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Characterizing states of matter through the lens of their ergodic properties is a fascinating new direction
of research. In the quantum realm, the many-body localization (MBL) was proposed to be the paradigmatic
ergodicity breaking phenomenon, which extends the concept of Anderson localization to interacting systems.
At the same time, random matrix theory has established a powerful framework for characterizing the onset of
quantum chaos and ergodicity (or the absence thereof) in quantum many-body systems. Here we numerically
study the spectral statistics of disordered interacting spin chains, which represent prototype models expected
to exhibit MBL. We study the ergodicity indicator g = log10(tH/tTh ), which is defined through the ratio of two
characteristic many-body time scales, the Thouless time tTh and the Heisenberg time tH, and hence resembles
the logarithm of the dimensionless conductance introduced in the context of Anderson localization. We argue
that the ergodicity breaking transition in interacting spin chains occurs when both time scales are of the same
order, tTh ≈ tH, and g becomes a system-size independent constant. Hence, the ergodicity breaking transition
in many-body systems carries certain analogies with the Anderson localization transition. Intriguingly, using a
Berezinskii-Kosterlitz-Thouless correlation length we observe a scaling solution of g across the transition, which
allows for detection of the crossing point in finite systems. We discuss the observation that scaled results in finite
systems by increasing the system size exhibit a flow towards the quantum chaotic regime.
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Quantum many-body physics is currently facing a revival
in addressing long-standing open questions, such as the emer-
gence of quantum ergodicity in nonequilibrium systems of
interacting particles. An extensive amount of recent theo-
retical and experimental work [1–6] established a view that
generic (disorder free) quantum many-body systems can usu-
ally be considered as quantum ergodic, suggesting that local
observables thermalize after the system has been driven away
from equilibrium.

A remarkable phenomenon where ergodicity is absent is
the Anderson localization [7]. One of the cornerstones of the
latter is the scaling solution of the dimensionless conduc-
tance [8], which sheds light onto the Anderson localization
transition in different dimensions [9,10]. One commonly ex-
presses the dimensionless conductance as the ratio t̃Th/t̃H,
which describes the scaling properties of the characteristic
time denoted the single-particle Thouless time (t̃Th) in units
of the single-particle Heisenberg time (t̃H), the latter being
proportional to the inverse level spacing of the single-particle
spectrum. The time t̃Th can be viewed as an inverse of the
energy scale that probes sensitivity of disordered systems to
boundary conditions (as introduced by Edwards and Thouless
[11]), and it is now commonly referred to as the time after
which the quantum dynamics is universal and governed by
random matrices. Following the latter definition of t̃Th, it
has been recently shown that requiring t̃Th/t̃H = const when
increasing the system size provides a very efficient tool to
detect the localization transition point in the three- and five-
dimensional Anderson models [12].

The ideas to extend the framework of localization transi-
tions to interacting systems gave rise to the possibility of a
new class of phase transitions denominated the MBL transi-
tion [13] (see also [14–20]). Despite the considerable ongoing
efforts, universal properties of the MBL transition are still
intensively debated. From the perspective of exact numerical
solutions, there is still lack of consensus about the position
and the nature of the transition point in paradigmatic models
(in particular, disordered spin-1/2 chains, our focus here)
[13,16,21–33]. Moreover, phenomenological theories such as
the real-space renormalization group are also experiencing
rapid development [34–41], with the current understanding
that the transition exhibits some properties of the Berezinskii-
Kosterlitz-Thouless transition [38–41].

The MBL transition is conjectured to be an eigen-
state phase transition from an ergodic to a nonergodic
phase [13,42–44]. Signatures of the transition are usually
explored by studying the structure of Hamiltonian eigen-
states [13,42,45] and matrix elements of local observables
[13,46–49]. Another convenient approach to characterize the
MBL transition, which is inspired by successful analyses of
the Anderson localization transition [50,51], is based on stud-
ies of spectral properties [16,33,52–54]. The key reference
point for the latter is provided by the random matrix the-
ory and the so-called quantum chaos conjecture [55–57]. As
a consequence, the emergence of random-matrix-theory-like
spectral properties in isolated many-body quantum systems is
commonly considered as a working definition of the many-
body quantum chaos [2].

2470-0045/2020/102(6)/062144(12) 062144-1 ©2020 American Physical Society

https://orcid.org/0000-0003-1290-4923
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.102.062144&domain=pdf&date_stamp=2020-12-24
https://doi.org/10.1103/PhysRevE.102.062144


JAN ŠUNTAJS et al. PHYSICAL REVIEW E 102, 062144 (2020)

A standard approach pursued so far in the context
of disordered many-body systems (with some exceptions
[26,52,54,58]) is to study spectral properties by means of level
spacing analyses. The mean level spacing δE in those systems
typically decays exponentially with the number of lattice sites
L, and hence its inverse, called the (many-body) Heisenberg
time tH = h̄/δE , increases exponentially with L. However,
much more comprehensive information is obtained by study-
ing spectral properties on all energy (and time) scales. Indeed,
such an approach has been recently proved useful in studies
of models relevant for the holographic duality [59–62] and in
Floquet systems [63–66]. One of the key quantities that char-
acterizes the global spectral properties is the Thouless time
tTh (or, equivalently, the Thouless energy ETh ≡ h̄/tTh), which
can be viewed as the many-body analog of the single-particle
Thouless time t̃Th introduced above. In diffusive systems tTh

is expected to increase with lattice size as tTh ∝ L2 [2], and it
can also be referred to as the ergodization time since it detects
the onset of universal quantum chaotic dynamics.

In this work we introduce an indicator of the ergodicity
breaking transition in finite many-body systems,

g = log10(tH/tTh), (1)

which is proportional to the logarithm of the dimensionless
conductance tTh/tH and hence carries similarities with the di-
mensionless conductance in studies of Anderson localization.
The ergodicity indicator g interpolates between the quan-
tum ergodic regime tTh/tH → 0 [g → ∞] and the nonergodic
regime tTh/tH → ∞ [g → −∞] in the thermodynamic limit.
Our main result is that g exhibits a scaling solution across the
ergodicity breaking transition in certain disordered spin chains
at tTh ≈ tH. The scaling solution exhibits clear signatures of
a crossing point that can be readily detected in rather small
systems. The finite-size analysis indicates robustness of quan-
tum chaos upon increasing the disorder; however, limitations
to relatively small lattice sizes also prevent us from making
conclusions about the fate of the critical regime in the ther-
modynamic limit.

Disordered spin-1/2 chains. A paradigmatic class of
Hamiltonians that are expected to exhibit MBL are disordered
spin chains with local interactions and on-site disorder,
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where ŝα
� (α = x, y, z) are spin-1/2 operators at site � and

L is the number of lattice sites. This class of Hamiltonians
contains two local conserved operators, the total energy Ĥ and
the total spin magnetization ŝz = ∑

� ŝz
�. Throughout the paper

we focus on the sz = 0 symmetry sector, and we use periodic
boundary conditions, ŝα

� = ŝα
L+�. Disorder is introduced by

independent and identically distributed local magnetic fields,
with values w�/|J1| ∈ [−W,W ] drawn from a uniform dis-
tribution, and hence we refer to W as the disorder strength.
We study two models with disorder, the isotropic Heisen-
berg model [J1 = 1, J2 = 0 and � = 1 in Eq. (2)] and the
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FIG. 1. Spectral form factor K (τ ) in the J1-J2 model. Results are
shown for three disorder strengths W = 0.5, 4, 8 (lower, middle, and
upper lines, respectively) on a lattice with L = 18 sites. The dashed
line is the Gaussian orthogonal ensemble (GOE) prediction KGOE(τ ).
The spectral form factor is a function of the scaled time τ , which
is related to time in physical units t through the spectral unfolding
procedure. Vertical line denotes the scaled Heisenberg time τH ≡ 1,
while open circles denote the scaled Thouless time τTh obtained
by using the criterion log10[K (τTh )/KGOE(τTh )] = 0.08. While K (τ )
takes into account spectral correlations at all energy scales, in the
inset we also show results for the average level spacing ratio r,
which takes into account only the nearest energy levels and is a
universal constant r = rGOE = 0.5307 [67] if τTh/τH = tTh/tH � 1.
The arrows in the inset are located at values of W used in the main
panel. See Appendixes A–C for the definition of all quantities in the
figure.

anisotropic J1-J2 model [J1 = J2 = −1 and � = −0.55 in
Eq. (2)].

We use one of the most universal tools for calculating tTh,
i.e., a Fourier transform of the spectral two-point correlations,
known as the spectral form factor K (τ ). [See Appendixes A
and B for the definition of K (τ ) and for details about the pro-
tocols applied to extract tTh and tH in numerical simulations].
Examples of the spectral form factor K (τ ) in the J1-J2 model
at weak (W = 0.5), moderate (W = 4), and strong (W = 8)
disorder are shown in Fig. 1. The spectral form factor K (τ )
represents an insightful measure of the onset of ergodicity
in quantum dynamics, which may be a relevant observable
for future experiments with analog quantum simulators that
study disordered many-body systems [68–74]. In particular,
an experimental protocol has been recently proposed to mea-
sure K (τ ) using a quantum nondemolition coupling via an
auxiliary “clock” qubit in Rydberg atom systems [75].

Scaling solution across the transition. Numerical results for
the ergodicity indicator g as a function of the disorder W and
the lattice size L are shown in Figs. 2(a) and 2(d) for both
models under investigation. They exhibit two main features:
(i) g increases with L in the disorder regime under investi-
gation, and (ii) for a fixed L, g decreases with increasing W
(except for the limit W → 0 in Fig. 2(d), which is a fingerprint
of integrability of the clean Heisenberg chain). It is therefore
far from obvious what is the behavior of g when both L and W
are large. As a technical remark, we note that the protocol to
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FIG. 2. Ergodicity indicator g in disordered spin chains. Results are shown for the J1-J2 model (upper panels) and for the Heisenberg model
(lower panels). (a) and (d) g versus disorder W for different lattice sizes L, as indicated in the legend. (b) and (e) g versus L/ξBKT using the
cost function minimization algorithm (see Appendix D and Ref. [33] for details) with the BKT correlation length ξBKT from Eq. (3) and the
crossing point fitting function W ∗ = w0 + w1L. In (b) and (e) we set ξBKT → sign[W -W ∗] ξBKT. In the inset of (b), we compare the fitting
function W ∗ = w0 + w1L (solid lines) to a general ansatz for the transition point W ∗ = w∗(L) (symbols), where independent fitting values for
each L are used, yielding rather accurate agreement. Dashed line is a linear fit to w∗(L) for the J1-J2 model, exhibiting nearly identical slope
as the solid line. Shaded areas in (a) and (b), and (d) and (e) mark the interval of g at which the sharp drop appears at L/ξBKT ≈ 0. (c) and (f) g
versus W/L. Vertical lines show w1 from the optimal crossing point fitting function W ∗ = w0 + w1L used in (b) and (e).

extract tTh from the spectral form factor (see Appendix F) is
accurate up to a small global multiplicative factor, and hence
g(W, L) is determined up to a constant shift. Determining the
exact numerical value of g at the transition is beyond the scope
of this work.

The main focus of our analysis are the scaling properties
of g(W, L) across the transition. We explore the scaling as a
function of L/ξBKT, where

ξBKT = e
b√

|W −W ∗| (3)

is the correlation length of the Berezinskii-Kosterlitz-
Thouless (BKT) type, b is a constant, and W ∗ is the critical
point. In finite systems, we denote W ∗ = W ∗(L) as a cross-
ing point and we relax the condition for W ∗ to be an
L-independent number. The relevance of the BKT correlation
length for the MBL transition was identified in the renor-
malization group calculations [38–40] based on the quantum
avalanche picture [76,77]. Exact numerical calculations, how-
ever, seemed to indicate [23,26,45,78] that the optimal scaling
collapse of ergodicity indicators is obtained by using the
power-law correlation length ξ0 = |W − W ∗|−ν . Neverthe-
less, it was recently argued that the BKT correlation length
ξBKT yields a more favorable scaling solution than ξ0 [33].

Using the correlation length ξBKT from Eq. (3) we find
an excellent scaling collapse of g versus L/ξBKT as shown
in Figs. 2(b) and 2(e). The scaled function exhibits a sharp
drop at L/ξBKT ≈ 0, which pins the crossing point in finite
systems. The values of g for which L/ξBKT ≈ 0 are marked
by the shaded regions in Figs. 2(a) and 2(b), and 2(d) and
2(e). Using the cost function minimization approach [33] we

quantitatively verified that the scaling solution for g as a
function of L/ξBKT is more favorable than as a function of
L/ξ0 (see Appendix D for details).

In Figs. 2(b) and 2(e) we define the correlation length as
ξBKT → sgn[W -W ∗] ξBKT. The regime ξBKT < 0 then corre-
sponds to the ergodic regime and ξBKT > 0 to the nonergodic
regime. It is intriguing that by increasing L the results in the
scaling solution exhibit a flow towards the ergodic regime,
i.e., to the negative values of ξBKT. We interpret this feature
as robustness of many-body quantum chaos. On a quantitative
level, it is manifested as a linear drift of the crossing point
W ∗ with L for the available system sizes, as shown in the
inset of Fig. 2(b). Note that the dependence W ∗(L), described
by the symbols in the inset of Fig. 2(b), is obtained without
imposing any functional form of W ∗(L), while the solid lines
are obtained using the functional form W ∗(L) = w0 + w1L,
with w0 and w1 as fitting parameters. Both approaches provide
a nearly identical proportionality coefficient of the linear drift
W ∗(L) ∝ L.

Intriguingly, the crossing points W ∗(L) in the inset of
Fig. 2(b) agree both qualitatively and quantitatively with those
obtained using other ergodicity indicators such as the eigen-
state entanglement entropy S and the average level spacing
ratio r [33], where a much larger interval of disorders has been
taken into account. This suggests that the ergodicity breaking
transition described here corresponds to the onset of departure
of S from the maximal value (calculated in [79,80]), and of r
from the corresponding random matrix theory prediction rGOE

[67]; see Fig. 1.
We complement our study of scaling solutions with the

analysis in Figs. 2(c) and 2(f), where the ergodicity indicator
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g(W, L) is plotted as a function of W/L. We observe clear
features of a transition for both models, characterized by a
constant g at a constant W ∗/L. This implies a linear depen-
dence of the crossing point W ∗ on L, which is consistent with
the results from the scaling solution of g(L/ξBKT) discussed
before. A similar analysis to those in Figs. 2(c) and 2(f) has
been recently performed for the three-dimensional (3D) and
five-dimensional (5D) Anderson models [12]. It was shown
that the critical disorder Wc of the Anderson localization tran-
sition can be reliably detected using the same methodology
as applied here, i.e., by requiring g = const when L increases
(cf. the insets of Fig. 1 in [12]). However, in sharp contrast to
the results in Figs. 2(c) and 2(f), the values of Wc at the 3D
and 5D Anderson transitions do not exhibit any pronounced
system size dependence.

To summarize our results reported so far, there are two
important lessons to be learned from Fig. 2. First, the er-
godicity breaking transition in disordered many-body systems
carries analogies with the Anderson localization transition
[12], for which the transition point can be detected requiring
limL→∞ g(W ∗, L) = g∗ = const. Second, the scaling solution
of g (and of other ergodicity indicators such as S and r [33])
obtained by requiring the optimal data collapse as a function
of L/ξBKT, provides an efficient method to pin the ergodicity
breaking transition in finite systems.

Scaling of Thouless time below the transition. Finally,
we address the question about the impact of disorder on the
ergodic side of the transition. The main question is to what
extent does the Thouless time tTh exhibit a diffusive charac-
ter, and whether one can detect fingerprints of a subdiffusive
transport. The latter was argued to be a characteristic feature
of moderately disordered systems [81–86].

We start our analysis by exploring the diffusive scaling
of tTh, described by tTh ∝ L2. To this end, we calculate
G = log10[tTh/(t0L2)], where t0 is a characteristic time in
units of h̄/|J1| (we set h̄ ≡ 1 further on), and normalize it
by the corresponding value for the Heisenberg time G0 =
log10[tH/(t0L2)]. Results shown in Figs. 3(a) and 3(b) exhibit a
good collapse of G/G0 versus W/G0 for different system sizes
at weak disorder (away from the W → 0 limit). In addition,
we observe a linear increase of G/G0 with W/G0, which
suggests an exponential growth of tTh with disorder W . We
express these two observations by the ansatz for tTh in which
the L and W dependencies are decoupled,

tTh = t0 eW/	 L2, (4)

and 	 is a constant. While the results in Figs. 3(a) and 3(b)
show a progressive dispersion of the data collapse with in-
creasing W , we also highlight that the results for different
L seem to exhibit a linear increase up to similar values of
W/G0. Note that the latter scales with the system size as
W/G0 ∝ W/L. The condition W/G0 = const therefore gives
rise to a similar scaling with the system size as observed for
the crossing point W ∗ in the inset of Fig. 2(b).

Existence of the ergodic regime with diffusive transport
and the exponential decay of the inverse Thouless time t−1

Th
with disorder W may be consistent with some of previous
works on the diffusion constant and dc conductivity, which
also decreases exponentially with W [87–90]. However, for
W � 	 the inverse Thouless time in finite systems may be-
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FIG. 3. Thouless time tTh in disordered spin chains. (a) J1-J2

model and (b) Heisenberg model. We plot G/G0 as a function of
W/G0, where G = log10[tTh/(t0L2)] and G0 = log10[tH/(t0L2)]. The
constant t0 is obtained by fitting tTh to Eq. (4) at L = 18. We get (a)
t0 = 1.09 × 10−2/|J1| and 	 = 0.70 [fits for 1.5 � W � 4], and (b)
t0 = 0.87 × 10−2/|J1| and 	 = 0.29 [fits for 1 < W < 2]. Lines are
linear functions log10(e)/	 × (W/G0 ).

come comparable to the mean level spacing and therefore
difficult to be detected from spectral analysis. Moreover, even
if the spectral form factor suggests the diffusive scaling of
tTh, this may not exclude an emergence of subdiffusion at
short times, detected by other probes. Indeed, several previous
works [81,84,85] highlighted an emergence of subdiffusion
at rather weak disorders (or eventually even at W → 0). We
study the latter scenario by testing a more general ansatz for
tTh,

tTh = c(W ) L z(W ), (5)

where the exponent z is reminiscent of the dynamical ex-
ponent whose disorder dependence was subject of intense
research [86]. The scaling in Eq. (5) is consistent with sub-
diffusion for z > 2. We numerically extract z(W ) from pairs
of system sizes L1 and L2 as

z(W ) = log10[tTh(L2)/tTh(L1)]

log10[L2/L1]
, (6)

where the mean system size is L̄ = (L1 + L2)/2. Results
shown in Figs. 4(a) and 4(d) suggest two observations: the
emergence of the regime with z > 2 at large enough disorder,
and a drift of z(W ) with L̄. The drift may be eliminated
when plotting z(W/L̄); see the insets of Figs. 4(a) and 4(d).
However, we also argue that it may be difficult to predict the
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FIG. 4. Scaling properties of the Thouless time tTh in disordered spin chains. Results are shown for the J1-J2 model (upper panels) and for
the Heisenberg model (lower panels). (a) and (d) The exponent z(W ) of tTh, as defined in Eq. (5). The insets show z(W/L̄). We calculate z from
Eq. (6) for two consecutive system sizes L1 and L2, with L̄ = (L1 + L2)/2. Open symbols denote the raw results while filled symbols denote
the averages of z over five consecutive values of W around the target W . (b) and (e) z as a function of L̄/ξBKT for different pairs of system
sizes L1 and L2 (indicated in the legend), using identical parameters for ξBKT as in Fig. 2. Red circles denote the average over all pairs of L1

and L2. Shaded regions mark the regimes of nearly diffusive exponents z ≈ 2. (c) and (f) The crossing point W ∗ (full red line; results from
Fig. 2 using the fitting function W ∗ = w0 + w1L) and the diffusion breakdown point Wdiff (dashed orange line), versus L. Wdiff is obtained by
solving the equation L̄/ξBKT = ρ, where ρ is marked by vertical dashed lines in (b) and (e), and the parameters in ξBKT are obtained from the
scaling solution in Fig. 2 (see Appendix D for exact values). We set ρ = −0.25 in (b) and ρ = −1.55 in (e), which correspond to gdiff ≈ 1 in
Figs. 2(b) and 2(e). Stars in (f) correspond to positions of peaks in g(L) in Fig. 2(d), while the black dashed line is a guide to the eye. Symbols
in the inset in (f) show the exponent γ from Eq. (7) extracted from Wdiff (L) in (c) and (f), while the lines (the upper line for the Heisenberg
model and the lower line for the J1-J2 model) represent γ = 1 − gdiff/ log10(tH|J1|) (with gdiff = 1), yielding good agreement. Note that the
latter expression suggests the large L dependence γ ≈ 1 − const/L.

optimal data collapse due to the limitation to a rather narrow
interval of system sizes L̄ = 13, 15, 17.

Results reported so far raise the question about the bound-
aries of the disorder regime in which the scaling properties
of tTh may be consistent with diffusion. We denote Wdiff as
the disorder value for which the breakdown of the diffusive
scaling is observed upon increasing the disorder. In general,
extracting the scaling Wdiff (L) is a daunting task that is rarely
addressed in the literature (with some exceptions [91]). Here
we make an approximation inspired by the scaling solution of
the ergodicity indicator g in Fig. 2. We plot z as a function
of L̄/ξBKT, and make the link between the breakdown of the
diffusive scaling and the values of L̄/ξBKT. A rather good
collapse of results in Figs. 4(b) and 4(e) for different L̄ suggest
that this approximation is reasonable. Then, we plot the values
of Wdiff (L) along with the crossing point function W ∗(L) in
Figs. 4(c) and 4(f). Results show (consistently with the previ-
ous work [86]) that the regime of diffusive scaling is limited
to relatively small values of W , in particular in the Heisenberg
model (in the latter, we also observe the tendency z < 2 at
small disorder due to proximity to the integrable point). At the
same time, Wdiff increases (roughly linearly) with L for system
sizes under investigation. This is a consequence of the obser-
vation in Figs. 4(b) and 4(e) (see the vertical dashed lines)

that the breakdown of the diffusive scaling occurs roughly at
L̄/ξBKT = const, where ξBKT contains the linear drift of the
crossing point W ∗(L).

Perhaps even more instructive is to identify the value
of tTh at Wdiff , i.e., at the point when the diffusive scaling
breaks down. We make a power-law ansatz tTh(Wdiff )|J1| =
(tH(Wdiff )|J1|)γ and calculate the power γ ,

γ = log10[tTh(Wdiff )|J1|]
log10[tH(Wdiff )|J1|] , (7)

shown in the inset of Fig. 4(f). Results suggest that for system
sizes available from exact diagonalization (10 � L � 20), the
breakdown of the diffusive scaling occurs at 0.5 � γ � 0.8,
where γ increases with L. We highlight that rather than study-
ing the existence of diffusion in different regimes of model
parameters, it may be more instructive to explore the existence
of diffusion in finite systems as a function of the ratio tTh/tH.
The latter approach may be general and more easily contrasted
to other ergodicity breaking scenarios such as approaching the
Bethe ansatz integrable point.

Discussion. Our work studies the breakdown of ergodicity
in disordered quantum many-body systems from the perspec-
tive of spectral properties beyond the level spacing analysis.
We argue that the ergodicity breaking transition occurs when

062144-5



JAN ŠUNTAJS et al. PHYSICAL REVIEW E 102, 062144 (2020)

values of the Thouless time and the Heisenberg time become
comparable, tTh ≈ tH, and hence the ergodicity indicator g
becomes a system-size independent constant that is equal or
close to zero. Using an identical criterion one can reliably
detect the well-established Anderson localization transition
in three (and higher) dimensions [12], thereby suggesting a
link between the ergodicity breaking transition in disordered
many-body systems and the Anderson localization transition.

In the context of interacting spin-1/2 chains in the total
sz = 0 magnetization sector, we report the scaling solution
of the ergodicity indicator g across the disorder induced er-
godicity breaking transition, which allows for a detection
of the crossing point W ∗ in finite systems. The crossing
point is located at disorder values much lower than those
reported in previous studies using comparable system sizes
[13,16,22,23,26,27,29,30]. However, for system sizes under
investigation, the scaling solution exhibits robustness of the
ergodic regime since the crossing point W ∗ increases linearly
with the system size L.

One of the most widely studied disordered models so far
is the isotropic Heisenberg chain, for which our results pre-
dict the ergodicity breaking transition occurs at W ∗ ≈ 2 for
system sizes L � 20. A quantitative comparison with other
studies of the same model (for similar system sizes) suggests
the following features occur at roughly the same disorder:
The eigenstate entanglement entropy and the level spacing ra-
tio start deviating from the random-matrix-theory predictions
[33], a gap opens in the one-particle density-matrix spectrum
of eigenstates [25], the Schmidt gap opens in the spectrum of
reduced density matrices of eigenstates [29], correlations be-
tween nearby eigenstates (described by the Kullback-Leibler
divergence) change quantitatively [23], and properties of the
average and typical offdiagonal matrix elements of local ob-
servables depart from each other [48]. This suggests a rich
variety of phenomena occurring at the ergodicity breaking
transition invoked by the criterion tTh ≈ tH.

Another intriguing question is the nature of states on the
nonergodic side of the ergodicity breaking transition, i.e.,
for the disorder values W > W ∗. A recent study based on a
similar scaling solution as applied here [33] argued that the
eigenstate entanglement entropy increases as a volume law
(with a subthermal prefactor) even for W > W ∗. A possible
scenario is then that the MBL transition (i.e., a transition to
the regime of area-law entanglement) occurs at even higher
disorders not studied here, for which tTh � tH. We note, how-
ever, that numerical exact diagonalization methods provided
remarkable benchmarks in the past (with negligible system-
size effects) to unveil fingerprints of eigenstate thermalization
and quantum chaos in the opposite limit tTh � tH (see, e.g.,
[2,92,93] for examples in disorder-free many-body systems).
A challenge for future studies is therefore to better understand
the robustness of exact numerical approaches for many-body
lattice systems in the regime tTh � tH.

Finally, we also explore the signatures of diffusion in the
scaling of the Thouless time tTh. We show that the breakdown
of the diffusive scaling occurs in finite systems at disorder
values that are smaller than those at the ergodicity breaking
transition. However, the breakdown of the diffusive scaling
is also associated with pronounced system-size effects. This
may be consistent with the emergence of subdiffusion at much

larger disorder values, or with scenarios [91] in which subd-
iffusion is a transient phenomenon. An outstanding goal for
future studies is to establish quantitative links between the
inverse Thouless time (the Thouless energy), and the diffusion
constant (or the dc optical conductivity [87–90]), which has
for many-body systems remained elusive.

Our work studies the impact of random on-site disorder
on the ergodic spectral properties of certain interacting spin-
1/2 chains in the total sz = 0 magnetization sector. In future
work, it would be exciting to carry out analogous analyses in
similar systems such as the quasidisordered systems, the dis-
ordered Floquet systems, and the interacting spin-1/2 systems
where the only conserved quantity is the total energy. This
would provide a more comprehensive view on the robustness
of the many-body quantum chaos and the thermodynamic
(in)stability of the many-body localization in different fami-
lies of the disordered many-body quantum systems.
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APPENDIX A: CALCULATION
OF THE HEISENBERG TIME

The Heisenberg time tH is defined as the inverse mean level
spacing, tH = h̄/δE , where h̄ ≡ 1. We define the mean level
spacing δE = �0/(χD), where

�2
0 = 〈Tr{Ĥ2}〉/D − 〈Tr{Ĥ}2〉/D2 (A1)

is the variance after disorder averaging, D = ( L
L/2

)
is the

Hilbert space dimension, and χ controls the number of energy
levels in the interval [Ē , Ē + �0], with Ē = 〈Tr{Ĥ}〉/D. We
calculate χ using the Gaussian approximation for the den-
sity of states χ = ∫ �0

0 exp{−E2/(2�2
0 )}/(

√
2π�0)dE , which

yields χ = (1/2)erf[1/
√

2] ≈ 0.3413. In Eq. (A1) we denote
〈· · · 〉 as the averaging over disorder realizations.

We numerically calculate �0 in Eq. (A1) for given Hamil-
tonians in the sz = 0 magnetization sector. We verified that
those values of �0 are very close to the ones in the grand-
canonical ensemble, where �2

0 = L[(J2
1 + J2

2 )/8 + ((J1�)2 +
(J2�)2)/16 + (J1W )2/12] (relative differences are of the or-
der 10−2). We use the latter �0 to obtain the continuous curve
γ (L) = 1 − 1/ log10(tH|J1|) in the inset of Fig. 4(f).

APPENDIX B: CALCULATION OF THE THOULESS TIME
FROM THE SPECTRAL FORM FACTOR

We extract the Thouless time tTh from the spectral form
factor (SFF). The latter is a Fourier transform of the spectral
two-point correlations, defined as

K (τ ) = 1

Z

〈∣∣∣∣∣
D∑

α=1

ρ(εα )e−i2πεατ

∣∣∣∣∣
2〉

, (B1)
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where {ε1 � ε2 � · · · εD} is the complete set of Hamiltonian
eigenvalues after spectral unfolding and τ is the scaled time.
We choose the normalization Z is such that K (τ � 1) � 1
and we use a smooth filter ρ(ε) to eliminate contributions of
spectral edges (see details below). The SFF K (τ ) in Eq. (B1)
can also be referred to as the unconnected SFF. A comparison
to the connected SFF is carried out in Appendix E.

We eliminate the influence of the local density of states by
spectral unfolding. It transforms an ordered set of Hamiltonian
eigenvalues {Eα} to an ordered set of unfolded eigenvalues
{εα}, for which the local mean level spacing is set to unity
at all energy densities. This implies N−1 ∑

α δεα = 1, where
the average is performed in a microcanonical window, N is
the number of elements in the window, and δεα = εα+1 − εα .
The scaled Heisenberg time (i.e., the inverse mean level spac-
ing of the unfolded spectrum) is therefore τH = 1. Following
the standard unfolding procedure, we introduce the cumu-
lative spectral function G(E ) = ∑

α �(E − Eα ), where � is
the unit step function. The stepwise distribution function is
then smoothed out by fitting a polynomial ḡn(E ) of degree
n to G(E ) and the unfolded eigenvalues are defined as εα =
ḡn(Eα ). We verified that using polynomials ḡn(E ) of different
degrees n in the unfolding procedure does not affect the final
results. We used n = 10 in calculations of the spectral form
factor K (τ ).

The role of the filtering function ρ(εα ) in Eq. (B1) is to
avoid effects from the spectral edges. Its specific form should
not influence the main features of K (τ ), provided that the
filtering function is smooth enough (e.g., analytic), symmetric
with respect to the center of the unfolded spectrum, and has a
vanishingly small amplitude at the spectral edges. In our cal-
culations we first perform spectral unfolding for each disorder
realization separately. Then we filter each unfolded spectrum
using a Gaussian filter ρ(εα ) = exp{− (εα−ε̄)2

2(η�)2 }, where ε̄ and

�2 are the average energy and the variance, respectively, at a
given disorder realization, and η a dimensionless parameter
that controls the effective fraction of eigenstates included in
K (τ ). We set η = 0.5 in the calculations presented in the
main text. The overwhelming majority of eigenstates in our
analysis are hence those that govern the system properties at
infinite temperature. To ensure proper normalization, yielding
K (t � 1) � 1 in general and K (t ) ≡ 1 for Poisson random
spectrum, we then set Z = 〈∑α |ρ(εα )|2〉.

The energy spectra used in the K (τ ) calculations were
obtained by means of full numerical exact diagonalization,
which was performed for Nsamples different disorder real-
izations for each value of W and L. We denote Nsamples

as the number of disorder realizations averaged over all
W at a fixed L. We used Nsamples = 1000, 949, 882, 332
for L = 12, 14, 16, 18 in the J1-J2 model, and Nsamples =
1000, 445, 405, 100 for L = 12, 14, 16, 18 in the Heisenberg
model, respectively.

Numerical results for K (τ ) are contrasted to predictions
of the random matrix theory, in particular the result for the
Gaussian orthogonal ensemble (GOE) for τ < 1,

KGOE(τ ) = 2τ − τ ln(1 + 2τ ), (B2)

applicable for systems with time-reversal symmetry [94]. Us-
ing KGOE, we define the scaled Thouless time τTh as the onset

time of a universal linear ramp in K (τ ), i.e., we define τTh

such that for τ > τTh, we obtain K (τ ) � KGOE(τ ) � 2τ (see
the open circles in Fig. 1). Note that such extraction of τTh

from K (τ ) in finite systems is not sharply defined due to the
noise in K (τ ) when it approaches KGOE(τ ). In Appendix F we
describe the detailed protocol (including specific examples) of
the Thouless time extraction.

Finally, we calculate the Thouless time in physical units
as tTh = τThtH. Note that the ratio between the Thouless and
the Heisenberg time (and hence the ergodicity indicator g in
Fig. 2) is identical in both physical and scaled units, tTh/tH =
τTh/τH. However, quantities used in Figs. 3 and 4 require
characteristic times in physical units as an input.

APPENDIX C: AVERAGE LEVEL SPACING RATIO

In the inset of Fig. 1 we also show the average level spacing
ratio r. To obtain r, one first defines

r̃α = min{δEα, δEα−1}
max{δEα, δEα−1} = min

{
rα, r−1

α

}
(C1)

for a target eigenstate |α〉, where rα is the ratio of consecutive
level spacings, rα = δEα/δEα−1, and δEα = Eα+1 − Eα is the
level spacing. Hence, no unfolding is necessary to eliminate
the influence of finite-size effects through the local density
of states. We obtain r by first averaging r̃α over Nev = 500
eigenstates near the center of the spectrum for every disorder
realization, and then over an ensemble of spectra for different
disorder realizations, with Nsamples = 980 at L = 18. The GOE
prediction for r is rGOE ≈ 0.5307 [67], while the prediction
for energy levels with Poisson statistics is rPoisson ≈ 0.3863
[16].

APPENDIX D: COST FUNCTION
MINIMIZATION APPROACH

Figures 2(b) and 2(e) show the optimal scaling collapses of
g(W, L) for the J1-J2 and the Heisenberg model, respectively,
as functions of L/ξBKT. The algorithm to obtain the optimal
data collapse is explained below.

In general, we consider as the correlation length ξ either
the BKT correlation length ξBKT from Eq. (3) or the power-law
correlation length ξ0 = |W − W ∗|−ν . Then, we seek for the
scaling collapses as functions of L/ξ using the optimal fitting
parameters of ξ . The fitting parameters are the coefficient b in
ξBKT (ν in ξ0), and the parameters of the crossing point fitting
function W ∗(L). For the latter we consider two cases: (i) the
most general case (free of any functional form) in which inde-
pendent fitting parameters w∗(L) are used, i.e., four different
parameters for four different lattice sizes L = 12, 14, 16, 18;
and (ii) the crossing point fitting function W ∗(L) = w0 +
w1L, with free parameters w0 and w1.

Following Ref. [33], we obtain the quality of the data
collapse using the cost function Cg,

Cg =
∑Np−1

j=1 |g j+1 − g j |
max{g j} − min{g j} − 1, (D1)

where g j represent values of g at different W and L. Specifi-
cally, we sort all Np values of g j according to nondecreasing
values of sgn[W -W ∗]L/ξ . Then, using a differential evolution
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method, we obtain the best data collapse by finding the pa-
rameters in W ∗(L) and ξ (W, L) for which the cost function Cg

is minimal. In the procedure, we include results of g within
the interval 1 < W < 6 for the J1-J2 model and within the
interval 0.6 < W < 2.5 for the Heisenberg model. This results
in Np = 76 points included in the cost function minimization
procedure for both the J1-J2 and the Heisenberg model.

For both models under investigation, we consistently find
that (i) the scaling solution using L/ξBKT is better than the
solution using L/ξ0. In particular, using independent fitting
parameters w∗(L) we get Cg(ξBKT) = 0.036 and Cg(ξ0) =
0.051 for the J1-J2 model and Cg(ξBKT) = 0.087 and Cg(ξ0) =
0.126 for the Heisenberg model. (ii) The independent fitting
parameters w∗(L) (using both ξBKT and ξ0) are very well
described by a function that increases linearly with L. As
shown in the inset of Fig. 2(b), the slope of the linear increase
with L of w∗(L) is nearly identical to w1 of the fitting function
W ∗ = w0 + w1L. In the latter case, using ξBKT we get from
the cost function minimization w0 = −0.181, w1 = 0.252,
b = 4.62 for the J1-J2 model and w0 = 0.278, w1 = 0.098,
b = 1.89 for the Heisenberg model. The corresponding values
of w1 are also used to plot the vertical lines in Figs. 2(c)
and 2(f).

We note that the overwhelming majority of previous
numerical analyses of the ergodicity indicators across the
ergodicity breaking transitions considered scaling solutions
as a function of χL1/ν , where the linear scaling variable is
χ ∝ ξ

−1/ν

0 = |W − W ∗|. Here we extend those analyses by
also considering a specific nonlinear scaling variable χ ∝
ξ−1

BKT = e−b/
√|W −W ∗| and study the scaling solution as a func-

tion of L/ξBKT. Furthermore, by introducing an additional
L dependence of the crossing point W ∗(L) = w0 + w1L we
obtain excellent scaling collapses of the ergodicity indicator g
as a function of L/ξBKT, as shown in Figs. 2(b) and 2(e) for
both models under investigation. These scaling collapses are
obtained using only three free fitting parameters w0, w1, and
b, as explained in the paragraph above. This number is much
smaller than the typical number of free fitting parameters
invoked in the scaling analyses where the additional L depen-
dence is introduced through an irrelevant scaling variable (see,
e.g., Ref. [95] as an example for the Anderson localization
transition).

APPENDIX E: CONNECTED VERSUS UNCONNECTED
SPECTRAL FORM FACTOR

The results of our calculations of the SFF K (τ ), shown
in Fig. 1, were calculated according to the unconnected SFF
K (τ ) defined in Eq. (B1). Here we also compare the SFF
K (τ ) with the connected SFF, Kc(τ ). The latter is obtained
by subtracting a nonuniversal disconnected part from K (τ ),

Kc(τ ) = 1

Z

⎛
⎝

〈∣∣∣∣∣
D∑

α=1

ρ(εα )e−i2πεατ

∣∣∣∣∣
2〉

−A

B

∣∣∣∣∣
〈 D∑

α=1

ρ(εα )e−i2πεατ

〉∣∣∣∣∣
2
⎞
⎠, (E1)
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10−1

102
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FIG. 5. Comparison between the connected and unconnected
SFF, using different spectral filters. (a) The connected SFF Kc(τ ),
defined in Eq. (E1). (b) The SFF K (τ ), defined in Eq. (B1). We use
a Gaussian spectral filter ρ(ε) introduced in Eq. (B1), where η deter-
mines the effective width of the filter. Here we compare results for
η = 0.1, 0.3 and 0.5. Open circles denote the scaled Thouless time
τTh obtained by using the criterion log10[K (τTh )/KGOE(τTh )] = 0.08.
The dotted black line is the GOE prediction KGOE(τ ). Results are
shown for the J1-J2 model at L = 18 and W = 1.

where A and B are the normalization constants ensuring the
vanishing of Kc(τ ) in the τ → 0 limit, accounting for the
spectral filtering,

A =
〈∣∣∣∣∣

D∑
α=1

ρ(εα )

∣∣∣∣∣
2〉

, B =
∣∣∣∣∣
〈 D∑

α=1

ρ(εα )

〉∣∣∣∣∣
2

. (E2)

Using as an example the J1-J2 model at L = 18 and W = 1,
we show in Fig. 5 the difference between Kc(τ ) [Fig. 5(a)] and
K (τ ) [Fig. 5(b)]. While the short time nonuniversal behavior
of Kc(τ ) and K (τ ) is clearly different, they both follow the
GOE prediction KGOE(τ ) after the scaled Thouless time τTh,
which is almost identical for Kc(τ ) and K (τ ). In Fig. 5, we
also show results for different widths η of a Gaussian spectral
filter ρ(ε) introduced in Eq. (B1). Results for τTh appear to be
fairly independent of the width η of the Gaussian filter used
in our calculations. Note, however, that η � 0.5 is needed to
eliminate contributions from eigenstates at the spectral edges.
Since, in general, one wishes to include as many eigenstates
as possible in the analysis, we find that setting η = 0.5 is the
optimal parameter choice of the Gaussian spectral filtering.
Further comparison between the results for τTh using K (τ )
and Kc(τ ), as well as different widths of the spectral filter, is
provided in Fig. 7 of Appendix G.

APPENDIX F: PROTOCOL TO EXTRACT THE SCALED
THOULESS TIMES FROM THE SFF

Here we describe the protocol to extract the scaled Thou-
less time τTh from the SFF K (τ ). [An analogous procedure is
applied for the connected SFF Kc(τ )]. The main goal of the
protocol is to obtain robust results for the Thouless time for
both K (τ ) and Kc(τ ), and different widths η of the Gaussian
spectral filter. This is achieved using identical parameters of
the protocol for all system sizes L, disorders W , and for both
models under investigation.

We apply the following steps of the protocol.
(1) Each K (τ ) curve is calculated for 5000 times τi in the

window τi ∈ [1/(2πD), 5], with τi being equidistant in the
logarithmic scale. We then smoothen out random fluctuations
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FIG. 6. Extraction of the Thouless time. In the upper row [(a)–(c)] we plot the deviation measure �K (τ ) [see Eq. (F1)] to quantify the
difference between the SFF K (τ ) and the GOE prediction KGOE(τ ). The lower row [(d)–(f)] shows the analogous quantity for the connected
SFF Kc(τ ). Results are shown for the J1-J2 model with the disorder strengths W = 1 [(a) and (d)], W = 3 [(b) and (e)], and W = 4 [(c) and
(f)]. In all panels we show results for three different widths η = 0.1, 0.3, 0.5 of the Gaussian filter ρ(ε). Circles denote the scaled Thouless
time τTh and the horizontal lines denote �K = 10−2.

in K (τ ) by calculating a running mean such that each new
K (τi ) is the average over 200 nearest values of K (τi ), and
hence the final number of data points is reduced to 4801.

(2) We analyze the difference between K (τ ) and the GOE
prediction KGOE(τ ) = 2τ − τ ln(1 + 2τ ) using the deviation
measure,

�K (τ ) =
∣∣∣∣log10

K (τ )

KGOE(τ )

∣∣∣∣; �K (τTh) = ε. (F1)

As advanced in Eq. (F1), we then define the scaled Thouless
time τTh as the time at which �K (τ ) becomes larger than
some threshold value ε upon decreasing τ from the regime

FIG. 7. Comparison of the ergodicity indicator g extracted from
different implementations of the SFF K (τ ). Results are shown as
a function of the disorder strength W for different system sizes L.
Filled symbols are identical to the results in Fig. 2(a) in the main
text. Open squares are results using tTh extracted from K (τ ) with the
Gaussian spectral filter of the width η = 0.1. Open circles are results
using tTh extracted from the connected SFF Kc(τ ) with η = 0.5.

τ > 1. In general, the agreement of K (τ ) with KGOE(τ ) is in
finite systems associated with the emergence of noisy data in
�K (τ ), with �K (τ ) � 1. The goal is to choose ε such that
�K (τTh) (see the circles in Fig. 6) is larger than the noise. We
use ε = 0.08 for all results shown in the paper. Such choice of
ε gives rise to robustness of our results for different values of
the widths η of the spectral filter, and the agreement between
results for K (τ ) and Kc(τ ); see also Appendix G.

(3) The values of τTh extracted from steps (1) and (2)
slightly underestimate the realistic τTh. This is illustrated in
Fig. 6 for the J1-J2 model at L = 18 for different disorder
strengths W = 1, 3, 4 and different widths η = 0.1, 0.3, 0.5
of the Gaussian filter ρ(ε), for both the unconnected SFF
[Figs. 6(a)–6(c)] and the connected SFF [Figs. 6(d)–6(f)].
We argue that a more accurate estimate of τTh is obtained
by requiring �K (τTh) = 10−2 in systems under investigation;
see the horizontal lines in Fig. 6. This provides a compro-
mise between setting �K as low as possible while being at
the same time above the threshold set by finite-size fluctua-
tions. However, we do not perform the extrapolation of our
results (circles in Fig. 6) towards �K = 10−2 for each data
set separately, but simply use it as an estimate of the global
multiplicative factor being roughly equal to 4. We hence set
τTh → 4τTh to get the final results shown in Figs. 2–4 and
Fig. 7. Note that the choice of the global multiplicative factor
does not impact any of our main results. Specifically, it only
results in a constant shift of g, which alters neither the quality
of the scaling solution nor the determination of the crossing
point, and it is subtracted in the definition of the exponent z in
Eq. (6).

APPENDIX G: ROBUSTNESS OF RESULTS

Finally, in Fig. 7 we show results for the ergodicity indi-
cator g = log10(tH/tTh) in the J1-J2 model using the Thouless
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times tTh extracted from three different implementations of the
SFF: (i) K (τ ) with the Gaussian spectral filter with the width
η = 0.5, used also in the main text (filled symbols in Fig. 7);
(ii) K (τ ) with η = 0.1 (open squares in Fig. 7); and (iii) the

connected Kc(τ ) with η = 0.5 (open circles in Fig. 7). The
agreement between results using different implementations of
the SFF confirms robustness of our protocol to extract the
Thouless time.
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Density correlations and transport in models of many-body
localization, Ann. Phys. (Berlin) 529, 1600362 (2017).

[91] S. Bera, G. De Tomasi, F. Weiner, and F. Evers, Density
Propagator for Many-Body Localization: Finite-Size Effects,
Transient Subdiffusion, and Exponential Decay, Phys. Rev.
Lett. 118, 196801 (2017).

[92] R. Mondaini and M. Rigol, Eigenstate thermalization in the
two-dimensional transverse field Ising model. II. Off-diagonal
matrix elements of observables, Phys. Rev. E 96, 012157
(2017).

[93] D. Jansen, J. Stolpp, L. Vidmar, and F. Heidrich-Meisner,
Eigenstate thermalization and quantum chaos in the Holstein
polaron model, Phys. Rev. B 99, 155130 (2019).

[94] M. L. Mehta, Random Matrices and the Statistical Theory of
Spectra, 2nd ed. (Academic, New York, 1991).

[95] K. Slevin and T. Ohtsuki, Corrections to Scaling at the Ander-
son Transition, Phys. Rev. Lett. 82, 382 (1999).

062144-12

https://doi.org/10.1126/science.aau0818
https://doi.org/10.1038/s41586-019-1527-2
http://arxiv.org/abs/arXiv:1910.6024
https://doi.org/10.1103/PRXQuantum.1.020302
https://doi.org/10.1103/PhysRevB.95.155129
https://doi.org/10.1103/PhysRevLett.121.140601
https://doi.org/10.1103/PhysRevLett.119.075702
https://doi.org/10.1103/PhysRevLett.71.1291
https://doi.org/10.1103/PhysRevLett.119.220603
https://doi.org/10.1103/PhysRevLett.114.100601
https://doi.org/10.1103/PhysRevLett.114.160401
https://doi.org/10.1103/PhysRevB.93.060201
https://doi.org/10.1103/PhysRevB.93.224205
https://doi.org/10.1103/PhysRevLett.117.040601
https://doi.org/10.1002/andp.201600350
https://doi.org/10.1103/PhysRevB.82.161106
https://doi.org/10.1103/PhysRevB.94.180401
https://doi.org/10.1103/PhysRevB.94.045126
https://doi.org/10.1002/andp.201600362
https://doi.org/10.1103/PhysRevLett.118.196801
https://doi.org/10.1103/PhysRevE.96.012157
https://doi.org/10.1103/PhysRevB.99.155130
https://doi.org/10.1103/PhysRevLett.82.382

