF)k =6™, 32)
2my

X i
i _veethh) . gw, (33)
dt y

where A, %, G®, G e C* are four-dimensional vectors, ob-
tained from the stacking of matrix components. Obviously, the
derivatives

i=1,...,4, (34)

simply because G has no explicit dependence on x. On the
other hand, derivatives of G™) are not zero, rather we have

(A) (A)
G 3Gy

1 =2 —F+iB, (35)
A, dA5
G  aGP

22— 4 —_p3_ B (36)
IR, ARy

However, when taking the divergence, a sum on all these
contributions is taken and we get V-G = 0. As a con-
sequence, the ODE system is divergence free, implying that
it is also volume preserving [52]. It is emphasized here that
the phase space is spanned by the position and eigenspinor
(x, A). In particular, it is not the same space as the one for
Hamiltonian systems, defined via the position and momentum
of the particle (x, p). Nevertheless, volume preservation is
an intrinsic property of the dynamic ODE system (23) and
(24) and, therefore, numerical schemes fulfilling this property
should be more accurate in long-term calculations because
they will preserve the qualitative features of the solution [53].

A. Discretization of the ODE system

To develop such numerical schemes, a time grid is intro-
duced where x" = x(t,), A" = A(x(t,)), and 1, = ty + nAt,
where n € N and At is the time step. To preserve volume, the
two approaches described in the following subsections take
advantage of the fact that the formal solution of Eq. (23) is

A= T exp [ a /’ F(x(1)
Iy y (@)

2m
where T represents time ordering. This can be written in a
form more convenient for numerical approximation [54]:

A" = exp [At(i Fe + T)]A", (38)
2m y"

dt’} A", (37)

where 7 = 5,_ is now the “left” time-shifting operator. At this
point, the solution is still exact. To evaluate this numerically,
an operator splitting approximation scheme is implemented.
In particular, a third-order accurate approximation of the
last expression, the symmetric exponential decomposition, is
used. It is given by

. F(" :
AT = 3T exp [Azi b )}%Muomﬂ) (39)
2m y"
F n+%
= exp Ati(x—l) A"+ O(AFY) (40)
2m yn+§
— VA" (41)

where the properties of the time-shifting operator have been
used to obtain (40) and where V" is the 2 x2 transition matrix.
The latter corresponds to an exponential scheme for the A
update, typical of operator splitting methods. It allows for
estimating A"*! assuming A", X3, and y”+% are known.
However, the Lorentz factor is related to A via (14) and,
therefore, is available only at time #,,. An accurate approxima-
tion of the Lorentz factor at 7, 1 can be obtained by deriving
an equation for its time dependence and by approximating
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this evolution equation to a desired order. Taking the time
derivative of y () = Tr[AAT]/2 gives

dy(@t) 1_TdA . At
=T L2 AT A
dt 2 dt dt
=9 TFAAT + AATFT, (42)
dmy (1)

where Eq. (23) was used to get the second equation. The latter
can be discretized to obtain the value of the Lorentz factor at
t,+1 With a second-order accuracy, in order to be consistent
with the accuracy of the exponential evolution scheme for A
in Eq. (40). An explicit Euler method is used for that purpose,

yielding

q
2 4dmyn

+ O(A).

Tr[F (X)A"A™ + A" AV FT ()]

(43)

When this second-order accurate expression is reported into
Eq. (40), it incurs a third-order error on the exponential, con-
sistent with the numerical scheme.

The last ingredient missing for the update of y and A is the
position x, evaluated at times #, and ¢, L. This can be achieved
by evolving x on half time steps or on a time-staggered grid,
in the same spirit as the Verlet and leapfrog methods, respec-
tively. This will be described in more detail in the following
subsections.

To obtain the spin dynamics for a general g factor (g # 2),
one has to solve Eq. (25) numerically along with the equa-
tions for A and x. This can be achieved via a split-operator
technique, similar to the A update given in Eq. (40). First,
Eq. (25) is written as

aYy
%ﬂ) = T'(x(1))Y(x(2)), (44)
where
e
C(x(t)) = 8my () (2 + @F (x(2))
+ Q2 = QUEO)F ()T (x(t)].  (45)

This can be solved formally as a time-ordered exponential:

1 furd 1
Yt =T exp / C(x@))dt | YY" 2. (46)
t

1

"2
Then, a third-order accurate approximation of the time-
ordered exponential is given by

T = exp (AT Y2 + O(ALY). (47)

To evaluate this expression, one needs the value of A", F",
and y" beforehand, which is possible by evaluating Eq. (47)
at the appropriate step in the numerical algorithm (see the end
of the next subsections).

B. Verlet-type numerical scheme

A Verlet-type numerical scheme is obtained by approxi-
mating Eq. (24) using a two-step method, based on the explicit

forward and backward Euler scheme:

At A"AM

=g 2 + O(AF), (48)
2 yn
At AP
ol =t + = 1 O(A). 49)
2 yn+l

Although each step has an accuracy O(At?), the full evolution
is O(At?). This can be demonstrated by substituting Eq. (48)
into (49). Then, we get

il . At AnAnT AnJrlAnJrl‘tL
X =X + 5 n n+1
Y Y

2

corresponding to the trapezoidal rule method with an accuracy
O(A??). Splitting this in two steps as in Egs. (48) and (49) al-
lows for getting the position at time 7, 1 required in Eq. (40).

To summarize, here is a description of the algorithm to
evolve the position for one time step. It assumes that A", x"
are known:

(1) Compute y" using y" = %Tr[A”A”"'].

(2) Compute x"* using Eq. (48).

(3) Compute F(x").

(4) If we want the spin dynamics and if g # 2, compute
Y2 using Eq. (47).

(5) Compute y"*2 using Eq. (43).

(6) Compute A"*! using Eq. (40).

(7) Compute "' using "+ = ITr[A"TT A7),

(8) Compute x"*! using Eq. (49).

], (50)

C. Leapfrog-like numerical scheme

The leapfrog-like scheme is obtained by considering a
time-staggered grid, where A and x are evaluated on different
time steps. Then, the time derivative in Eq. (24) is discretized
using a midpoint finite difference scheme, centered on #,,. This
is written as

n A nf

T = X" 4 At + oA,

(D

n

This again has an accuracy O(At?).
With this staggered grid, the position is not evaluated at
1y, as required to obtain the Lorentz factor at 7, 41 The strat-

egy used here is to approximate the electromagnetic field in
Eq. (43) by linear interpolation as

F(™3) + F(x"7)
2
This average can be evaluated on the staggered grid.
To summarize, here is a description of the algorithm for
one time step. It assumes that A", X"~ are known:
(1) Compute y" using y" = %Tr[A”A”T].
(2) Compute Xt using Eq. (51).
(3) Compute F(x"~2) and F (x"*1).
(4) Compute F'(x*) using Eq. (52).
(5) If we want the spin dynamics and if g # 2, compute
Y"+2 using Eg. 7).
(6) Compute y"*2 using Eq. (43).
(7) Compute A"*! using Eq. (40).

F(x") = + O(Ar?). (52)
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Position

—— Boris
—---- Verlet-like
........ Leapfrog-like

Numerical error

0 2 4 6 8 10

FIG. 1. Position x and numerical error €(t)= ||x(t) —
Xanalytical () loo @8 function of time for the Boris, Verlet-type,
and leapfrog-like methods for a particle in a constant electric field.
All position curves are overlapping with the analytical solution. The
position, the numerical error, and time are expressed in natural units.

The first step of the scheme, from #j to ¢ 1,can be performed

via the forward Euler step (48). Although this step is O(A1?),
it does not deteriorate the global convergence order of the
numerical scheme because it is used only once.

D. General properties of the numerical schemes

The numerical schemes described in the last two subsec-
tions share a number of interesting properties.

1. Order of convergence

First, they have a second-order rate of global convergence.
Henceforth, the numerical error € after N time steps obeys

€ = ¥ — Xexaer (")l oo < CAL?, (53)

where C € R* is some positive constant, xV is the approx-
imated solution of the position vector [with xt = %Tr(xa,-)],
and X.xe 1S the exact solution. The infinite vector norm is
defined as ||x||cc = max;—j 23 |xi|-

Equation (53) is not proven rigorously here as this would
demand a careful analysis of the regularity of the solution,
which is outside the scope of this article. Rather, it is assumed
that the solution is smooth enough, which is reasonable for a
large class of physically relevant initial conditions and elec-
tromagnetic fields. In this case, the global convergence rate
is usually one order less than the local accuracy. As demon-
strated in Secs. IIIB and IIIC, each step of the numerical
schemes incurs local numerical error O(Af?), leading to a
second-order global rate of convergence. This property will
be verified empirically in Sec. IV, where numerical results are
displayed.

10724 o  Boris ’/.
1031 #  Verlet-like //:/,x
g B [eapfrog-like // e
S 1044 P /z’
: o
04
E _s "¢ //“
B 1074 o0
o) Rage
g 107%4 R gV
Z: /’¢¢ xz
10774 vt
Ve
108 9 7
®
103 102 10~ 10°
At

FIG. 2. Numerical error at t = tg4,, = 10 for a particle in a con-
stant electric field as function of the time step Ar for the Boris,
Verlet-type, and leapfrog-like methods. The dashed line corresponds
to a fit of the data, used to determine the order of convergence. The
numerical error and the time step are expressed in natural units.

2. Energy conservation

Second, both numerical methods are energy conserving
when there is no electric field E = 0. This can be demon-
strated in the following way. The energy EV of the particle
is given after N time steps by

eV = VN = %Tr[ANANT]. (54)

On the other hand, from Eq. (41), we have that
N
AV =T]vA’ (55)
i=0

When the electric field is zero, the transition matrices
(V")i=o,.. n are unitary, as can be deduced from the definition
of F in Eq. (7). As a consequence, the energy becomes

ey = gTr[AOAOT] =%m, (56)

where the cyclic property of the trace and unitarity have been
used to cancel the transition matrices. The fact that £V = £°
confirms that the energy is manifestly conserved by the nu-
merical scheme.

3. Phase-space volume preservation

Finally, the third property of the numerical schemes is
phase-space volume preservation. The detailed proof, given
in the following, hinges on the fact that the Jacobian of the
flow has a unit determinant, for each step of the numerical

TABLE I. Order of convergence for all the numerical schemes,
determined from a fit of the error as a function of the time step, for a
particle in a constant electric field.

Numerical scheme Order of convergence

Boris 2.0285
Verlet-type 1.9847
Leapfrog-like 1.9916
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%1071 written as
—— Boris nrl I =3 4 2?},1 vec(A"A™), 57
—— Verlet-like ¢ T Arts = An (57
81— Leapfrog-like
o [P =3
g " =1~ R ] (58)
o 6 A =(]I2®V)A 2,
(0]
£ wer,_ [F =34 ghvec(ATAT),
2 o = _ (59)
5] ’
§ where ¢" are approximated flows and 72 denotes an intermedi-
M , ] ary time step. Setting
3
=%, 60
0 20000 40000 60000 80000 100000 the Jacobian of the flow can be written in matrix form as
fime 0t _ [ MO (61)
FIG. 3. Relative error on energy as function of time for a particle azn L 0 Iy |
in a constant magnetic field. Time is expressed in natural units. 3¢ B 0
4
. . . .. M@ I, ® Vn:| ’ (62)
schemes. As mentioned earlier, this property is important 97" L
for long-term simulations required in accelerator and plasma ! M, M® 63
physics. a7 |0 I | (63)
We start by proving that the Verlet-type scheme is -
manifestly volume preserving. First, the vectorization op- where the 4 x4 matrices M"'3 come from the derivative with

eration defined in Eq. (30) is applied and the scheme is respect to A in Eqgs. (57) and (59), while the matrix M @

x 10712 42.8824564018
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FIG. 4. Positions r, 0 and numerical errors €,, €, as a function of time for the Boris scheme and a particle in a constant magnetic field. The
radius, the numerical error on radius, and time are expressed in natural units.
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FIG. 5. Positions r, 0 and numerical errors €,, €y as a function of time for the Verlet-type scheme and a particle in a constant magnetic
field. The radius, the numerical error on radius, and time are expressed in natural units.

comes from the derivative with respect to x in Eq. (58). Their
explicit expression is not important because we are interested
in the determinant of the Jacobian. Using the properties of
determinant, the latter are given by

n+%
det(8¢ ) =1, (64)
az"
det( ‘W, ) = det(V")?, (65)
97" 2
n+1
det<a¢ _ > =1. (66)
az"

The last determinant can be evaluated from the definition of
V" and the identity for the determinant of a matrix exponen-
tial:

det(V") = exp [AleTr[F(x"ﬂ )]]. (67)
2m'}/n+§

However, from the definition of the electromagnetic field, we
have that Tr[F (x’”r% )] = 0, confirming that the last determi-
nant is also unity. This concludes the demonstration that the
Verlet-type scheme is volume preserving.

The argument for the leapfrog scheme is very similar. The
approximated flow is now

L ¥+ = ¥ 4 Alyec(ATA™M),
P = {]\H; i ¥ (68)
il — gt
n+l .__ X =X 2,
¢ T {K"-H = ® V")KVH_% (69)

with the understanding that x and A are staggered. In matrix
form, the Jacobian of the flow gives

Az L, MO

oz [0 Iy | (70)
a¢n+1 H4 0
M—+% - M(2) ]IZ ® vel (71)

The last steps of the proof are the same as for the Verlet-type
scheme and we obtain a unit determinant. Thus, we conclude
that the leapfrog scheme is also volume preserving.

IV. NUMERICAL RESULTS

The Verlet-type and leapfrog-like numerical schemes have
been implemented in C++-, using the highly efficient and easy
to use linear algebra library ARMADILLO [55]. The resulting
code can perform approximately 5.0 x 10* time steps per sec-
ond on a standard laptop computer (with an Intel 17 CPU).

043310-8



EXPLICIT VOLUME-PRESERVING NUMERICAL SCHEMES ...

PHYSICAL REVIEW E 103, 043310 (2021)

+2.8824

0.00010 A

0.00009 +

1us

0.00008 -

Rad

0.00007 A

—— Numerical

0.00006 A ---- Analytical

0.00004 - ” N
0.00003 A

0.00002 A

Numerical error

0.00001 A

0.00000 A v

0 200 400 600 800 1000
Time

Numerical error

140 A

120 A

100 A

204

—— Numerical

01 ---- Analytical

0.000008 1

0.000007 4
0.000006 1
0.000005 §
0.000004 4
0.000003 1
0.000002 1

0.000001 4

0.000000 1

400 600 800 1000

Time

0 200

FIG. 6. Positions r, 6 and numerical errors €,, €, as a function of time for the leapfrog-like scheme and a particle in a constant magnetic
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The numerical methods are compared to the standard Boris
pusher, described in Ref. [39] and implemented in Python.
To verify some numerical properties and benchmark against
known analytical solutions, simple uniform electromagnetic
fields are first considered, in the same spirit as the numerical
tests given in Ref. [39]. Then, to display nontrivial spin dy-
namics, a plane-wave electromagnetic field is chosen.

The following numerical calculations are performed in nat-
ural units in which ¢ = i = m, = 1, where m, is the electron
mass. In these units, the reference time and length are given
by tw = h/m.c? and £y, = h/mec, respectively. All physical
quantities are thus given by dimensionless quantities, ex-
pressed in these units.

A. Constant uniform electric field

A uniform electric field applies a force on a charged par-
ticle, inducing acceleration in the field orientation. Without
loss of generality, we consider an electric field pointing in
the x direction given by E = (E, 0, 0). In this simple case,
the Lorentz equation of motion can be solved analytically.
Assuming the particle is initially at rest [v(0) = 0] and po-
sitioned at the origin [x(0) = 0], the solution is given by [39]

xanalytical(t) = (qﬂE[V(f) — 11,0, O> ’ (72)

where

2
y6) =1+ 9B (73)
m

To test the numerical methods, we consider a positively
charged particle with an electron mass (a positron with mass
m = 1 in natural units) immersed in an electric field of magni-
tude E = 0.5. In the first test, we look at the particle position
as a function of time and compare to the analytical solution.
The final time of the simulation is set to g, = 10 and the
number of time steps to N = 10000, making for a time step
of At = 1.0x1073. The numerical results for the position are
displayed in Fig. 1, along with the numerical error € evalu-
ated from Eq. (53). The results demonstrate that all methods
reproduce accurately the analytical solution (all the curves are
overlapping). However, the error of the Verlet-type scheme is
lower than the two other methods.

In the second test, we determine the order of convergence
by looking at the scaling of the numerical error with the time
step. The same particle, electric field, and evolution time are
considered. Four different numbers of time steps are chosen
for each numerical methods, leading to different value of Ar.
At the end of the simulation, the numerical error on posi-
tion is evaluated using Eq. (53). The numerical results are
displayed in Fig. 2, along with the linear fit (dashed line)
used to determine the order of convergence. The values of the
order of convergence are given in Table I. Similar to the first

043310-9



RENAN CABRERA et al. PHYSICAL REVIEW E 103, 043310 (2021)
0.016 0.006
0.014 1
0.005
0.012 1
0.0101 0.004 1
S 0.008 1 = 0.003 A
= Y
0.006 1
0.002 1
0.004 1
0.001 4
0.002 4 —— Numerical —— Numerical
0.000 4 —-=---Analytical 0.000 1 —-=---Analytical
2.51
1.754
2.0 _ 150
= £
) O 1.254
g 1.59 S
= ‘= 1.004
(] O
g g
3104 E] ]
Z 1.0 Z 0.75
o0 0
= S 0.501
0.51
0.254
0.01 0.00
0 2 4 6 8 10 0 2 4 6 8 10

Time

Time

FIG. 7. Positions x, z and numerical errors as a function of time for the Boris scheme and a particle in a plane wave. The positions, the

numerical error, and time are expressed in natural units.

test, these numerical results demonstrate that numerical errors
for the Boris and leapfrog-like schemes are similar, while the
Verlet-type method shows an improvement of approximately
one order of magnitude, for any time step size. In addition,
the analysis reveals that all the numerical schemes have a
second-order convergence rate.

B. Constant uniform magnetic field

In a constant magnetic field, a charged particle follows a
circular trajectory at constant speed |v| because the magnetic
field does not exert any work on the particle. For simplic-
ity, we choose a magnetic field in the z direction, given by
B = (0, 0, B). In this case, the trajectory will follow a circle
in the xy plane. This is confirmed by looking that the analyti-
cal solution obtained from solving the Lorentz equation. The
position is given by

v B
Y| I’ 8(r) = q

= t, 74
' ¢ qB Yvim 7%

where y, = 1/4/1 — v2 is the constant Lorentz factor, r = |x|
is the radial distance from the origin, r, stands for the con-
stant gyroradius, and 0(¢) is the angle with respect to the y
axis. Therefore, in simulations, the particle is positioned at
x = (0, 7, 0) at initial time t = 0.

Again, we consider a positively charged particle with
an electron mass. The magnitude of the magnetic field is

set to B = 0.5 while the initial velocity is chosen as v =
(0.4, 0.0, 0.0). With these values, the gyroradius of the tra-
jectory is ry ~ 2.882456 401 795 655 3.

In the first test, we verify the conservation of energy
claimed in Sec. III D. To achieve this goal, a long-term sim-
ulation is carried out with a final time of fg,, = 100000 and
a number of time steps set to N = 1.0x10°. The energy is
evaluated from the relativistic gamma factor as £(t) = y (t)m.
According to the exact solution, the energy is constant and
given by Eexaet = Yum. In Fig. 3, the relative error on the
energy, defined as €] = |E(t) — Eexact]/1E () + Eexactl 18 dis-
played for the three numerical methods. They all show an
excellent energy-preservation property, accurate up to ma-
chine precision. This result is an empirical confirmation of the
theoretical result given in Sec. III D.

In the second test, the actual error on position is eval-
uated. For these calculations, the final time is chosen as
tinal = 1000 and the number of time steps is N = 10 000. The
radius and angle are evaluated from the Cartesian compo-
nents and the error on the radius and angle is simply defined
as €, = |r(t) — ry| and €y = |0(¢) — Ocxact(?)]. The results are
displayed in Figs. 4, 5, and 6 for the Boris, the Verlet-type, and
the leapfrog-like schemes, respectively. The first observation
is that all the numerical methods reproduce the analytical
result with fairly high accuracy. However, two conclusions
can be reached by looking at the error in the numerical re-
sults. On the one hand, the accuracy of the Boris scheme
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for the radius of the trajectory is far superior than the other
two schemes. Indeed, the error of the Boris scheme reaches
machine precision (€, =~ 3.0x 10~'%) while the error for the
other two schemes oscillates, bounded by €, < 0.9x107*. On
the other hand, the numerical error on the angle accumulates
linearly in the Boris scheme, consistent with the findings of
Ref. [39], and can reach relatively high value in long-term
simulations. This linear accumulation of error is not observed
for the Verlet and leapfrog-like scheme. Rather, the error oscil-
lates but stays bounded by €y < 0.16x10~*. This interesting
property is likely due to the volume-preserving properties of
the numerical scheme.

It was also observed (not shown here for simplicity) that
the bound on the error can be lowered by increasing the
number of time steps and decreasing At, as expected from
the numerical method convergence rates. However, when one
reaches a large number of time steps (N 2 100 000), a small
error starts accumulating, possibly due to the repeated third-
order error at every iteration. This phenomenon has also been
reported in simulations using other numerical methods [38].
Nevertheless, the fact that the error stays bounded for both r
and 6 when At is not too small, makes the Verlet and leapfrog
schemes interesting alternatives for long-term simulations.

C. Plane wave

The final test is for a particle immersed in a plane wave
propagating in the z direction. For an analysis of the spin

dynamics of electrons in laser fields, see Ref. [56]. This il-
lustrates spin dynamics and the convergence of the numerical
methods when the electromagnetic field is space dependent.
We choose g = 2 because an analytical solution exists in this
case for the spin dynamics, allowing us to verify the conver-
gence of the numerical scheme.

The electromagnetic field is given by

E(t,z) = (E cos(p), 0, 0), (75)

B(t,z) = (0, E cos(¢p), 0), (76)

where E is the field amplitude and ¢ = w(z — t), with w the
angular frequency. The corresponding vector potential is
E .
A(p) = ( —sin(¢), 0,0 ). (77
1)
Remarkably, it is possible to find an exact solution of the

Lorentz—BMT equation in such field configuration. The po-
sitions are given by [57]

qE q2E2 )
x(t) = | ——I[1 —cos(p)], 0, ——=—=I[sin(2p) — 2¢] ).
mew 8m*w
(78)
On the other hand, the spin dynamics can be extracted from

the matrix spinor via (15) once an expression for A is found.
In a plane wave, it has been shown that the eigenspinor is
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given by [46]

A@) = Agy) — =—DAWRA(@),  (19)
2mw

where k = woy — o - k is the Clifford conjugate of the wave

vector expressed in the Clifford algebra while AA(p) =

A(p) — A(gp) is the variation of the electromagnetic vector

potential, again expressed in the Clifford algebra as A(¢) =

oAk (p).

In the simulations for a plane-wave electromagnetic field,
the final time is fgn, = 10 while the number of time steps
is N = 10000, making for Ar = 0.001. The electric field
strength is set to E = 1 while the angular frequency is w =
2m. The particle is initially at the origin x(0) =0 and at
rest v(0) = 0. The comparison with the analytical solution is
displayed in Figs. 7 and 8, for the Boris and Verlet-type meth-
ods, respectively. The results for the leapfrog-like scheme are
not shown for simplicity and because they are similar to the
Verlet scheme. The numerical error is evaluated using Eq. (53)
and presented below the position. These numerical results
demonstrate that the Boris and Verlet-type methods reproduce
the exact solution accurately and perform equally well, both
having numerical errors bounded by € < 2.5x 1078 for the x
and z positions.

However, the main advantage of the Verlet-type scheme is
that spin dynamics can be obtained easily via the relation (15).
The numerical results are compared to this analytical solu-
tion is Fig. 9 for the Verlet-type scheme (again, the leapfrog

method is not displayed because it presents similar results).
The numerical error is also evaluated for each spin component
using €5 = |S¥ — S exact|s for i = x, z. Again, the numerical
method reproduces the exact solution very accurately, with
numerical errors bounded by € < 8.0x107® for both spin
components.

V. CONCLUSION

In this work, the Lorentz—BMT system of equations was
solved numerically in the Clifford algebra representation. Two
numerical schemes were developed and tested against the
Boris pusher by comparing with analytical solutions. It was
demonstrated that the numerical schemes have bounded nu-
merical errors, even in strong magnetic fields, in contrast to
the Boris method. This long-term accuracy is attributed to
their volume-preserving properties. We also showed that the
Verlet-type and leapfrog-like schemes share the strengths of
the Boris pusher: they have second-order convergence, they
are explicit, they preserve energy when there is no electric
field, and finally, they are simple and easy to implement.
In addition, they can be used to obtain the spin dynamics
of the charged particle, without solving explicitly another
differential equation when g = 2. For general g factors, a
numerical strategy was presented. All of these features make
them very appealing for applications in plasma physics, accel-
erator physics, astrophysics, and others.
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The numerical methods developed in this article could be
improved in several ways. For instance, the split-operator
method can be extended to third-order accuracy and even
higher [58-60]. Combining these results on exponential op-
erators with usual methods for solving ordinary differential
equations, we conjecture that higher-order numerical schemes
could be obtained. This will be the topic of future work.

ACKNOWLEDGMENTS

A.G.C. acknowledges financial support from the Humboldt
Research Fellowship for Postdoctoral Researchers. D.I.B.

is supported by Air Force Office of Scientific Research
(AFOSR) (Grant No. FA9550-16-1-0254), Army Research
Office (ARO) (Grant No. W911NF-19-1-0377). The views
and conclusions contained in this document are those of the
authors and should not be interpreted as representing the of-
ficial policies, either expressed or implied, of AFOSR, ARO,
or the U.S. Government. The U.S. Government is authorized
to reproduce and distribute reprints for Government purposes
notwithstanding any copyright notation herein. This research
was enabled in part by support provided by Calcul Québec
[61] and Compute Canada [62].
R.C. and A.G.C. contributed equally to this work.

[1] J. D. Jackson, Classical Electrodynamics (Wiley, Hoboken, NJ,
2007).

[2] T. Tajima and J. M. Dawson, Laser Electron Accelerator,
Phys. Rev. Lett. 43, 267 (1979).

[3] R. D. Blandford and J. P. Ostriker, Particle acceleration by
astrophysical shocks, Astrophys. J. 221, L29 (1978).

[4] M. Spurio, Particles and Astrophysics (Springer, Berlin, 2014).

[5] Y. Y. Shprits, R. M. Thorne, R. B. Horne, S. A. Glauert, M.
Cartwright, C. T. Russell, D. N. Baker, and S. G. Kanekal,
Acceleration mechanism responsible for the formation of the
new radiation belt during the 2003 halloween solar storm,
Geophys. Res. Lett. 33 (2006).

[6] C. K. Birdsall and A. B. Langdon, Plasma Physics via Computer
Simulation (CRC Press, Boca Raton, FL, 2004).

[7] J. M. Dawson, Particle simulation of plasmas, Rev. Mod. Phys.
55, 403 (1983).

[8] D. Tskhakaya, K. Matyash, R. Schneider, and F. Taccogna,
The particle-in-cell method, Contrib. Plasma Phys. 47, 563
(2007).

[9] T. D. Arber, K. Bennett, C. S. Brady, A. Lawrence-
Douglas, M. G. Ramsay, N. J. Sircombe, P. Gillies, R. G.
Evans, H. Schmitz, A. R. Bell, and C. P. Ridgers, Con-
temporary particle-in-cell approach to laser-plasma modelling,
Plasma Phys. Controlled Fusion 57, 113001 (2015).

[10] A. W. Chao, K. H. Mess et al., Handbook of Accelerator Physics
and Engineering (World Scientific, Singapore, 2013).

[11] H. Wiedemann, Particle Accelerator Physics (Springer, Berlin,
2015).

[12] S.-Y. Lee, Accelerator Physics (World Scientific, Singapore,
2018).

[13] M. Marklund and G. Brodin, Dynamics of Spin—% Quantum
Plasmas, Phys. Rev. Lett. 98, 025001 (2007).

[14] D. Del Sorbo, D. Seipt, T. G. Blackburn, A. G. R. Thomas,
C. D. Murphy, J. G. Kirk, and C. P. Ridgers, Spin polarization
of electrons by ultraintense lasers, Phys. Rev. A 96, 043407
(2017).

[15] M. Conte and W. W. MacKay, An Introduction to the Physics of
Particle Accelerators (World Scientific, Singapore, 2008).

[16] S. R. Mane, Y. M. Shatunov, and K. Yokoya, Spin-polarized
charged particle beams in high-energy accelerators, Rep. Prog.
Phys. 68, 1997 (2005).

[17] V. Bargmann, L. Michel, and V. L. Telegdi, Precession of the
Polarization of Particles Moving in a Homogeneous Electro-
magnetic Field, Phys. Rev. Lett. 2, 435 (1959).

[18] J. P. Boris, Relativistic plasma simulation-optimization of a
hybrid code, in Proceedings of the Fourth Conference on Nu-
merical Simulation of Plasmas (Naval Research Laboratory,
Washington, DC, 1970), pp. 3-67.

[19] H. Qin, S. Zhang, J. Xiao, J. Liu, Y. Sun, and W. M. Tang,
Why is boris algorithm so good? Phys. Plasmas 20, 084503
(2013).

[20] E. Hairer and C. Lubich, Energy behavior of the boris method
for charged-particle dynamics, BIT Numer. Math. 58, 969
(2018).

[21] T. Umeda, A three-step boris integrator for Lorentz force equa-
tion of charged particles, Comput. Phys. Commun. 228, 1
(2018).

[22] T. Umeda, Multi-step boris rotation schemes for Lorentz force
equation of charged particles, Comput. Phys. Commun. 237, 37
(2019).

[23] E. Hairer, C. Lubich, and B. Wang, A filtered Boris algo-
rithm for charged-particle dynamics in a strong magnetic field,
Numer. Math. 144, 787 (2020).

[24] P. H. Stoltz, J. R. Cary, G. Penn, and J. Wurtele, Efficiency of a
boris-like integration scheme with spatial stepping, Phys. Rev.
ST Accel. Beams 5, 094001 (2002).

[25] S. A. Chin, Symplectic and energy-conserving algorithms for
solving magnetic field trajectories, Phys. Rev. E 77, 066401
(2008).

[26] S. Huang, L. Huang, and L. Mei, Fourth-order energy-
preserving exponential integrator for charged-particle dynamics
in a strong constant magnetic field, Phys. Rev. E 102, 043315
(2020).

[27] Y. He, Y. Sun, J. Liu, and H. Qin, Volume-preserving algo-
rithms for charged particle dynamics, J. Comput. Phys. 281, 135
(2015).

[28] Y. Wu and B. Wang, Explicit symmetric exponential in-
tegrators for charged-particle dynamics in a strong and
constant magnetic field, Int. J. Appl. Comput. Math. 6, 67
(2020).

[29] B. Wang, Exponential energy-preserving methods for charged-
particle dynamics in a strong and constant magnetic field,
J. Comput. Appl. Math. 387, 112617 (2021).

[30] M. Tao, Explicit high-order symplectic integrators for charged
particles in general electromagnetic fields, J. Comput. Phys.
327, 245 (2016).

[31] S. D. Webb, Symplectic integration of magnetic systems,
J. Comput. Phys. 270, 570 (2014).

043310-13


https://doi.org/10.1103/PhysRevLett.43.267
https://doi.org/10.1086/182658
https://doi.org/10.1029/2005GL024256
https://doi.org/10.1103/RevModPhys.55.403
https://doi.org/10.1002/ctpp.200710072
https://doi.org/10.1088/0741-3335/57/11/113001
https://doi.org/10.1103/PhysRevLett.98.025001
https://doi.org/10.1103/PhysRevA.96.043407
https://doi.org/10.1088/0034-4885/68/9/R01
https://doi.org/10.1103/PhysRevLett.2.435
https://doi.org/10.1063/1.4818428
https://doi.org/10.1007/s10543-018-0713-1
https://doi.org/10.1016/j.cpc.2018.03.019
https://doi.org/10.1016/j.cpc.2018.11.001
https://doi.org/10.1007/s00211-020-01105-3
https://doi.org/10.1103/PhysRevSTAB.5.094001
https://doi.org/10.1103/PhysRevE.77.066401
https://doi.org/10.1103/PhysRevE.102.043315
https://doi.org/10.1016/j.jcp.2014.10.032
https://doi.org/10.1007/s40819-020-00821-6
https://doi.org/10.1016/j.cam.2019.112617
https://doi.org/10.1016/j.jcp.2016.09.047
https://doi.org/10.1016/j.jcp.2014.03.049

RENAN CABRERA et al.

PHYSICAL REVIEW E 103, 043310 (2021)

[32] E. Hairer and C. Lubich, Symmetric multistep methods for
charged-particle dynamics, SMAI J. Comput. Math. 3, 205
(2017).

[33] L. Brugnano, J. I. Montijano, and L. Rédndez, High-order
energy-conserving line integral methods for charged particle
dynamics, J. Comput. Phys. 396, 209 (2019).

[34] J.-L. Vay, Simulation of beams or plasmas crossing at relativis-
tic velocity, Phys. Plasmas 15, 056701 (2008).

[35] A. V. Higueraand J. R. Cary, Structure-preserving second-order
integration of relativistic charged particle trajectories in electro-
magnetic fields, Phys. Plasmas 24, 052104 (2017).

[36] Y. He, Y. Sun, R. Zhang, Y. Wang, J. Liu, and H. Qin, High order
volume-preserving algorithms for relativistic charged particles
in general electromagnetic fields, Phys. Plasmas 23, 092109
(2016).

[37] R. Zhang, J. Liu, H. Qin, Y. Wang, Y. He, and Y.
Sun, Volume-preserving algorithm for secular relativistic dy-
namics of charged particles, Phys. Plasmas 22, 044501
(2015).

[38] J. Pétri, A fully implicit numerical integration of the relativistic
particle equation of motion, J. Plasma Phys. 83, 705830206
(2017).

[39] B. Ripperda, F. Bacchini, J. Teunissen, C. Xia, O. Porth, L.
Sironi, G. Lapenta, and R. Keppens, A comprehensive compar-
ison of relativistic particle integrators, Astrophys. J. Suppl. Ser.
235, 21 (2018).

[40] F. Méot, A numerical method for combined spin tracking and
ray tracing of charged particles, Nucl. Instrum. Methods Phys.
Res. Sect. A 313, 492 (1992).

[41] D. T. Abell, D. Meiser, V. H. Ranjbar, and D. P. Barber, Ac-
curate and efficient spin integration for particle accelerators,
Phys. Rev. ST Accel. Beams 18, 024001 (2015).

[42] W. E. Baylis and G. Jones, Special relativity with clifford al-
gebras and 2x2 matrices, and the exact product of two boosts,
J. Math. Phys. 29, 57 (1988).

[43] W.E. Baylis and G. Jones, The Pauli algebra approach to special
relativity, J. Phys. A: Math. Gen. 22, 1 (1989).

[44] W. E. Baylis, Classical eigenspinors and the Dirac equation,
Phys. Rev. A 45, 4293 (1992).

[45] Clifford (geometric) Algebras with Applications to Physics,
Mathematics, and Engineering, edited W. E. Baylis (Birkhauser,
Basel, 1996).

[46] W. E. Baylis, Electrodynamics: A Modern Geometric Approach,
Vol. 17 (Springer, New York, 2004).

[47] W. Baylis, R. Cabrera, and J. Keselica, Quantum/classical in-
terface: Classical geometric origin of fermion spin, Adv. Appl.
Clifford Algebras 20, 517 (2010).

[48] D. Hestenes, Proper dynamics of a rigid point particle, J. Math.
Phys. 15, 1778 (1974).

[49] W. E. Baylis and Y. Yao, Relativistic dynamics of charges in
electromagnetic fields: An eigenspinor approach, Phys. Rev. A
60, 785 (1999).

[50] W. E. Baylis, Quantum/classical interface: A geometric ap-
proach from the classical side, in Computational Noncommu-
tative Algebra and Applications (Springer, Dordrecht, 2004),
pp. 127-154.

[51] W. E. Baylis, J. Bonenfant, J. Derbyshire, and J. Huschilt,
Motion of charges in crossed and equal e and b fields, Am. J.
Phys. 62, 899 (1994).

[52] R. I. McLachlan and G. R. W. Quispel, Six lectures on geo-
metric integration of ODEs, in Foundations of Computational
Mathematics, edited by R. DeVore, A. Iserles, and E. Siili
(Cambridge University Press, Cambridge, 2001), Vol. 284,
pp. 155-210.

[53] A. Iserles and G. R. W. Quispel, Why geometric integration?,
arXiv:1602.07755.

[54] M. Suzuki, General decomposition theory of ordered exponen-
tials, Proc. Jpn. Acad. Ser. B 69, 161 (1993).

[55] C. Sanderson and R. Curtin, Armadillo: A template-based ¢t
library for linear algebra, J. Open Source Software 1, 26 (2016).

[56] O. D. Skoromnik, I. D. Feranchuk, and C. H. Keitel, Collapse-
and-revival dynamics of strongly laser-driven electrons,
Phys. Rev. A 87, 052107 (2013).

[57] S. Acharya and A. C. Saxena, The exact solution of the rel-
ativistic equation of motion of a charged particle driven by
an elliptically polarized electromagnetic wave, IEEE Trans.
Plasma Sci. 21, 257 (1993).

[58] A. D. Bandrauk and H. Shen, High-order split-step exponential
methods for solving coupled nonlinear Schrodinger equations,
J. Phys. A: Math. Gen. 27, 7147 (1994).

[59] M. Suzuki, General nonsymmetric higher-order decomposition
of exponential operators and symplectic integrators, J. Phys.
Soc. Jpn. 61, 3015 (1992).

[60] N. Wiebe, D. Berry, P. Hgyer, and B. C. Sanders, Higher order
decompositions of ordered operator exponentials, J. Phys. A:
Math. Theor. 43, 065203 (2010).

[61] www.calculquebec.ca

[62] www.computecanada.ca

043310-14


https://doi.org/10.5802/smai-jcm.25
https://doi.org/10.1016/j.jcp.2019.06.068
https://doi.org/10.1063/1.2837054
https://doi.org/10.1063/1.4979989
https://doi.org/10.1063/1.4962677
https://doi.org/10.1063/1.4916570
https://doi.org/10.1017/S0022377817000307
https://doi.org/10.3847/1538-4365/aab114
https://doi.org/10.1016/0168-9002(92)90829-S
https://doi.org/10.1103/PhysRevSTAB.18.024001
https://doi.org/10.1063/1.528135
https://doi.org/10.1088/0305-4470/22/1/008
https://doi.org/10.1103/PhysRevA.45.4293
https://doi.org/10.1007/s00006-010-0208-x
https://doi.org/10.1063/1.1666541
https://doi.org/10.1103/PhysRevA.60.785
https://doi.org/10.1119/1.17736
http://arxiv.org/abs/arXiv:1602.07755
https://doi.org/10.2183/pjab.69.161
https://doi.org/10.21105/joss.00026
https://doi.org/10.1103/PhysRevA.87.052107
https://doi.org/10.1109/27.219397
https://doi.org/10.1088/0305-4470/27/21/030
https://doi.org/10.1143/JPSJ.61.3015
https://doi.org/10.1088/1751-8113/43/6/065203
http://www.calculquebec.ca
http://www.computecanada.ca

