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Exchange fluctuation theorems (XFTs) describe a fundamental symmetry relation for particle and energy
exchange between several systems. Here we study the XFTs of a Kitaev chain connected to two reservoirs
at the same temperature but different bias. By varying the parameters in the Kitaev chain model, we calculate
analytically the full counting statistics of the transport current and formulate the corresponding XFTs for multiple
current components. We also demonstrate the XFTs with numerical results. We find that due to the presence of
the U/ (1) symmetry breaking terms in the Hamiltonian of the Kitaev chain, various forms of the XFTs emerge,
and they can be interpreted in terms of various well-known transport processes.
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I. INTRODUCTION

The fluctuation theorems (FT's) represent a major advance-
ment in nonequilibrium statistic mechanics, which extend the
second law of thermodynamics from inequalities to equalities.
The typical form of a FT asserts that there exists an exact rela-
tion between the positive entropy production and the negative
entropy production, such as

P(HAQ) a0
P—AQ) ¢

where P(AS2) denotes the probability distribution of the en-
tropy production. Equation (1) characterizes how much the
microreversibility is broken and sheds light on the arrow-
of-time problem. In addition, the second law (AQ2) > 0 is a
corollary of the FT (1).

Since the mid-1990s, many FTs have been discovered, for
both classical and quantum, as well as both closed and open
systems [1-6]. In general, FTs can be divided into two cate-
gories [3]: The first one concerns the nonequilibrium work, in
which the detailed balance condition is satisfied. Examples
include Jarzynski’s equality [7] and Crook’s FT [8]. Paral-
lel to the development of nonequilibrium work FTs, which
now extends their domain to arbitrary initial states [9,10]
and tries to include coherence [11], the second category of
FTs concerning the entropy production [3,12-19], has also
attracted much attention. Among the second category of FTs,
a lot of them are relevant to the processes of particle and
energy exchange between several systems [20-36]. For ex-
ample, Jarzynski and W¢jcik discovered a symmetry relation
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between two bodies initially prepared at different tempera-
tures and they coined the name exchange fluctuation theorem
(XFT) [20]. Later, Andrieux and Gaspard et al. considered an
open quantum system, in which energy and particle currents
flow due to the temperature and chemical potential difference.
They proved that a transient current FT can be recasted into a
steady-state current FT in the long-time limit, in which only
the thermodynamic forces or affinities are involved [24]. In
Refs. [23,25,37], Utsumi et al. found that for electron trans-
port through multiterminal interacting quantum dots under a
finite magnetic field, the FT is equivalent to a symmetry in full
counting statistics, which not only reproduces the Onsager-
Casimir relation but also suggests universal relations among
nonlinear transport coefficients. Thereafter XFTs have been
explored in many classical and quantum models, such as the
open quantum harmonic chain [38,39], coupled quantum spin
chains [40], the two-dimensional (2D) Ising model [41,42], a
quenched ferromagnet [43], the spin-boson model [44], inte-
grable [45], and quasi-integrable systems [46]. Most of these
works arrive at a Gallavati-Cohen-type steady-state FT [15] or
a transient FT [20]. But in some cases, the XFTs need modi-
fications. For example, when the environment temperature is
under periodic control [47], or when correlations are added to
the initial state [48], extended forms of XFT were found. Re-
cently, a tightest and saturable matrix-valued thermodynamic
uncertainty relation is derived from the XFTs, which imposes
strict restrictions on the fluctuations of thermodynamic cur-
rents [49,50]. Experimentally, the XFTs have been tested in
various systems, such as Brownian particles [51,52], classical
conductors [53], quantum dot system [25,35], the NV center
spin qubit [54], and NMR setups [55,56].

Despite these efforts, to the best of our knowledge, the
particle number conservation is always guaranteed in the

©2021 American Physical Society


http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.103.032143&domain=pdf&date_stamp=2021-03-24
https://doi.org/10.1103/PhysRevE.103.032143

FAN ZHANG AND H. T. QUAN

PHYSICAL REVIEW E 103, 032143 (2021)

FIG. 1. The setup. A nanowire is put above a s-wave supercon-
ductor (SC, green) and connected to two reservoirs (blue). The SC is
grounded while the chemical potentials of the two reservoirs are 1,
and ug, respectively. The whole system is in a uniform temperature

T =1/B.

previous studies. However, in some low-energy effective
Hamiltonians, the particle number conversation, associated
with the global /(1) symmetry, can be explicitly broken, such
as the BCS Hamiltonian. It would be interesting to explore the
influence of the ¢/(1) symmetry breaking on the distribution
of the particle currents as well as the form of the XFTs. In this
article, we explore these problems by studying a 1D open Ki-
taev chain in the framework of full counting statistics (FCS).
By using a Keldysh formalism, we analytically calculate the
characteristic function of the charge currents. Analogously
to the partition function, which encodes essential informa-
tion about equilibrium state, the characteristic function of
the particle currents encodes essential information about the
nonequilibrium process. From our results, one can see that the
multiple particle current components in the Kitaev chain lead
to various forms of XFTs, as a result of the /(1) symmetry
breaking.

This article is organized as follows. In Sec. II, we introduce
the 1D Kitaev chain model and we use Keldysh technique to
calculate the characteristic function. In Sec. III, we discuss
our analytical results of a short Kitaev chain and show the
well-known Andreev reflections giving rise to nonconven-
tional XFTs. Conclusions are drawn in Sec. I'V.

II. ONE-DIMENSIONAL KITAEV MODEL

The 1D Kitaev chain is a quadratic model, in which Ma-
jorana zero modes (MZMs) exist when the system is in the
topological superconductor phase [57]. It can be realized by
putting a semiconductor nanowire on a s-wave superconductor
[58-62]. Due to the proximity effect, Cooper pairs can tunnel
into the nanowire. The low-energy effective Hamiltonian of
the nanowire can be described by the Kitaev model. In con-
densed matter physics, topological properties of the system
have attracted a lot of attention in recent years, since MZMs
may serve as a platform to realize the fault-tolerant topologi-
cal quantum computation. It’s worth mentioning that braiding
the MZMs to realize the logic gate is still a big challenge in
this field [63]. Here we restrict ourselves to the discussion of
the distribution function of the currents and the fluctuation
theorems. Nevertheless, we will not touch MZMs since it is
not the focus of our current study.

A schematic picture of the setup is given in Fig. 1. The
chain is connected to the left and the right reservoirs by the
first and the last lattice site, respectively. The whole system is
in a uniform temperature 7, but the chemical potential of the
two reservoirs are different. They are denoted by w; and ug,

respectively. The total Hamiltonian of the system consists of
five parts: the Hamiltonian of the left and the right reserviors
H;, Hp; the Hamiltonian of the Kitaev chain Hg; and the
interaction Hamiltonians Hy g, Hgg,

H = H; + Hg + Hg + Hy g + Hgg, 2)

where the Hamiltonian for every part is given by

N
R e
Hg _ME (Cj'cj__)—i_E (- UCC/+1+ACJCJ+1

j=1 j=1
+ H.c.),
Hy = Z(hCULj - ML)EL-@L,',
J
Hy = Z(flej - /‘LR)é};jéRja
J
Hix = Z)»Lj(ézjfl + @J{@Lj),
J
Hir =) hrj(Epien + k). 3)

J

Here p is the chemical potential, 7 is the hopping amplitude,
and A is the superconducting order parameter. ¢,, ¢1;, and
Crj are the annihilation operators for an electron on the nth
site, the left and the right reservoirs respectively. Ay ; (Ag;)
characterizes the tunneling strength between the left (right)
reservoir and the first (last) site of the chain. fiwy; (fiwg;)
denotes the energy of the jth state of the left (right) reservoir.
From now on, we adapt natural units (7 = e =kg =1),s0a
conductance of 1/ represents 2¢?/h in SI units.

We are interested in the charge transport in a period of
time [0, t]. In the two-point measurement (TPM) scheme,
two pl"O]eCthe measurements over the particle number oper-
ator N, = 2 & ;CLj of the left reservoir are applied at the
initial time # = 0 and the final time ¢ = 7,' The initial state
is assumed to be a product state py = p;' ® pr' ® pg'. The
probability distribution of the charge transported from the left
reservoir during time [0, t] is given by

P(g) =YY 8lg— (ny —n)lp(ns. o’ |ni, o)
ni,ng o,0’
x (n;, o|polni, o), 4

where n; and n; are the initial and the finial particle
numbers in the left reservoir and o, ¢’ label the many-body
degeneracies for a fixed particle number. p(nys, o’|n;, 0) =
(ng, o'[Trg glU (z, 0P(n;, 0) @ pd ® pp'U'(x, O)ling, o’)
denotes the transition probability, in which P(n;, o) =
|n;, o){(n;, o| is the projective operator of the eigenstate
Inj, o). U(r,0)=Texp(—iff H(t)dt) is the unitary
evolution operator where 7 is the time-ordering operator. It is
more convenient to consider the characteristic function (CF),
namely, the Fourier transform of the probability distribution
which can be expressed in a trace form,

Z(&) = / dqe®iP(q)

= Tr[U (z, 0)e*¥: 0 (7, 0)e 5 py . 5)
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Since the initial state is a product state which commutes with
N, we can further rewrite the CF as

Z(&) = Trle 207 (2, 0050 (1, 0)e~5%/2 py
= Tr[U", ,(z, )T a(z, 0)pol, (6)

where the modified evolution operator is given by

Ut 1)) = ™0, 1 )e ™
t
= T exp {—i/ ﬁx(l’)dt/}, 7
p

with the modified Hamiltonian I-L(t)
Ho(t) = ™ H(1)e ™M

=H+ Zij[(ei-’f — e} 814 (e = Déjel. (®)
J

Please note that the CF is also called the generating function in
the field of quantum transport since it generates the irreducible
cumulants by taking the derivative of £ [36,64],
" 0" InZ(&)
(g") = (=)' —0—| - €))
0& £=0

We also note that when £ « 1, the modified Hamiltonian can
be approximated as

A0~ H 4 ixdg (6] 61 — ér))
J

= 1‘7 — .Xi Ls (10)
where the current operator / is defined as

-~ dNp g0

B . _ . AT A AT A

IL=—= =il Ni] = Z ihpjle160; — &1l
j

Equation (10) is in the same form as defined by Nazarov [65].
However, due to the approximation (cut-off) in Eq. (10), this
form does not possess Gallavotti-Cohen symmetry and gives
only the first two cumulants correctly [66].

Various methods have been developed to calculate the CF,
such as the scattering matrix approach [67], the stochastic
path integral in semiclassical regime [68], the quantum master
equation approach [69] and the Keldysh Green’s function ap-
proach [65]. Due to the quadratic form of the Hamiltonian of
the Kitaev chain, we apply the Keldysh technique which can
simplify the calculation by utilizing the Gaussian integral. In
the Keldysh formulation, the CF can be written as a functional
integral along the Schwinger-Keldysh contour [64],

Z(%') = Tr|:p0 exp (—i/;ﬁg(t)/z(t)dl‘>i|

= [ Dt v dogre e

where the contour C consists of a forward path (0, v) and a
backward path (7, 0). And the counting field £ (¢) is set to be
&(t) = x££ (plus for the forward and minus for the backward).

In the last step, we insert fermionic coherent state ¥, ¢, ¥, ¢

and the action consists of three parts, namely,

S = SK +Sres +ST7
- d

Sk = / dt \I—’(l‘)(i— - K)\I'(t),
c dt

_ d
Ses = Y. /Cdma,»(ia —wa,-)%,,

j a=L.R

Sr=— ch di A (@ (OMO (1) + Ty (OM' (1)P;(1)]
J
-3 /c dt [ ®r; () Wn (1) + Ty ()i ()], (12)
J

=T
where W' =W, ..., W), W =), @ =
\%(qﬁa s b j)T are Grassmann numbers in Nambu space for

the chain and the reservoirs respectively. K in Eq. (12) is
the representation of the Hamiltonian of the Kitaev chain in
Nambu space, defined as a 2N x 2N matrix

uos D o ... ... 0
DT uo3; D 0 0
T .. . . :
K 0 D ) . . : (13)
: D 0
0 0 D" pos D
0 B DT o

in terms of the Pauli matrix o3 and the 2 x 2 matrix
. A
D =nos + iAoy = (—nA _n>. (14)

M (t) in Eq. (12) is the counting field matrix

e€0/2 0 }

M@) = [ 0 o0/ (15)

We project the contour time to the real-time axis which dou-
bles the Grassmann number v/; — ¥; = (¥, ¥;). Here the
breve indicates the Grassmann number or operators in the
Keldysh space and the superscript plus (minus) represents the
Grassmann numbers are defined in the forward (backward)

path. Then we perform the Larkin-Ovchinnikov (L-O) rota-
tion in the Keldysh space, i.e.,

wﬂr Wil
v <A1 o) v | _ |
RNV 73 B R
W,-_ 1/;,1
z/ - -_ _ A O
V=0 0 v )(02 A2>
= (1/;1‘1 Iﬁlz Wiz ‘/fil)’ (16)

where the rotation matrices are defined as

1 /1 1 1 1 1
e
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The reservoir action becomes

Ses=_ Y. /dtdt P j(1) - O g (1,1 )Puj ey (18)

j a=L,R

with CT)aj(t) = \%((ﬁl P> P ¢1)aj and the free reser-
voir Green’s function

0
go(j(kv (,()) O i| (19)

Q0. (k. w)=[ 3 .
0 J O ggj(k’w)

The particle Green’s function gg j (k, w) and the hole Green’s
function g ;(k, w) are given by

— L 27l = 2n(0)]8(w — &',)
g?xj(k’ (,()) — { w7w6k+m ) ak i
0—al, —in
— L 27l = 2i(w)]8(w + @)
o+, —in
7t =1 = ! 20
(w)=1-n(-w) = mv (20)

where w/, = wqx — Wo. Thanks to the quadratic form of the
reservoir action, we can integrate out the reservoir degrees of
freedom and get the self-energy

St = Zkiﬂw Qo M,
J
SR ) =) 2@ D) -Qori- (M ®L),  (21)

where the counting field matrix in the Keldysh space is

M'=(A®b)-M' - (A ® D),
=N ®bL)- M- (A ®L), (22)

with I, the 2x2 identity matrix. The effective action of the
Kitaev chain is

Serr (U, W, s)_//dzdt v (z)[za(z r)(— —K)
— 5,1 — ig(t,t/)j|‘il/(t/). (23)

If we only consider the fermionic states near the Fermi sur-
face, then we can linearize the fermionic dispersion relation
wy ~ vpk where vp is the Fermi velocity. We can also as-
sume the coupling strength A,; (¢ = L, R) are approximately
constant ), for these states (wide-band approximation), which
leads to

Z otlga](k LL)) ~ —1F {é 2[1 __21’1(0))]}’

J

Z )\‘ctjgot] (k, Cl)) =~ _ll"a {(1) 2[1 —_21171(60)]} (24)

with Ty = A2 /(v).

In the long-time limit 7 — 00, we can turn to the frequency
domain and obtain the final form of the CF,

det[/ — G(0)E (€, w)]
hm Z(§) = h H\/det I — G(w)%(0, )]

= lim [TVZG. o). (25)

with Green’s function and self-energy

Gw) = (@ —K)™!, 5, 0) =S (w)+ ko). (26)

Please note that we neglect the information contained in the
initial state of the chain, since a finite chain coupled with
several infinitely large reservoirs will reach a steady state in
the long-time limit [36].

A more frequently used quantity in the long-time limit is
the cumulant generating function (CGF), defined by

F&) = Jim )

1 [*dw UV
= —/ — Indet[/ — G(w)X (€, w)] + const, (27)
2 J_ o 2m

where we have absorbed the £-independent term [the denom-
inator in Eq. (25)] into the const, because it has no effect
on the cumulants and the FTs. The existence of CGF im-
plies that the current satisfies a large deviation principle, i.e.,
probability P(q) ~ exp[—th(q/t)] for large T with the rate
function h(g/t) = F(§*) — i§*q/t, where £* is the solution
of the saddle-point equation d F(§*)/d&* = ig/t [70]. As for
the numerical calculation, it is more convenient to adapt the
inverse Fourier transform to obtain P(g) and h(q/t). These
two relations Egs. (25) and (27) are valid for arbitrary number
of sites in the Kitaev chain. In the following, we will only
consider the CF in the long-time limit T — oo.

III. EXCHANGE FT IN THE OPEN KITAEV CHAIN

In this section, we will formulate the FTs and calculate the
CF analytically. We emphasize that the validity of the FTs
is independent of the site number in the Kitaev chain, but
the expression of the CF depends on the site number. As a
result, the cumulants, such as the average current and the shot
noise, explicitly depend on the site number. For simplicity,
we consider a short chain of, for example, only three sites.
In principle, generalization to more sites is straightforward. It
is worth mentioning that the expression of the CF for a large
site number can be obtained by the same method as that for a
small site number. But in practice, the calculation is extremely
tedious for a large site number. We point out that in the study
of quantum transport, the system is usually assumed in the
thermodynamic limit; and the continuum limit can be used
to simplify the calculation of the CF. But for a system in the
thermodynamic limit, the fluctuations are suppressed and can-
not reach a steady state. For these reasons, the thermodynamic
limit is not suitable for the study of FTs. In the following, we
will consider four cases: (i) the trivial case when the chain has
no pairing potential; (ii) the pairing case when the hopping
amplitude is zero and the current is carried by Cooper pairs;
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(iii) the Majorana case when u = 0, A = 7, i.e., the system
possesses Majorana modes; and (iv) the general case.

A. Trivial case

We take the pairing potential A = 0, and then the chain
is a trivial conductor chain. A similar model can be found at
in Ref. [1] [see Eq. (126) therein]. The CF for our three-site
model at a finite temperature is

Z3(&, ©) = [1+T1(0){fi1enze (e — 1)+ nyefine (e — 1)}]
x [1+ Ti(—o){nipiin(e™™ — 1)
+ Apnan(e® — DY, (28)

which is the Levitov-Lesovik formula for each orbits [71]. The
transmission probability T;(w) is a function of parameters
of the system such as u,n, I, but are £ independent (see
Appendix A). ni, and ny;, (1, and nyy) are the electron and
the hole occupation number in the left (right) reservoir while
n(w)=1-n(w),

1 bl J—
ne(w) = m, (@) =1 —ng(w),
1
nip(w) = mp(w) =1—-np(w).  (29)

eBlotu) 4 1°

Obviously, since

Ay, = € PU10n, iy, (30)
the CF satisfies a symmetry
Z3(8) = Z3[ =& +ip(ur — ur)l. €29
As a result, the CGF (27) satisfies the symmetry
F3() = F3[—& +ip(ur — pur)l- (32)

This symmetry immediately implies the well-known steady-
state XFT (Eq. (141) in Ref. [1] and Eq. (85) in Ref. [2]),

i P(q)
1im
=00 P(—q)

— P —nr) (33)

The average current can be obtained by taking derivative of
the CGF and we reproduce the Landauer-Buttiker expression
[72]

d
I)=—i—F
(1) =—ize @)L:O

2

Equation (34) shows the fundamental transport process is an
electron transferred from the left reservoir to the chain and
meanwhile an electron is transferred from the chain to the
right reservoir, thus preserving the charge number in the chain.
From Eq. (25), we can numerically calculate the probability
distribution P(q) for more than 3 sites. In Fig. 2, we plot the
rate function — In P(q)/t and the ratio In P(g)/ In P(—q) for
10 sites.

dw _ _
_ / O (@)1 (@) — Ao (@) (@)]. (34)

B. Pairing case

We take the hopping amplitude n = 0 and introduce the
nonzero paring potential A which explicitly breaks the global

@ o ,
0'10f’ 1

008 ® .

0.06]- o o

—In P(q)/t

0.04] o . ]

0.02 . o° ]

.‘00000°..
-0.03 -0.02 -0.01 0.00 0.01
g

0.00-

0.02 0.03

(b)

In[P(@)/P(-a)]

q

FIG. 2. The rate function and the XFT for 10 sites in the trivial
case. The parameters are chosen to be as follows: u =n =1, A =0,
' =Trg=0.3,u,—ur=0.1, =10, Aw =27/t = 0.01. Pan-
els (a) and (b) show —In P(g)/t and In P(g)/ In P(—q) as functions
of g, respectively. The solid line is B(u. — 1r)g = g and it is a
manifestation of the XFT (33).

U(1) symmetry. Then the current should be carried only by
Cooper pairs. We find that there are subtleties in this case,
i.e., the CF exhibits distinct features for odd-number and even-
number sites. As examples, we calculate the CF for both three
sites and four sites

Z3(&, ®) = [1+Tar(0){fi1enze (e — 1) +n1efin (€ — 1)}
x [1+ Ta(—){nipian(e™™ — 1)
+ Apnan (e — DY, (35)

Z4(E, ) = [1 + Ty(@){irenm(e™® — 1) + ny iz, (e —1)}]
x [1 + Ty(—w){nipize (e — 1)
+ finae(e® — DY (36)

The three-site CF Z3(&, w) still describes a normal transport
process which is the same as the trivial case except that the
transmission probability T, (w) is different from T;(w) (see

032143-5



FAN ZHANG AND H. T. QUAN

PHYSICAL REVIEW E 103, 032143 (2021)

Appendix A). The XFT (33) holds as usual. However, for the
four-site case, the CF Z4 (&, w) is quite different from that of
three-site case. It describes an electron moves from the left
reservoir to the chain and a hole moves from the chain to
the right reservoir. Meanwhile, a Cooper pair is formed in
the chain and is injected into the superconductor. It is called
crossed Andreev reflection (CAR) [73,74]. In this case the
system can be viewed as a three terminal system: The chain
can exchange particles with two reservoirs and the proximate
superconductor. The equilibrium relation

—B(L+ir)

fienop = e Niefop,

Nipfige = e PO 0, 37

implies the symmetry of the CF

24§, w) = Zy[ =& +ip(ur + ur)l, (38)
which further implies the symmetry of the CGF and the XFT
Fa(§) = Fa[—€ +iB(ur + pr)l, (39)
P
lim (9) — P tir) (40)
=00 P(—q)

We notice that the XFT (40) is different from the conven-
tional XFT (33). Usually, the XFT is relevant to the difference
of the chemical potentials of the two reservoirs ©; — wg. But
in Eq. (40), it is relevant to the sum of the two-chemical
potential p; + wg. One consequence of Eq. (40) is that for a
symmetric bias u; = —ug > 0, the average current (g)/t is
zero. Equation (40) can be understood intuitively by consid-
ering the entropy production. According to thermodynamics,
the transport of particles is accompanied by the conversion
of chemical energy to heat and thus accompanied by the
generation of entropy. When an electron is transported from
the left (right) reservoir to the grounded superconductor, the
entropy production is AQ; = Bur (AQgr = Bug). Thus the
total entropy production for a CAR process is

AQ = AQ; + AQp = B(r + 1r). (41)

From Eq. (1), we recover Eq. (40). It is worth mentioning that
this form of the XFT (40) is commonly found in the multiple
terminal systems [32-34].

The parity dependence of the transport can be understood
intuitively as follows: As an electron jumps from the left
reservoir to the first site of the Kitaev chain, it can form a
Cooper pair with one electron on the second site. Then a hole
is left on the second site and will pair with the hole on the third
site. The pair forming process continues until the last site. It
is easy to see that if there are odd-number sites in the Kitaev
chain, then the last site will host an electron and can jump to
the right reservoir while a chain with even-number sites will
transport a hole to the right reservoir. Thus, we conclude that
in the paring case, a system with even parity gives rise to the
CAR and the odd parity leads to normal transport.

We also calculate the long-time statistics of the current for
10 [see Figs. 3(a) and 3(b)] and 11 [see Figs. 3(c) and 3(d)]
sites in the paring case under the symmetric bias (1, = —ug)
to illustrate the even-odd difference. As clearly demonstrated
in Fig. 3(a), the rate function is symmetric with respect to
g/t = 0. Figure 3(b) confirms the XFT (40) in the case of

symmetric bias. Meanwhile, for 11 sites, Fig. 3(c) shows the
net current (g)/t > 0 and the rate function exhibits asymme-
try. The XFT for 11 sites is the conventional XFT (33), see
Fig. 3(d).

C. Majorana case

Now we consider the exactly solvable case (u =0, A =
1), Majorana case, which has been extensively studied in the
literature [75—77]. In this case, MZMs will appear at the ends
of the Kitaev chain. We find the CF is given by

Z3(5, ) = 1 + Ts(@)[frenin(e ™ — 1) + npeig(e — 1))
(42)

It is worth mentioning that the explicit expression of T3(w)
(see Appendix A) is independent of the site number in this
exactly solvable case. The Kitaev chain behaves like a three-
level system (see Appendix B).

From Eq. (42), we can see that the transport between the
left reservoir and the chain is independent of the transport
between the chain and the right reservoir. In fact, if one also
adds a counting field corresponding to the measured particle
number of the right reservoir, then one would see that the CF
will factorize into two parts, corresponding to the left and
the right part, respectively. So we conclude that there is no
correlation between the particle currents at the two interfaces.

Let us consider the zero temperature and the symmetric
bias. The CGF becomes

* dw
Fie) = / iz ) 43)

m

And, accordingly, the zero-bias conductance is

a(l) —i 0
G =— = s——[InZ3(§, 0)]
I o 27 38 £-0
1 2¢
=—=" 44
- b (44)

where in the last step we return to the SI units and recovers
the famous quantized zero-bias conductance of the MZMs.

Equation (42) indicates the fundamental process is a local
Andreev reflection (LAR), in which an electron is injected
into the chain and a hole is reflected out, and a Cooper pair
is formed in the chain. The XFT for this process is

y P(q)
m
=00 P(—q)

— etPhL (45)

Figure 4(b) demonstrates the validity of Eq. (45).
Figure 4(a) shows that only even-number particles can be
transported from the left reservoir to the Kitaev chain. This
is expected since the only transport process happened in the
Majorana case is the LAR process, which exchanges two
electrons effectively. It can also be seen from the CF (42)
which has an enhanced periodicity

23§, 0) =236 + 7, w), (46)

compared to the conventional 2m-periodicity in the CF
[Egs. (28), (35), and (36)]. From the definition of Z(£) =
> 4 €XP(ig§)P(q) and the normalization of the probability
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FIG. 3. The rate functions and the XFTs for even or odd parity systems. The parameters are A =1, u=n=0, ', =, =0.3,
pr = —pug = 0.05, 8 =10, Aw =2/t = 0.01. [(a) and (c)] The rate function — In P(g)/7 for 10, 11 sites, respectively. [(b) and (d)] The
ratio In P(g)/ In P(—gq) for 10, 11 sites, respectively. The solid line in (d) represents (. — ur)g = q.

Zq P(g) = 1, we have which implies that it is impossible to transport odd-number

particles.
ZO)=) Ple)= Y Pl@+ Y P@=1 @7
q g€Even q€0dd D. General case
Zi(m)=) €"Plg)= Y Pl@)— Y P9 From the above discussion, we see that there exists three
q g€Bven q€0dd distinct current components in the transport process, the nor-
= Z3(0) = 1. (48) mal transport, the CAR and the LAR. Each current component

has a corresponding XFT. When we consider a generic sit-
uation, i.e., u # 0,17 # 0, A # 0, we expect three current
components coexist in the transport process. We take u = n =
A =1 as an example. The three-site CF is

From the above two equations, we find

Y. Pl@=1, Y Pl =0, (49)

g<Even 4q€0dd |

Z3(&, ) = 1 + {[Ta1(@)iirena, + Tar (—o)npiiog] + [Tar(@)irenan + Taa(—o)nyiiz. ]} (e — 1)
+ {[Ta1(@In1eiize + Ty (—o)apna] + [Tar(@)nyeiizy + Tar(—o)iipna 1} (€ — 1)
+ Ti(@)[nieinn (@ — 1) + nydige(e™ — D], (50)

(

present in the transport process, thus rendering no simple XFT

where the transmission probabilities {T; (a))}?zl are given in
: for the total current from a single reservoir. Since the TPM

Appendix A. We see that all the three current components
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np = —pug =0.05, 8 =10, Aw =27/t = 0.01. (a) The rate func-
tion —InP(q)/z. (b) The ratio In P(g)/In P(—q) shows that only
even-number particles can be transported. The solid line is Bu.q =
0.5¢g.

on the left reservoir only gives us the total current from the
left reservoir, we need TPMs on the other reservoir and also
the superconductor to gain additional information. It is possi-
ble to carry out the TPMs on three terminals simultaneously
(since all the particle number operators commute). Denote
the outcomes as g, gg, and gs. The three outcomes are not
independent. Charge conservation demands g;, + gg + gs = 0
since charge concentration cannot occur in the chain in the
steady state. The conventional steady-state XFT of two inde-
pendent outcomes gy, gg is given by [2,24,36]

. P(qr, qr)
im ————
v=0 P(—qr, —qr)
which concerns the net change of electron number in each
reservoir. But we can also consider how many electrons are
transported in different current components, which corre-
sponds to charge transfer in the normal transport ¢g,, the CAR
process g., the left LAR process g;, and the right LAR process
q-, respectively. These components are related to ¢; and g, by

— eﬁ(quLL‘H]RMR), (51)
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FIG. 5. The rate function and XFT for 10 sites in the general
case. The parameters are u =A=n=1, 'L =T =0.3, u. =
—ug =0.05, B8 =10, Aw =2x/tr =0.01. (a) The rate function
—1InP(g.)/7; (b) the ratio In P(q.)/In P(—q.). The solid line in
(b) is around 0.500073¢g, showing a deviation from the above three
XFTs [Egs. (33), (40), and (45)].

the following equations:

gn +4c +2q = qr,
—qn +gc +2q9, = qp. (52)

Unfortunately, we have four independent variables in the left-
hand side but only two independent equations. It implies that
we cannot know the exact particle number transported in
different current components except some special cases. For
example, if there are no LARs, then both ¢; and ¢, are zero,
and we have

qL + qr qr — qr
c = N n— . 53
q. ) qn ) (53)
The XFT (51) can be rewritten as
lim P(gc, ) = Peertir) pBan(ur—nr) (54)

=00 P(_qc’ _qil)
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We numerically calculate the rate function for 10 sites.
The rate function for even and odd particle transport exhibits
distinct features and indicates the three transport current com-
ponents coexist and the dominant one is the LAR process.
From Fig. 5(b), we note that the ratio In P(g.)/ In P(—qr) ~
qLB L, showing a small deviation from the three exact XFTs
[Egs. (33), (40), and (45)].

IV. DISCUSSION AND CONCLUSION

Previously, quantum transport through a Kitaev chain in the
continuum limit and/or zero temperature has been extensively
studied. But the focus is usually put on the mean current and
the shot noise, which are experimentally accessible with the
current experimental techniques. Nevertheless, higher-order
moments are usually ignored in previous studies. Also, the
transport through a finite Kitaev chain at a finite temperature,
and the influence of the /(1) symmetry breaking term in the
Kitaev chain on the forms of the XFTs, has not been fully
explored. In our current study, we elaborate the influence of
the U (1) symmetry breaking on the XFTs of currents through
a Kitaev chain. Thus, our work establishes a connection be-
tween studies of the transport in a Kitaev chain and studies
of the XFTs. Hopefully, our results can be experimentally
verified in future experiments.

In this article, we focus on the FTs of particle transport.
And the transport of particles is always accompanied by heat
flux. Hence, we may also consider the FTs regarding heat flux.
It turns out that various forms of FTs of particle transport
correspond to a unique heat FT, which is the same as Eq. (1)
except replacing AQ2 with T AQ.

In summary, we calculate the full counting statistics of the
electron transport through a short Kitaev chain. By utilizing
the Keldysh formalism, we obtain the analytical expression of
the generating function of currents. In principle, the analytical

expression of the generating function is valid for arbitrary
number of sites. But in practice, the calculation becomes more
and more tedious when the site number increases. Also we
point out that from these analytical results, we can straightfor-
wardly demonstrate different current components satisfying
various XFTs, which is consistent with the framework of
entropy production. The four cases considered in our model
manifest the influence of the /(1) symmetry breaking on
the properties of the quantum transport and the XFTs. In the
paring case and Majorana case, the paring terms in the Hamil-
tonian, which breaks the ¢/ (1) symmetry, lead to two kinds
of Andreev reflections, resulting in two unconventional XFT's
[Egs. (40) and (45)]. It is worth mentioning that analytical re-
sults can be obtained in our study because the Hamiltonian of
the Kitaev chain is in the quadratic form. For systems beyond
the quadratic Hamiltonian, one has to refer to the perturbation
expansion or numerical methods. In our future study, we plan
to extend our investigations to Hamiltonian with nonquadratic
terms, which is ubiquitous in physics and may lead to many
interesting phenomena.
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APPENDIX A: THE COEFFICIENTS OF THE CF
IN DIFFERENT CASES

In this Appendix, we give the expressions of the transmis-
sion probability of the CF [Egs. (28), (35), (36), (42), and
(50)]. The transmission probability T|(w) for the trivial case
in Eq. (28) is given by

4n'T g
T Al
1(w) D: (@) (A1)
with
Di(@) = T7[n* = 2°(n — @) + (1t — @)* + (1 — @)’ T] + (0 — @)’ [(1 — 0)* = 201 +27*TL.Tx
+ Txln* — (n — 0)*1%. (A2)
The transmission probabilities T»(w) and T (w) for the paring case in Eqs. (35) and (36) are given by
4A4FLFR 4A6FLFR
Ty (0) =—F——, ThHw)=——"—, (A3)
? D2 () 2 Dj(w)
where D, (w) and D) (w) are given by
Da(w) = (1 — @)*QA* + p? — 0?) + 2AT T + TF[(A% + p? — 0*)? + (1 + )’ T3] + TR(A? + 17 — 0*)?,  (Ad)
Dy (@) = (1 + @) (1 — 0)*[(n + ®)* + T3] + 2AT, Tr + T [ (1 + 0)2(2A% + p? — %) + TH(A + p? — 0*)’]
+ A — @)’ [11(1 + ) +4T3] +28% (1 + o) (1 — 0P’ [3(1 + 0)* +2TF] + A" +6A°(W? — w?).  (AS)
The transmission probability T;(w) for the Majorana case in Eq. (42) is given by
1612
Ts(0) = £ (A6)

T4w? + 2T (0" — 40? + 8) + w?(w? — 4)*
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The transmission probabilities T4 (w), T4 (w), and T43(w) for the general case in Eq. (50) are given by

1
Ty (0) = D—{16FLFR[F§ + (0 + D?][T; + (1 + 0)*]}. (A7)
4
1
Ti(w) = D—{16FLFR[rz + (o + D[} + (1 — 0)*]}, (A8)
4
16T2[ 0% 4+ 2(0* — 302 + 8)'2 + w(w?* — 5)?
T43(a)) — L[ R 5 R :|7 (Ag)
4
where Dy is given by
Di(w) = (0° — 1o* + 270> — 1)* + 2(0'* — 156° + 780° — 1780* + 2090* + 1)(T'} + T'x)
+ Ta{(@ = 1’T] + [(0 — 2)o — 1P H{(w + 1)’T] + [0(w +2) — 11}
+ (0" — 60” + 1T} + 32I' Tr(T] + 0* + 1)(T; + o* + 1)
+ 2TE[(@° — 50" + 11w + DI} + 2(0® — 80° 4 300" — 48w” + 65)I;]. (A10)

APPENDIX B: THE EXACTLY SOLVABLE CASE

In the exactly solvable case u = 0, n = A, the Kitaev chain reduces to a free fermion model in the Majorana representation

N—1

N—1

B = in 3 pangor = 20 Y dld, + 03} D)

j=1

The fermionic operator ¢}, d; is given by

o (P2j—1 +ivn))

/ 2
do

d;

s Tt
—

j=1

5 Ditihin

> ; (B2)

(B3)

where the Majorana operator p; satisfies the anticommutation relation {;, §;} = 25;;. The coupling between the chain and the

reservoir in the new representation is

dAl + 1+620—d

A

¢+ H.c. = AZ-

At
Lj J

o dg +do+dy-y —dy_,

0
H.c.,
> +

At A _
CritNn + H.c. = Crj

H.c. B4
> + H.c (B4)

From Eq. (B4), we see the degrees of freedom of the reservoir only couple to three modes of the chain c?lT , d 1s ﬁN_] , d ;,71, c?g s

and dy. Since Eq. (B1) describes a free fermion Hamiltonian, we conclude that the Kitaev chain is an effective three-level system

in this exactly solvable case.
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