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We propose a method for solving statistical mechanics problems defined on sparse graphs. It extracts a small
feedback vertex set (FVS) from the sparse graph, converting the sparse system to a much smaller system with

many-body and dense interactions with an effective energy on every configuration of the FVS, then learns a
variational distribution parametrized using neural networks to approximate the original Boltzmann distribution.
The method is able to estimate free energy, compute observables, and generate unbiased samples via direct
sampling without autocorrelation. Extensive experiments show that our approach is more accurate than existing
approaches for sparse spin glasses. On random graphs and real-world networks, our approach significantly
outperforms the standard methods for sparse systems, such as the belief-propagation algorithm; on structured
sparse systems, such as two-dimensional lattices our approach is significantly faster and more accurate than
recently proposed variational autoregressive networks using convolution neural networks.
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I. INTRODUCTION

The underlying graphs of interacting systems are of-
ten quite sparse, and these include physics models defined
on two-dimensional (2D) or three-dimensional (3D) lat-
tices which encode physical interactions; social systems on
networks which represent social relations [1]; mathemati-
cal and information systems on sparse factor graphs which
induce constraints over variables as in the satisfiability prob-
lems [2], and in the low density error correcting codes [3,4].
The statistical mechanics problems defined on such sys-
tems are of great importance: they can, e.g., characterize
phases and phase transitions in finite-dimensional physics
model, describe dynamics of human behaviors, formulate
posterior distribution in Bayesian inference, compute number
of solutions of constraint satisfaction problems, and con-
duct message-passing algorithms for reconstructing signals
in error-correcting codes, etc. Without loss of generality, in
this paper we consider the prototype problem of statistical
mechanics with n spins sitting on a sparse graph G. The
joint probability distribution of a configuration s € {+1, —1}"
follows the Boltzmann distribution,

1
— —BE(s)
s)=—e , 1
p(s) Z (1)
where Z denotes the partition function, S denotes the inverse

temperature, and E is the energy function. It is well known
that computing the partition function or, equivalently, the free
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belong to the class of #P complete problems, so it is hopeless
to find polynomial algorithms to solve it, in general. In sta-
tistical physics, one usually applies approximate (mean-field)
methods for estimating an upper bounds of the free energy,
or subjects to sampling methods which generate samples and
calculate observables based on the samples.

The sparse systems (e.g., on social networks) we are in-
terested in are usually large so that the Markov-chain Monte
Carlo (MCMC) based sampling methods are considered to
be not scalable. For systems with random sparsity, such as
on random graphs and real-world large networks, variational
approximations based on the Bethe approximation [5], i.e.,
belief propagation (BP) [6], have been widely applied. The
key idea in the Bethe approximation, the conditional inde-
pendence assumption, is exact when the system is a tree, and
is usually a good approximation in random sparse systems.
However, the approximation does not perform well when the
system contains many short loops. Approximations, such as
Kikuchi loop expansions [7] have been proposed to partly
take into account the effects of short loops, however, it is
still far from being optimal when the system has loops with
different lengths, such as lattices, which we call structured
sparse systems. In this kind of systems, tensor network based
renormalization and block decimation approaches are very
powerful, but unfortunately they work poorly if system does
not contain many intrinsic low-rank (or low-entanglement)

©2021 American Physical Society


https://orcid.org/0000-0003-1850-6520
https://orcid.org/0000-0001-7628-4167
https://orcid.org/0000-0003-4228-4438
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.103.012103&domain=pdf&date_stamp=2021-01-05
https://doi.org/10.1103/PhysRevE.103.012103

PAN, ZHOU, ZHOU, AND ZHANG

PHYSICAL REVIEW E 103, 012103 (2021)

structures, and they do not apply when system contains long-
range interactions.

Recently a variational method using neural networks, the
variational autoregressive network (VAN), is proposed for
general statistical mechanics problems [8]. On small dense
systems, VAN uses multilayered neural networks to describe a
variational distribution and achieves much better performance
in estimating free energy, obtaining observables, and in sam-
pling, when compared with traditional variational mean-field
methods. However, the VAN contains a huge number of pa-
rameters to optimize, hence, is not designed for large sparse
systems at the first place. On structured sparse systems, such
as (2D lattices, the issue can be eased by adopting convolution
neural networks [9] as a good structure prior. But on random
sparse systems it is still not clear how to propose efficient
convolutionlike neural network structures for variational com-
putations.

In this paper we extend the VAN approach to statistical me-
chanics problems on sparse graphs. Our approach converts a
large sparse system to an equivalent but much smaller system
composed of the vertices in a feedback vertex set (FVS) of
the graph [10,11]. After the conversion, the reduced system
is densely connected with many-body interactions with an
effective energy on each configuration of FVS vertices. We
then apply the VAN method to solve the statistical mechanics
problem on the reduced system.

At a first glance, we convert a sparse system to a strongly
correlated dense system which seems even harder than the
original one. Indeed it is in the sense that the converted
system loses all the internal sparse structures of the original
system. But note that the key advantage of this converting is
that the recently proposed neural-network based variational
methods are particularly suitable for treating a small nonstruc-
tured dense system. We will show in what follows that the
VAN method can utilize recently developed machine learn-
ing techniques, such as reinforcement learning, as well as
advanced computational techniques, such as GPUs, to target
the converted problem on the compressed dense graph and
significantly outperforms existing methods operating on the
original sparse system.

The rest of the paper is organized as follows. In Sec. ITA
we introduce the feedback set of sparse graphs and how to
convert the statistical mechanics problems on a sparse graph
to the problem defined on its feedback set. In Sec. IIB we
explain how to solve the converted statistical mechanics prob-
lem using variational autoregressive networks. In Sec. III we
conduct extensive experiments on spin glasses and inference
problems to evaluate our approach against mean-field meth-
ods, VAN with convolution neural networks, and the recently
proposed expectation propagation based density consistency
method. We conclude in Sec. IV.

II. FEEDBACK SET VARIATIONAL AUTOREGRESSIVE
NETWORKS

Our method is composed of two steps, the first step is
converting the statistical mechanics problem in a sparse graph
to a problem with many-body interactions in a much smaller
dense graph, using an approach based on the feedback set of
the sparse graph which assigns each configuration of the feed-

back set an effective energy; the second step of our method
is applying the recently proposed autoregressive variational
network using effective energies obtained in the first step to
solve the statistical mechanics on the dense graph. In the
following text we will introduce the two steps in detail.

A. Compressing the sparsity using the feedback vertex set

A feedback vertex set 2 of a graph is a set of vertices
intersecting with every loop of the graph. With all vertices
of the FVS removed, the graph becomes loop free, hence, is
composed of trees [10]. We denote the forest after removing
all the vertices of the FVS as 7°. The free energy of the whole
system Eq. (2) can be rewritten in the following form by
tracing over FVS variables and non-FVS variables separately,

F = —éanZe”sE(s’” = —%ane"gE“) , 3

seQ teT seQ2

where s € {+1, —1}/*’l denotes an assignment of variables
onFVS,and t € {+1, —1}17! = {41, —1}""1¥! denotes an as-
signment of variables in the forest out of the FVS. E(s, )
denotes the energy of the original sparse system, and E(s) is
the effective energy of a configuration s of the FVS vertices.
The effective energy can be written as

E(s) = Eq(s) + Ez(s). 4

Here Eq(s) denotes the sum of interaction energies (of the
original sparse system) involving only vertices of the FVS,
and

Er(s) = —% In (Z e—f’E“-’)) o)

teT

is the (free) energy of the forest 7~ given the configuration s
of the FVS.

Observe that, once a configuration s of the FVS is
determined, what is left in the graph is a forest with boundary
conditions fixed by s. As a consequence, the summation over
all variables in the forest as shown in Eq. (5) can be calculated
in linear time straightforwardly, i.e., by taking a sequence
from leaf vertices (a leaf vertex of the graph is a vertex which
has only one attached edge) of the forest to the root vertices.
This approach is known as “conditioning” in graphical model
community [12]. A detailed example about calculating free
energy of the Ising model based on this method can be found
in Appendix B.

There are many possible FVS one can find for the graph
G. Finding the smallest one, which is called the minimum
feedback vertex set problem, belongs to the class of NP-hard
problems. In this paper we employ an heuristic algorithm
called CoreHD, proposed in Ref. [11], which is a fast and
simple heuristic method with O(n) computation complexity.
The sizes of the FVS for the graph instances studied in this
paper are about 20%-33% of the original graph sizes. We note
that it is possible to further reduce the FVS sizes through a
more advanced message-passing method [10].

Equation (3) converts the partition-function calculation of
a sparse system with size n to that of a system of much
smaller size |€2|. The conversion comes with a price: the ef-
fective energy of the FVS indicates that there are complicated
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many-body interactions, thus, good approximations on sparse
graphs (e.g., Bethe approximation) fail completely in the FVS
system. Indeed it is really difficult to find good approxima-
tions or variational Ansatz for this dense and many-body
interacting system, in general, so we adopt a neural network
based method.

B. Variational autoregressive networks for statistical
mechanics on the FVS

The variational autoregressive network [8] has been pro-
posed recently for statistical mechanics problems, in general,
and it is particularly powerful for densely connected struc-
tureless problems. Analogous to the mean-field methods, the
VAN maintains a variational distribution g,(s) and gradu-
ally updates parameters 6 of the distribution to minimize the
variational free energy. What is different from the canoni-
cal mean-field methods is that in the VAN, the variational
distribution is represented using product of conditional prob-
abilities,

a0(s) = [ [aoCsils. ... i), 6)
i=1

with all the conditional distributions parametrized by a neural
network. The advantage of the autoregressive distribution as
well as the neural network representation is the representation
power. Theoretically it is able to represent any Boltzmann
distribution given enough parameters in the hidden layers of
the neural network, known as the representation theorem [13]
so is much more representative compared with mean-field
Ansitze, such as Bethe and Thouless-Anderson-Palmer [14].
However the price that VAN pays for the representation
power is that the variational free energy is no longer an-
alytically computable as opposed to mean-field methods
where the variational free energies and their derivatives over
parameters can always be written out analytically. As a
solution, the VAN generates many unbiased samples from
the variational distribution with exact probability (known as
direct sampling in Ref. [15]), which is easily computable
using Eq. (6), then estimates the variational free energy
using

~ 1
F, = qu(S)[E(S) +5ln 619(S)} (7)

Once the variational free energy is computed, in VAN we
compute its gradients with respect to parameters 0 using

~ 1
VoF, = Zq9<s){ [E(s) + 5 qﬂs)}% In cm(s)}, @®)

which is known as the REINFORCE algorithm in the machine
learning literature [16]. A short introduction to VAN and the
learning algorithm can be found in Appendix A (see also
Ref. [8] for more details). Using the gradients, we update
parameters of the VAN gradually until the variational free
energy stops decreasing. After that, the learned VAN can
be used to generate a massive number of configurations un-
biasedly and parallelly using the direct sampling, and then
observables, such as magnetizations and correlations can be
computed straightforwardly using the configurations.

We refer to the algorithm as FVSVAN, it takes the sparse
graph G and energy function E as inputs, then outputs the vari-
ational free energy and unbiased samples after the learning is
finished. Given G and E, the FVSVAN is sketched as follows:

(1) Extract a FVS Q from the graph G using the CoreHD
algorithm [11].

(2) Construct VAN to express the variational distribution
qo(s) for s € 2, initialize neural networks in VAN randomly.
(3) Do direct sampling to obtain unbiased samples {s}.

(4) Compute effective energy E(s), probability g(s) for
each sample s using Egs. (4) and (6), respectively, then com-
pute variational free energy F;, according to Eq. (7).

(5) Compute gradients of the variational free energy with
respect to parameters according to Eq. (8), then update the
parameters (i.e., weights of neural network) of the variational
distribution using the gradients.

(6) Go to step 3. if the variational free energy has not
converged.

III. NUMERICAL EXPERIMENTS

To evaluate the ability of our approach in estimating the
free energy and in computing physical quantities in sparse sys-
tems, and to evaluate our method against existing approaches,
we perform extensive experiments on sparse graphs using spin
glasses and inference problems.

There are two kinds of sparsities we usually encounter
in statistical mechanics problems: random sparsity in, e.g.,
random graphs and real-world sparse networks, and structured
sparsity in, e.g., 2D and 3D lattices. For random graphs and
large real-world networks, the Bethe approximation based
methods, such as the belief propagation are considered to be
standards approaches. A recently proposed approach, density
consistency (DC) [17], which is based on the expectation
propagation [18] algorithm, has been shown to outperform
BP in calculating physical quantities, so we also take this
approach as a baseline for comparison in our experiments.
On the lattice systems, recently proposed convolution based
VAN [8] takes the structure prior to 2D graphs by adapting the
convolution neural networks and largely outperforms mean-
field approximations, so we mainly focus on the comparison
to the VAN with convolution neural networks operating on
the whole lattice. In our experiments we consider two kinds
of problems. The first one is a representative model of spin
glasses where the tasks include estimating the tree energy and
computing the correlation functions; the second problem we
consider is an inference problem on sparse graphs known as
the censored stochastic block model [19] where the task is
to solve the posterior distribution (which is the Boltzmann
distribution) in the Bayesian inference and infer the planted
partition using observations on each edge of the graph.

A. Spin glasses on random graphs

We first consider the Ising +J spin glasses on ran-
dom graphs, the so-called Viana-Bray spin glass model [20]
with distribution of couplings following P(J;; = 1) = P(J;; =
—1) = 1/2. We evaluate the performance of our approach
by comparing correlations obtained by our method to those
obtained using MCMC for a very long time (5 x 10°n steps,
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FIG. 1. Correlations of spin glass models obtained by our method (FVS), BP, and dDC compared with data given by MCMC running for a
long time (5 x 10°n steps) on various of graphs. (a) The Viana-Bray spin glass model [20] on a random regular graph, n = 300 spins, degree 4,
B = 0.8, couplings J;; € {+1, —1} with P(J;; = 1) = P(J;; = —1) = %; (b) the Erdos-Rényi random graphs, n = 1100 spins, average degree
3, B = 0.8, and couplings are Gaussian random variables with zero mean and unit variance; (c) the model is the same as that of (b) but on
the real-world karate club network [21] with n = 34 variables, average degree 2.29, and B = 0.54; (d) the same as (c) but on the real-world
political blogs network [22] with n = 1490 variables, average degree 11.21, and 8 = 0.1.

and we observed that longer time simulation gives almost
identical results), which is considered to be very accurate. We
also compare our results against correlations obtained by the
BP and DC algorithms. The results are shown in Fig. 1.

In Fig. 1(a) the graph is a regular random graph with
the degree of every node being 4. We set § = 0.8 which is
beyond the spin glass transition, and the system is at the spin
glass phase. We can see from the figure that the correlations
given by our method are very close to the MCMC results,
whereas the BP and DC results deviate significantly from the
MCMC data. In Fig. 1(b) the spin glass model has couplings
J following Gaussian distribution with unit variance, and on
an Erdos-Rényi random graph. We can see that the results of
BP and DC of are much better than those in Fig. 1(a), but
they are still much less accurate than our method. In Figs. 1(c)
and 1(d) we show the results of our algorithm on two classic
real-world networks, the Karate club network [21], and the
network of political blogs [22]. On the Karate club we see
that our method is almost identical to the exact results (exact

results are given by enumerating all the configurations of the
FVS, which is fortunately possible in this case because the
system size is small). The figure also indicates that the BP
and DC results are much worse than those in random graphs.
The reason is that although the average degree of the Karate
club ¢ = 2.29 is small, the network contains many short loops,
which make Bethe approximation less accurate than in ran-
dom graphs even with DC corrections. This effect turns out to
be more severe for BP and DC on the political blogs networks
as shown in Fig. 1(d) due to the power-law degree distribution
and relatively large average degree ¢ = 11.21. But we can
see the FVS method is less affected by the large degree and
gives significantly more accurate correlation estimates than
the other two methods.

B. Spin glasses on 2D lattices

In this section we consider statistical mechanics on the
graphs with structured sparsity. A classical example is the
2D ferromagnetic Ising model. Without external fields, the
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FIG. 2. Free energy (per spin) of the Ising model on the 16 x 16
lattice with open boundary condition obtained by our method (FVS),
original two versions proposed in Ref. [8] (Dense, Conv) and belief
propagation (Bethe) with their relative errors to the exact solu-
tion [23]. The vertical dashed line in the inset represents the phase
transition point of an infinite system (8 = 0.4406 868).

2D Ising model is on a planar graph, so we can compute an
exact solution of the free energy using, e.g., the Kac-Ward
formula [23] and use it for evaluating our algorithm. On this
problem we set a baseline using the variational autoregressive
network using convolution neural networks [8]. Convolution
networks are originally proposed to extract relevant features
from 2D data, such as images [9,24] and have been shown to
give much better results than VAN without using convolution
networks on the 2D Ising model [8].

In Fig. 2 we plot the variational free energy given by
our method at different temperatures compared with other
methods. The relative error to the exact solution is plotted
in the inset of this figure. We can see clearly that in all

temperature regimes, our FVS method produces errors that are
several orders of magnitude smaller than all the other meth-
ods, including the VAN based on convolution (Conv) neural
networks, particularly, on the paramagnetic-ferromagnetic
transition point with § &~ 0.4406 868 where the system has
long-range correlations. Moreover, our FVS based method
employs much less parameters (22 532) than the convolution
networks (714 113, details about model parameters are listed
in Appendix C), indicating that our method is more effective
than convolutions in characterizing the internal structure of
the sparse statistical physics systems.

In Fig. 3 we compare as well the learning process as well
as running time (in seconds) of our method and the VAN
running on the whole graph [8]. The figure illustrates that our
method converges faster, and each learning step (epoch) takes
significantly less time in computation, hence, is much more
efficient than VAN operating on the whole graph.

C. Inference problems on sparse graphs

Apart from statistical mechanics problems, our method can
also be adopted to statistical inference problems where the
Bayesian inference formula corresponds to the Boltzmann
distribution [25,26]. In this paper we pick up the inference
problem in the censored block model (CBM) [19] as an ex-
ample. The CBM is a variant of the famous stochastic block
model [27] in the field of community detection in networks.
It asks to recover the hidden (or planted) group assignment
(i.e., a configuration of binary variables) from censored edge
measurements on a sparse graph. Given a graph G(V, &)
with n nodes carrying binary variables o; € {—1, +1}, each
number represents a group, we have a planted partition &
which represents the ground truth of community. Our task
here is to recover the planted configuration from the infor-
mation of censored edges, which are depicted by edge labels
Jij = £1, (i, j) € & drawn from a distribution,

PUijl6i,65) = (1 — a)s(J;j — 6:6) + ad(Jij + 6i6;), (9)

-1.0
25
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B 12 S 215
= o g
S8 > S
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FIG. 3. (a) Evolution of the variational free energy through training. Solid lines represent mean of E(s) + é In gy(s), and shaded areas
represent standard derivation. In the inset, a longer timescale of 5000 epochs is illustrated; (b) Time used for one epoch (training step) in
seconds. Each point is the average value over 100 instances. Here FVS is our approach whereas Dense represents densely connected VAN in

Ref. [8].
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FIG. 4. Inference in censored block model on a small-world network with n = 1000 and p = 0.2 versus the noise parameter « of censoring.
(a) Free energy (per node, the smaller the better) of BP and our method (FVS). (b) Fraction overlap (11) comparison, the FVS points are
averaged over ten instances whereas the BP results are averaged over 300 instances due to the large error bars.

where « is the noise parameter, ranging from 0O (noiseless) to
0.5 (informationless); 6(x) is the Kronecker symbol such that
d(x) =1if x =0 and §(x) = 0 if x # 0. The corresponding
posterior distribution is

1
P(ol)) = - exp (ﬂo > JijoioJ-),

(ij)eE

(10)

which is exactly the form of Ising spin glass with By =
0.5 In(1 — o)/« acting as inverse temperature. In this case,
we use our FVSVAN method to estimate the posterior distri-
bution and then infer the group assignment using the posterior
distribution. The performance of algorithms can be evaluated
by the fraction of correctly inferred group labels, the so-called
fraction overlap,

F(6,0) = %max (Z 56, — s1), Za(&i + si)), a1

where s; represents the inferred assignment of nodes i. It
has been shown in Ref. [19] that on large random graphs,
the belief propagation algorithm as well as the nonbacktrack-
ing [28] and the Bethe-Hessian based algorithm are optimal
in the sense that they work all the way down to the theoreti-
cal detectability transition, analogous to the stochastic block
model [29].

We conduct experiments using the censored block
model defined on small-world networks (the Watts-Strogatz
model [30]), and the results are shown in Fig. 4. We can
see from the left panel of the figure that the variational free
energy computed by the FVSVAN is always smaller than that
of BP. The right panel indicates that the accuracy of inference
[fraction overlap (11)] given by our method is much higher
than BP. In the regime where the noise parameter « is large,
the system is in the nondetectable phase [19,29] and the edges
carry almost no information about the planted partition. In this
case we can see that both BP and our method reports overlap
of 0.5, basically a random guess on the group assignment.

Although when the noise parameter « is low where the infer-
ence of the planted partition is supposed to be easy because
edge measurements J;; carry enough information about the
ground-true planted partition. However, what we can observe
from Fig. 4 is that the overlap obtained by BP is quite low
even when the noise level is low, whereas our method can
successfully recover the planted configuration, reporting high
overlap. The reason for this phenomenon is that, although the
graph is sparse, BP still suffers from diverging issue due to
small loops in the small-world networks, thus is not able to
give an optimal estimate of marginals about group assign-
ments and produces large error bars. Clearly our method can
overcome the issue of BP and give an accurate reconstruction
when the edge measurements contain information about the
planted partition.

IV. CONCLUSION AND DISCUSSIONS

We have introduced a new approach for solving statistical
mechanics on sparse graphs. Our approach treats the random
sparsity (such as random graphs and real-world networks)
and the structured sparsity (such as lattices) in the same
way by extracting a small feedback vertex set, mapping the
original problem to a statistical mechanics problem on the
FVS with an effective energy, then solving it using the neural
network based variational method. We have illustrated using
extensive numerical experiments that our method significantly
outperforms existing methods on both spin glass prob-
lems and statistical inference problems on various of sparse
graphs.

In this paper we have adopted the feedback set to com-
press the sparse structures in graphs. We note that recently
there is an interesting approach, the graph convolution neural
network [31], which adapts convolution neural networks from
lattices to sparse graphs for some machine learning tasks,
such as the semisupervised classifications. We have tested that
naively applying the graph convolution (basically the message
passing rule using neighborhood information) in the VAN
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works much worse than our FVSVAN approach. It would be
interesting to study how to effectively combining the graph
convolution approaches and the variational approach for solv-
ing statistical mechanics.

A potential application of our approach will be com-
binatorial optimization problems and constraint satisfaction
problems defined on sparse graphs, such as vertex cover [32]
and satisfiability problems [2], which can be converted to a
statistical mechanics problem with inverse temperature § —
oo. Directly setting a large 8 may induce some instabilities
in VAN, a possible solution to this might be introducing the
tropic algebra as proposed in Ref. [33]. We will put this into
future work. So far, another limitation of our method is that
due to the weakness of optimization methods, although the
expressive power is enough, it is difficult for our method to
handle systems whose FVS set is larger than 2000. Breaking
this limitation requires more advanced developments in opti-
mization of neural networks.
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APPENDIX A: VARIATIONAL AUTOREGRESSIVE
NETWORKS

The variational mean-field methods approximate the
Boltzmann distribution using some tractable variational dis-
tributions from certain families. Due to the limitations of
computing the variational free energy, the variational dis-
tributions are usually not very representative. The recent
developments of deep neural networks are very helpful to
offer much more representative variational distributions. The
universal approximation theorem [9] ensures that a neural net-
work containing a large-enough hidden layer can approximate
any continuous function.

This idea has recently been used in VAN for building
a neural-network-based variational mean-field method for
statistical mechanics problems [8], which factorizes the vari-
ational distribution by writing the joint probability as the
product of conditional probabilities. In the VAN, we aim
to approximate the Boltzmann distribution using product of
conditional probabilities, each of which is represented by a
neural network. This is to say that if any conditional proba-
bility could be faithfully represented by a neural network, a
universal approximator, then the Boltzmann distribution can
be fit perfectly by VAN. This is conceptually important, espe-
cially when distinguished with traditional mean-field methods
where the variational approximations, e.g., the product distri-
bution or the Bethe approximation, have a fixed number of

parameters, hence, are not universal approximators,

N
q(s) = [ [ atsils <o), (Al)
i=1

where s; = (s1, .. ., S;—1) represents the state of all variables
with indices less than i. Here we see that, for the variable
with index i, its state s; depends on the variables with indices
J < ibut not on those of the variables with indices k > i. This
is called the autoregressive property in the machine learning
community. From the viewpoint of graphical models, Eq. (A1)
connects all variables through their indices to a complete
directed graph (suppose each variable is represented by a
vertex). This connection pattern is universal for all graphical
models, but it makes no conditional independence assump-
tions about the variables.

Conditional probabilities g(s;|s<;) then will be
parametrized by carefully designing neural networks to
represent the many-body interactions of the variables.
Without loss of generality, for the simplest case of the one
layer autoregressive network, the outputs can be written as

S; =0 (Z VV,‘.,'S]' + b,’) s

Jj<i

where 3, W;; is achieved by adding mask at weights W;.
Since the sigmoid function o (-) limits the output to be in the
range of (0,1), the output s; can be naturally interpreted as
a probability. In this case, the conditional probability can be
written as

q(sils<i) = (s))" (1 = 5=,

which is a Bernoulli distribution with s} = p(s; = +1|s;).
And the variational joint distribution becomes

(A2)

N
a0(s) = [ [ go(sils <o), (A3)
i=1

where 0 denotes the set of all the network parameters, such as
weights and biases.

In variational methods, the parameters 6 are adjusted to
make the variational probability distribution gy(s) as close
to the equilibrium Boltzmann distribution as possible. The
distance between two probability distributions is usually
quantified by the Kullback-Leibler (KL) divergence as [34]

q(s)

Dxi(qllp) = ;q(s)ln (%) = B(F,—F), (A4)

where

1
Fy = Zq9<s)[E(s) +5ln qe(s>] (AS5)

is the variational free energy, and F is the true free energy.
Since the KL divergence is positive, minimizing the KL di-
vergence is equivalent to minimizing F;, to its lower bound F.
Thus, the variational free energy is set to be the loss function
of the VAN. Here E(s) is the energy function of the given
model, and In gy(s) can be calculated combining Eqs. (A2)
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FIG. 5. Workflow of a variational autoregressive network.

and (A3),

N
In go(s) = Y [siIn s} + (1 — ;) In(1 — s)].

i=1

(A6)

Minimizing F; requires optimization over the network param-
eters 6. Since the objective function to optimize is a possibly
nonconvex function over parameters, so there is no method
that guarantees to work perfectly. In our paper the score func-
tion estimator [16] is adopted to calculate the gradient of the
variational free energy with respect to the network parameters,

1
VoF, = qum{ [E(s) +5n qe(S)}Vo In CIG(S)}-
(A7)

Then, the parameters can be updated using a gradient
based optimization, such as the stochastic gradient descent
or ADAM [35] in order to make the variational free energy as
small as possible. After training, the variational distribution
qo(s) will be a good approximation to the Boltzmann distribu-
tion p(s).

The workflow of a VAN is shown in Fig. 5. At first, an
autoregressive network needs to be constructed according to
factorization of the joint probability. Then we need to get sam-
ples from the autoregressive network following the variational
distribution through vertex by vertex sampling in a given or-
dering, the probability of next vertex given former vertices is
given by Eq. (A2). Then we can calculate energy E (s), entropy
In go(s) and variational free energy F; using the samples and
estimate the gradients of F;, using backpropagation and update
network parameters 6 according to Eq. (A7).

APPENDIX B: EXAMPLE OF FREE ENERGY
COMPUTATION ON THE ISING MODEL

We consider the Ising spin glass as a representative model
in which the energy function is defined as

E(o)=— Z Jijoio; — Zdﬂi,

(ij)e& i

(BI)

where o is a spin state of the system, & denotes the set of
edges, J;; is the coupling constant between two vertices i and
J of the Ising model, and 6; is the external field acting on
vertex i.

Given a configuration s of the FVS, the resulting effective
external fields acting on the vertices out of the FVS are com-
puted as

(B2)

h = Z BJijs;,

jeQNai

where i is the set of neighbors of vertex i. Then the energy
of the forest 7~ complementary to the FVS will be

Elt)=— Z Jijtit; — Ztihi~

(ij)e&r ieT

(B3)

Here &7 denotes the set of edges of the forest 7, and h; =
0; + h? is the overall external field on vertex i of the forest.
When performing leaf removal (which removes all leaves
of this graph recurrently), the whole forest will be hierar-
chized to levels with leaves on the top and roots on the bottom.
Our leaf removal ordering is constructed by appending these
levels from top to bottom to ensure that after removing ver-
tices in upper level, vertices in the next level will all be leaves.
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When a leaf i is removed from the forest, the partition function of 7~ can be written as

Z(s) =

Z e BEG:)

teT

_ Z eBlithi+Jijt) Z e BB

b

= 2 cosh B(J;jt; + hy) Ze_ﬂE\i(t\i)

ty

cosh B(—J; + hy)

t; h 8(Ji; + h; _BE (1.
= 2,/cosh B(J;; + h;) cosh B(—Ji; + h:) exp |:§] In (M>] Z e PRV
1y

= 2,/cosh B(J;; + h;) cosh B(—J;j + h:) Z Pl e=PE )

= 2\/COSh ,B(Jl] + h;) cosh ,3(—.]1'_,' + h,')Z\,',

where E\;(t\;) represents energy with vertex i and its interac-
tion excluded, E\;;(#\;) = E\;(t\;) — h;t; and h/j is the external
field that combines the original external field of vertex j and
an external field vertex i exert on j.

Thus, when a leaf vertex i is removed from the graph,
it gives a factor of 2\/cosh BWij + h;)cosh B(—J;; + h;) to
the partition function, and changing the external field of its
neighbor j is expressed as

1 < cosh ,B(Jij +h,) )

Wy=hj+ —
2,3 cosh ﬂ(_Jij +I’l,)

For the root vertex k, the factor is 2 cosh Bh; since it has no
neighbors when removed.

Multiplying these factors together and combining Egs. (4)
and (5), the effective energy of the FVS can be analytically
expressed as

(BS)

E(s) = Eq(s) + ~ > Iny/4 cosh B(Jij + h)

(i,))e&r
+ Z In /4 cosh B(—Jij + hy)
(i,))e&r

+ Zln[Z cosh(,Bh,-)]j|.

ierR

(B6)

Here R denotes set of roots of the remaining forest, and A;
is the effective field acting on vertex i when j is a neighbor
of i.

APPENDIX C: EXPERIMENTAL SETTINGS

In the first experiment, we compare correlations of three
methods based on spin glass models. Since connected corre-
lations calculation of MCMC is straightforward, here we only
introduce how to calculate connected correlations in the other
two methods.

For the belief propagation, we adopt the scheme of
Ref. [36] by propagating cavity fields &;_, ;. As long as cavity
fields reach their fixed point, we can calculate physical quan-

2%

(B4)

(

tities based on them. The magnetization of vertex i is

m; = Z arctanh[tanh(BJ;;) tanh(Bh; )],

jedi

(ChH

where 07 represents all neighbors of vertex i. And connected
correlation of i and j is

Pl cosh Bh'; — e=Pu cosh Bhy;
ePlis cosh Bh; + e=Pli cosh Bh;;

(si8j)c = —mm;, (C2)
where h;; = /’l,‘*)j + l’lj*),' and ]’ll; = hi~>j — hj*)i-

For our method, calculations can be a little obscure since
we only have samples of FVS vertices, but correlations of
all edges are needed. But we can start from the definition of

correlations,
E 5i8;P(8i8)

SiSj

s\s,v/
E S

SiSj

(sisj) =

e PE®)

¢ PE(ug)

Sl'\\
= SiSi
Z Iy e BEG)

Ny Sr»s
Zy+Z -7 -7,
S, e PEGN) ’

where S, = Stvsij 15 the state of FVS vertices plus vertex
i and j, Z++ = Zsfvg e*ﬁE(SmlSi:+1,s,-=+1)_ Then both the nu-
merator and the denominator can be calculated using our
method. (s;) can be calculated similarly as
Z,—7_
(51) = =, (C4)
ZS:'VS e_ﬂ (Stvs)

where Z, =Y e PEGwIS=tD " Connected correlations of
entire graph can be calculated with expressions above.

In the second experiment, our method, two architectures
from original version of VAN, and the belief propagation
are implemented on a 16 x 16 2D ferromagnetic Ising model

with open boundary conditions. For dense and convolution

(C3)
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TABLE I. Hyperparameters of Fig. 2.

Dense Convolution FVS
Batch 1x10° 1 x10° 1 x10*
Net depth 3 3 2
Net width 4 64° 3
Maximum step 1 x10* 1 x 10* 1 x10*
Learning rate 1x1073 1x1073 1 x 1073
Number of parameters” 1577216 714113 22532

#For convolution, this number represents channels.
®This quantity is not a hyperparameter, but we list it here for
comparison.

architectures, we borrow hyperparameter settings from
Ref. [8]. All hyperparameters used in this experiment are
listed in Table I. Since all these methods have been fine-tuned
for their best performance, there are some differences on the
hyperparameter settings.

In the third experiment in the main text, two methods
are implemented on random regular graphs to compare their
running times and convergence speed. Hyperparameters, such
as batch size, depth of the neural network, and learning rate
used in Fig. 3(a) are all the same for two methods, whereas
the numbers of trainable parameters differs a lot: 63 503 for
the FVS and 1002 000 for the dense VAN, for a random graph
of size N = 1000. We see our method massively decreases the
number of hyperparameters. The hyperparameters of Fig. 3(b)
are similar to Fig. 3(a) with the only difference on the number
of vertices.

In the fourth experiment, we run BP and our method on the
censored block model defined on small-world networks. The

belief propagation is written as

BoJikoiok
wi‘)j . erai\j Z(rk €
o Zi—j

k—i
Ok

) (C5)

where W;’j is the probability of node i being as spin or group
o; with node j removed from the graph. After Eq. (C5) con-
verged or iterated 2000 iterations, we evaluate the marginal of
every variable as

Jixoi k—i
i nkeﬁi erk eﬂo ook 1//0,(_”
wa'» Zi .

For our method, one-layer VAN will be enough to approxi-
mate the posterior distribution Eq. (10), which contains /(I +
1)/2 parameters (/ is the size of FVS). After training, samples
of FVS will be obtained, but they cannot used to directly infer
ground truth. This is because unlike other methods, there is
no spontaneous symmetry breaking of VAN, which means
samples of VAN can be divided into two equally probable
part with opposite orientation so all marginals will tend to be
0. Thus, manual symmetry breaking needs to be performed to
these samples to break the Z, symmetry of the censored block
model. We pick a sample o7 with lowest energy as a target and
flip all other samples according to inner products,

(C6)

ajzsgn(oj-al)*aj. (C7)

After flipping, marginals can be calculated. For FVS vertices,
marginals can be calculated from VAN samples, whereas for
non-FVS vertices, Eq. (C4) can be used. Then the inferred

assignment of node i will be
si = sgn({07)) , (C8)

then the fraction overlap is calculation according to Eq. (11).

i ° b [
1073 A 1
=
e
E
=
21074 ]
k=
<
~
107> A q
o ) o
[ ]
[ ] [ ] [ ] [ ]
° ° PY ° o . °
- ® L] ® L] o 4
87 84 86 87 85 84 84 89 83 86 BP 1 2 3 4 5 6 7 8 9 10 BP
FVSes Orderings

FIG. 6. Relative errors on free energy given by our method with different FVSes (left panel) and different orderings (right panel) compared
to the BP which are shown as the right most ones in the figures. Labels in the left panel represent sizes of the FVSes whereas labels in the right
panel represent ordering 1-10. The physical model here is the 16 x 16 2D ferromagnetic Ising model with the open boundary condition and

the inverse temperature g = 1.0.
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APPENDIX D: DIFFERENCES OF FVS SELECTIONS
AND ORDERINGS

For our approach, the FVS plays an important part since all
the following procedures depend on the initial choice of FVS.
One may wonder the selection of FVS (which vertices and
how many vertices is contained in the FVS) and the ordering
of vertices, may affect the final result. Here we provide two
experiments to show differences.

Similar to Fig. 2, the 16 x 16 2D ferromagnetic Ising
model with the open boundary condition is chosen as our

physical model and the inverse temperature $ is set to be 1.
We run coreHD [11] ten times to get ten different FVSes then
adopt our approach on these FVSes. Besides, we permute a
FVS to get ten different orderings and adapt our approach ac-
cordingly to get free energies. The results are shown in Fig. 6,
we also list the result of BP for comparison. As can be seen,
relative error variances of both experiments are extremely low,
and under all circumstances results of our approach are around
1000 times better than the BP result. These results clearly
indicate that choices and orderings of FVSes will not make
a huge difference in our method.

[1] M. Newman, Networks: An Introduction (Oxford University
Press, Oxford, 2018).

[2] M. Mézard, G. Parisi, and R. Zecchina, Analytic and algorith-
mic solution of random satisfiability problems, Science 297,
812 (2002).

[3] M. P. Fossorier, M. Mihaljevic, and H. Imai, Reduced complex-
ity iterative decoding of low-density parity check codes based
on belief propagation, IEEE Trans. Commun. 47, 673 (1999).

[4] M. Mézard and A. Montanari, Information, Physics and Com-
putation (Oxford University Press, Oxford, 2009).

[5] H. Bethe, Statistical theory of superlattices, Proc. R. Soc.
London, Ser. A 150, 552 (1935).

[6] J. S. Yedidia, W. T. Freeman, and Y. Weiss, Understanding
belief propagation and its generalizations, in Exploring Arti-
ficial Intelligence in the New Millennium (Morgan Kaufmann
Publishers Inc., San Francisco, CA, 2003)pp. 239-269.

[7] R. Kikuchi, A theory of cooperative phenomena, Phys. Rev. 81,
988 (1951).

[8] D. Wu, L. Wang, and P. Zhang, Solving Statistical Mechanics
Using Variational Autoregressive Networks, Phys. Rev. Lett.
122, 080602 (2019).

[9] I. Goodfellow, Y. Bengio, and A. Courville, Deep Learning
(MIT Press, Cambridge, MA, 2016).

[10] H. J. Zhou, Spin glass approach to the feedback vertex set
problem, Eur. Phys. J. B 86, 455 (2013).

[11] L. Zdeborova, P. Zhang, and H. J. Zhou, Fast and simple decy-
cling and dismantling of networks, Sci. Rep. 6, 37954 (2016).

[12] J. Pearl, Probabilistic Reasoning in Intelligent Systems: Net-
works of Plausible Inference (Morgan Kaufman Publishers, Inc.,
San Francisco, 1988).

[13] B. C. Csdji et al., Approximation with artificial neural networks,
Faculty of Sciences, Etvs Lornd University, Hungary 24, 7
(2001).

[14] D. J. Thouless, P. W. Anderson, and R. G. Palmer, Solu-
tion of’solvable model of a spin glass’, Philos. Mag. 35, 593
(1977).

[15] Bishop and C. M, Pattern Recognition and Machine Learning
(Springer, New York, 2006).

[16] R.J. Williams, Simple statistical gradient-following algorithms
for connectionist reinforcement learning, Mach. Learn. 8, 229
(1992).

[17] A. Braunstein, G. Catania, and L. Dall’ Asta, Loop Corrections
in Spin Models through Density Consistency, Phys. Rev. Lett.
123, 020604 (2019).

[18] T. P. Minka, Expectation propagation for approximate bayesian
inference, in UAI’0] Proceedings of the Seventeenth Confer-
ence on Uncertainty in Artificial Intelligence, Seattle, WA, 2001
(Kaufmann, San Francisco, CA, 2001), pp. 362-369.

[19] A. Saade, M. Lelarge, F. Krzakala, and L. Zdeborovd, Spectral
detection in the censored block model, in 2015 IEEE Interna-
tional Symposium on Information Theory (ISIT), Hong Kong,
2015 (IEEE, Piscataway, NJ, 2015), pp. 1184-1188.

[20] L. Viana and A. J. Bray, Phase diagrams for dilute spin glasses,
J. Phys. C 18, 3037 (1985).

[21] W. W. Zachary, An information flow model for conflict and
fission in small groups, J. anthropological Res. 33, 452 (1977).

[22] L. A. Adamic and N. Glance, The political blogosphere and
the 2004 us election: divided they blog, in Proceedings of the
3rd International Workshop on Link Discovery, Chicago (ACM,
New York, 2005), pp. 36-43.

[23] M. Kac and J. C. Ward, A combinatorial solution of the two-
dimensional ising model, Phys. Rev. 88, 1332 (1952).

[24] A. van den Oord, N. Kalchbrenner, and K. Kavukcuoglu, Pixel
recurrent neural networks, in International Conference on Ma-
chine Learning, New York, 2016 (PMLR, New York, 2016), pp.
1747-1756.

[25] Y. Iba, The nishimori line and bayesian statistics, J. Phys. A 32,
3875 (1999).

[26] L. Zdeborova and F. Krzakala, Statistical physics of inference:
Thresholds and algorithms, Adv. Phys. 65, 453 (2016).

[27] Y.J. Wang and G. Y. Wong, Stochastic blockmodels for directed
graphs, J. Am. Stat. Assoc. 82, 8 (1987).

[28] F. Krzakala, C. Moore, E. Mossel, J. Neeman, A. Sly, L.
Zdeborovd, and P. Zhang, Spectral redemption in clustering
sparse networks, Proc. Natl. Acad. Sci. USA 110, 20935 (2013).

[29] A. Decelle, F. Krzakala, C. Moore, and L. Zdeborova, Asymp-
totic analysis of the stochastic block model for modular
networks and its algorithmic applications, Phys. Rev. E 84,
066106 (2011).

[30] D. J. Watts and S. H. Strogatz, Collective dynamics of ’small-
world’ networks, Nature (London) 393, 440 (1998).

[31] T. N. Kipf and M. Welling, Semi-supervised classification with
graph convolutional networks, in ICLR 2017 : International
Conference on Learning Representations 2017, Toulon, France,
2017 (2017).

[32] P. Zhang, Y. Zeng, and H. J. Zhou, Stability analysis
on the replica-symmetric and first-
step replica-symmetry-broken cavity solutions of the

finite-temperature

012103-11


https://doi.org/10.1126/science.1073287
https://doi.org/10.1109/26.768759
https://doi.org/10.1098/rspa.1935.0122
https://doi.org/10.1103/PhysRev.81.988
https://doi.org/10.1103/PhysRevLett.122.080602
https://doi.org/10.1140/epjb/e2013-40690-1
https://doi.org/10.1038/srep37954
https://doi.org/10.1080/14786437708235992
https://doi.org/10.1023/A:1022672621406
https://doi.org/10.1103/PhysRevLett.123.020604
https://doi.org/10.1088/0022-3719/18/15/013
https://doi.org/10.1086/jar.33.4.3629752
https://doi.org/10.1103/PhysRev.88.1332
https://doi.org/10.1088/0305-4470/32/21/302
https://doi.org/10.1080/00018732.2016.1211393
https://doi.org/10.1080/01621459.1987.10478385
https://doi.org/10.1073/pnas.1312486110
https://doi.org/10.1103/PhysRevE.84.066106
https://doi.org/10.1038/30918

PAN, ZHOU, ZHOU, AND ZHANG

PHYSICAL REVIEW E 103, 012103 (2021)

random vertex cover problem, Phys. Rev. E 80, 021122
(2009).

[33] J.-G. Liu, L. Wang, and P. Zhang, Tropical tensor network for
ground states of spin glasses, arXiv:2008.06888.

[34] D. MacKay, Information Theory, Inference and Learning Algo-
rithms (Cambridge University Press, Cambridge, UK, 2003).

[35] D. P. Kingma and J. L. Ba, Adam: A method for stochas-
tic optimization, in ICLR 2015 : International Confer-
ence on Learning Representations, San Diego, CA, 2015
(2015).

[36] H. J. Zhou, Spin Glass and Message Passing (Science, Beijing,
2015).

012103-12


https://doi.org/10.1103/PhysRevE.80.021122
http://arxiv.org/abs/arXiv:2008.06888

