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Extracting equilibrium information from nonequilibrium measurements is a challenge task of great importance
in understanding the thermodynamic properties of physical, chemical, and biological systems. The discovery
of the Jarzynski equality illumines the way to estimate the equilibrium free-energy difference from the work
performed in nonequilibrium driving processes. However, the nonlinear (exponential) relation causes the poor
convergence of the Jarzynski equality. Here, we propose a concise method to estimate the free-energy difference
through a linear nonequilibrium equality which inherently converges faster than nonlinear nonequilibrium
equalities. This linear nonequilibrium equality relies on an accelerated isothermal process which is realized
by using a unified variational approach, named variational shortcuts to isothermality. We apply our method to
an underdamped Brownian particle moving in a double-well potential. The simulations confirm that the method
can be used to accurately estimate the free-energy difference with high efficiency. Especially during fast driving
processes with high dissipation, the method can improve the accuracy by more than an order of magnitude
compared with the estimator based on the nonlinear nonequilibrium equality.
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I. INTRODUCTION

How can one extract equilibrium information from
nonequilibrium measurements? This may appear a contradic-
tory question at first glance. According to the second law
of thermodynamics, the mean work performed in a nonequi-
librium driving process will be larger than the free-energy
difference between equilibrium states. Only if a system slowly
evolves along a succession of equilibrium states, for example,
in an isothermal process, will the mean work equal the free
energy difference. Recent advances in nonequilibrium statisti-
cal mechanics have suggested a promising direction to extract
free energy information from nonequilibrium measurements.
As one of the most representative achievements, the Jarzynski
equality [1] establishes a rigorous relation between the free
energy difference and the exponential average over the work
performed in a nonequilibrium driving process, thus extending
the inequality of the second law of thermodynamics. While
the equality implies that one can estimate the free energy
difference by using arbitrary fast measurements, its applica-
bility is hampered by the poor convergence that arises from
the sensitivity of the nonlinear (exponential) average to rare
events [2—4]. An illuminating question is whether we can find
a linear nonequilibrium equality to avoid this shortage, so that
we can pave the way for efficiently extracting equilibrium
information from nonequilibrium measurements.

Recently, the present authors and their coworker proposed
a concept of shortcuts to isothermality and found a lin-
ear nonequilibrium equality [see Eq. (4) below, named the
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intrinsic work equality] between the free energy difference
and the intrinsic work [5], which enlighten us to a possible
solution to the above question. As a unified framework to
accelerate the isothermal process, shortcuts to isothermality
have been successfully validated in experiment [6—8] and fur-
ther extended to the optimization of finite-time heat engines
[9-11] and the control of biological evolutions [12]. A key
point in shortcuts to isothermality is to apply an auxiliary
potential to the system of interest, such that the system evolves
along the “isothermal” line corresponding to the original
Hamiltonian. It is this “isothermality” that leads to the intrin-
sic work equality. This equality may be used to estimate the
free energy difference with high accuracy, so it provides a new
scheme for the free energy estimation in complex systems.
Unfortunately, there is an obstacle that the process of solving
the auxiliary potential requires the free energy information
in advance. Similar obstacles are prevalent in many other
schemes for estimating the free energy difference [13-16]. It
will be of great significance to the free energy estimation if we
could find a method to calculate the auxiliary potential without
resort to the free energy information.

In this work, we overcome this obstacle by developing a
unified variational approach to approximately realize short-
cuts to isothermality. Relying on the accelerated isothermality,
we can estimate the free energy difference by using the lin-
ear nonequilibrium equality. As a specific application, we
consider an underdamped Brownian particle moving in a
double-well potential, for which we show that our method
improves the accuracy by more than an order of magnitude
and shows excellent convergence in fast driving processes.
Therefore, our method offers a possible solution to the dif-
ficulties of high-efficiency free energy estimation in complex
systems, such as biological or chemical molecules.

©2021 American Physical Society
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II. SHORTCUTS TO ISOTHERMALITY

Shortcut to isothermality [5] is a unified framework to
accelerate the conventional isothermal process and thereby
realize finite-rate transitions between two equilibrium states
at the same temperature. In the following, we briefly intro-
duce the strategy of shortcuts to isothermality. Consider a
system described by the Hamiltonian H,(x, A(t)) with x =
(x1, x2, ..., xy) representing the microstate of the system and
A(t) being an externally controlling parameter. The system is
coupled to a thermal reservoir with a constant temperature
T. The motion of the system is governed by the following
equation:

X = f{(x,1). (D

In this work, the dot above a variable represents the time
derivative of that variable. f° = ( f0. 15, - -, fy) represents
a generalized “force” field that depends on the Hamiltonian
H,(x, M(t)) and the specific dynamics we are considering.

We introduce an auxiliary potential U, (x, ¢) to the original
Hamiltonian H,(x, A(t)) so that the system distribution p(x, t)
is always in the instantaneous canonical distribution of the
original Hamiltonian,

plx, 1) = eﬂlF()»(t))*Ho(M(t))l’ )

where B = 1/kgT with kg being the Boltzmann factor.

F())=—-g""In [/ dxeﬂH"(x"\)] 3)

denotes the free energy of the original system in equilibrium
for fixed A. With additional requirements that U,(x, t) van-
ishes at two endpoints of the driving process, the system of
interest will appear to evolve along the isothermal line in a
finite rate. Along this “isothermal” line, we can derive an
equality between the free energy difference and the mean
work related to the original Hamiltonian (which is called the
intrinsic work) [5]:

AF = (w; —/T<8Ha>dt 4)
=(w;) = \ , (

where (---) denotes the ensemble average over trajectories.
Since Eq. (4) takes a linear average over the work, it inher-
ently converges faster than other nonlinear nonequilibrium
equalities [2]. In addition to shortcuts to isothermality, many
researchers have also discussed the realization of finite-rate
transitions from an equilibrium state to another one with the
same temperature. One of the most important achievements is
the engineered swift equilibration [17] proposed by Martinez
and coworkers. They realized fast switches between equilib-
rium states of a Brownian particle system for the first time;
see also [18,19]. Since the instantaneous canonical state (2) is
not always guaranteed in the engineered swift equilibration,
the intrinsic work equality (4) cannot be derived from this
protocol.

Within the framework of shortcuts to isothermality, the
motion equation (1) is modified to the form,

Xi=fPGe, )+ fi e, 1), (&)

with f = (ff, f5, ..., f§) representing the auxiliary field
induced by U,(x, t). The form of f“(x, ¢) also depends on the

specific dynamics we are considering. The evolution equation
of the system distribution p(x, ¢) can be formally written as

0 . d

a0 = Lo =5 (i), ©)
where L, represents the evolution operator related to the
original field f°(x,t). Throughout this paper, the repeated
subscripts abide by the Einstein summation convention. We
assume that when A is fixed, the original system will relax
toward a unique equilibrium state pd oc e #H™») Hence,
we can obtain L,e#H(®*) = (. Substituting the instantaneous
canonical distribution (2) into the evolution Eq. (6), we can
derive that (see Appendix A for details)

JOH, 10ff  dF  0H,
Ji ax; B ox;, dt ot
Similar equation was also derived by Vaikuntanathan and
Jarzynski [15]. They did not provide a general strategy to
solve for the auxiliary field f“(x, ¢), but suggested one guess
the auxiliary field according to physical insight, experience,
and prior knowledge of the system.

Equation (7) highlights the difficulty of finding the aux-
iliary field f“(x,7) [or the auxiliary potential U,(x,t)]
precisely: Before solving the equation, we need to know in
advance the time dependence of the free energy which is
usually hard to obtain for most complex systems. Thus, our
goal is to propose a variational method that allows one to
circumvent the requirement relating to the free energy infor-
mation and determine the best possible f“(x, ) under some
restrictions, such as some specific boundary conditions or just
experimental feasibility.

(N

III. VARIATIONAL SHORTCUTS TO ISOTHERMALITY

Based on Eq. (7), we can define a function,
oH, 10f; 0H, dF

D(f)Eﬁaxi_Ea_x,- ar —E,

where f = (f1, f2, ..., fy) represents an approximation to
the exact auxiliary field f“(x, t). If f = f¢, then D(f) = 0.

The Gauss principle of least constraint [20] provides a
clue to seek the best possible f“(x, ¢). The Gauss principle
states that the difference between the trajectory of a restricted
system aj and its unrestricted Newtonian counterpart a; =
F;/m; can be evaluated by the least value of the so-called
“constraint” (Zwang) Z = m;(a; — a}‘)z. Here, a} represents
the acceleration of the restricted motion, while aj repre-
sents the acceleration of the free unrestricted motion which
is defined by force F; divided by mass m;. Various efforts
have been made to extend the idea of the Gauss principle to
other similar problems, such as the development of time re-
versible deterministic thermostats [21,22] and local quantum
counterdiabatic driving protocols [23-25]. Despite the fun-
damental status of the Gauss principle, there are few reports
about the extension of the principle in nonequilibrium driving
processes.

Enlightened by the Gauss principle of least constraint, we
can define a functional,

aﬁszﬁuw“m ©)

®)
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as a nonequilibrium “constraint” on the approximate auxiliary
field f(x, ). Here we have multiplied the local constraint
D*(f) by a function e ## and then taken an integral over
the whole phase space. In principle, the function e can
be replaced by any positive function. We will find that the
function e~ can help eliminate the free energy information
in the nonequilibrium constraint (9). We can prove that finding
the exact auxiliary field in Eq. (7) is equivalent to solving the
variational equation (see Appendix B),

8G(f)
8f

Substituting Eq. (8) into the nonequilibrium constraint (9),

we can derive
_ 48 1 df;
60 = / dx<f’ o B ax,>

2 BH,, dF
— = dxl = - = —(fz e PHo)
B ot dt

J0H, dF
Jal Yo

which reveals that the nonequilibrium constraint is closely
related to the time derivative of the system free energy dF/dt.
The third term of Eq. (11) does not affect the variation in
Eq. (10) since it is independent of f(x, ¢). By using integration
by parts, we can eliminate dF/dt in the second term of the
constraint (11):

2 0H, dF _
dx(———)—(f, PHo

=0. (10)

B ar  dt
2 92H,

== | dxfi—"e P 12
5/ igort (12)

Here we have assumed that the boundary term vanishes at
infinity. According to the above analysis, we can finally re-
duce the nonequilibrium constraint (11) into the following

simplified form:
19f;
B Ox;

J0H,
G,(f) = f dx(ﬁ -

2 9%H,
Z | dxf ° —ﬂHa’ 13
+ ﬂ/ iy (13)

which is our first central result. Here the requirement about
the free energy information has been eliminated. According
to different restrictions on the auxiliary field, we first choose a
proper trial function f(x, ¢). Then, substituting the trial func-
tion into the nonequilibrium constraint (13) and applying the
variational procedure, we can find the best possible auxiliary
field f“(x, t) and thereby approximately realize shortcuts to
isothermality. We dub such a variational scheme the “varia-
tional shortcut to isothermality.”

For simple forms of H,(x, A(¢)), calculating the integral
in the constraint (13) is very straightforward. However, for
complex systems where the integral in the nonequilibrium
constraint (13) cannot be accurately calculated, we may re-
fer to some techniques for approximating the integral, such
as the saddle-point approximation [26]. In order to get bet-
ter approximation, we make further transformations of the

nonequilibrium constraint (13). By using integration by parts,
we can derive (see Appendix C for details)

Gi(f) = / dxWe Pt (14)
with
_ La_fl% 8°H, 0°H,
W= 259, ﬂf’f’a 0% ﬂf’ax,ar' (15

Then, applying the saddle-point approximation to the integral
(14), we can obtain (see Appendix C)

N
" 2
G(N)~ ) W e PREED T [———— " (16)
2 1 N

where A; is an eigenvalue of the Hessian matrix D with D j; =
(82H0/ 0x;0xy)|x=xn. Equation (16) is our second central re-
sult. Here x™ represents one of the minimum points of the
function H,(x, ). When applying the saddle-point approxi-
mation, we have assumed that the integral function We=# is
largely peaked around the points x™. Please see Appendix C
for detailed explanation about this assumption.

IV. APPLICATION

Considering an underdamped Brownian particle
controlled by an original potential U,(q,A(#)) and a
momentum-dependent auxiliary potential U,(q, p,t) with
q:(CII,C]L'--vCIN) and PZ(PlvPL'-wPN) denOting
coordinate and momentum of the particle, respectively. The
motion of the particle is governed by the modified Langevin
equation [5],

i aUu
qi = li + —,
m ap;
. au, aU, pi  0U,
pr=—"t— oy (B 2 @, a7
dg;  0gq; m  9p;

with m being the mass of the particle. y represents the coeffi-
cient of friction and & = (&1, &, ..., &v) denotes the standard
Gaussian white noise satisfying (&;(t)) = 0 and (§;(1)&;(t)) =
2ykpT §;;6(t —t'). We propose the following trial form for the
auxiliary potential,

Ua(q, p. 1) = M(O{[s(A(1))gi + ui(A()]pi + v(g, A1)},
(18)

where s(A(¢)), u(r(t)), and v(q, A(¢)) are undetermined func-
tions. To ensure that U, vanishes at the beginning and end
of the driving process, we impose the boundary conditions
A(0) = A(t) = 0. The cross term g;p; in the auxiliary po-
tential (18), which is very hard to be realized in experiment
[5,27], can be eliminated by introducing a change of variables
(see Appendix D for details).

As an illustrative example, we consider a one-dimensional
double-well potential,

Uy(q. A1) = kq* — A(t)q*, (19)

where k is a constant. The Brownian motion of a particle
in the double-well potential (19) is widely used to describe
noise-driven motion in a variety of bistable physical and
chemical systems [28—31]. The evolution of the Brownian par-
ticle trajectory x = {g p} is then described by the Langevin
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equation,
aU,
g=24°%2,
m ap
. au, aU, p U,
p=- - -vY|= +&@). (20)
dg g ap

Comparing it with the general motion Eq. (5), we obtain the
corresponding relations,

0 P U, Y r
f(q,p,t)={— ————p+€(t)} . 2D
m aq m

and

ap aq s ap
In the one-dimensional underdamped Brownian particle sys-
tem, the nonequilibrium constraint (16) can be simplified to
the form,

U, U, au, "
- } (22)

fq. p.t) = {

2
R ~ W/ s —BU(qm,2) , 23
g Z (gms 1)e ey @
with
/ d/q L [(dfp
van=g{(5) ) +#((5)
B2 2 ,
afy afq> <82U,, 2>
+ +—
ﬁ2<3q ap B\ dq° / »
l < 9L, > (24)
Here (---), = ff;o --e P24 p represents the integral in

the momentum space. It can be calculated directly without
using the saddle-point approximation. f = {f, f,}’ denotes
an approximation to f* = { 1y f[‘j}T. According to the trial
form (18), we assume that the auxiliary potential takes the
form,

Ua(q, p. 1) = L(O[Di(t)gp + bi(t)p

+ bi(1)q" + by(t)g® + b5 (g + b (t)q],
(25)

where bi(t), b3(t), b3(t), bj(t), bi(t), and bi(t) are undeter-

mined parameters. Therefore, the approximate auxiliary field
should take the form,

f = {A(beq + bs) — Albs(p+ vq) + vbs
+4bsq® + 3b3q* + 2bag + by 1), (26)

with by (t), ba(t), b3(t), ba(t), bs(t), and be(t) being approx-
imations to the corresponding parameters b (t), b3(t), b5(t),
b3(t), bi(t), and bg(r). Substituting the form (26) into the
nonequilibrium constraint (23) and then minimizing it over
the parameters, we can derive that the best possible auxiliary
potential follows:

B

Pt b+ b 27
2832 43T ' ) 7)

Ud(q, p.t) = i(
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FIG. 1. Comparison of estimates of AF for o =1.0. (w,)
(squares) and AF, (diamonds) represent the estimates from the mean
work and the Jarzynski equality in the process driven by U, only. (w,)
(circles), AF; (upper triangles), and (w;) (lower triangles) represent
the estimates from the mean work, the Jarzynski equality, and the
intrinsic work (4) in the process driven by U, and U,. The solid line
represents the theoretical value [30], AF = 62.94. The estimates of
AF are shown on a logarithmic scale.

where the undetermined parameters b} and b} should satisfy
the relation,
A yBA
b+ by =——F—-. 28
2k 4BA2 + 6k (28)

Equation (28) gives us flexibility for choosing the parameters
b} and b};. We can compare the form of the auxiliary potential
(27) with the one in the overdamped situation and then de-
rive that b} = —3y BA/(8BA% + 12k) and b} = y Bk/(8BA* +
12k). See Appendix E for detailed discussion. Therefore, the
best possible auxiliary potential takes the form,

UuJg, p,t) = (4rgp + vkg* —3yrg?). (29)

8BA2 + 12k

We simulate the motion of an underdamped Brown-
ian particle in the potential (19) and add the auxiliary
potential (29) to approximately realize shortcuts to isother-
mality. The dimensionless driving protocol is chosen to
be A(t) = 8[1 + cos(rt/7)] with A = A//kksT. The influ-
ence of the particle inertia is determined by a parameter
a = 1,/1, with 7, = m/y and 1, = y /+/kkgT denoting two
characteristic times of the system. The simulations are per-
formed for dimensionless driving times T = 7/7, ranging
from 0.1 to 3.0. Details of the simulation are attached
in Appendix F. We use Eq. (4) to estimate the free en-
ergy difference AF. As shown in Fig. 1, the results are
compared with the estimates given by the mean work
and the Jarzynski equality. Here, (w,) = for (%)dr and
AF, = —B~'In (e P¥), respectively, represent the estimates
from the mean work and the J arzynski equality in the process
driven by U, only, while (w;) fo aal:" 8U“))dl and
AF, = —B7"In (e ™), respectively, represent the estimates
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FIG. 2. Comparison of estimates of AF for « = 0.1. The caption
for Fig. 1 applies here.

from the mean work and the Jarzynski equality in the process
driven by U, and U,.

Figure 1 shows that Eq. (4) provides remarkably accurate
and stable estimates of AF. Especially in short driving times,
where dissipation is expected to be high, the estimates given
by Eq. (4) largely outperform the estimates given by the mean
work and the Jarzynski equality. We also compare the esti-
mates when the inertia is small (@ = 0.1). As shown in Fig. 2,
the estimates given by Eq. (4) are superior to other estimates
over the entire range of driving times. These observations
show that the variational shortcut to isothermality is promising
to provide a reliable scheme for high-efficiency free energy
estimation. This is our third central result.

Figure 3 shows the comparison of different trajectory-work
distributions for @ = 1.0. Here we choose a short driving time,
7 = 0.1. As shown in Fig. 3, the distribution of the intrinsic
trajectory work p(w;) is sharply centered around the theoret-
ical value of AF while the peaks of the total trajectory-work
distributions p(w,) and p(w;,) deviate far from the theoretical
value of AF. Besides, p(w,) and p(w,) take much broader
forms than p(w;). These observations imply that compared
with the mean work and the Jarzynski equality, the intrinsic
work equality (4) may allow us to obtain a reliable estimate of
the free energy difference with a small number of trajectories.
This is a superiority for the intrinsic work equality (4) when
we are dealing with practical systems in which only a small
number of samples are available.

V. CONCLUSION AND DISCUSSION

Enlightened by the idea of the Gauss principle of least
constraint, we have developed the variational shortcut to
isothermality, which can approximately accelerate the con-
ventional isothermal process for complex systems. A key
advantage of this variational method is that it allows us to
obtain the best possible auxiliary potential for shortcuts to
isothermality without resort to the free energy information.
Combined with the linear nonequilibrium equality (4), the
variational method can be used to estimate the free energy

0.07 :
—>— p(Wo)
0.06
- p(w,)
o
£005 —=p(w) |
—AF=62.94
20
"=0.04 ]
+
.z
= 0.03 ]
4
[
g 0.02 ]
0.01 1
0 50 100 150 200 250 300

Work values (units of kpT")

FIG. 3. Comparison of different work distributions for o = 1.0.
The driving time is 0.1. p(w,) (crosses) denotes the distribution of
the total trajectory work w, in the process driven by U, only. p(w,)
(open circles) and p(w;) (asterisks) denote the distributions of the
total trajectory work w, and the intrinsic trajectory work w; in the
process driven by U, and U,,.

difference. We have applied our method to an underdamped
Brownian particle moving in a double-well potential. The
simulations show that our method can accurately estimate the
free energy difference with high efficiency. A potential future
direction is to test our method on more complex multidimen-
sional systems.

Considering the experimental feasibility, we have proposed
a trial form (18) for the auxiliary potential of the underdamped
Brownian particle system. In numerical simulations, we can
assume a trial form with high-order couplings between the
coordinate and the momentum. The variational shortcut to
isothermality is still applicable in this situation and may pro-
vide a more accurate estimate of the free energy difference.

Here we have stressed the application of our variational
method in accelerating the isothermal process and estimating
the free energy difference. Related problems are that of impor-
tance sampling [32-34], shortcuts to stochastic near-adiabatic
pumping [35,36], preprocessing strategies before heating and
cooling [37-39], thermodynamic controls [40], and so on.
Similar to shortcuts to isothermality, the dynamics of impor-
tance sampling is also modified so as to simulate rare events
of the original dynamics more frequently [34]. In spite of the
different targets and ways of modifying the dynamics, the idea
of our variational method is promising to be extended to these
problems.
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APPENDIX A: DERIVATION OF THE EVOLUTION
EQUATION FOR THE AUXILIARY FIELD, EQ. (7)

Consider a system following the motion equation:
X = f{(x,1).

The evolution equation of the system distribution p(x, ¢) can
be formally written as

(AL)

ap

” (A2)

a . a .,

= _8_)C[(xuo) = _8_x,(f’ p).
If we consider f°(x,) containing both deterministic and
stochastic parts (such as the Langevin dynamics), the time
evolution Eq. (A2) will be different for each realization of
the stochastic parts [41]. After averaging over the stochastic
parts, we can formally derive the evolution equation of the
observable probability:

ap .

a. :Lo/)»

o (A3)

where L, = L,(x, t) represents the evolution operator. If we
add an auxiliary potential U, (x, t) to the original Hamiltonian,
the motion equation is modified to the form,

Xi=fl0e, )+ fix, 1),

where the auxiliary field f“(x, ¢t) depends on U,(x, t) and the
dynamics we are considering. Since the ensemble average
over the stochastic parts of f°(x,?) does not affect the de-
terministic field f“(x, 7), we can formally derive the modified
evolution equation as

(A4)

ap
ot
which is just Eq. (6) in the main text. When we adopt the
strategy of shortcuts to isothermality, the system distribution

will always stay in the instantaneous canonical distribution of
Hy(x, A(1)):

. d
=Lop— a(f,.“,o), (AS)

pieq (e, (1)) = P ) =Ho(x,2(0)] (A6)
Substituting the instantaneous canonical distribution (A6) into
the modified evolution equation (A5), we can derive

7 o0H, 10f' dF 0H,
Pox;, B oxi  dt ot
which corresponds to Eq. (7) in the main text.
Since both F(A(¢)) and H,(x, A(t)) depend explicitly on
time through the controlling parameter A(¢), we can further
derive

(AT)

1o =

3H, 109f¢ dF  9H,)\ -
l S/ T i i (A8)
ax,- /3 Bx,- di oA

Comparing two sides of Eq. (A8), we find that f“ can be
preassumed to take the form,

fo, 1) = At)v(x, A1),

with v(x, A(¢)) being an undetermined function.

(A9)

APPENDIX B: EQUIVALENCE BETWEEN THE
EVOLUTION EQ. (7) AND THE VARIATIONAL EQ. (10)
We start from the definition of the function,
oH, 10f; 0H, dF
Dfy= f— — —— + -, Bl
(f) i ox; /3 ox; ot dt (B)

where f = f(x, 1) represents an approximation to the exact
auxiliary field f9(x,t). If f = f¢, then D(f) = 0. For any
forms of f, we can derive

f dxD(f)e M = — 1 f dxi( fie P
B 0x;

0H, dF
d 2 — )e Pl =0. (B2
+/ x( ot dt)e ®2)

Referring to the Gauss principle of least constraint [20], we
define a functional,

mnsfmﬁuwwz

(B3)

as a nonequilibrium “constraint” on the auxiliary field f. If
the form of the auxiliary field is free from restrictions, the
nonequilibrium constraint (B3) will be minimized whenever
f satisfies:

8G
which then implies
Dlj_pe = C(1), (B5)

with C(¢) being a time-dependent parameter. Because of the
property (B2), we can derive C(r) = 0, i.e.,

OH, 1off  oH, dF
0x; B 0x; ot dt

which, as anticipated, is just Eq. (7) in the main text.
Therefore, unrestricted minimization of the nonequilibrium
constraint (B3) is mathematically equivalent to solving
Eq. (7). If restrictions prevent the free choice of f, we can
still minimize the nonequilibrium constraint (B3) under the
given restrictions.

le:f“ - f}a - 0, (B6)

APPENDIX C: APPLYING THE SADDLE-POINT
APPROXIMATION TO THE NONEQUILIBRIUM
CONSTRAINT

Consider an integral of the form,

/ ) dyw(y)e*s?,

Yo

(ChH

where w(y) and g(y) are some real functions and A >
0 is a parameter. For large values of A, the integral
(C1) is completely dominated by the peaks with each
peak located at a maximum of g(y). Without loss of
generality, let us first assume that y, is the only max-
imum point of g in the interval (yp,y;). Changing the
integral variable according to y =y, +z/+/A and then
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expanding Ag(y) in power of z, we have

22 d*g(y)
2 dy?

Ag(y) = Aglym) + =

1
+ O(ﬁ) (C2)

Here the first-derivative term is missing because y,, is the maximum of g. In the exponential form, we can further derive that

1
I+ 0<—>> (C3)
y=y,,,> < VA
Assuming that w(y,,) # 0, we can similarly expand w(y) in power of z:

w(y) = w(ym)<1 +0<%>>. (C4

Substituting Egs. (C3) and (C4) into (C1), we have
i 1 )eA80m) T 2 42 1
/ dyw(y)ehse) = LT dz|:exp<z— 80) ) <1 + 0(—))} (C5)
“ Y=Y VA
In the large A limit, 7y and z; will tend to —oo and +o0, respectively. Therefore, we can give the saddle-point approximation:

Yo «/Z 2 dy2

/ . AL A0 2n

dyw(y)e™sY) ~ w(y,)e : (C6)
Yo _A dzg(y)/dy2 |y:ym

If there are multiple maxima of g(y) in the integral interval (yy, y;), we can divide the interval into smaller intervals according
to the location of each maximum point. The integral (C1) equals to the sum of the approximation in each small interval.

In the following, we apply the saddle-point approximation to the integral in the nonequilibrium constraint. Starting from the
nonequilibrium constraint (13), we can derive

OH, 0H, g, | | Df0f 2 OH, 0f; H, _
() = [ dxf, pH, —/d——f ﬂ”o——/d 20 2 o / ; Pl (CT
G / i o TR oy B oy fa o ©

If we apply the saddle-point approximation directly to the integral in the nonequilibrium constraint (C7), the first term and the
third term will vanish since there are first-order derivatives of H, in them. In order to get a better approximation, we make further
transformations to the nonequilibrium constraint (C7). Applying integration by parts to the first term, we can derive

8H BHD _ 8H8 —BH,

exp(Ag(y)) = eXP(Ag(ym)+ 2 dy?

8 ij Xj
—BH,
,e/ [ (ﬁff )l
df; 0H, H, . 9H,d i,
=— | dx\fi——+fifi—— . C8
,8/ x(f’ ox; ox; +ff-’ax,»axj i )¢ €8
Here we have also assumed that the boundary terms vanish at infinity. We can similarly obtain
3f; 0H, 1 df; of 9 fi
/ gy 2L o o, —/dx A TR g (C9)
B ox; ox; B? ax; Ox; 8x,3x,
and
1 9H, df; 1 df; 0f; i
—/dxfi—ie_ﬂH" = —/dx _fi + £ O fi . (C10)
B 0x; 0x; B2 0x; 0x; 0x;0x;
Substituting Egs. (C8), (C9), and (C10) into (C7), we can ﬁnally derive
04, 3f; g / . / H, _ .
s o dxf; e PHo ; e P = | dxwePHo, Cl1
G.(f) = ﬂZ/ A ff,8 ax, +3 dxfis xWe (an
with
1 af; Bf] 3’H, 2 3°H,
Wix,t)= ; C12
)= gae +ﬂffja o Tl o (C12)
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Here we have canceled out the terms containing the first-order
derivative of H, in the nonequilibrium constraint.

Without loss of generality, we assume that the Hamiltonian
function H, has only one minimum located at x™. We use A =
Enin — Enmax to denote the difference between the minimum
E'\in of the function H, and its adjoining maximum E,,. Then
the exponential term —B8H, can be transformed into

_BH, = AH,, (C13)

where A = —BA and H, = H,/A. When A > 1, the saddle-
point approximation can be applied to the integral (C11).
Changing the integral variable according to x = x™ +z/ VA,
we can expand AH, in power of z:

Z,'Zj BZHO

AH,(x,)) = AH,(x™, ») + =2
( ) ( )+ 2 axiaxj

1
ol — ).
x:x”‘+ <'\/X)
(C14)

Similarly, we can derive that

AH,) = (AFI( n oy 24 OH
exp( 0) =exXp X, ) 7 8xi3x]' .
1
1+0|—=)), Cl15
<(1o( 7)) @9
and
W(x,t):W(x’”,t)(l—i—O(%)). (C16)

Substituting Eqs. (C15) and (C16) into (C11), we have

—W(xm’t)eAH"(x”m / dz| exp Lizj 6°H,
\/Z 2 E)x,»axj o—
(C17)

(o))

In the large A limit, we can give the saddle-point approxima-
tion:

n
" 21
G(f) »W", e PR DTT [———— (CI8)
1\ BAGm 1)
where A; is an eigenvalue of the Hessian matrix,
9%H, 9%H, 9%H,
ox? 9x10x2 9x10x,
92H, 3%H, 0%H,
D = 0x20x] 8)(% U xpdx; (Clg)
9%H, 9%H, 9%H,
3x,0x 0x,0x2 e ox2 P—

Similarly, if the Hamiltonian function Hy has multiple minima
{x™}withm = 1,2, ..., the integral (C11) will be the sum of
the approximation around each minimum point:

P 2
G(f)~ ) W ne D [————. (C20)
zm: ll:! ﬁAi(x 1t)

We have assumed that A >> 1 when applying the saddle-point
approximation (C18). In a nutshell, this assumption means
that the integral function We=#% is largely peaked around the
minimum points x”".

APPENDIX D: FAST-FORWARD PROTOCOL
IN SHORTCUTS TO ISOTHERMALITY

We start from the modified Langevin equation,

. i 8[Ja
qi = li + )
m api
. ou, U, pi  0U,
pi=—ot -ty (2 ) h s, DD
dg;  9g; api

where the auxiliary potential takes the trial form,

Ua(g. p. 1) = AOUsOM0))gi + wi(A(1))]p; + v(g, A1)}
(D2)

Similar to the nonlocal term in shortcuts to adiabaticity, the
cross term g;p; in the auxiliary potential (D2) is hard to be
realized in experiment [5,27]. We now introduce a change of
variables that can effectively eliminate the cross term.
Substituting Eq. (D2) into Eq. (D1), we can obtain

Di

Gi = — + A(sqi + up),
m
. aU, . v Di .
pi=— —Mspi+ — —J/[—+)»(SQi+Mi)]+§i(f)-
aqi aq; m
(D3)

Consider the evolution of the observables,

Qi =qi, P, =pi+mi(sqi+u), (D4)

along a trajectory governed by the Langevin equation (D3).
Taking the time derivative of the observables, we obtain

0; =i,
dl/t,'

P =p; +mA(sq; + u;) + m)»2<a—)s\%‘ + d_A> + Asp;.
(D5)

By applying the mapping relations (D4) and (DS5) into
Eq. (D3), we get

. P
0=,
m
; U, P
B=——ZC 4+ F =y~ 450D, (D6)
8Qi m

with the auxiliary force,

a _ v oty mit( B0+ B
FYQ,1) = kaQierk(SQ,Jruz)erk (aAQde)\).
(D7)

Here X represents the second time derivative of A.

Similar to the fast-forward protocol in shortcuts to adi-
abaticity [42-46], Eq. (D6) can approximately realize a
transition between two equilibrium states at the same temper-
ature in finite time. Additional boundary conditions X(O) =
A(t) = 0 need to be satisfied by the driving protocol. In the
intermediate driving process, the system will depart from the
instantaneous equilibrium state. Since F¢ is an explicit func-
tion of @ and ¢, it will generically be easier to implement in
experiment than the momentum-dependent auxiliary potential
(D2).

032146-8



EQUILIBRIUM FREE-ENERGY DIFFERENCES FROM A ...

PHYSICAL REVIEW E 103, 032146 (2021)

APPENDIX E: APPLYING THE VARIATIONAL SHORTCUT
TO ISOTHERMALITY TO A BROWNIAN PARTICLE
IN THE OVERDAMPED SITUATION

In the overdamped situation, the motion of the Brownian
particle is governed by the Langevin equation,

1dU, 109U,

1
§= + —£(@). (ED
y dg vy

Comparing Eq. (E1) with the general motion equation (A4),
we can obtain the corresponding relations:

10U, 1
Yy dg vy
and
10U,
g, t)y=—— . (E3)
Y 0q

Note that f°(g,t) contains both the deterministic part
—y~19U,/dq and the stochastic part y ~'&(z) while (g, 1)
is presupposed to be deterministic.

In the one-dimensional overdamped Brownian particle sys-

with

1 1,0, 2 9%,
W(g.1) —(af) +—f28 U +—fa—U (ES)

~p2\ag) "B’ a2 T B aqar

Here A(gm,A) = (82Uy/3¢*)|4=q, With g, representing one
of the minimum points of the function Uj.
Considering the double-well potential,

Un(q, A1) = kq* — 1()q?, (E6)

we can derive that there are two minimum points g¢; = +/A/2k
and g = —+/A/2k. According to the form of the original
potential (E6), we assume that the auxiliary potential takes
the form,

Ua(g, 1) = 2(DNa;(1)g* + a3(1)q’ + a3 (1)g” + aj(1)q),
(E7)
where aj(t), a;(t), a;(t), and aj(t) are undetermined param-
eters. Therefore, the approximate auxiliary field should take
the form,
At) 3 ’
flx, 1) = —7[464@)9' +3a3(t)g” + 2ax(t)g + a1 ()],
(E8)
where a;(t), ax(t), as(t), and a4(¢) are approximations to the
corresponding parameters aj(t), a;(t), a3(t), and aj;(t). Sub-
stituting the trial form (ES8) into the nonequilibrium constraint
(E4) and then minimizing it over the parameters, we obtain

% —ygl
tem, the nonequilibrium constraint (16) can be simplified to ay ra
the form, a 2
172 B I R (E9)
a -y
~BUogn. 1) 27 ay —vq*
Gs & D W (g, e P [ mmoes (B4 va
~ BAGn 1) where
|
24kgS — d4rg® 18kg* — 30q2 12kq® — 20q" 6kq? — AgO
= 24kq_6 - 4)\14 + gci 18kq_5 - 3kf+ %q_l 12kq_4 - ZA§+ %@ 6kf - kq_l E10)
24kq’ —40g° + Fq®  18kq® —3hq* + §q7  12kg> — 20> + 5q'  6kg* —hq?
24kg® — 43q® + Bq*  18kq" —30g’ + 340 12kg® —22g* + 347 6kg® —Aq®
(
Here the auxiliary potential (E13) only works when the controlling
parameter satisfies A(¢) > +/4k/f, and it fails when A — 0.
7= 2 [qfllefﬂ(kq?*kq?) +q" efﬂ(kq‘z‘*kqﬁ)]’ n=0,1,2,.... Let us recall that, in the underdamped situation, the param-
4B eters b5 and b are still undetermined in the auxiliary potential
(E11) (27). Comparing Eq. (E13) with Eq. (27), we find that both
. . problems can be reconciled if assuming that the auxiliary
Solving Eq. (E9), we can derive potential takes the form,
a=a;=0, a=——-, a;=-=. (E12) BA 4 2
8A 812 Uyg, p,t) = ————(4A kq" —3yrqg”), (El4
(g, p, 1) 8ﬁk2+12k( qp + vkq yrq®), (E14)

Therefore, the best possible auxiliary potential takes the form,

_ YAy 2
Ualq. 1) = g5 (kq" = 30”). (E13)
Note that the saddle-point approximation (E4) applies when
the distance between the maximum and the minimum of
BU,, ie., A = BA%/(4k), is much larger than 1. Therefore,

in the underdamped situation and
y B
8BA2 + 12k

in the overdamped situation. In this way, the parameters
in Eq. (27) take the forms b5 = —3yBA/(88A% + 12k) and

Udg.t) = (kq* — 3rq™), (E15)
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(E14) to approximately realize shortcuts to isothermality. The
motion of the Brownian particle is governed by the modified
Langevin equation (20). There are two characteristic times
1, =m/y and 1, = y/+/kkgT in the system. Through in-
troducing the characteristic length [, = (kT /k)'/*, we can
reduce the coordinate § = ¢g/I., the momentum p = pt/mi.,
the time s = /7, and the driving protocol % = A/(ki?). The
modified Langevin equation (20) can be transformed into the
dimensionless form:

by =y Bk/(8B1* + 12k), which can be verified to satisfy
the relation (28). Besides, the denominator in Eq. (E13) is
amended to avoid divergence of the auxiliary potential in the
limit A — 0. Note that Eq. (E14) will reduce to Eq. (E15)
in the overdamped limit m/y — 0, which can support our
assumptions about the form of the auxiliary potentials (E14)
and (E15).

APPENDIX F: DETAILS OF THE SIMULATION

We simulate an underdamped Brownian particle moving in
the double-well potential (E6) and add the auxiliary potential

J

B
§=p+at’——,
ap
(F1)
au, a0, a0,
§=—at? =2 —at? L — 7 p+at?—2) + TV 207 (s),
g g ap

where T = 7/7, and @ = 7,,/7,. The prime on a variable represents the derivative of that variable with respect to the time s. £ (s)
represents Gaussian white noise that satisfies (£(s)) = 0 and (£ (s1)¢ (s2)) = 8(s; — s2). The dimensionless form of the auxiliary
potential takes

- »
Ua(q, P, s) =

Equation (F2) is solved by using the Euler algorithm,

aU,
G(s + 8s) =G(s) + pds + asz(Ss,
p

at2(812 4+ 12)

@rGp + t§* — 3Tig%). (F2)

(F3)
30, a0, U,
s+ 8s) = p(s) — at? o7 8s — af2?8s — f(ﬁ + af2F>3s + T/ 207850 (s),
q q p

where ds is the time step and 6(s) is a random number sampled from Gaussian distribution with zero mean and unit variance.
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