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Unraveling the role of coherence in the first law of quantum thermodynamics
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One of the fundamental questions in the emerging field of quantum thermodynamics is the role played by
coherence in energetic processes that occur at the quantum level. Here we address this issue by investigating two
different quantum versions of the first law of thermodynamics, derived from the classical definitions of work
and heat. By doing so, we find out that there exists a mathematical inconsistency between both scenarios. We
further show that the energetic contribution of the dynamics of coherence is the key ingredient to establish the
consistency. Some examples involving two-level atomic systems are discussed in order to illustrate our findings.
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I. INTRODUCTION

More than a century after the conception of its laws,
thermodynamics continues to unveil the underlying nature
of many different physical mechanisms [1–4]. The hallmark
of the theory is the effective description of the internal be-
havior of complex macroscopic systems without taking into
consideration the fundamental properties of the microscopic
constituents [5–7]. In general terms, the method through
which thermodynamics succeeded in realizing such an im-
pressive task was by focusing on the study of how the total
energy of the system can change and on the constraints im-
posed by nature about the possible changes. Central to the
first question is the first law, which states the conservation of
energy: “In a system that cannot exchange any matter with the
surrounding medium, work and heat are the only two forms of
energy transfer” [6]. Work is the transfer of energy that results
from changes in the generalized coordinates that characterize
the system, such as volume, electric polarization, and magne-
tization [6,7]. In turn, heat is defined as the energy transfer
that accompanies an entropy transfer between the system and
its surroundings [6,7].

Besides the astonishing universality of the laws of thermo-
dynamics, another remarkable characteristic of the theory is
the demand of so few physical quantities to fully describe a
myriad of different processes. Work, heat, and temperature
are some examples. The reason is that such quantities are
a product of the average collective behavior of the system’s
constituents. Nevertheless, when we deal with systems with a
small number of constituents, fluctuations of these thermody-
namic quantities become relevant due to the erratic molecular
motion, and this is where the field of stochastic thermodynam-
ics comes into play in order to account for these probabilistic
aspects [8,9]. In a similar fashion, if we deal with even smaller
systems, allied with the thermal fluctuations, quantum effects
become prominent, which adds even more unpredictability to
the physical quantities involved in the problem. In order to
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cope with these cases, quantum thermodynamics has emerged
with the idea of investigating the laws of thermodynamics in
the quantum regime [10–13], trying to maintain their original
simplicity [14–17]. To this end, it is crucial to unravel the
actual influence of quantum phenomena such as coherence
and entanglement on these laws [18–30].

In this work, we study the extension of the first law of
thermodynamics to the quantum domain in two different per-
spectives: One starting from the classical definition of work
and the other from the classical definition of heat. We then
observe that the obtained results for the quantum work and
heat in their respective scenarios, when put together, are not
in agreement with the classical form of the first law. However,
we solve this problem by examining the energetic contribution
of the dynamics of coherence that occurred in the quantum
transformation, an element which is absent in both classical
and stochastic thermodynamics. We also demonstrate that the
contributions of work, heat, and coherence change present a
particularly interesting symmetry with respect to the quantum
dynamic variables that characterize the process. Our findings
are discussed in the light of the normal Zeeman effect, the
Rabi oscillation, and the spontaneous emission cases, all in
the simple framework of two-level atomic systems.

II. FIRST LAW FROM THE CLASSICAL
CONCEPT OF WORK

To start, we survey the main ideas behind the interpreta-
tion of the first law of quantum thermodynamics formulated
with basis on the classical notion of work, which is largely
accepted in the literature [31–33]. Let us consider the working
substance as an arbitrary quantum system, whose Hamiltonian
can be written as Ĥ = ∑

n En |n〉 〈n|, where En = 〈n|Ĥ |n〉 and
|n〉 are the nth energy eigenvalue and eigenstate, respectively.
In this perspective, we can define the internal energy of the
system as given by the average of Ĥ ,

U = 〈Ĥ〉 = tr{ρ̂Ĥ} =
∑

n

PnEn, (1)

where ρ̂ is the density operator of the system and Pn = 〈n|ρ̂|n〉
is the probability of the system being in the nth state. In
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calculating the trace operation in the last equality, the two op-
erators were represented in the energy eigenstate basis {|n〉}.
We also observe that dU = ∑

n[EndPn + PndEn], from which
the work performed and the heat exchange by the working
substance in a given infinitesimal transformation can be iden-
tified as

-dW :=
∑

n

PndEn (2)

and

-dQ :=
∑

n

EndPn, (3)

respectively [31–34].
In order to make such an intuitive identification, we implic-

itly invoke the classical concept of work: “the work realized
on or by the working substance is the change in the internal
energy produced by modifications in the generalized coor-
dinates” [6,7,35]. In terms of quantum mechanics, such a
modification in the generalized coordinates naturally causes
alterations in the energy-level configuration En, which justifies
Eq. (2). Having established this point, we are left with the
definition of heat, according to Eq. (3), as being a result of
variations in the occupation probabilities of the energy levels,
Pn. This is a reasonable interpretation, but it is not a direct
extension of the classical concept of heat, as we shall see.
In any case, taken together, these two relations provide a
quantum version of the first law analogous to that of classical
thermodynamics, dU = -dW + -dQ.

To illustrate these definitions, let us consider the important
case of an isothermal process of a quantum system in thermal
equilibrium with a heat bath at a temperature T [34,36]. In this
case, we assume the initial state of the system as the (thermal)
Gibbs state

ρ̂th =
∑

n

e−βEn

Z
|n〉 〈n| , (4)

where Z = ∑
n e−βEn is the partition function and β = 1/kBT ,

with kB the Boltzmann’s constant. We also note that Pn =
e−βEn/Z . For this equilibrium state we can also define
the free energy as F = −kBT ln(Z ), which provides dF =
−kBT dZ/Z = ∑

n PndEn. By comparison of this result and
Eq. (2) we can write that

-dW = dF, (5)

as expected for an infinitesimal isothermal process. On the
other hand, in what concerns the above definition of heat,
we observe that En = −kBT ln(ZPn), which, if substituted into
Eq. (3), yields -dQ = −kBT

∑
n ln(Pn)dPn, where we used the

fact that
∑

n dPn = 0, because
∑

n Pn = 1. For this case, in
which the density operator is diagonal in the energy eigenstate
basis, the von Neumann entropy of the system can be written
simply as

S = −kB

∑
n

Pnln(Pn). (6)

This allows us to write dS = −kB
∑

n ln(Pn)dPn, where we
used again the fact that

∑
n dPn = 0. Therefore, we find that

-dQ = T dS, (7)

which is also the classical result for an infinitesimal isothermal
transformation. In the end, Eqs. (5) and (7) provided results
for a quantum isothermal process which are consistent with
the definitions of work and heat of the classical counterpart.

III. FIRST LAW FROM THE CLASSICAL
CONCEPT OF HEAT

Here we want to revisit the formulation of the first law in
the quantum realm but now based on a extension of the classi-
cal notion of heat. Recently, some works have addressed this
issue based on a similar perspective [37,38]. To begin with, we
reevaluate the internal energy of the working substance as in
Eq. (1). However, instead of using the energy eigenstate basis
{|n〉} to calculate the trace, we use the eigenstate basis of the
density operator {|k〉}, which in general is different from {|n〉},

U = 〈Ĥ〉 = tr{ρ̂Ĥ} =
∑

k

ρkεk, (8)

with ρk = 〈k|ρ̂|k〉 being the eigenvalues of ρ̂, i.e., ρ̂ =∑
k ρk |k〉 〈k|, and εk = 〈k|Ĥ |k〉 the diagonal elements of Ĥ

represented in the {|k〉} basis. From Eq. (8), we have that

dU =
∑

k

[εkdρk + ρkdεk]. (9)

We also have that the von Neumann entropy of the system
is given by S = −kBtr{ρ̂logρ̂} = −kB

∑
k ρklogρk . Accord-

ingly, we obtain that

dS = −kB

∑
k

[log(ρk )dρk], (10)

where we used the fact that
∑

k dρk = 0, once
∑

k ρk = 1,
which holds whenever the system evolves under a trace-
preserving quantum operation.

At this point, we invoke the classical concept of heat:
“the heat exchanged between the working substance and the
external environment corresponds to the change in the internal
energy that is accompanied by entropy change” [6,35]. In
terms of quantum mechanics, this definition together with
Eq. (10) tell us that the contribution of heat to the change in
the internal energy of the system is revealed to exist only if
dρk �= 0. Therefore, the extension of the classical concept of
heat leads us to identify work and heat in the quantum domain
alternatively as

-dW :=
∑

k

ρkdεk (11)

and

-dQ :=
∑

k

εkdρk, (12)

respectively. These definitions also allow us to write a quan-
tum version of the first law, dU = -dW + -dQ.

As an application of this alternative version, let us once
again study the case of an isothermal quantum process. The
analysis becomes trivial if we observe that the system is
described by a thermal state as that of Eq. (4) during the
entire transformation, and that this state is diagonal both in
the {|n〉} and {|k〉} bases. In this specific case, it is easy to see
that En = εk and Pn = ρk , so that -dW = -dW and -dQ = -dQ.
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That is, the definitions of work and heat are the same in both
perspectives. As a result, Eqs. (5) and (7) are also recovered
in this alternative formulation of the first law.

IV. THE ROLE OF COHERENCE

In classical thermodynamics, the concepts of work and
heat, as presented in the Introduction, are consistent with
each other in unambiguously separating on phenomenological
grounds the two possible contributions to a change in the
internal energy of the system. We also have seen above that
this consistency encompasses the case of quantum isother-
mal processes. In this context, we now pose the question of
whether this is the case that these classical concepts of work
and heat can always be promptly extended to the quantum
domain, while keeping the structure of the first law. In order
to answer this question, we need to investigate the equivalence
between the two mathematical formulations of work and heat
derived above for a general quantum process.

Let us first investigate whether there is some correspon-
dence between the two work expressions discussed above. The
one obtained from the classical concept of work, Eq. (2), can
be rewritten as

-dW =
∑

n

PndEn =
∑

n

〈n|
(∑

k

ρk |k〉 〈k|
)

|n〉 dEn

=
∑

n

∑
k

ρk|cn,k|2dEn, (13)

with cn,k = 〈n|k〉. On the other hand, the work expression
derived based on the classical concept of heat, Eq. (11), yields

-dW =
∑

k

ρkdεk =
∑

k

ρkd[〈k|
(∑

n

En |n〉 〈n|
)

|k〉]

=
∑

k

ρkd

[∑
n

En|cn,k|2
]

=
∑

n

∑
k

ρk|cn,k|2dEn +
∑

n

∑
k

(Enρk )d[|cn,k|2]

= -dW + -dC, (14)

where in the last equality we used the result of Eq. (13) and
defined

-dC =
∑

n

∑
k

(Enρk )d[|cn,k|2]. (15)

This path-dependent contribution to the change of the internal
energy represents the quantitative difference between the two
expressions of the quantum work obtained from the classical
concepts of work and heat.

Before commenting further on the quantity of Eq. (15), let
us move on to the comparison between the two expressions of
quantum heat discussed here. The one obtained with basis on
the classical concept of heat, Eq. (12), can be rewritten as

-dQ =
∑

k

εkdρk =
∑

k

〈k|
(∑

n

En |n〉 〈n|
)

|k〉 dρk

=
∑

n

∑
k

En|cn,k|2dρk . (16)

Conversely, the other obtained from the classical concept of
work, Eq. (3), provides that

-dQ =
∑

n

EndPn =
∑

n

End

[
〈n|

(∑
k

ρk |k〉 〈k|
)

|n〉
]

=
∑

n

End

[∑
k

ρk|cn,k|2
]

=
∑

n

∑
k

En|cn,k|2dρk +
∑

n

∑
k

(Enρk )d[|cn,k|2]

= -dQ + -dC, (17)

where in the last equality we used the definitions of Eqs. (15)
and (16).

Having completed our comparative analysis, it is now clear
from Eqs. (14) and (17) that the two quantum extensions of the
first law of thermodynamics are not equivalent. Furthermore,
the difference lies essentially in how the contribution of -dC to
the change of the internal energy of the system is categorized,
whether as work or heat. The formalism based on the clas-
sical concept of work considers -dC strictly as heat, Eq. (17),
whereas the formalism based on the classical concept of heat
considers it as work, Eq. (14). As can be seen, it is essential
to examine the physical origin of -dC to solve this conundrum.
From Eq. (15) we see that -dC does not depend on either dEn

or dρk , which would lead us to directly classify it as work or
heat, respectively. Instead, it depends on the variation of the
quantity |cn,k (t )|2 = | 〈n(t )|k(t )〉 |2. In a quantum process, this
quantity varies only if the directions of the basis vectors |k〉 of
the density operator change with respect to the basis vectors
|n〉 of the Hamiltonian. Physically, such a variation occurs if
the quantum coherence of the system (in the energy eigenstate
basis) changes with time [27,39].

In this form, we see that the dynamics of coherence plays a
fundamental and exclusive role in the quantum version of the
first law of thermodynamics, which is independent of those
of the quantum work and heat derived from their respective
classical analos. The energetic contribution of the dynamics
of coherence with time in a finite quantum process is obtained
by integration of Eq. (15),

C(t ) =
∑

n

∑
k

∫ t

0
(Enρk )

d

dt ′ |cn,k|2dt ′. (18)

This expression can be in principle calculated if we are given
ρ̂(t ) and Ĥ (t ). Having found out the role of coherence in the
first law, we are left with the definitions of quantum work and
heat, which are obtained directly from their original classical
concepts, Eqs. (13) and (16). The time dependence of these
quantities in a finite quantum process can also be calculated
by direct integration:

W (t ) =
∑

n

∑
k

∫ t

0
ρk|cn,k|2 dEn

dt ′ dt ′, (19)

Q(t ) =
∑

n

∑
k

∫ t

0
En|cn,k|2 dρk

dt ′ dt ′. (20)

As can be seen, there exists a remarkable symmetry in
Eqs. (18), (19), and (20) with respect to the dependence on
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the quantum dynamic elements En(t ), ρk (t ), and |cn,k (t )|2.
In parallel with W and Q, the path-dependent quantity C
unambiguously represents the role played by coherence in the
first law. In addition, since C does not have a classical analog
such as W and Q, here we propose a redefinition of the first
law of quantum thermodynamics as

dU = -dW + -dQ + -dC. (21)

Note also that the change in the internal energy acquires an
interesting form,

�U (t ) =
∑

n

∑
k

∫ t

0

d

dt ′ (Enρk|cn,k|2)dt ′. (22)

In Eq. (21), we separate the semiclassical contributions of
work and heat to dU from the purely quantum mechanical
contribution due to the dynamics of coherence. This is our
main result, which shall be examined on the basis of some
examples.

V. EXAMPLES

We now apply our findings to three well-known processes
that occur in atomic systems. In the following examples,
the working substance is considered to be a two-level atom,
whose ground and excited states, |g〉 and |e〉, have energies
Eg and Ee, respectively, so that the Hamiltonian is given by
ĤS = Eg |g〉 〈g| + Ee |e〉 〈e|. The first process to be studied
is the normal Zeeman effect. In this case, if we suppose
that the atom is in the excited state and that the magnetic
quantum numbers of |g〉 and |e〉 are respectively m = 0 and
m = 1, then the application of an external magnetic field
of magnitude B causes a shift in the transition energy of
�U = (eh̄/2me)B, where e and me are the charge and mass of
the electron, respectively, and h̄ is Planck’s constant [40,41].
From our viewpoint, the application of the magnetic field
causes a change in the energy-level configuration (dEn �= 0),
which can be interpreted as realization of work on the atom.
Still, due to the absence of entropy and coherence changes
(dρk = d|cn,k|2 = 0), we have that �U = W = (eh̄/2me)B
and Q = C = 0.

Our second example is the Rabi oscillation. This process
takes place when the atom is in the presence of a strong reso-
nant electromagnetic field. In this case, if we consider that the
atom starts out in the ground state at t = 0, then its time evo-
lution is given by |ψ (t )〉 = cos(�Rt/2) |g〉 + i sin(�Rt/2) |e〉,
where �R is the so-called Rabi frequency [40–42]. This cor-
responds to a pure state evolution, ρ̂(t ) = |ψ (t )〉 〈ψ (t )|, that
together with the Hamiltonian of the system ĤS allows us to
study the first law. Since the energy levels are fixed and the
state is pure along the entire quantum dynamics (dEn = dρk

= 0), we have that W = Q = 0. In turn, by using Eq. (18)
we find that C(t ) = [cos2(�Rt/2) − 1]Eg + [sin2(�Rt/2)]Ee.
Thus, the only contribution to the change in the internal en-
ergy is due to the dynamics of coherence, �U (t ) = C(t ) [43].
Figure 1 illustrates this behavior.

As a last example, we consider the problem of the sponta-
neous emission of a photon [41,42], in which case the atom
is assumed to be initially prepared in the state |ψ (0)〉 =
1/

√
2(|g〉 + |e〉), and the time evolution described by means

FIG. 1. First-law description of the Rabi oscillation, in which an
external field causes an unitary transformation in the state of the
atom from |g〉 to |e〉. The change in the internal energy is completely
related to the dynamics of coherence, �U (t ) = C(t ). Inset: Bloch
sphere representation of the process in the yz plane. The blue regions
indicate higher coherence.

of the amplitude-damping channel [44,45]. In this case, if we
suppose that the probability of a decaying event per unit time
is �, then the density operator as a function of time, in the
energy basis {|g〉 , |e〉}, is given by [43]

ρ̂(t ) = 1

2

(
2 − e−�t e−�t/2

e−�t/2 e−�t

)
. (23)

Again, with this density matrix along with the Hamiltonian
of the system, ĤS , describing the quantum dynamics, all rel-
evant functions of Eq. (21) can be evaluated for this process.
Since the energy eigenvalues are constant (dEn = 0), obvi-
ously no work is done, W = 0. Nevertheless, if we calculate
the eigenvalues and eigenstates of ρ̂(t ), then we can obtain
C(t ) and Q(t ) by means of Eqs. (18) and (20) [43]. The results
presented in Fig. 2 show that heat is first released and then

FIG. 2. First-law description of the nonunitary spontaneous
emission process. In the quantum dynamics from |ψ (0)〉 =
1/

√
2(|g〉 + |e〉) to |g〉, both heat and the dynamics of coherence con-

tribute to the change in the internal energy, �U (t ) = Q(t ) + C(t ).
We assumed � = 1 for simplicity. Inset: Bloch sphere representation
of the process in the xz plane. The blue regions indicate higher
coherence.

062152-4



UNRAVELING THE ROLE OF COHERENCE IN THE FIRST … PHYSICAL REVIEW E 102, 062152 (2020)

absorbed by the atom, which is a reflection of the entropy
oscillation [46]. The process also causes a maximum extrac-
tion of coherence from the atom, which renders a prominent
contribution to the decrease in the internal energy.

VI. OUTLOOK AND CONCLUSIONS

Let us now discuss our approach to the first law of quantum
thermodynamics in connection with others developed in re-
cent years. We must call attention to the fact that all energetic
contributions proposed here, Eqs. (18) to (20), were derived
from the assumption that the internal energy of a given quan-
tum system is equivalent to the average of its energy, which
is an idea originally proposed by Alicki [31]. We then deter-
mined what portion of the internal energy could be considered
as quantum work and heat, based on the definitions of their
classical counterparts, from which we could explicitly work
out the role played by coherence in the first law. Given this
line of reasoning, we must also interpret Eqs. (18) to (20)
as the average contributions of coherence, work and heat to
the change in the internal energy of the quantum system,
irrespective of whether the transformation protocol is an equi-
librium or nonequilibrium process. Of course, these averages
are quantities that become important in the so-called many-
runs regime [23], i.e., when a large number of realizations of
the transformation protocol is performed on an ensemble of
equally prepared individual systems.

The study of this regime is particularly useful in describing
quantum heat engines [34,47]. Moreover, this is the scenario
in which are applicable the fluctuation relations, such as
Jarzynski’s equality [48,49] and Crooks’ theorem [50], which
relate nonequilibrium fluctuating quantities with equilibrium
state functions [51,52]. In this context, some relevant ques-
tions arise, e.g., how the present results could be extended
to the single-shot regime, in which the fluctuations are very
large, and a probabilistic treatment is required. Such a study
would also allow making a direct comparison with the re-
source theory approach to thermodynamics [53].

It is also important to point out that the thermody-
namic quantities studied here were conveniently derived
by investigating the system, without considering directly
either the characteristics of the environment or the system-
environment interaction. However, interesting thermody-
namic and information-theoretic effects appear when such
elements are taken into account [54]. For instance, in the
strong-coupling regime of interaction, in which entangle-
ment is established between the system and environment, the
amount of heat leaving the system may be very different from
that which enters the environment. In fact, these quantities are
equivalent only in the weak-coupling regime, when system
and environment can be considered as uncorrelated during
the entire transformation process. These effects can be better
understood if we recall the subadditivity of the von Neumann
entropy for composite quantum systems [44].

In conclusion, we have used the very notions of work and
heat of classical thermodynamics, which have their origins
respectively in the changes of the generalized coordinates
and entropy of the system to propose analogous counter-
parts in the quantum regime. Having these definitions and
investigating their action on the first law, we demonstrate

that the role played by quantum coherence in the change
of the internal energy has an origin independent of those
of work and heat. Evidently, this physical influence due to
coherence has no place in classical processes. Further, we
quantitatively demonstrated the contributions of work, heat
and coherence dynamics in the first law, and used them to
study some quantum transformations in the framework of a
two-level atom. The present approach sheds a new light on
the issue of harnessing coherence for applications in future
technologies based on quantum thermodynamic systems.
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APPENDIX A: THERMODYNAMICS OF THE RABI
OSCILLATION

In this section, we detail the study of the quantum version
of the first law of thermodynamics for the Rabi oscillation
case, according to Eq. (21). As pointed out in the main text,
the time evolution of the atom, initially prepared in the state
|g〉, is given by

|ψ (t )〉 = cos(�Rt/2) |g〉 + i sin(�Rt/2) |e〉 , (A1)

which provides the density operator

ρ̂(t ) = cos2(�Rt/2) |g〉 〈g| + sin2(�Rt/2) |e〉 〈e|

− i

2
sin(�Rt ) |g〉 〈e| + i

2
sin(�Rt ) |e〉 〈g| . (A2)

The Hamiltonian of the system is

ĤS = Eg |g〉 〈g| + Ee |e〉 〈e| . (A3)

From Eq. (A2), the eigenvectors of ρ̂(t ) can be found to be

|k0(t )〉 = cos(�Rt/2) |g〉 + i sin(�Rt/2) |e〉 (A4)

and

|k1(t )〉 = sin(�Rt/2) |g〉 − i cos(�Rt/2) |e〉 , (A5)

with the respective time-independent eigenvalues ρ0 = 1 and
ρ1 = 0. It is easy to see that the energy eigenvalues are Eg and
Ee.

At this point, we are now in a position to calculate the
energetic contribution due to the dynamics of coherence in
this process, according to Eq. (18):

C(t ) =
∑

n

∑
k

∫ t

0
(Enρk )

d

dt ′ |cn,k|2dt ′

= Eg

∫ t

0

d

dt ′ | 〈g|k0(t ′)〉 |2dt ′ + Ee

∫ t

0

d

dt ′ | 〈e|k0(t ′)〉 |2dt ′

= Eg

∫ t

0

d

dt ′ | cos(�Rt ′/2)|2dt ′
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+ Ee

∫ t

0

d

dt ′ |i sin(�Rt ′/2)|2dt ′

= Eg[cos2(�Rt/2) − 1] + Ee[sin2(�Rt/2)]. (A6)

This is the result presented in the main text. The other re-
sults, W = Q = 0 and �U (t ) = C(t ), are clearly seen from
Eqs. (19) to (22), and the fact that dEn = dρk = 0.

APPENDIX B: THERMODYNAMICS OF THE
SPONTANEOUS EMISSION

1. Quantum dynamics

Now we detail the first law analysis for the spontaneous
emission case. First, we derive the time-dependent density
operator, which is obtained by means of the study of the
amplitude-damping channel. The dynamics of the system is
described by the relations [45]

|g, E0〉 → |g, E0〉 , (B1)

|e, E0〉 →
√

1 − p |e, E0〉 + √
p |g, E1〉 . (B2)

Equation (B1) indicates that if the atom is initially in the
ground state |g〉, and the environment is in a given initial state
|E0〉, the joint state |g, E0〉 does not evolve. On the contrary, if
the atom starts out in the excited state |e〉 with the environment
in the initial state |E0〉, which yields the joint state |e, E0〉,
there exists a probability p that, after a given amount of time,
the atom decays to the ground state emitting a photon to the
environment, |g, E1〉, and a probability 1 − p that the joint
system remains unchanged, |e, E0〉.

Taken together, Eqs. (B1) and (B2) allow us to write the
unitary transformation operator

Û = |g, E0〉 〈g, E0|+
√

1 − p |e, E0〉 〈e, E0|
+ √

p |g, E1〉 〈e, E0| . (B3)

In turn, the Kraus operators K̂i = 〈Ei|Û |E0〉 are given by K̂0 =
〈E0|Û |E0〉 = |g〉 〈g| + √

1 − p |e〉 〈e| and K̂1 = 〈E1|Û |E0〉 =√
p |g〉 〈e|. Therefore, we can now write the evolution of the

density operator in the Kraus representation as

ρ̂(0) → E[ρ̂(0)] =
∑

i

K̂iρ̂(0)K̂†
i , (B4)

or

ρ̂(0) =
(

ρ00 ρ01

ρ10 ρ11

)
→ E[ρ̂(0)]

=
[
ρ00 + pρ11

√
1 − pρ01√

1 − pρ10 (1 − p)ρ11

]
. (B5)

We now consider that the probability of a decaying event
per unit time is �, so that p = ��t � 1 for a time interval
�t , and the evolution after a time t = n�t is a result of the
operation En[ρ̂(0)]. In this case, the probabilistic factors in
Eq. (B5) are transformed according to (1 − p) → (1 − p)n =
limn→∞ (1 − �t

n )
n = e−�t , where we assumed �t → 0. In do-

ing so, we have that the time evolution of the density operator
is given by

ρ̂(t ) =
[
ρ00 + (1 − e−�t )ρ11 e−�t/2ρ01

e−�t/2ρ10 e−�tρ11

]
. (B6)

Finally, since the initial state is |ψ (0)〉 = 1/
√

2(|g〉 + |e〉),
which provides ρ00 = ρ01 = ρ10 = ρ11 = 1/2, we have that

ρ̂(t ) = 1

2

(
2 − e−�t e−�t/2

e−�t/2 e−�t

)
. (B7)

This is the time-dependent density operator describing the
dynamics of the spontaneous emission in Eq. (23).

2. First law description

Besides the time-dependent density operator of Eq. (B7),
we also have the two-level Hamiltonian ĤS = Eg |g〉 〈g| +
Ee |e〉 〈e| in this case. Since the energy eigenvalues are not
time dependent, it is straightforward from Eq. (19) that
W = 0. However, in order to evaluate Q(t ) and C(t ), we
must calculate the eigenvalues of ρ̂(t ), which can be found
to be

ρ0(t ) = 1
2 e−�t (e�t +

√
−e�t + e2�t + 1) (B8)

and

ρ1(t ) = 1
2 e−�t (e�t −

√
−e�t + e2�t + 1), (B9)

as well as the respective eigenvectors

|k0(t )〉 = [e−�t/2(
√−e�t + e2�t + 1 + e�t − 1) |g〉 + |e〉]√

e−�t (
√−e�t + e2�t + 1 + e�t − 1)2 + 1

(B10)
and

|k1(t )〉 = [e−�t/2(−√−e�t + e2�t + 1 + e�t − 1) |g〉 + |e〉]√
e−�t (−√−e�t + e2�t + 1 + e�t − 1)2 + 1

.

(B11)
With the results of Eqs. (B8) to (B11), we can calculate the

heat exchanged between the atom and the environment as a
function of time by means of Eq. (20),

Q(t ) =
∑

n

∑
k

∫ t

0
En|cn,k|2 dρk

dt ′ dt ′ = Eg

[∫ t

0
| 〈g|k0(t ′)〉 |2 d

dt ′ ρ0(t ′)dt ′ +
∫ t

0
| 〈g|k1(t ′)〉 |2 d

dt ′ ρ1(t ′)dt ′
]

+ Ee

[∫ t

0
| 〈e|k0(t ′)〉 |2 d

dt ′ ρ0(t ′)dt ′ +
∫ t

0
| 〈e|k1(t ′)〉 |2 d

dt ′ ρ1(t ′)dt ′
]

= 1

4
(Ee − Eg)

[
2e−t − 1

2
log

(
e−2t − e−t + 1

) −
√

3 tan−1

(
2e−t − 1√

3

)
+ π

2
√

3
− 2

]
, (B12)

where we have assumed � = 1 for simplicity. This result is plotted in Fig. 2.
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In what follows, we calculate the energetic contribution of the dynamics of coherence in this example. By assuming � = 1
again, from Eq. (18) we obtain that

C(t ) =
∑

n

∑
k

∫ t

0
(Enρk )

d

dt ′ |cn,k|2dt ′ = Eg

[∫ t

0
ρ0(t ′)

d

dt ′ | 〈g|k0(t ′)〉 |2dt ′ +
∫ t

0
ρ1(t ′)

d

dt ′ | 〈g|k1(t ′)〉 |2dt ′
]

+ Ee

[∫ t

0
ρ0(t ′)

d

dt ′ | 〈e|k0(t ′)〉 |2dt ′ +
∫ t

0
ρ1(t ′)

d

dt ′ | 〈e|k1(t ′)〉 |2dt ′
]

= 1

4
(Ee − Eg)

[
1

2
log

(−et + e2t + 1
) −

√
3 tan−1

(
2et − 1√

3

)
− t + π

2
√

3

]
. (B13)

This result is also plotted in Fig. 2 along with that for the internal energy, �U (t ) = Q(t ) + C(t ).
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