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Information bound for entropy production from the detailed fluctuation theorem
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Fluctuation theorems impose fundamental bounds in the statistics of the entropy production with the second
law of thermodynamics being the most famous. Using information theory, we quantify the information of entropy
production and find an upper tight bound as a function of its mean from the strong detailed fluctuation theorem.
The bound is given in terms of a maximal distribution, a member of the exponential family with nonlinear
argument. We show that the entropy produced by heat transfer using a bosonic mode at weak coupling reproduces
the maximal distribution in a limiting case. The upper bound is extended to the continuous domain and verified
for the heat transfer using a levitated nanoparticle. Finally, we show that a composition of qubit swap engines
satisfies a particular case of the maximal distribution regardless of its size.
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I. INTRODUCTION

Fluctuation theorems (FTs) have far reaching conse-
quences in nonequilibrium thermodynamics. As experiments
probe smaller setups, entropy production � is seen as a ran-
dom variable. In this situation, FTs impose constraints in
the distribution P(�) by requiring that not only a positive
entropy production is observed on average 〈�〉 � 0, but also
quantifying its chance with respect to the time-reversed event
[1–4].

Among some variations of FTs [5–11], we focus our atten-
tion in the strong detailed fluctuation theorem (DFT),

P(�)

P(−�)
= e�, (1)

which results from time symmetric protocols in
the framework of the exchange fluctuation theorem
(EFT) [12–21]. In the EFT case, a set of charges
(Q1, . . . ,QN ) is observed in a finite time experiment
and with their respective affinities Ai, they satisfy the
EFT, P(Q1,Q2, . . . ,QN )/P(−Q1,−Q2, . . . ,−QN ) =
exp (

∑
i AiQi ). The entropy production random vari-

able is given by � = ∑
i AiQi. Focusing on the

actual distribution of � [12,13], one defines P(�) :=∫
δ(� − ∑

i AiQi )P(Q1, . . . ,QN )dQ1 · · · dQN , which
satisfies (1).

Although the DFT (1) still leaves plenty of room for
a variety of possible distributions P(�), some fundamen-
tal bounds are imposed in their statistics [12,13,15] as well
as generic properties [22,23]. For instance, (1) implies the
integral fluctuation theorem 〈e−�〉 = 1, which, in turn, re-
sults in the second law 〈�〉 � 0 from Jensen’s inequality. In
this case, if the second law is a fundamental bound derived
from the FT, perhaps other bounds might also play important
roles.

Following this idea, other bounds were obtained re-
cently, such as the thermodynamic uncertainty relation (TUR)

[24–28], also generalized and obtained directly from the EFT
[12,13]. In the tightest form, it reads var(Qi )/〈Qi〉2 � f (〈�〉)
for some known function f (x). From (1), the underlying TUR
is also valid for the entropy production itself, var(�)/〈�〉2 �
f (〈�〉). Thus, TUR is seen as another bound concerning the
statistics of �, such as the second law. For the TUR, the
uncertainty of � (and the currents Qi) is quantified in terms
of the signal-to-noise ratio.

In this context, it seems opportune to analyze the random
variable � with other tools that account for uncertainty, and a
successful one comes from information theory [29,30]. After
its debut, the theory was readily recognized as of great impor-
tance to statistical mechanics but, in the words of Jaynes, “the
exact way in which it should be applied has remained obscure”
[31]. Notable applications in physics were built in the works
that followed [32–36]. In particular, an important develop-
ment was to recognize the Kullback-Leibler divergence [37]
(related to Shannon’s entropy) as a Lyapunov function of
Markov chains [38,39], a typical scenario found in the weak
coupling approximation of thermodynamics.

In this paper, we use concepts of information theory to
tackle the following problem: For a given mean 〈�〉, how
much information, or surprise, should one expect in the dis-
tribution P(�) that satisfies the DFT (1)? As it turns out, the
information of P(�) is upper bounded in terms of the mean
〈�〉. More precisely, for a given discrete support s = {�i}, we
quantify the information of the entropy production in terms of
its Shannon’s entropy,

H[�] := −
∑

i

P(�i ) ln P(�i ), (2)

here simply called information where the sum is over �i ∈ s.
Then, we find a tight upper bound for (2) from the DFT (1),
namely,

H[�] � M(〈�〉). (3)
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The bound is given in terms of the information (2) of the
following maximal distribution:

PM (�) = 1

Z (λ)
exp

(
�

2
− λ

�

2
tanh

�

2

)
(4)

defined over the discrete support s, which also can
be written in terms of its mean, M(〈�〉) = ln Z (λ) +
(λ − 1)〈�〉/2, using the constraints Z (λ) = ∑

i exp[�i/2 −
λ�i/2 tanh(�i/2)] and −∂λ ln Z (λ) = 〈�〉/2. For continuous
distributions P(�), the upper bound also holds for differential
entropy, h(�) = − ∫ ∞

−∞ P(�) ln P(�)d� with full support
in the real line. Note that the maximal distribution (4) is a
member of the exponential family [40], but it has a nonlinear
argument that seems unusual at first glance. As a matter of
fact, we argue that this nonlinear structure is rather intuitive
when combining the information maximization with the DFT
(1) as discussed below.

II. FORMALISM

In this section, we find the upper bound for the information
(2) of the entropy production for a given mean. In this case,
the DFT (1) acts as a constraint. Alternatively, previous ap-
proaches [41] have found some form of FT from the MaxEnt
procedure. In our paper, we start from a different point as we
are interested in the impact of the DFT in the statistics of �

in the same sense of the derivation of the TUR. We consider
a general point mass function P(�) over a discrete support,
s = {�i} ⊂ R, i.e., P(�) > 0 for all � ∈ s and P(�) = 0
otherwise. Without loss of generality, we consider 0 ∈ s. Ad-
ditionally, P(�) satisfies normalization,

∑
i P(�i ) = 1 and

known mean
∑

i �iP(�i ) = 〈�〉 where the summation is as-
sumed over s. Finally, P(�) also satisfies a detailed fluctuation
theorem (1) in s, which means the support is symmetric (for
all �i ∈ s, we have −�i ∈ s). In the text, we use the terms
distribution and point mass function (pmf) interchangeably.

First, define new variables σ = sgn(�) for � �= 0 and
ε = |�| with supports {−1,+1} and s � 0, respectively, and
distributions p(σ ) and q(ε). Using Bayes theorem, one has
P(�) = p(σ |ε)q(ε) where the fluctuation theorem (1) defines
p(σ |ε) uniquely,

p(σ |ε) = eσε/2

eε/2 + e−ε/2
(5)

for ε > 0 and p(σ |0) = 1. Note that 〈�〉 = 〈σε〉 =
〈ε tanh(ε/2)〉, using (5). Also note that � tanh(�/2) =
ε tanh(ε/2) by definition of ε, which leads to the following
identity:

〈�〉 = 〈� tanh(�/2)〉, (6)

that will be useful later, in analogy to similar treatments
[12,15]. Now we find the upper bound of the information (2)
using calculus of variations. Usually, in the MaxEnt recipe,
we have integral constraints (for instance, 〈�〉), but (1) is
not integral: It is a detailed relation that couples the negative
and positive parts of the support. This symmetry allows the
information (2) to be written as a functional of P(�) for

s > 0 := {�i ∈ s|�i > 0},
H[�] = −

∑
s>0

P(�)[ln P(�)(1 + e−� ) − �e−�]

− P0 ln P0, (7)

for P0 = P(0). The same idea is applied to the constraints,
resulting in the following functionals:∑

s>0

�(1 − e−� )P(�) = 〈�〉, (8)

∑
s>0

(1 + e−� )P(�) + P0 = 1. (9)

Finally, introducing Lagrange multipliers α and β for both
integral constraints (8) and (9), we obtain the maximization,∑

s>0

δP(�)[(1 + e−� ) ln P(�) − �e−� + α�(1 − e−� )

+ (β + 1)(1 + e−� )] + δP0{ln P0 + β + 1} = 0,

which is solved for ln P0 = −β − 1 and

PM (�) = P0 exp

(
�

e−� − α(1 − e−� )

1 + e−�

)
. (10)

Redefining the parameters λ = 2α + 1 and P0 = 1/Z (λ), we
get the form (4) valid for all s as the negative part of the sup-
port is fixed by (1), PM (−�) = e−�PM (�). The information
(2) for the maximal distribution (4) is then the upper bound,
which is our main result,

H[�] � M(〈�〉) := ln Z (λ) + 〈�〉
2

(λ − 1), (11)

where (6) was used explicitly to write the upper bound
M(〈�〉) in terms of the mean 〈�〉 for Z (λ) = ∑

i exp[�i/2 −
λ�i/2 tanh(�i/2)] and −∂λ ln Z (λ) = 〈�/2 tanh(�/2)〉 =
〈�〉/2 also from (6), proving the upper bound in (3). For the
case where 0 /∈ s, then P0 = 0 and P(�) is still given by (4)
for � �= 0 with Z (λ) defined accordingly.

The derivation of the upper bound for the continuous case
(s = R) is straightforward if one uses the differential entropy,

h(�) = −
∫ ∞

−∞
P(�) ln P(�)d�, (12)

with suitable constraints
∫

P(�)d� = ∫
�>0 P(�)[1 + exp

(−�)]d� = 1,
∫
�P(�)d� = ∫

�>0�[1 − exp(−�)]P(�)
d� = 〈�〉 and repeating steps (7)–(11), we get

h[�] � m(〈�〉) := ln Z (λ) + 〈�〉
2

(λ − 1). (13)

In this case, the maximal distribution (4) is defined for the
real line with Z (λ) = ∫

exp[�/2 − λ�/2 tanh(�/2)]d� and
−∂λ ln Z (λ) = 〈�〉/2 defining λ and Z (λ) implicitly. A
way to check inequality (13) directly is through Gibbs’ in-
equality. Define the Kullback-Leibler divergence D(P||PM ) =∫

P(�) ln[P(�)/PM (�)]d� � 0, which implies, for this case,
D(P|PM ) = m(〈�〉) − h[�] � 0.

We argue that the nonlinear term � tanh �/2 of the maxi-
mal distribution (4) becomes intuitive after learning identity
(6). In the generalized Gibbsian ensemble, the general so-
lution of MaxEnt problems, we get the exponents from the
constraints. As an example, the famous derivation of the
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Boltzmann weights P(Ei ) ∝ e−βEi from constraint 〈Ei〉. In
our case, as the constraint 〈�〉 is augmented to an extra
constraint in 〈� tanh(�/2)〉 due to identity (6), it is intu-
itive that both forms appear in the exponent of the maximal
distribution (4). Actually, normalization is also augmented to
〈1〉 = 〈coth(�/2)〉 = 1, however, as the DFT (1) is stronger
than (6), it fixes the odd term in the exponent of P(�) to
exactly �/2. In the following sections, we check the upper
bounds in the discrete (11) and continuous (13) cases for
different relevant physical systems.

III. APPLICATION TO A BOSONIC MODE

Consider a bosonic mode with Hamiltonian H =
h̄ω(a†a + 1/2) weakly coupled to a thermal bath such that
its dynamics satisfies a Lindblad’s equation [42–44],

∂tρ = −i

h̄
[H, ρ] + Di(ρ) (14)

for the dissipator given by

Di(ρ) = γ (ni + 1)

[
aρa† − 1

2
{a†a, ρ}

]

+ γ ni

[
a†ρa − 1

2
{aa†, ρ}

]
, (15)

where γ is the dissipation constant and ni = [exp(h̄ω/kBTi ) −
1]−1 is the bosonic thermal occupation number and βi =
1/(kbTi ). The system is prepared in equilibrium with temper-
ature T1, and at t = 0 it is placed in thermal contact with the
second reservoir (at temperature T2). Using a two-point mea-
surement scheme (at t = 0 and t > 0) in the absence of any
external protocol, the entropy production is given in terms of
the energy variation [13,21,45] as � = −(β2 − β1)
E . This
setup maps thermal initial states in time-dependent thermal
states for some time-dependent temperature satisfying a “law
of cooling” (from T1 to T2) [43]. Moreover, this property
allows the nonequilibrium heat distribution (and the entropy
production) to be written solely in terms of the equilibrium
partition function and the law of cooling. Using this idea, the
distribution P(�) follows [43,44] directly:

P(�) = 1

A(α)
exp

(
�

2
− α

|�|
2

)
, (16)

with support s = {±
β h̄ωm}, m = 0, 1, 2, . . . and constants
A = A(α) and α uniquely defined from the normalization and
mean constraints. Note that (16) satisfies (1). The information
(2) of the distribution (16) is given by

H[�] = ln A(α) − 〈�〉
2

+ α
〈|�|〉

2
, (17)

where 〈|�| 〉 may be written in closed form in terms of α using
the geometric series. In Fig. 1, we compute the information
(17) and the mean 〈�〉 for several values of α for the distri-
bution (16). Instead of plotting H[�] as a function of α, we
plot H[�] vs 〈�〉, yielding a single blue curve. We repeat the
same process with the maximal distribution (4), computing its
information and mean 〈�〉 for several values of λ, then we
also plot M(〈�〉) vs 〈�〉 (single dashed curve). In Fig. 1, note
that the upper bound is always above the information of the
system’s entropy production by a small amount.

FIG. 1. The information of the entropy production H [�] as a
function of the mean 〈�〉 for the bosonic mode at weak coupling
(blue line) and the theoretical upper bound (dashed) given by M(〈�〉)
slightly above it. The system is prepared in thermal equilibrium
with the first reservoir at temperature T1 and, at t = 0, the system
is coupled to the second reservoir at temperature T2 (lower inset).
A two-point measurement scheme takes places for t = 0 and t > 0,
and the entropy production is given by � = 
β 
E . The pmf for
〈�〉 = 1 is depicted (upper inset).

Actually, the entropy production in this case has the gen-
eral form � = −
β 
E = AQ, where A = 
β and Q =
±h̄ωm. For the limiting case h̄ω 
β 	 1, one has | ± �m| =
m(h̄ω 
β ) 	 1 and the following approximation holds:

�m

2
tanh

�m

2
≈ |�m|

2
(18)

valid for ±�m, which makes the exponent of the maxi-
mal distribution (4) similar to the observed (16), PM (�) ≈
1/Z (λ) exp(�/2 − λ|�|/2). We conclude that, depending on
the support, i.e., the interplay between quantum energy lev-
els and affinities, the maximal distribution is approximately
attained for entropy production in the heat transfer using a
bosonic mode at weak coupling.

IV. APPLICATION TO A GAUSSIAN DISTRIBUTION

The Gaussian distribution has a broad range of applications
also in the context of entropy production [23,46]. The DFT (1)
allows one to write its standard deviation as a function of the
mean, and the resulting pdf is

P(�) = 1

2
√

π〈�〉 exp

(−(� − 〈�〉)2

4〈�〉
)

, (19)

where it clearly satisfies (1),
∫

P(�)d� = 1 and∫
�P(�)d� = 〈�〉. Therefore, the differential entropy

(12) for the Gaussian case (19) must satisfy the upper bound,

h[�] = 1
2 ln(4πe〈�〉) � m(〈�〉), (20)

which is a general inequality for the function m(〈�〉) defined
in (13). This inequality is depicted in Fig. 2.

V. APPLICATION TO A LEVITATED NANOPARTICLE

The highly underdamped limit of the Langevin equation
represents the dynamics of a levitated nanoparticle [47–49].
Consider the Langevin dynamics with potential U(x) =
mkx2/2 in one dimension for simplicity. The particle’s dy-
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FIG. 2. The information of the entropy production, now mea-
sured by the continuous h[�] as a function of the mean 〈�〉 for the
Langevin model for a levitated nanoparticle (blue curves d = 1–3,
respectively, from top to bottom); theoretical upper bound (dashed)
given by m(〈�〉) and for the Gaussian distribution (red). The tails
of the distributions are depicted in the inset (for 〈�〉 = 1), and the
approximately exponential decay of the maximal and Langevin cases
(d = 1) is explicit.

namics is given by

ẍ + �ẋ + �2
0x = 1

m
Ffluc(t ) (21)

for position x(t ) with Gaussian noise 〈Ffluc(t )Ffluc(t ′)〉 =
2m�T δ(t − t ′), where � is a friction coefficient, m = 1 is the
particle mass, T is the reservoir temperature, and k = �2

0 is
a constant (not driven by a protocol). Define a d-dimensional
system energy E = ∑d

i [p2
i /2 +U(xi )] with momentum pi =

ẋi; the following stochastic differential equation (SDE) was
obtained for the total energy in the highly underdamped limit
[47], �0 	 �:

dE = −�

(
E − f

2
T

)
dt +

√
2�T EdWt , (22)

with degrees of freedom f = 2d and dWt is a Wiener in-
crement. Using the same setup of Fig. 1 but now with
the levitated nanoparticle as a working medium for the
heat transfer, one defines the entropy production as � =
−
β 
E , where Pt (
E ) = ∫

P(E1)�t (E1 → E2)δ[
E −
(E2 − E1)]dE1dE2. The propagator �t is known [48,50] for
the SDE (22), from the solution of its Fokker-Planck equation,
which yields the following distribution:

P(�) = 1

B(α)
exp

(
�

2

)
|�|d+1/2Kd+1/2(α|�|) (23)

defined for the real line for constant α defined in terms of
parameters (T1, T2, �t ), B(α) is a normalization constant, and
K is the modified Bessel function of the second kind. In Fig. 2,
the information H[�] and the mean 〈�〉 of the distribution
(23) are numerically computed for several values of α and
different sizes (d = 1–3). For each value of α, we plot the blue
curves H[�] vs 〈�〉, one for each d = 1–3. The same process
is repeated for the upper bound (13), resulting in the dashed
curve. For comparison the Gaussian distribution was included
(red curve) using (20). Inspecting Fig. 2, one sees that the
observed entropy production is close to the upper bound,
especially for the case of d = 1 also with good agreement in
the tails (inset). Larger systems (d = 2, 3) and the Gaussian

case have lower information and misses the bound by a larger
amount for 〈�〉 	 1.

VI. APPLICATION TO SWAP ENGINES

We consider a pair of qubits with energy gaps
εA and εB initially prepared in thermal equilibrium
p(σ ) = exp(σβε)/[exp(−βε) + exp(+βε)] for σ =
±1, β ∈ {β1, β2}, and ε ∈ {εA, εB} with reservoirs at
temperature T1 and T2, respectively. A two-point energy
measurement is performed before and after a swap operation
[21] takes place, defined as |xy〉 → |yx〉 for x, y ∈ {−,+} and
the entropy production in the process is given [13,21] by

� = β1
EA + β2
EB, (24)

where 
EA = E f
A − Ei

A, 
EB = E f
B − Ei

B are the variations
of energy measurements before and after the swap. Therefore,
in this measurement scheme, the three possible outcomes are
� ∈ s = {0,±2a} for 2a = 2(β2εB − β1εA). The distribution
P(�) for the swap operation follows from initial state distri-
butions directly:

P(�) = 1

Z0
exp

(
�

2

)
(25)

for � ∈ s, which satisfies the DFT (1) and it is a particular
case of the maximal distribution (4) for λ = 0. In this case,
the information reads H[�] = M(〈�〉) = ln Z0 − 〈�〉/2 for
Z0 = ∑

i exp(�i/2). This is a trivial example of the maximal
distribution because any distribution satisfying the DFT in a
support s with only three values always has the form (25).

However, we show that larger swap engines preserve the
form (25) with nontrivial supports. For instance, consider the
double swap engine formed by four qubits with energy gaps
(εA, εB, εC, εD) arranged as depicted in Fig. 3. Qubits A and B
(C and D) are in thermal equilibrium with a reservoir at tem-
perature T1 (T2). A swap operation takes place between qubits
A and C (pair 1). Simultaneously, another swap is performed
with qubits B and D (pair 2). We choose the energy gaps
such that r := εA/εC = εB/εD, i.e., the independent engines
(A,C) and (B, D) operate similarly. Additionally, the indepen-
dent engines are related by εA/εB = 2/3. For simplicity, let
β1/β2 = 1/2. The entropy production now is given by

� = β1(
EA + 
EB) + β2(
EC + 
ED) = �1 + �2,

(26)
where �i is the entropy production of the independent pair
i = 1, 2 (24). One can easily check that the supports of
�1 and �2 are s1 = {0,±2b} and s2 = {0,±3b} and their
composition results in nine different outcomes for (26) s =
{0,±b,±2b,±3b,±5b}, all multiples of b = β2εC (1 − r/2).
In this specific case, the distribution is also given by (25),
which follows from P(� = �1 + �2) = P1(�1)P2(�2) =
exp(�1/2)C1 exp(�2/2)C2 = C exp(�/2), which is a max-
imal distribution. To summarize, a composite microscopic
swap engine, now with nine possible outcomes in the support
of the entropy production, still behaves as a particular case
of the maximal distribution. This is particularly interesting
since the swap operation is the optimal unitary operation
that outputs the most work per cycle [21]. The argument is
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FIG. 3. Four qubits are placed in thermal equilibrium with two
reservoirs. The pairs (A,C) and (B, D) undergo a swap operation
as depicted, which produces entropy obtained in terms of ener-
gies of a two-point measurement scheme (before and after the
swap). The system is equivalent to a composition of two indepen-
dent swap engines and with suitable choices of energy gaps (for
instance, εC/εA = εD/εB, β1/β2 = 1/2, εA/εB = εC/εD = 2/3), the
entropy production after the swap assumes nine possible outcomes
{0,±b, ±2b, ±3b, ±5b} for a constant b instead of three outcomes
observed in the single pair swap engine. We show that, even for this
nontrivial support, the entropy production distribution is a particular
case of the maximal distribution.

easily generalized for larger compositions of swap engines for
suitable choices of energy gaps.

VII. OTHER APPLICATIONS

It is worth noting that the strong DFT (1) also holds for de-
terministic dynamical ensembles [9,12]. In this case, one has

N particles described by a deterministic trajectory in the phase
space where randomness is encoded in the initial distribution.
It was proved that, for some assumptions in the distribution
and dynamics, the system satisfies (1). Therefore, the upper
bound (13) is expected to hold for such systems.

VIII. CONCLUSIONS

In this paper, we used information to quantify the uncer-
tainty in the entropy production. We obtained an upper tight
bound for a given mean in terms of a proposed maximal dis-
tribution PM (�). We argued that the nonlinearity observed in
PM (�) is a result of a symmetry derived from the DFT. Then,
we verified the behavior of some relevant distributions in com-
parison to the maximal. Namely, transferring heat between
two reservoirs using a bosonic mode results in a distribution
close to PM (�), especially in a limiting case. In the same
setup, a levitated nanoparticle yielded a distribution close to
the maximal but now in the continuous domain. For the com-
posite swap qubit engine, we found that a case of the maximal
distribution is always observed. In this context, analyzing the
role of mutual information to quantify dependencies between
thermodynamic variables is left for future research.

We remark that our main result falls in the same category of
the TUR [13]: A bound for the statistics of � derived from the
fluctuation theorem. Both bounds are only saturated for very
specific systems. In general, the underlying mechanisms of
the nonequilibrium dynamics will likely introduce additional
constraints in the entropy production and the maximal distri-
bution will not be observed. This is fundamentally different
from the MaxEnt derivation in equilibrium thermodynamics
where the Maxwell-Boltzmann distribution not only bounds
the thermodynamic entropy but saturation of the bound is also
expected for systems in equilibrium.
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