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Analysis of the polarization effects in the gyrokinetic theory of magnetized plasmas
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By adopting the hybrid coordinates, in which the nonlinearity of polarization displacement is included in
the configuration space variables compared to the conventional gyrocenter coordinates, the polarization effects
are analyzed by using the modern gyrokinetic (GK) theory of magnetized plasmas. Based on the invariant
property, the velocity transformation between the gyrocenter and hybrid coordinates is calculated, and the
phase-space velocity in terms of the hybrid coordinates is obtained. The linear and nonlinear polarization
distribution functions are defined, and the evolutions for the polarization distribution functions are derived. It
is well known that the polarization density is important in the GK calculation of particle density. Analogously,
it is shown that the polarization current should be considered in the GK calculation of current density. In the
case with electrostatic fluctuations, the roles of the polarization current are illustrated in the derivations of the
Hasegawa-Mima equation and the dispersion relation for geodesic acoustic mode. In the case with magnetic
fluctuations, the procedure for the GK calculation of perpendicular current is clarified, the dispersion relation for
compressional Alfvén wave is derived, in which the effect of polarization current is discussed.
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I. INTRODUCTION

Anomalous transport is a key issue in magnetized fusion
plasmas. Kinetic description of the self-consistent anomalous
transport includes the evolution of particle phase-space distri-
bution function governed by the particle Vlasov equation and
the evolution of electromagnetic fluctuations governed by the
Maxwell’s equations. Since the motion of charged particles
appeared in the Vlasov equation depends on the electromag-
netic fields, the charge density and current density appeared in
the Maxwell’s equations depend on the particle distribution,
the Vlasov-Maxwell system is nonlinear [1,2].

Gyrokinetic (GK) theory is a powerful tool to study the
anomalous transport both theoretically [3—9] and numerically
[10-17]. Instead of the guiding center (GC) coordinates, the
aim of the GK theory is to seek a new coordinate system,
called as gyrocenter (GY) coordinates, in which the GY mag-
netic moment is constant, to decouple the fast gyromotion
from the slow GY motion. The modern GK theory is de-
veloped by the Lie-transform perturbation method [18-20],
where the phase-space transformation from the GC coordi-
nates to the GY coordinates is a Lie transform. In terms of GY
coordinates, the equations of motion are greatly simplified.
However, the GY orbit does not follow the real particle orbit;
the excursion is called as “polarization effects” [21].

The polarization effects play important roles in the GK the-
ory. Lee first proposed the definition for polarization density,
which denotes the excursion between real particle density and
GY density [21]; the polarization density has been success-
fully introduced in the GK Poisson equation in amounts of
GK simulation codes [10-17]. In Ref. [22], a new definition of

*zhangxm @ecust.edu.cn

2470-0045/2021/103(1)/013212(11)

013212-1

GY is introduced to explicitly include the polarization drift in
the GY equations of motion, in this way, the proximity of the
GY to the actual particle position can be ensured for a longer
time; alternatively, the polarization effect is included in the
modification of the new GY phase-space volume, which leads
that the GK Poisson equation and the energy invariant are not
changed. Qin identified and developed the GK perpendicular
dynamics; the perpendicular current, including the linear po-
larization current, was calculated in the GC picture; it is found
that the physics of compressional Alfvén wave (CAW) can
be recovered from the viewpoint of polarization current [23].
Later, Lee argued that the unique treatment of polarization
effects in the GK theory is the key to add and suppress shear
and compressional Alfvén waves without resorting to addi-
tional geometrical simplifications [24]. By considering the
nonlinear terms in the polarization drift, the turbulent poloidal
Reynolds stress can be formally added into the GK equation,
which can be used to study the effects of poloidal Reynolds
stress on zonal flows [25]. Brizard revealed that the exact
energy conservation for the nonlinear GK Vlasov-Maxwell
system relies on the connection between GC ponderomotive
Hamiltonian and GY polarization and magnetization effects
[26].

In our previous work [25], we introduced the hybrid (HY)
coordinates, where the velocity space variables are the same as
those in GY coordinates, and the configuration space variables
explicitly include the polarization excursions, as is consid-
ered in Ref. [22]. In this work, we analyze the polarization
effects in the GK theory with the help of HY coordinates. The
transformation of distribution function and particle velocity
between GY and HY coordinates is illustrated. The linear and
nonlinear polarization distribution function and polarization
drift are distinguished, and the evolutions for the polarization
distribution functions are illustrated. The GK derivation of the
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dispersion relation for CAW in the slab geometry is shown, in
which the polarization current is clarified.

The remaining part of this paper is organized as follows. In
Sec. II, a brief review of the fundamentals in the GK theory is
presented, and the HY coordinates are introduced; in Sec. III,
the phase-space velocity in terms of the HY coordinates is
illustrated, and the evolutions for the polarization distribution
functions are discussed; in Sec. IV, the dispersion relation
for CAW in the slab geometry is derived, in which the po-
larization current is discussed; Sec. V is the conclusions and
discussions.

II. FUNDAMENTALS

In this section, we first present a brief review of the GK
theory (more details can be found in Refs. [8,27]); we then
present a review for the HY coordinates (more details can be
found in Ref. [25]).

A. Review of the modern GK theory

In terms of the particle coordinates z = (x, v), with x and
v the particle position and velocity, respectively, the particle
Vlasov equation is written as

Wf+v-0uf +<(E+vxB) d,f =0. (1)
m

Here, f(z,t) is the particle distribution function, e and m
are the particle charge and mass, respectively; E and B are
the electric and magnetic field, respectively. Generally, it is
convenient to carry out the analysis in the GC coordinates
Z = (X, vy, i, &) with the coordinate transformation

x =X+ py(u, &), (2a)
v = vy, 1, &). (2b)

Here, X is the GC position, p, is the gyroradius, v is the
GC parallel velocity, p is the GC magnetic moment, and &
is the gyroangle. In Eq. (2a), the spatial dependence in p,
is ignored. In the case without fluctuations, i = 0, the fast
gyromotion is decoupled from the slow GC motion.

We introduce the GC Hamiltonian theory in the un-
perturbed (UP) electromagnetic field. The UP fundamental
one-form (the GC extended Lagrangian) written in terms of
the extended GC coordinates is ['g = 'y — Hodz, with the
extended UP symplectic part and Hamiltonian

To = (muybo + eA) - dX + —pude —Udt,  (3a)
e

1
Hy = Emuﬁ + uBy—U. (3b)

Here, (—U, t) are the conjugate energy-time coordinates, T
is an independent parameter. by = By/By with By = V x A
the UP magnetic field. The UP Lagrange two-form is &y =
wo— dHy AdT,

1 . A A
wy = EeijkeBé’kXm AdX) + mbO,-dv” AdX!
+ " du Ade +d(~U) A dt, (4)
e

with B = By + %v”V x by, A the exterior product, €;j; the
permutation tensor, by; the component of b,. The components

of the inverse of Lagrange tensor Jy = w; ! known as the UP

Poisson tensor, are the fundamental Poisson b(ackets j i =
{Z',Z7}. The UP GC equation of motion is Zj = {Z', Hp},
with the Poisson bracket given by

_B 98 g 0\ _ bo
{f’g}‘mBW(Vfav,, Vgav”) 5 (VfxVg)
e(d0f dg 0gaf af dg dgaf
+E(£@‘%@>+¥@_EW ®

Here, B]T = B{ - by denotes the Jacobian of the GC coordi-
nates.

We then discuss the the Hamiltonian theory with the per-
turbed electric potential ¢ and vector potential A, which
are the functions of real space r and time 7. The fundamental
one-form is separated into the UP part "y and the perturbed
part I'y,

[ =TdZ =84 -d(X + py) — 8¢ dt, (6)
and the first-order Lagrange two-form is
w = (;Ty; — 3;T1,)dZ' AdZ’ (7a)
= eSE'(dX' Adt + 3, p\dp A dt + 3 pyd& A dt)

+éijeedB! (Bupédu AdX! + 0 pydé A dX/

1 . : e,og
+ —dX' AdX’) ) — —by - SBdu A d&, (7b)
2 21

where 6E = —V§¢p — 0,64, 5B =V x 5A.

The Lie transform [18-20] is a method to simplify the
equations of motion by transforming the GC coordinates Z
to the GY coordinates Z = (X, 9y, i, &), in which & is a con-
stant. We introduce the ordering parameter €5 ~ @ ~ %,
where T is the UP temperature. To 0(65), the transformations
between GC and GY coordinates are

Z=Z+G,+G,+ 3G, - VeG(2), (8a)
Z=7-G, —G,+1G, - VG (2). (8b)

Here, G, and G, are the first- and second-order generating
vector fields, respectively; note that G', = 0, which indicates
that the time variable is not changed in the Lie transform. The
symbol “V¢” denotes the partial derivative with respect to the
six phase-space variables. From Eqs. (2a) and (12), it is easy
to derive the transformation between the configuration space
coordinates x and the GY coordinates

x=X+p—G|—G5+1G,-VeGj(Z).  (8c)

Here, p = py(it, &), G- = GX + G} with G; = G*9,p +
G g p. From Eq. (8¢), it is obvious that except for the gyro-
radius p, the excursions between particle position x and GY
position X relate to the polarization vectors G%, namely, G,
represent the polarization effects.

The push-forward trAansformation of the fundamental one-
form reads as [8,19] ' =T — Hdr =T;dZ' — H dt, with
F=0g+T,+T1, H=H,+ H, +H,. For the usual GK
symplectic transformation, the transformed two-form is for-
mally the same as the UP one, thatis, [ = g, ', =, = 0;
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on the other hand, H,’s are set to be independent of the
gyroangle £ to decouple the fast gyromotion from the GY
motion, then the generating vector fields are explicitly written
in a generic form [27]

G, =G, +G,y, 9)
with
GX =P s 10
n,A _l? Aﬂ? ( a)
I
eB"
G' = —L.5A4,, 10b
nA mB""‘ 'AW ( )
62
G, =—8A, 0p, (10c)
3 e
G, = —E(SAn - 3P, (10d)
GJ,=0; (10e)
b B: 3S,
GYy = ——L x VS, — —L " (11a)
’ eBTT mBTT 31)”
G, = Bs VS, (11b)
" mB""‘
Gl = —05S,, (11c)
G, =-L4.5s, (11d)
nY m 12
Gy = 8¢ — 3:Sn. (11e)

Here, 8y =3¢, 8y = 1G; -SE; SA; =384, SA, =
%G’l x 8B. S,’s are the nth-order gauge function used for
removing the gyroangle dependence of the extended La-
grangian, which satisfies

d ~
<—> Sp = edW,. (12)
dt /,

Here, (d/dt)y means differential along the UP orbit, 8’\\17,1 =
8w, — (8\W,) with (-) the gyroaverage, and the effective po-
tential W, is defined as

8W, = 8y, — (Xo + po) - 8. Ay, (13)

with py = Q0p, Q = eBy/m. Note that in Eq. (12), S, and
8, are evaluated in the GY coordinates. The Hamiltonian is
[8,28]

Hy(Z) = 3m¥} + iBy — U, (14a)
8H\(Z) = e(8V)), (14b)
8Hy(Z) = — (G - VSH, + e8A - {r,8Hy}).  (14c)

In the GY coordinates, the GK Vlasov equation is written
as

0F + V- (ZF)=0. (15)
Here, the divergence is read as V¢ - a = %8,-(37[%), F(Z,t)is
i

the GY distribution function, 7 are the phase-space velocity

calculated as

7 ={Z, Hy + 8H, + 1) (16)

B. Review of the HY coordinates

We begin with the velocity moment integral in the particle
coordinates, which is written as

n[Al(r) = / d%28(z;r) f()A(). (17)

Here, the four factors in the integral represent the volume
element, the “location” function, the distribution function,
and the moment function, respectively. As is known, dbz =
d*x d?v, 8(z;r) = 8p(x — r) with 8p the standard Dirac func-
tion, which represents that the velocity moment should be
evaluated at the field position r; note that Eq. (17) is the
standard definition for the velocity moment. The particle and
current density are obtained by taking A = 1 and x, respec-
tively.

Analogous to Eq. (17), the velocity moment integral in the
GY coordinates can be formally written as

n[Al(r) = / J,(2)d°Z A(Z;r)F(Z)A(Z).  (18)

The transformation for the four factors in Eqs. (17) and (18)
can be obtained based on the scalar invariance property. In
detail, the volume element in the GY coordinate is written
as [4]

1;d°Z = Bjd’X dvyd dE,
and the “location” function is [8,22,25]
A(Z;r) =8p(z;1)
=8p — G 3:8p — Gh3:8p + 1G13;(G' d:6p),
where the argument of the Dirac function is X + p — r. After

some straightforward integration by parts, Eq. (18) is formally
rewritten as [25]

n[Al(r) = /dﬁZ SpX +p —r) x {B]TF[\
N o
+V-[GIBIFA+ V- (GiGIB|F A)
1 _
+ (65— EG{a_,-(;’l)lsﬁ;FA]}. (19)

It should be noted that “V” denotes the divergence in the
configuration space, not in the phase space.

We further introduce the HY coordinates Z;, =
X, Oy, ith, &), the transformation between the GY and
HY coordinates are

Zy =2 -Gy — Gy + 3G, - V6G14(2), (20a)
Z=Zy+ G+ Go — 3Gy - VG + Gy - V6Gin(Zy),
(20b)

where G,;, = (G',0), that is, the velocity space variables in
Z, coordinates are the same as those in Z coordinates, from
which one obtains that the gyroradius in Z;, coordinates is the
same as that in Z coordinates. According to Egs. (8c) and
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(20a), it is obvious that x = X, + p. Since G/, are absorbed
into X, X, can be regarded as the true GC that follows the
particle orbit. We mention that the concept is the same as
that in Ref. [22]. However, compared to the coordinates used
in Ref. [22], the nonlinearity of polarization displacement is
included in Eq. (20a); besides, the HY coordinates can be
used in the cases with electrostatic and electromagnetic fluc-
tuations. In the following, we denote Gy, = —%Gl -VeGip,
to simplify the notation.

Similarly, the velocity moment integral in the HY coordi-
nates can be formally written as

n[Al(r) = / Tnd®Zy Ay(Zy; P)Fy(Zi) Ai(Zn), (2D
where d®Z), = d>X ,dvyd i d&. According to the scalar invari-
ance, the volume element is determined by
Wwd®Zi(Zy) = Bjd°ZIZ(Z)), (22)
where the Jacobian is calculated as [25]
zZ

- d -
I =B*[Z(Zh)]‘m‘[z(zh)]

=B*{1 + Ve (Gin + G + Giip)

+ 3V V- (GmGM)]}. @3)
Obviously, the Jacobian is time dependent, and includes the
polarization effects. The “location” function is obtained as
An(Zysr) = 8[z(Zp);r] = p(Xp+p —1), (24
and the distribution function is obtained as
Fy(Zy) = FIZ(Zy)]
=F + (G + G + Giip) - VoF
+ 3Gy - V6Gin) - V6F
+ 3G - Vo) Gy - VoF). (25)
Combining Egs. (23) and (25) yields

Ik = BW(Fh,O + Fpq+ Fio), (26)
where
Fo=F, (27a)
Fi = Ve (GiyF), (27b)
Fio=F) + B3+ FS. (27¢)
with
Fyy = Ve (GuF), (28a)
F%) =V (GiF), (28b)
1 _
Fh(.,32) = §V6 Ve - (GG inF). (28¢)

Note that G, represents the polarization effects, Fj, | and
Fy» can be defined as the linear and nonlinear polarization
distribution function, respectively.

By combining Egs. (23)—(25), Eq. (21) can be rewritten as
n[A](r) = /B‘Td6ZhBD(Xh +p —=r)(Fpo+ Fiy + Fp2)Ap.

(29)

Note that in Eq. (29), the distribution function and the moment
function are separated, the form of the moment integral is
similar to that in Eq. (17). We mention that Eq. (29) is more
convenient to calculate the velocity moments compared to
Eq. (19), especially for the first- and second-order velocity
moments. Additionally, the distribution function (accompa-
nied with the Jacobian) has been divided in terms of the
polarization effects, when the moment function A is divided
analogous to the distribution function, the polarization effects
in the velocity moments can be easily distinguished. We will
discuss this issue in Sec. III C in detail.

III. VELOCITY TRANSFORMATION BETWEEN GY AND
HY COORDINATES

The velocity transformation between two coordinates can
be obtained based on the scalar invariance, which obeys
[19,29]

.. VA
Z\(Z)) =273 87}[22@1)1, (30)
2

which should be understood as follows. For a vector field
with the basic vectors fixed, the component of this vector
field can be written in Z; coordinates or in Z, coordinates. In
Z, coordinates, the function for the component is Zi which
is evaluated at Z; in Z, coordinates, the function for the
component is Zéz—g, which is evaluated at Z,. Z; and Z,
represent the same point in the phase space, which leads that
the values of component calculated in Z; and Z, coordinates
are the same.

Thus, in practical calculation, there are two steps to obtain

Z{ in Z; coordinates: (i) calculate the expression for sz %,
which is evaluated at Z,, this step can be regarded as the
push-forward of the function; (ii) take the Taylor expansion of
Z{ 3% around Z,, this step can be regarded as the pull-back
of the coordinates. Both in these two steps, the coordinate
transformation between Z; and Z, is necessary.

A. Velocity transformation between GC and GY coordinates

We begin with the brief case about the velocity trans-
formation between GC and GY coordinates to clarify the
manipulation of Eq. (30). In detail, the first step is to obtain
the GC velocity in terms of the Z coordinates, which is

22)=7-ViZ (3la)
=2-7-V7(Gi + Gy + LG - V1G1). (31b)

Here and in the following, we define V; = V¢ + 0;; corre-
spondingly, we add an artificial dimension, which corresponds

to the time ¢, to the vectors such as Z and G,,, when they are
written to dot product with V5. Recall that G}, = 0,f=1=1,

it is obvious that Z-V;=2Z-V¢+9;,, G; - V7 =G, - V.
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The existence of the terms with time derivative is due to the
fact that the coordinate transformation between Z and Z is
time dependent.

The second step is to take the Taylor expansion of Eq. (31b)
around Z according to the coordinate transformation shown in
Eq. (8b). Note that

2(Z2)=2(Z) + (G, + Gy) - V72
+1G,- V16, - v42),
Z-V:G,(Z) = (1+ Gy - Vo) (Z - V:G,)(Z),

then the GC velocity in Z coordinates, expressed by the phase-
space velocity in Z coordinates, is obtained as

2Z)=7+G,-ViZ -7 VG,
+ G, - V7Z —Z -V.G, + %Gl -V41(Gy - V7Z)
+12.V4(G - V4G)) = G, - V1(Z-V1Gy). (32)

By using V;-Z= gﬁai(Bﬁzli) =0 and V;-G,=
éai(BTl‘G;) =0 [8,27], Eq. (32) can be rewritten in a
I
concise form
Z(Z)=Z+ V7 (T, +Ty)
+3V7-(G V7T, =T, - V5Gy),  (33)

where we have defined T, = G,,Z — ZG,,, which is an anti-
symmetric tensor. Further, by using the identity

V7 (T, - V7G1)] = V7 -[(V7-T1)G],
Eq. (33) can be rewritten as
ZZ)=72+4+V7 - Ti+V: T+ V;-Ti. (34

Here, T;; = 1G,(V7 - T1) — 1(V7 - T))G,, which is also an
qntisymmetric tensor. Note that V4 - Z = 0, it is obvious V7 -
Z=0.

B. Velocity transformation between
GY and HY coordinates

We then deal with the velocity transformation between GY
and HY coordinates. For simplicity, we define

Gy =Gy + Gop + G,
then Egs. (20a) and (20b) are rewritten as
Zy =7 —Gy(2), (35a)
Z=7Zy+Go+ Gy VeGo(Zy). (35b)

Note that to 0(63), Gy - V¢Go = Gyj, - VG also note
that Gj = 0. In the following, we denote Agy = Gy - VGy to
simplify the notation. )

The first step is to push forward the function Z; to the Z
coordinates, which is

Zn(Z) =7 -ViZp(2Z) = Z(Z) — Z - V1Go(Z).

The second step is to take the Taylor expansion of Z,(Z)
around Z; by using Eq. (35b) to pull back the coordinates.

Note that
2(Z)=Z(Zy) + Gy - V1Z + A - V12
+1GoGy : V,V4Z,
Z-V1Go(Z) = (1 + Gy - V7)(Z - V1Go)(Zy),
then we obtain
Zy(Zy) =Z+ Gy - V1Z — 7 - V4G

+An - ViZ + 1GoGy : V,V1Z
— Gy - V1(Z - V1Gy). (36)

Equation (36) can be manipulated similar to the calculation
from Eq. (32) to (33), however, one should take notice of V7 -
Gy # 0. After some straightforward calculation, Eq. (36) is
finally calculated as

ZiZy) = {1 — g~ 1V7- V7 - (GoGo) + &)
+ (1= go)o + 3V7 - (Goto — teGo)
+1vy- (AwZ — ZAw), (37)
where go = V7-Gy, to=V;-Ty with Ty = G()Z — ZGO
Here, we mention that by replacing V; with V¢ + 9, the
time derivative in Eq. (37) can be explicitly expressed, which
is —0,Gy — Gy - V4(0;Gy); th_is term can be regarded as the
Taylor expansion of —9,Gy(Z) around Z; by keeping up to
0(6(%).
Combined with the Jacobian shown in Eq. (23), Eq. (37)
can be rewritten as

Zy(Zy) =3y {Z +to+ 3V7 - (Goto — teGo)
+1V7 - (AwZ — ZAw)}. (38)
where

1
Jo=—Ih=1+g0 + §V7 - V7-(GoGo).

By using V7 - Z = 0, it is easy to find that

V7 - (UnoZn) =0, (392)
which is alternatively written as
OJn + 9:(JnZy) = 0, (39b)

with i summed over the six phase-space variables. By neglect-
ing the nonlinear parts in the Jacobian J;, and the phase-space
velocity Z:, the Liouville theorem shown in Eq. (39b) reduces
to Eq. (19) in Ref. [22] in the electrostatic case. Note that in
Ref. [22], the Liouville theorem is derived based on the Lie
transform for the phase-space coordinates with polarization
drift; in our method, the Liouville theorem is derived based
on the transformation between GY and HY coordinates. The
equivalent results are due to the fact that the physical meaning
of the coordinates adopted in [22] and our work are the same.

To end this section, we show that, mathematically speak-
ing, Eq. (34) is similar to Eq. (38). For further explanation,
we take G,, = G,, the HY coordinates Z,, are reduced back to
the GC coordinates Z. Note that

80 ="V (Gi + Gy — 3G -VeG) = —1Vs - Vs (GiGy),
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then according to Eq. (23), Jy,0 = 1. Additionally,
to=V7-(T1+T2)— 1V7 - [(G - V1G)Z — Z(Gy - V1G)],
in which the last term is canceled out with the last term in

Eq. (38) by keeping up to O(€3), then one can easily find that
Eq. (38) is reduced back to Eq. (34).

C. The GK equation in the HY coordinates

Generally, the form of the Vlasov equation in Z coordi-
nates is written as [18]

3 (JzFz)+ 8(2'J2Fz) =0, (40)

where Jz, Fz, and Z denote the Jacobian, the distribution
function, and the phase-space velocity in Z coordinates. We
adopt Z as the Z;, coordinates. The distribution function (ac-
companied with the Jacobian) is shown in Eq. (26); similarly,
the phase-space velocity in Eq. (38) is rewritten as

Zy=Zno+Zn1 +Zpo, 41
Zio =7, (42a)
Ziy = —8,Guy — guZ +tu, (42b)
L=+ 2 + 2, (420)
with
Zizl; = —8,Go — gl +tu, (43a)
Zi(f; = —3Giin — g1Z + i, (43b)

Z,5 = =Gy, - Ve(3,Gn) + 81,2
=3V Vo (GuuGZ — guit
+3V6 - (Gitin — t14G1n)
+3V6 - (G- V6GuZ — ZGyy, - VeGp). (43¢)
~ Here, gun = Ve Gup, tyy = Ve - Ty with Ty, = GuZ —
ZG. Obviously, the linear and nonlinear polarization effects
are included in Z;, | and Z;, », respectively.
We argue that Eq. (40) can be naturally separated according

to the ordering of polarization effects. In detail, the ordering
of O(GY,) reads as

OF + V- (ZF)=0. (44)

The form is exactly the same as the GK equation shown in
Eq. (15); note that the functions in Eq. (44) are evaluated at
Zj;,. Obviously, we can conclude that no any polarization effect
is included in Eq. (15). The ordering of O(G1,) reads as

0:Fp1+ Vg - (ZFh,I +Z, F)=0, (45)

which shows the evolution of the linear polarization distribu-
tion. The ordering of O(G?),) reads as

0F\Y + Ve (ZF) +2,5F) =0, (46a)
053 + Ve (ZE3 +2,5F) =0, (46b)
0FS) + Vo (ZFES) + 241 Fy +Z,3F) =0, (460)

which shows the evolution of the nonlinear polarization dis-
tribution. Note that the forms of Egs. (46a) and (46b) are the
same as that of Eq. (45) since the roles of G,;, and Gy, are the
same as that of G, in the coordinates transformation from Z
to Zy, as are shown in Egs. (20a) and (20b).

Here, we make some remarks about Eqs. (44)—(46):

(i) By using Eq. (44) and the definition of Fj ; shown in
Eq. (27b), Eq. (45) can be obtained by directly calculating
0:Fy.1, as well as the illustration for Eqs. (46a) and (46b);
with the help of Egs. (44) and (45) and the definition of F,>
shown in Eq. (28c), Eq. (46¢) can be obtained by directly
calculating B,th); more details are shown in Appendices A
and B. In other words, Egs. (44)—(46) exactly equal to Eq. (44)
combined with the definitions of Fj, ; and Fj, 5.

(i) As is known, in terms of particle coordinates, the
self-consistent evolution of electromagnetic turbulence is gov-
erned by the particle Vlasov equation and the Maxwell
equations. In terms of the Z, coordinates, the distribution
function can be obtained by solving Eq. (44) to obtain 7 and
by introducing the definitions of Fj | and Fj,,; the velocity
moments can be obtained according to Eq. (29).

(iii) The particle density is calculated as

n(r) = / BId°Zydp Xy + p — 1)(F + Fui + Fia).  (47)

Here, the integrals for F, F, |, and F;,, denote GY, linear,
and nonlinear polarization density, respectively. For the elec-
trostatic case, by adopting the long-wave-limit approximation
G~ Gf = V8¢ /ByS2, then the linear polarization density
is calculated as V - (n,V 1 8¢/Bo2) with n, the GY density,
which reproduces the result in [21]. In Ref. [30], it is demon-
strated that in the orbit computation, by considering the GG,
terms, the short-time I-transform method which involves inte-
grating only along the UP orbit agrees with the conventional
method which integrates along the full orbit. We mention that
consideration of the nonlinear polarization density in the GK
Poisson equation may be beneficial for the nonlinear evolution
of turbulence.

(iv) Analogously, the contributions from Zh,l and Z;,,z
should be added in the calculation of the current density,
namely,

i = [ Bdzisn,+p 1)

x (Z + Ziy + Zp2)(F + Fy + Fio). (48)

It is shown that the velocity and distribution function are both
divided in terms of the polarization orderings, then the polar-
ization effects in the current can be easily clarified. Obviously,
the integral for ZF denotes the GY current density, the linear
polarization current density contains the contribution from the
part of polarization drift (Z,.1F) and the part of polarization
distribution (ZF},); the rest contributes to the nonlinear po-
larization current density.

Here, we give two examples to clarify the polarization
effects in the case with electrostatic fluctuations. The first
example is about the Hasegawa-Mima equation [31], which is
a popular model to describe drift waves. For ions, by adopting
the long-wave-limit approximation, the continuity equation is
obtained by taking the velocity integral of Eqgs. (44) and (45),
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which is
38 — P2 VI + p e, VV2 -V x by
— pscsV xby-VInng=0 (49)

Here, the equilibrium distribution function is adopted as the
Maxwellian distribution. §7; is normalized by the equilibrium
density ny, b= edP /T, cy = /T /mand p; = c,/<2. For elec-
trons, the adiabatic assumption is adopted, that is, 671, = 43
Then, by taking the quasi-neutrality condition, Eq. (49) is
rewritten as

(1= piVi)g — plesbo x V- VVid
— pscsV x by -V Inng =0, (50)

which is the Hasegawa-Mima equation [31]. It is strange at the
first sight that there exists a nonlinear term (~?) in Eq. (50).
In fact, Eq. (50) can be read from the viewpoint of polariza-
tion, that is, the term with 3, V3¢ comes from 8,Gyj, in Z, ;,
and the nonlinear term (~<]32) comes from g,Z in Z'h, 1; both of
these two terms relate to the linear polarization effect.

The second example is about the geodesic acoustic mode
(GAM), which has been extensively studied in the past
decades [32-36]. The dispersion relation for GAM is gov-
erned by V - j = (j")r = 0, with (-)r denoting the magnetic
surface average. From Eq. (48), the perturbed current den-
sity consists of two parts: one part is the perturbed GY
diamagnetic current due to ZyF;, with £ the perturbed GY
distribution function; the other part is the perturbed polar-
ization current due to ZoFj | + Zj, 1 Fy. Thus, the dispersion
relation for GAM is

(VarFy + varFuy + upFy)p = 0. (5D

Here, vy, denotes the radial diamagnetic drift velocity, u, =
—0;G1, denotes the radial linear polarization drift velocity.

At last, we mention that the long-wave-limit approxima-
tion is not necessary in the GK calculation based on the HY
coordinates, the HY coordinates may be used in the issues
with short wavelength, such as the short-wavelength effects
on the residual zonal flow [37,38] and the polarization effects
on energetic particles [39] or impurities [40]. We leave these
issues as a future work.

IV. POLARIZATION EFFECTS IN THE DISPERSION
RELATION FOR CAW

Effects of the perpendicular magnetic potential fluctuation
8A | (or the parallel magnetic perturbation 8B)) are usually
neglected in a low-g8 plasma [41], with 8 the ratio of ki-
netic pressure to magnetic pressure. However, in the finite-8
case, the A, effects are important. For example, the GTC
simulation results show that §A can play an important role
in drift-Alfvén instabilities in tokamaks, especially as § in-
creases [42]. The theoretical analysis indicates that neglect of
8A can cause enhanced stability on MHD instabilities [43].
In a high-8 plasma in National Spherical Torus Experiment
(NSTX), the CAWs are often observed during neutral beam
injection [44,45]. The evolution of A fluctuation is gov-
erned by the perpendicular Ampere’s law, in which the current
relates to the perpendicular velocity moment. In this section,

we derive the dispersion relation for CAWs to (i) show the
application of the perpendicular GK theory in the case with
magnetic fluctuations and (ii) discuss the polarization effects
in the perpendicular current.

For simplicity, we adopt the slab geometry, that is, (x, y, z)
are used to denote the radial, poloidal, and toroidal direc-
tions, respectively; the GC and GY coordinates are labeled as
(X,Y,Z,) and (X, Y, Z,), respectively. The background mag-
netic field By = Boe; is spatially uniform, where (e,, ey, ;)
are the unit vectors. The UP Hamiltonian is Hy = mz‘)ﬁ +

1
2
LBy, and the UP phase-space velocities are Xo = e, § = Q.

We assume the perturbed magnetic potential as §A; =
e.A;(y,t). The Fourier transformation is

A(nD) =) Age© (52a)
k
= Z eMA, Z Jy(a)e ™. (52b)
k n

Here, Egs. (52a) and (52b) denote the Fourier decomposi-
tion in the particle and GC coordinates, respectively. M =
kY — wt, the wave vector is k = ke, p, = %(ex cos& —
e,sin&), J, is the nth Bessel function with the argument
o = kpg. The first-order effective potential is

5\111 = —,i)o . BAL|Z=Z = ZEiM\IJk,
k

(53a)

Wy = i, Ak »_ Jre ™ (53b)

In Eq. (53a), the symbol “|,_>" denotes that the function is
evaluated at Z. M = kY — wt, b, = /2iBy/m, the “prime”
superscript denotes the derivative to o.

The first-order Hamiltonian is

8H; = —iev, Y eMAwy, (54)
k

which gives the first-order drift velocity as

5X1 = — 2L 57 dMia, Jre,. (55)

0%

According to Eq. (12), the first-order gauge function is

solved as
S =Y M,
k

ev | Ay —in§
Sp = — =k ,
k Q Zd)—i—n”

where & = w/<Q.

From {r,r} =0, it is obvious that G, = 0, then we only
need to deal with G',. According to Egs. (11a)—(11d), it is
found that

(56a)

(56b)

A e—int
_ gk E - iotJ,;,
By n+o
n#0

Glyy = (57a)

Gy, =0, (57b)
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ev | Ay e~ink .
G'lliYk = BO Z n—+ é\)anr/l’ (570)
n#0
eAy eing
Gt - JY, 57d
vk = mDLZn+€u(a") (57d)
n#0
from which we obtain
A
Gty = (e, + azey>—’(§, (58a)
—mé;’
o=t Z [(@h)eE + @l eF], (58b)
1 e—iné . i -
ay =Y ——[(@r)e ™ = (@) e®].  (58c)
2 n+ o
n#0
Note that
(d/dt)GY, = ——= Z eMkAL Y e (59)
n#0
then we obtain
8k = 86X, — (d/dt),Gye, (60a)
—iv siné k(Y +py)—iwt
— LS y kAge,, 60b
Bo Xk: e k€x ( )

that is, the perturbed potential A appeared in §x; should be
evaluated at Y + p,.
The polarization drift velocity is

u, = —(8 + Q3)G’, = Ze"Mup,k, (61a)

eAy e—ink

2m n+

Up ik = _[(@ + 1+ 1)@y e

+(@+n— D@, 1)e], (61b)
ieA eTiE i
Upyk = o Y ——[(@+n+ @) e ™
2m o " + o
— (@ +n— D, 1)e"]. (©6lc)

For the case @ < 1, by keeping up to the leading order of
kpo, Eqs. (61b) and (61c) are reduced to

A
Upok = 207, (62a)
m
ieAk
k= ———0, 62b
Up yk m @ ( )
which are transformed back to the real space as
—0,6A, xb 326A
w,= L 20 G00L (62c)
By ByQ2

Note that the perturbed electric field is E; = —09,64,
thus in Eq. (62c), the first term represents the E x B drift,
which is equal to ions and electrons; the second term repre-
sents the polarization drift, which is proportional to 1/€2, thus,
ions dominate this term.

The linear dispersion relation for CAW is governed by the
perpendicular Ampere’s law

_VPAL(r) = poe / 255X+ p —1)

x (XF +}L(Fh,1 + X1 F), (63)

with wo the permeability of vacuum. In the following, the
equilibrium distribution function is adopted as

= ) gm0t (64)

where vy, = /2T /m is the thermal velocity, 9 and D, are the
parallel and perpendicular velocity normalized to v;;, respec-
tively. By taking the linearization of Eq. (15), one can easily
find that F;, = 0, then F = Fj,.

In Eq. (63), since the fluctuations relate to y, the three-
dimensional Dirac function is reduced to dp(¥; + py — y),
then, after the integrals in the configuration space, the factor
e in the fluctuations should be replaced by e*’ e~ Ac-
cording to Eq. (41), the radial velocity is e, - (b + 8x| + u,)
by keeping up to O(es), from which the perturbed radial
current density is calculated as

Je= Y€ T Gkt Lk + dpsi)- (65)
k

Here,
bk =€ / &0 514 F (66)

is the current contributed from the first-order drift velocity;
[d*v = fBodv”d,u dg. According to Eq. (60b), x; 4 is peri-
odic of &, thus jp 4 = 0 by taking the & integral,

Jixk=e / d*v pikGYy e P Fy (67a)

is the current contributed from the Larmor motion and the
polarization distribution. Note the facts that

=iv, Z T/ (@)™,

= —ik
Pxe Py

_/d%_]el([ mk _Jn»

Eq. (67a) is calculated as

2
e ny 2n 1
Jrek= =AY =T (67b)
n#0
Here, I(H(Olo) = fo dxx2e™™ d(xj)”c“)dfj”;‘, where the argu-

ment of the Bessel function is agx with oy = kvy, /€2,

Jpxk =€ f d*Vu, e " F, (68a)
is the current contributed from the polarization drift. Similarly,
Eq. (68a) is finally calculated as
&ng &* —n(n+1)
Jpxk = —Ak— Z s
O —n
n#0

A

NG
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Here, I 1(ozo) = 2[dxx3e”‘ an+1’ where the argument of
the Bessel function is agx.

Thus, the perturbed current in the linear Ampere’s law con-
tains two parts, both of which relate to the polarization effects:
one part is from the contribution of polarization distribution
function (j. ), and the other part is from the contribution
of polarization drift velocity (j, ). Note that the polarization
effects are proportional to 1/€2, the perturbed current due
to the contribution of electrons can be neglected, then the
dispersion relation governed by the linear Ampere’s law is

(1) A2 (2)
k2 o Z w2 A{2nZ)) — 167 — n(n + DIZZ, )

(69)

with vy =,/ (2) /onom is the Alfvén velocity.

We analyze Eq (69) in the long wave-limit approx1mat10n
Forn =1, I 12, I =1 — o} forn = -2,7) =
4 0, I(z) 0‘0» the other nth terms are the modulation of
O(ao) By adopting & « 1 and by keeping up to 0(ozo)
Eq. (69) is reduced to be

w® =k (vﬁ + cf) (70)

Note that the Alfvén velocity term is from the contribution of
Jp.x» one-half of the acoustic velocity term is from the contri-
bution of j, , and the other one-half is from the contribution
of ] L,x-

At last, we mention that the perturbed current can also be
derived by taking the velocity integral in the GC coordinates,
as is illustrated in Ref. [23]. In our opinion, each of these
two methods has its own advantages. The method in Ref. [23]
avoids the calculation of polarization vector; the manipula-
tion is relatively simpler. Our method is more convenient to
analyze the polarization effects from the polarization vector
qualitatively and quantitatively. Both of these two methods
reveal the fact that the polarization effects should be included
in the calculation of perpendicular current. It should be noted
that all the quantities in our method can be obtained from the
standard modern GK theory [8]; our method can be directly
used to compute the fluxes in GK simulations.

V. CONCLUSIONS AND DISCUSSIONS

In conclusion, the polarization effects in the GK theory are
analyzed. The velocity transformation between two coordi-
nate systems obeys the scalar invariance property. We first
calculate the velocity transformation between the GY and
GC coordinates to illustrate the key points in the procedure
of velocity transformation. Then, the velocity transformation
is manipulated between the GY and HY coordinates. The
velocity in the HY coordinates is obtained, and is divided in
terms of the polarization vector G, as is shown in Eq. (41).
In the HY coordinates, we define the linear and nonlinear
polarization distribution functions, which relate to G,;; the
evolutions for the polarization distribution functions are de-
rived. As is known, the polarization particle density should be
considered in the GK calculation of particle density. Analo-
gously, the polarization current should be considered in the
GK calculation of current density. Two examples, derivations
of the Hasegawa-Mima equation and the dispersion relation

for GAM, are shown to address the importance of polarization
current in the electrostatic case.

In the case with perpendicular magnetic potential fluctu-
ations, the importance of polarization current is illustrated
in the derivation of the dispersion relation for CAW. First,
the linear polarization vector induced by the perpendicular
magnetic potential is derived, from which the polarization
drift is calculated; in the low-frequency limit, the polarization
drift velocity is found to be the same as that from the GC
theory [23]. Then, the perpendicular current is calculated; it is
found that the perpendicular current consists two parts, both
of which relate to the polarization effects: one part relates
to the contribution of polarization distribution function, the
other part relates to the contribution of polarization drift ve-
locity. Finally, the dispersion relation for CAW is derived,
as is shown in Eq. (69), which is analyzed by adopting the
long-wave-limit approximation in the low-frequency case. It
is found that the current from the contribution of polarization
drift velocity contributes to the Alfvén velocity term and one-
half of the acoustic velocity term, and the current from the
contribution of polarization distribution function contributes
to the other one-half of the acoustic velocity term.

At last, we mention that the nonlinear polarization effects
in the distribution function and phase-space velocity are the-
oretically illustrated. It is demonstrated that, by keeping up to
0(6 ), the GK equation [Eq. (44)] combined with the defini-
tions of Fj,; and Fj, equal to the particle Vlasov equation,
consideration of the nonlinear polarization effects in the GK
simulation may be beneficial for the nonlinear evolution of
turbulence. Since these nonlinear terms are expressed in terms
of the quantities from the standard GK theory [8], they can be
easily revealed in the GK simulation in principle. We note that
the GG, term has been demonstrated to be beneficial to the
GC orbit calculation [30]; this part has been added into the
orbit module of NLT code [16,17]. Based on this experience,
we will try to add the contribution of the F,, term in the
NLT code to numerically evaluate the influence of F;,» on the
nonlinear behavior of turbulence in the future work.
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APPENDIX A: DERIVATION OF EQ. (45) FROM o, F,, ;

In this Appendix, we show an alternative way to obtain
Eq. (45) by directly calculating 9, Fj ;. Note that F;, | = Vg -
(G1,F), then

Fuy = V- (0,GuF)+ Ve (Gyd, F). (AD)
With the help of Eq. (44), we obtain
Vo (Gt F) =~V [Giy V- (ZF)] (A2a)

=~V [Vo- (ZG,F) — ZF - VGyy).
(A2b)
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By using the identity V¢ - Vg - (FG) = Vg - Vg - (GF),
Eq. (A2) is rewritten as

Vo (GudF)=—V-[Ve- (GFZ) — ZF - VGyj]

(A3a)

= V- [FniZ + F(Gy - VeZ —Z - VGp)]

(A3b)

=—Vg- [Fh,12 +F(ti— gui)]- (A3c)
Substituting Eq. (A3c) into Eq. (A1) yields

8,F1 + Ve - (ZFy1 +Z F) =0, (A4)

which is exactly the same as Eq. (45).

APPENDIX B: DERIVATION OF EQ. (46) FROM §,F, ,

In this Appendix, we show an alternative way to obtain
Eq. (46) by directly calculating 0;F;, ». Equations (46a) and
(46b) can be easily illustrated following the manipulation
shown in Appendix A. In the following, we show the calcula-
tion for Eq. (46¢). Note that

Fh(é) =1V Vo (GuGuF) = 1Ve - (F,1Gy + FA),

where A} = Gy, - VeGyy. In the following, we denote
FS) = Ve (FA), FS)? = Vg (F,1Gyy). Similar to the
derivations in Egs. (A3a)—(A3c), it is found that

Vo (AudF)=—Ve- [F'Z+ F(ti —gu2)], (B
wheret11 = VG . (AIIZ —ZAH), g1 = V6 -A11. Then

W + Ve [F'Z+ Ftn — guZ — 8,A1)] =0.
(B2)
Note that

8;17,1(,32)’2 = V¢ - (0:Fp1G1n) + Ve - (Fp,10:G1p),

by using Eq. (45), the first term can be calculated as

Ve - (0:Fp,1G11)

=~V Vo ZF1 + Zy1F)G] (B3a)
= =V [V (FniGuZ + FGuZy)l
+ Ve (FyiZ-VeGiy+ FZy1 - V6Gip) (B3b)
=—Vg- [th)’2Z + Fy 1@ — gunZ + Zn1)]
— Vo {Flts — g1nZn1 + (Vo - Zy,1)Giil},  (B3c)
witht, = Vg - (Gthhyl — Z}1,1Gl}1)~ Then, we obtain
B[th)’z + V¢ - {Fh%)’zz + 2Fh,lzh,1
— Flts — guZny + (Vo - Z4,1))Gul} =0.  (B4)
Combining Egs. (B2) and (B4) yields
OFS) + Vo (ZES) + ZyiFuy +2,F) =0, (BS)

where

Zy =4[t —gnZ - 3Ay,
+t2 — ginZny + (Vo - Z4,1)Gy)

={—1Ve- uGi +An) +&,}Z
— gutin+ 5Ve - (Guit 1y — t14G1p)
+ 1V (AnZ — ZAn) — Guy - Ve(3,Gy),

which is exactly the same as Zf; shown in Eq. (43c). Thus,
we have proved that Eq. (BS) is exactly the same as Eq. (46¢).
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