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Energetic spin-polarized proton beams from two-stage coherent acceleration in laser-driven plasma
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We propose a scheme to overcome the great challenge of polarization loss in spin-polarized ion acceleration.
When a petawatt laser pulse penetrates through a compound plasma target consisting of a double layer slab and
prepolarized hydrogen halide gas, a strong forward moving quasistatic longitudinal electric field is constructed by
the self-generated laser-driven plasma. This field with a varying drift velocity efficiently boosts the prepolarized
protons via a two-stage coherent acceleration process. Its merit is not only achieving a highly energetic beam
but also eliminating the undesired polarization loss of the accelerated protons. We study the proton dynamics via
Hamiltonian analyses, specifically deriving the threshold of triggering the two-stage coherent acceleration. To
confirm the theoretical predictions, we perform three-dimensional PIC simulations, where unprecedented proton
beams with energy approximating half GeV and polarization ratio ∼ 94% are obtained.
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I. INTRODUCTION

Spin is an essential intrinsic property of ions [1,2]. Ener-
getic spin-polarized proton (SPP) beams are extensively used
in fundamental physics [3,4] in exploring internal structures
of nucleons [5,6], nonperturbative quantum chromodynamics
[7–9], parity violating spin asymmetry in polarized pro-
ton colliders [10], and exotic phenomena within or beyond
the standard model [11]. In nuclear physics, the SPP acts
as a probe to measure the cross section of nucleus in-
teraction [12–14], such as electron capture involved with
the giant dipole resonance [15] and photon emission from
nucleon bremsstrahlung [16]. Additionally, SPPs have also
been pursued in industrial applications, e.g., electrochemical
membrane optimization [17] and highly sensitive biomedical
imaging [18]. Previously, energetic SPP beams were provided
by traditional accelerators [19] equipped with the corkscrew-
like magnets, i.e., Siberian snakes [20], to minimize proton
polarization loss. The defect of such accelerators is too large
in scale and budget. Therefore, an alternative compact and
economical design for producing energetic SPP beams is
highly desired.

Cutting-edge facilities based on the frontier optical tech-
nology [21,22] can realize pulse intensity far beyond
1020 W/cm2 [23], which enables low-cost and efficient laser-
plasma accelerators with a gradient over 100 GeV/m [24–26].
On the other side, owing to the ultraviolet photodissociation
method [27–30], nuclear spin-polarized hydrogen densities
extended to 1019 cm−3 with lifetimes near 10 ns have been
achieved experimentally [31]. Encouraged by the above two
breakthroughs, there is increasing interest in high efficiency
laser-driven particle acceleration [32–34] and spin-polarized
inertial confinement fusion [35] in prepolarized plasma.
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However, up to now, only a few schemes have been proposed
to accelerate polarized protons [36–38], and there is still a lack
of an insightful understanding of the coupling effect between
proton dynamics and collective plasma phenomena. As a re-
sult, the generated SPP beam is low quality, with energy ∼
50 MeV and a polarization ratio < 80% [38], which inevitably
limits the relevant applications requiring an energetic and
highly polarized proton beam [4,13,16].

In this paper, we report an approach to generate highly
energetic SPP beams whose maximum energy is close to
0.5 GeV and polarization ratio is as high as 94% by utilizing
a petawatt laser. When the intense pulse propagates through
a compound plasma target, a strong quasistatic longitudinal
electric field (QSLEF) with a varying drift velocity repeat-
edly accelerates the polarized protons through a two-stage
coherent process. Earlier, the protons are swiftly reflected by
the forward moving QSLEF to arrive at a moderate velocity,
while their spin polarization is largely preserved on account of
the negligible net accumulation of spin modulation induced
by the oscillating laser magnetic field. Later, as the drift
QSLEF moves faster than these preaccelerated protons, the
protons will be caught, trapped, and reflected again by the
drift QSLEF to reach higher energy. Meanwhile, a vortex
plasma magnetic field, issuing in the uncompensated trans-
verse spin precession, merely leads to a minor polarization
decrease of ∼6% for the generated SPP beam. Because net
spin precession occurs within a short duration in the second
stage, the realized energetic SPP beam still maintains a high
polarization ratio ∼ 94%, which would significantly facilitate
the development of multiple branches of physics.

II. THEORY AND SIMULATION FOR ACCELERATION

The SPP dynamics is studied with the three-dimensional
(3D) particle-in-cell (PIC) code EPOCH [39]. The 15 × 20 ×
20 μm3 simulation domain is discretized into 600 × 400 ×
400 grid cells. The compound target [see Fig. 1(a)] is a double
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FIG. 1. (a) Schematic diagram of the compound plasma target
irradiated by a laser pulse. (b) The volume rendering refers to the
spatial distribution of field Ey, while the projection exhibits Ex .
(c) Theoretically predicted proton trajectories in (ξ, px ) space, where
the rainbow colors denote the time and the black (blue) color map
displays the distribution of H1 (H2). (d) Typical proton trajectories
extracted from 3D PIC simulations.

layer slab of near critical density carbon nanotube foams [40]
mixed with prepolarized HCl gas [31]. The electron densities
ne of the first and second layers are ne1 = 15ncr and ne2 =
5ncr , respectively. Here ncr ≡ meω

2
l /4πe2 is the classical

critical density that determines plasma opacity in the nonrel-
ativistic regime for a laser with frequency ωl . me and e are
the electron mass and charge. The first (second) layer target is
placed at 0 � x < 3 μm (3 � x � 6 μm), where 40 particles
per cell are chosen. The density profile of the hydrogen halides
gas is a trapezoid with a flat top at 0 � x � 9 μm and a 1 μm
ramp on both sides, where each cell is filled with 20 particles.
The electron density of the prepolarized HCl is ne3 = 0.8ncr ,
which is equivalent to an experimentally accessible hydrogen
density of 4.9 × 1019 cm−3 [31]. A circularly polarized laser
pulse of the Gaussian longitudinal envelope with intensity
a0 ≈ 70, wavelength λ = 1 μm, spot size 5.8 μm, and a du-
ration of 30 fs in FWHM is focused at the plane x = 0 μm.
Considering that such an ultraintense laser usually has a few
hundred femtosecond prepulse with relativistic intensities be-
fore the main pulse, we perform additional one-dimensional
PIC simulations to ensure that a prepulse with a duration of
400 fs and intensities up to ∼1018 W/cm2 has an insignificant
impact on the initial condition of the plasma target. Therefore,
the scheme presented here for producing energetic SPP beams
is valid and robust for the ultraintense pulse with a relatively
high contrast ratio.

When the ultraintense pulse stably propagates inside the
plasma, the drift QSLEF is sustained by the charge separation
accumulated at the front edge of the laser pulse, as shown
in Fig. 1(b), where the projection displays the distribution
of the longitudinal electric field Ex averaged over two laser
periods at section z = 0 and y = 0. The drift QSLEF Ex, the

source of accelerated proton energies, moves along the laser
propagation, as in previous results [41–45]. It is convenient
to characterize the proton motion in the moving frame of
the drift QSLEF in the one-dimensional circumstance. Here
we adopt a local constant approximation, where the whole
acceleration process is divided into several separate stages and
in each of them the drift QSLEF is assumed to be independent
of time. Thus, the properties of QSLEF are described by the
drift velocity vi, relative coordinate ξ = x − vit , field strength
Ei(ξ ) (∂Ei/∂t = 0), and electric potential ϕi(ξ ) (∂ϕi/∂t = 0),
where the subscript i denotes the ordinal number of stages. At
each stage, after reformulating the proton dynamic equation
in (ξ, p) space, a Hamiltonian is presented as Hi(ξ, p) =
c
√

m2
pc2 + p2 − vi p + |e|ϕi(ξ ) [46,47], where c is the speed

of light, mp is the proton mass, and ξd (ξu) is the downstream
(upstream) boundary of the electric potential. Given the con-
servation of the Hamiltonian Hi between points (ξd , pr±

i ) and
(ξu, pi ) along the separatrix, where pi = mpcβi/

√
1 − β2

i and
βi = vi/c, the upper and lower limit momenta pr±

i of protons
along the contour of Hi(ξ, p) = Hi(ξu, pi ) at the ith stage
can be derived as pr±

i /(mpc) = (βiAi ±
√
A2

i + β2
i − 1)/(1−β2

i ),
where Ai = |e|ϕi(ξu)/(mpc2) + 1/γi and γi = 1/

√
1 − β2

i .
In order to realize the separate multiple-stage proton ac-

celeration, the connection between stages i and i + 1 requires
that the preaccelerated protons by stage i can be caught,
trapped, and reaccelerated by the later stage, i + 1. From
a mathematical aspect, this is equivalent to the contours
of Hi+1(ξ, p) = Hi+1(ξu, pi+1) and Hi(ξ, p) = Hi(ξu, pi ) in-
tersecting with each other. Consequently, the condition for
successfully coupling these two stages is expressed as

pr+
i − pr−

i+1 > 0, (1)

where the value of pr±
i can be determined once βi and ϕi(ξu)

are given. The solution of Eq. (1) is analytically derived as
βi+1 < β∗, where

β∗ ≡ −ϕ̃i+1 p̃ + p̃γ̃ + √
ϕ̃i+1[2γ̃ − ϕ̃i+1]

γ̃ 2
. (2)

Here ϕ̃i+1 = |e|ϕi+1(ξu)/(mpc2), p̃ = pr+
i /(mpc), and γ̃ =√

1 + p̃2 are utilized. A detailed illustration of Eq. (1) and the
derivation for obtaining Eq. (2) are given in the Appendix. The
rainbow lines in Fig. 1(c) exhibit the theoretical proton trajec-
tories in (ξ, p) space under a two-stage coherent acceleration,
where the black (blue) contour represents the distribution of
Hamiltonian H1 (H2) at the first (second) stage. For H1(ξ, p),
given that the parameters β1 = 0.145 and ϕ̃1 ≈ ϕ̃2 ≈ 0.0462
are calculated from the moving longitudinal electric field Ex

based on the 3D PIC simulation, as shown in Fig. 2(a), one
can find p̃ = 0.466 and γ̃ = 1.103. Substituting these values
into Eq. (2), we arrive at β∗ ≈ 0.664 > β2 = 0.574, which
indicates the success of connecting these two separate accel-
eration stages.

The representative proton trajectories within time 20 <

t < 70 fs extracted from 3D PIC simulations are shown as
red lines in Fig. 1(d), where the background black (blue)
dashed lines denote the contour of H1 (H2), the same as
that in Fig. 1(c). The protons (in red) are reaccelereted
to a momentum px ≈ 0.7mpc at t = 70 fs in the second
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FIG. 2. (a) A proton trajectory (rendered with the magma col-
ormap for its energy εp) inside the evolution of the on-axis
accelerating field Ex (y = 0, z = 0). (b) The time evolution of proton
energy εp and momentum differential d px/dt . (c) The proton energy
spectra (in the bottom panel) and the spin polarization ratio for
different energy ranges (in the top panel), where the panels share the
same horizontal axis. (d) The spatial distribution of the proton spin
sx at t = 83 fs.

Hamiltonian H2(ξ, p) after being preaccelerated to px ≈
0.3mpc in H1(ξ, p). For comparison, green trajectories for the
case of a uniform target with ne1 = ne2 = 15ncr demonstrate
that the protons merely experience the first stage of reflec-
tion in H1(ξ, p). Additionally, the criterion of an initially
resting proton being trapped in the Hamiltonian H2(ξ, p) is
calculated as β∗ ≈ 0.300 < β2 = 0.574, and thus, the yellow
trajectories representing the case of ne1 = ne2 = 5ncr show
that the protons quickly sliding away in H2(ξ, p) are not
trapped by the faster drift QSLEF.

To further understand the two-stage process, we visualize
a typical proton trajectory in time resolved (x, t ) coordi-
nates [see Fig. 2(a)], where the background color denotes the
strength of the electric field Ex (y = 0, z = 0) at the central
axis. When the laser bores a hole in the first layer slab,
the proton is reflected by the laser pulse in the first stage
to have a longitudinal velocity βx ≈ 0.330 > β1. After the
laser pulse penetrates through the first layer and irradiates
the second layer slab, a faster drift QSLEF Ex with velocity
β2 = 0.574 > βx is generated to catch up with the protons
and further accelerate them. The second stage of acceleration
mainly occurs at 3 < x � 5 μm, which is in accordance with
the location of the second layer slab. Another pronounced
signal of the discontinuous two-stage acceleration is the pur-
ple line, which profiles the strength of accelerating field Ex

imposed on the proton during 20 < t < 70 fs. The top panel
of Fig. 2(b) shows that the proton energies εp increase pre-
dominantly during 30 � t � 40 fs and 60 � t � 70 fs, and
the maximum acceleration ratio dεp/dt is up to 10 MeV/fs.
The momentum differential d px/dt averaged over all typical

protons is illustrated in the bottom panel of Fig. 2(b), and
the maximum accelerating gradient is over 60 TeV/m. One
advantage of this mechanism is the energy enhancement in-
duced by the second-stage acceleration, which is identified by
the proton energy spectra at the end of two stages (t = 50
and 83 fs) in the bottom panel of Fig. 2(c), where the verti-
cal dotted lines refer to the theoretically predicted maximum
energies εmax

p = [m2
pc2 + (pr+)2]1/2 = 94.7 and 478 MeV in

each stage. It is worth emphasizing that the key point in this
mechanism is the double occurrence of spatial coherence be-
tween the SPPs and the drift QSLEF inside these two plasma
slabs. This is far different from energetic SPP bunches driven
by magnetic vortex acceleration [38], where the proton energy
is predominantly obtained when the laser pulse exits the rear
surface of gas targets.

III. PROTON SPIN DYNAMICS

For the purpose of unveiling the coupling between the
spin and laser-plasma effect, by utilizing the Thomas-
Bargmann-Michel-Telegdi (TMBT) equation [48,49], we can
characterize the proton spin dynamics as ds/dt = � × s,
where

�= e

mpc

[
aγ + 1

γ
B− aγ

γ + 1
(β · B)β− aγ + a + 1

γ + 1
β×E

]
.

(3)

Here a ≈ 1.7928 is the anomalous magnetic moment for pro-
tons. The spatial distribution of the spin sx of protons with
energy εp > 50 MeV manifests the high polarization of the
generated energetic SPP beam [see Fig. 2(d)]. The top panel
of Fig. 2(c) presents the polarization ratio 〈Sx〉 averaged over
all protons within each energy bin. At the end of the first stage
t = 50 fs, the averaged spin polarization ratio is 〈Sx〉 ≈ 0.994,
while at t = 83 fs the ratio 〈Sx〉 ≈ 0.946. The polarization loss
1 − 〈Sx〉 ≈ 0.054 at t = 83 fs is higher than that at t = 50
fs. Detailed tracking of the proton spin is illustrated below
to explain the reason.

As evident from the dependence of proton spin sx on time t
in Fig. 3(b), the spin deterioration is exclusively encountered
at the second stage, t > 50 fs. Accordingly, a net increment of
undesired sy and sz is pronounced at t > 50 fs [see Fig. 3(c)],
whereas a nonignorable oscillation takes place at the first
acceleration stage t < 40 fs. Considering it is instructive to
examine how ds/dt is governed by electric and magnetic
fields, the spin differentials dsx/dt , dsy/dt , and dsz/dt are
illustrated in Figs. 3(d)–3(f). In the nonrelativistic regime
γ ∼ 1 and β 	 1, the cycle frequency of spin precession
can be approximated as �non = e(a + 1)B/mpc. At the first
stage, sx ≈ 1 and sy,z 	 1 indicate that the terms incorporated
with sy,z are negligible in the relations dsy/dt = �zsx − �xsz

and dsz/dt = �xsy − �ysx. As a result, the accumulation of
undesired spin predominantly originates from the transverse
magnetic field as dsy/dt = e(a + 1)Bzsx/mpc and dsz/dt =
−e(a + 1)Bysx/mpc. The dashed black lines in Figs. 3(d)–3(f)
correspond to the results governed by �non under nonrelativis-
tic approximation, which are in reasonable agreement with
the relativistic results. At the first stage, the oscillation of
dsy,z/dt comes from the laser magnetic field imposed on the
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FIG. 3. (a) Time-resolved proton spin distribution, where the red
lines illustrate the theoretical prediction of Eq. (4). (b)–(f) Time
evolution of different variables, sx , sy,z, dsx/dt , dsy/dt , and dsz/dt .
(g) The distribution of field strength Bφ , where the arrows denote
the field direction. (h) The distribution of spin sr = (s2

y + s2
z )1/2; the

arrows mark its direction.

proton. Nevertheless, because of the periodic symmetry of
the laser field, the net accumulated sy,z is inappreciable, and
thus, the initial favorable spin sx characterized by dsx/dt =
�ysz − �zsy is still largely preserved.

At the second stage, the oscillation symmetry in dsy,z/dt is
broken [see Figs. 3(e)–3(f)], and a gradual increment occurs
for sy,z [see Fig. 3(c)], which is accompanied by the decrease
of sx. The reason is that a strong vortex plasma magnetic field
[50–52], sustained by the forward moving electron current
when the laser pulse penetrates through the slab’s second
layer, contributes to a net accumulated precession for ss,y.
The distribution of magnetic field strength Bφ = (B2

y + B2
z )1/2

at t = 83 fs averaged over 3 � x � 6 μm is exhibited in
Fig. 3(g), where the field Bφ is along the azimuthal direction
and its strength is as high as 0.2 MT. Following the above
nonrelativistic assumption, we can rearrange the secondary
differential of spin sx as d2sx/dt2 + �2

φsx ≈ 0 and subse-
quently obtain the solution as

sx(t ) ≈ cos

[ |e|(a + 1)Bφ

mpc
(t − t0)

]
, (4)

where �φ = e(a + 1)Bφ/mpc and t0 denotes the starting time
of spin precession modulated by plasma vortex field Bφ . The
theoretically predicted sx(t ) of Eq. (4) is illustrated by red
dashed lines in Fig. 3(a), where Bφ = 0.24 MT is chosen and
the prediction of t0 = 50 fs is closest to the time-resolved
spin distribution obtained from PIC simulations. This further
confirms that the proton polarization loss is predominantly
encountered at the second acceleration stage. The distribution
of undesired transverse spin sr = (s2

y + s2
z )1/2 of protons with

FIG. 4. (a) Cutoff energies of generated SPP beams versus
plasma electron density ne1 of the first layer target. (b) Averaged spin
polarization ratio (gray triangles) and total charge (blue circles) of
the generated SPP beam as a function of density ne1.

energy εp > 50 MeV [see Fig. 3(h)] demonstrates that the
region with large sr is coincident with the strong field Bφ and
sr is nearly neglectable near the central axis region y = z = 0.
The red arrows in Fig. 3(h) mark the direction of transverse
spin sr , and its radial outward tendency is consistent with
dsr/dt = �φ × sx governed by the azimuthal plasma mag-
netic field Bφ .

IV. DISCUSSION AND SUMMARY

To confirm the feasibility and robustness of this scheme,
we examine the dependence of the acceleration efficiency on
the plasma density ne1 of the first layer target. A moderate
density ne1 is prioritized to achieve the high energy of the
generated SPP beams [see Fig 4(a)]. For relatively low den-
sity ne1 < nth, the laser pulse readily penetrates through this
transparent plasma target, where protons are not trapped but
are swiftly surpassed by the drift QSLEF, similar to the sce-
nario of ne1 = ne2 = 5ncr in Fig. 1(d). The threshold density
can be estimated via β1(nth) < β∗, where β1(nth) = K+ −
K− − 1 and K± = [ 8a0nc

π2nth
(
√

1 + 8a0nc
27π2nth

± 1)]1/3 are derived in

relativistically transparent plasma [53]. Substituting ϕ1(ξu) =
0.065 and p̃ = 0 into Eq. (2), one finds β∗ ≈ 0.355, and the
above density threshold can be determined as nth = 6.48ncr

[see Fig. 4(a)]. For relatively large density ne1 > nd p, the
laser pulse would be completely depleted and reflected by
the accumulated overdense plasma edge before reaching the
second layer due to its finite duration τ ∼ 30 fs. To estimate
the density nd p, we resort to the hole boring velocity βh =√

�/(1 + √
�), where � = ncr

ne1

Zime
Aimi

1
a2

0
[43,54]. The criterion

can be interpreted as t1βhc ∼ L1, where L1 = 3 μm is the first
layer thickness and t1 is the interaction time. By utilizing the
distance relation βht1 ≈ t1 − τ , the upper limit density is esti-
mated as nd p ≈ 24.02ncr . Within the range of nth < ne1 < nd p

[see Fig. 4(a)], the proton energy is dramatically enhanced
compared with the other density conditions. In addition, the
averaged spin polarization ratio [see Fig. 4(b)] manifesting
this mechanism is favorable to preserving the proton spin
polarization. sx = 0.946 predicted by Eq. (4) indicates the
insignificance of precession exerted on the protons spin by
the vortex plasma magnetic field within a short time. The total
charge of the generated SPP beams versus plasma density ne1

[see Fig. 4(b)] exhibits a variation tendency similar to that of
the proton cutoff energies.
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FIG. 5. The contours of the Hamiltonians H1 and H2 in (ξ, p)
space, where the blue solid lines illustrate the evolution of a repre-
sentative proton. (a) The case with pr+

1 > pr−
2 and (b) the one with

pr+
1 < pr−

2 . The lines highlighted in red and lime green correspond to
the separatrices H1(ξ, p) = H1(ξu, p1) and H2(ξ, p) = H2(ξu, p2),
respectively.

In conclusion, we identified and characterized a two-stage
acceleration mechanism for generation of highly energetic
SPP beams. In this scenario, the protons are accelerated by the
drift QSLEF twice to achieve the energy enhancement. Mean-
while, the prepolarized protons substantially preserve their
initial spin orientation because the polarization loss caused by
spin precession exclusively occurs in the second acceleration
stage within a relatively short time. Our mechanism based on
laser-plasma acceleration, realizing a SPP beam with energy
near 0.5 GeV and polarization over 90%, is an important step
towards achieving the polarized ion beam quality required for
the current frontiers of fundamental and nuclear physics.
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APPENDIX

To explore the proton dynamics inside the two QSLEFs in
(ξ, p) space, we adopt Hi and Hi+1 to describe the Hamilto-
nian of a proton evolving within the slow and fast QSLEFs,
respectively. In fact, the drift velocity βi+1 of the fast QSLEF
should not be so large that the protons reflected by the slow
QSLEF are able to catch up and gain more energy. From
the aspect of the conserved Hamiltonian, to realize that the
reflected protons from Hi can be trapped and efficiently ac-
celerated by Hi+1, the separatrices of Hi and Hi+1 should
intersect with each other, as shown in Fig. 5(a). For simplicity,
i is set to 1 in Fig. 5, where the maximum (minimum) acces-
sible momentum on the separatrix of H1(ξ, p) = H1(ξu, p1)
[H2(ξ, p) = H2(ξu, p2)] can be calculated as pr+

1 (pr−
2 ). It can

be found from Fig. 5(a) that the occurrence of intersection
between the two separatrices is equivalent to the condition of
pr+

1 > pr−
2 . Therefore, the criterion for successfully coupling

the proton dynamics inside these two Hamiltonian potentials
can be expressed as

pr+
1 > pr−

2 , (A1)

where

pr+
1

mpc = β1A1+
√

A2
1+β2

1 −1

1−β2
1

,

pr−
2

mpc = β2A2−
√

A2
2+β2

2 −1

1−β2
2

(A2)

can be found from a previous work [47]. Here the value

of A1,2 = |e|ϕ1,2(ξu)/(mpc2) +
√

1 − β2
1,2 can be determined

once β1,2 and ϕ1,2 are given. By employing Eq. (A2), the
criterion of Eq. (A1) can be rearranged as

β1
[ |e|ϕ1(ξu )

mpc2 +
√

1 − β2
1

] +
√[ |e|ϕ1(ξu )

mpc2

]2 + 2 |e|ϕ1(ξu )
mpc2

√
1 − β2

1

1 − β2
1

>

β2
[ |e|ϕ2(ξu )

mpc2 +
√

1 − β2
2

] −
√[ |e|ϕ2(ξu )

mpc2

]2 + 2 |e|ϕ2(ξu )
mpc2

√
1 − β2

2

1 − β2
2

.

(A3)

Then the criterion can be analytically derived as

β2 < β∗ ≡
−ϕ̃2 p̃ + p̃

√
1 + p̃2 +

√
ϕ̃2[2

√
1 + p̃2 − ϕ̃2]

1 + p̃2
, (A4)

where p̃ = pr+
1 /(mpc) and ϕ̃2 = |e|ϕ2(ξu)/(mpc2) are adopted

for convenience. It is worth pointing out that the threshold of
Eq. (A4) will return to the more general form, i.e., Eq. (2), if
the subscripts 1 and 2 are replaced by i and i + 1.

The validity of criterion (A1) can also be illustrated by
the numerically resolved proton trajectories in (ξ, p) space,
shown as the solid blue lines in Fig. 5. If pr+

1 > pr−
2 , the

proton is captured by the faster QSLEF and evolves along a
contour of H2, as shown in Fig. 5(a). In contrast, if pr+

1 < pr−
2 ,

the proton does not experience an efficient acceleration at the
second stage characterized by H2, as presented in Fig. 5(b).
For the case exhibited in Fig. 5(a), after taking the chosen
parameters β1 = 0.145, β2 = 0.574, and ϕ1,2(ξu) = 0.0462
in Eq. (A4), one can find β∗ ≈ 0.664 > β2, indicating the
accomplishment of repeated proton reflection inside these two
Hamiltonian potentials. By comparison, the parameters of the
case in Fig. 5(b) are the same as those in Fig. 5(a) except
for β2 = 0.7 > β∗, which leads to the proton reflected in
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H1 no longer being reflected in H2. After performing this
examination, we claim that the analytically derived threshold
of Eq. (A4) explicitly presents the condition of successfully
coupling the two-stage acceleration. It should be noted that at
the limit of p̃ → 0, the above threshold Eq. (A4) is equiva-
lent to β∗ ≡

√
2ϕ̃2 − ϕ̃2

2 , which is the upper limit velocity to
achieve efficient acceleration for initially static protons [47].

The realization of the two-stage coherent acceleration is
determined merely by the criterion described in Eq. (2). The

importance is to find the appropriate decreasing density com-
bination of the double layer slabs, i.e., ne1 and ne2, to provide
a proper drift velocity βi and electric potential ϕi(ξu) of the
QSLEF. Some plasma kinetic effects, such as plasma insta-
bilities [55], may deteriorate this matching relation between
the laser intensity and plasma density. Therefore, a detailed
investigation and systematic simulations are needed to figure
out the exact dependence of the acceleration efficiency and
obtained proton energy on laser intensity.
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