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The approach presented in this work allows a consistent calculation of electrical conductivity of dense matter
from the solid state to the hot plasma using the same procedure, consisting in dropping elastic scattering
contributions to solid’s and liquid’s structure factors in the framework of the Ziman theory. The solid’s structure
factor was computed using a multiphonon expansion. The elastic part is the zero-phonon term and corresponds to
Bragg peaks, thermally damped by Debye-Waller attenuation factors. For the liquid, a similar elastic contribution
to the structure factor results from a long-range order persisting during the characteristic electron-ion scattering
time. All the quantities required for the calculation of the resistivities are obtained from our average-atom model,
including the total hypernetted-chain structure factor used from the liquid state to the plasma. No interpolation
between two limiting structure factors is required. We derive the correction to apply to the resistivity in order to
account for the transient long-range order in the liquid and show that it improves considerably the agreement with
quantum-molecular dynamics simulations and experimental aluminum’s isochoric and isobaric conductivities.
Our results suggest that the long-range order in liquid aluminum could be a slightly compressed fcc one. Two
series of ultrafast experiments performed on aluminum were also considered, the first one by Milchberg et al.
using short laser pulses and the second one by Sperling et al. involving x-ray heating and carried out on the
Linac Coherent Light Source facility. Our attempts to explain the latter assuming an initial liquid state at an ion
temperature much smaller than the electron one suggest that the actual initial state before main heating is neither
perfectly solid nor a normal liquid.
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I. INTRODUCTION

The study of atomic properties of warm dense matter is of
great interest in many fields of physics and drives a recurrent
need for accurate equations of state as well as relevant trans-
port coefficients. Among the latter, the electrical resistivity
(and its inverse the conductivity) is of particular importance in
simulations to model the intense energy-flux interactions with
matter, like those encountered in laser-fusion experiments
[1,2] or the study of planetary interiors [3].

Aluminum is one of the most studied materials under var-
ious conditions of densities and temperatures, in relation to
both experimental techniques and theoretical methods. Alu-
minum’s transport properties, and in particular static ones,
have been the subject of many experimental approaches,
among which techniques using high intensity heavy-ion
beams [4] to probe large volumes of high-energy matter,
pulsed electrical currents to explode wires [5,6] or to rapidly
heat aluminum foils [7,8], z-pinches [9], isochoric heating in
the “isochoric plasma closed vessel” facility [10,11], highly
bright x-ray beams [12], or intense laser beams [13] to iso-
chorically heat solid targets. Most of these studies investigate
electrical transport properties of hot expanded aluminum in
the liquid and plasma states. Besides these works, a great
amount of data and information on solid aluminum’s electrical
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resistivity has been compiled and analyzed by Desai et al.
[14]. The recent experiments performed by Brandt and Neuer
confirm the reliability of these data [15]. Adding those of
Milchberg et al., they provide a set of experimental resistiv-
ities at densities close to aluminum’s normal one (i.e., ρ0 =
2.7 g/cm3) covering four orders of magnitude over ambient
temperature. Additional data relative to liquid aluminum up
to 4000 K from isobaric expansion experiments published by
Gathers [16] can complete this set in the liquid area at the
condition to keep in mind that they correspond to isobaric
densities, somewhat lower than the normal one.

In the past few decades, considerable progress has been
made in developing theoretical methods to explain available
experimental data and predict behavior in conditions out of
reach by experimental means. Ab initio quantum-molecular-
dynamics (QMD) calculations [17–21] are believed to provide
the most accurate results but are time-consuming and for this
reason practicable only within a limited temperature range,
typically about tens of eV. Therefore, extended calculations
of transport properties are based on less expensive methods
like the chemical-picture [22–24], coupled with the Zubarev
method [25] and average-atom (AA) models [26–28] using
approximations such as the relaxation-time one [29], the ex-
tended Ziman formula [30,31], or the Kubo-Greenwood (KB)
approach [32,33]. Some comparisons between AA methods
and QMD ones are presented in Refs. [34,35]. Average-atom
models associated to the Ziman approach are used for in-
stance in Refs. [28,36–38] to investigate aluminum’s electrical
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resistivities, while Ref. [34] reports studies combining the
average-atom model to the Kubo-Greenwood approximation.

One of the most important issues for relevant electrical
resistivities with Ziman theory is to provide appropriate tem-
perature and density-dependent ion-ion structure factors S(k),
the quantity [S(k) − 1] being the Fourier transform of the ion
pair correlation function g(r), which gives the probability of
finding an ion at the radius r. A number of theoretical works
attempt to include descriptions of the ionic fluid and of the
ion-ion potential in AA models with various degrees of self-
consistency [39,40]. Others look instead for approximations to
the structure factor, relying on the assertion that the detailed
description of the structure factor is not of critical importance
on resistivities, since electron Fermi-Dirac statistics selects a
limited range of momentum around the Fermi one.

Calculation of the liquid’s resistivity in the framework of
Ziman’s theory involves the ion structure factor in its whole-
ness, whereas, for the solid, it is replaced by an effective one,
where the contribution of Bragg scattering (i.e., coherent or
elastic scattering) is dropped from the total structure factor,

Seff (�k) = S(�k) − e−2W (k)S0(�k), (1)

as prescribed by Rosenfeld and Stott [41]. S0(�k) is the
structure factor for the perfect rigid lattice and e−2W (k) the
Debye-Waller factor accounting for thermal damping. Elastic
contributions have to be subtracted from the total struc-
ture factor for solid’s resistivity calculation since the rigid
periodic ion configuration does not disturb electron prop-
agation and therefore does not induce electrical resistivity.
Only the thermal fluctuations around the positions of the
ions in this static configuration contribute to the latter. Baiko
et al. [42,43] affirm that long-range order persists in the
liquid during typical electron-ion scattering time, justifying
the extension of Rosenfeld and Stott’s prescription to liquids.
Baiko et al.’s assumption has been applied by Ovechkin et al.
[44] to liquid aluminum at normal density and temperature
T � 0.1 eV within INFERNO [45] and the neutral ion-sphere-
based AA methods [46]. Despite the fact that they used a
crude approximation for the inelastic structure factor (i.e.,
the remaining part of the structure factor once the elastic
contributions are subtracted), the authors observed overall
better match with available QMD results than when total
structure factors are used. Hansen et al. [47] came to the same
conclusion.

In the present paper, we consider the issue of removing the
elastic contribution to the ion-ion structure factor for electrical
resistivity calculation in warm-dense matter. We focus our
attention on the case of normal density aluminum’s electrical
resistivity, for which a great number of experimental [13–16]
and theoretical [17–20] results are available from ambient
temperature up to 100 eV. For the solid state, S(k) is written as
a multiphonon expansion and the necessary number of terms
to obtain converged inelastic Sinel(k) for face-centered cubic
(fcc) aluminum is computed. The latter structure factor is then
identified with the effective one to be used, as prescribed by
Rosenfeld et al., for the calculation of solid’s resistivity in the
framework of Ziman’s theory. We next develop an expression
for the correction to be applied to the liquid’s resistivity in
order to account for the existence of a transient long-range

order, as assumed by Baiko et al.. The quantities other than
ion structure factor which are required to calculate resistivity
are provided by our INFERNO-based AA code PARADISIO [48].
We will show that satisfactory agreement with available ex-
periments as well as with QMD theoretical results is obtained
over a wide range of conditions ranging from solid state to
plasma, by applying a single concept, consisting in correcting
resistivities by removing the elastic contribution to the ion-ion
structure factor.

The paper is organized in four parts. Sections II and
III assemble the theoretical aspects of this work. Section II
concerns the calculation of the electrical resistivity within
Ziman’s formulation and the average-atom picture. The cal-
culation of the ion-ion structure factor is detailed in Sec. III.
Section IV presents their application to aluminum, whereas
our results are discussed in Sec. V.

II. THE ZIMAN FORMULATION OF ELECTRICAL
RESISTIVITY IN THE FRAMEWORK OF THE

AVERAGE-ATOM MODEL

Although this is not necessary under the thermodynamic
conditions considered in this work, the following formulas
will be given in the relativistic formalism for the sake of
consistency with the relativistic average-atom code PARADI-
SIO [48] that will be used to provide the needed inputs for
resistivity calculations. We also will use atomic units (i.e.,
e = h̄ = me = 1).

The Ziman formulation of the electrical resistivity [30]
describes, within the linear response theory, the acceleration
of free electrons in a metal and their scattering by an ion. The
resistivity reads then

η = − 1

3πZ∗2ni

∫ ∞

0

∂ f

∂ε
(ε, μ)I (ε)dε, (2)

where ni is the ion density and Z∗ the mean ionic charge. The
Fermi-Dirac distribution and its derivative read, respectively,

f (ε, μ) = 1

eβ(ε−μ) + 1
(3)

and
∂ f

∂ε
(ε, μ) = −β f (ε, μ)[1 − f (ε, μ)], (4)

where β = 1/(kBT ) and μ denotes the chemical potential.
The function I (ε) is given by

I (ε) =
∫ 2k

0
q3S(q)�(q)dq, (5)

where S(q) denotes the static ion-ion structure factor and
�(q) the scattering cross section. The vector �q = �k′ − �k is
the momentum transferred in the elastic scattering event (i.e.,
such as |�k′| = |�k|) of a conduction electron from an initial state
�k to a final �k′ one. Introducing the scattering angle θ ≡ (�k, �k′)
and its cosine χ = cos θ , q2 reads

q2 = 2k2(1 − χ )

and

I (ε) = 2k4
∫ 1

−1
S[k

√
2(1 − χ )]|a(k, χ )|2(1 − χ )dχ. (6)
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Energy ε and momentum k are related (within the relativis-
tic formalism, c being the speed of light, and using atomic
units) by

k =
√

2ε
(

1 + ε

2c2

)
. (7)

The t-matrix formalism of Evans [31] provides the
electron-ion scattering amplitude |a(k, χ )|, whose square is
actually �(q), given by, in the relativistic framework [28],

|a(k, χ )|2 = 1

k2

(∣∣∣∑
κ

|κ|eiδκ (k) sin[δκ (k)]P
(χ )
∣∣∣2

+
∣∣∣∑

κ

|κ|
iκ

eiδκ (k) sin[δκ (k)]P1

 (χ )

∣∣∣2
)

, (8)

where

κ = −(
 + 1) for j = 
 + 1/2,

κ = 
 for j = 
 − 1/2.
(9)

j and 
 are the quantum numbers associated to the total angu-
lar momentum J and to the orbital momentum L, while P
 and
P1


 denote respectively the Legendre and associated Legendre
polynomials.

The average ion charge Z∗, chemical potential μ, and phase
shifts δκ (k) needed in respectively Eqs. (2), (3), and (8), are
obtained with the average-atom code PARADISIO [48], based
on Liberman’s atom-in-jellium model INFERNO [45]. The code
handles all electronic states (bound and continuum ones) on
an equal footing within the framework of quantum mechan-
ics, which is an essential condition to correctly incorporate
the effects of electron-electron interactions in the electron-
ion phase shifts [49]. We recently applied it to the study of
aluminum’s thermal electronic properties [50] and showed
its efficiency at low temperatures, where the atom-in-jellium
approximation is often considered as too crude.

Since Z∗ is not the average value of a quantum mechanical
operator, it does not have a clear and unique definition. We
give here three possible ones among the most widely used
[51]. First, Z∗ can be identified to the total number of con-
tinuum electrons,

Zcont =
∫ ∞

0
f (ε, μ)X (ε)dε, (10)

where X (ε) denotes the continuum density of states, which
includes not only electrons in the ideal (i.e., nonlocalized)
states but also possible “quasibound” electrons in resonances.
Alternatively, Z∗ may be specified as the former free electrons
alone

Zfree =
∫ ∞

0
f (ε, μ)Xideal(ε)dε, (11)

where the ideal density of state reads, within the relativistic
framework,

Xideal(ε) = k(1 + ε/c2)

π2ni
. (12)

Actually, the ideal electron density is the one for r → ∞,
and so

Zfree =
(

lim
r→∞ ne(r)

)
/ni = ρ/ni. (13)
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FIG. 1. Three possible definitions of the ion charge Z∗ within
ion-sphere models. Zcont is the number of continuum electrons, Zfree

denotes the ideally free electrons alone, and ZWS corresponds to
the charge on the Wigner-Seitz sphere. Case of aluminum at solid
density.

Within the framework of the INFERNO model, ρ is the jellium
density, i.e., the value of ne(r) at all radius r > RWS, where

RWS = (3/4πni )
1/3 (14)

denotes the radius of the Wigner-Seitz sphere. A third defi-
nition of Z∗ involves the value of the electron density at the
radius RWS,

ZWS = ne(RWS)/ni. (15)

The equality of the three values is not obvious for AA
models. However, in most situations, Zcont, Zfree, and ZWS

are not so different and depart significantly from each other
only in conditions favorable to pressure ionization, i.e., at
high densities, and especially at low temperatures, when res-
onance states may notably be populated. Within the INFERNO

model, this situation results in a sudden jump of the difference
(ZWS − Zfree). Figure 1 presents the case of aluminum at solid
density ρ0. Since Zfree and ZWS are close to each other for
300 K � T � 100 eV, we retained Z∗ = Zcont [Eq. (10)] as
the definition of the mean ion charge, considering that the
supplementary charge (typically one electron in the consid-
ered temperature range) contributes to electrical conductivity,
although it is not ideally free.

III. ION-ION STRUCTURE FACTOR

A. Solid state case

Since the work of Baym [52], it is known that the formula-
tion of the electrical resistivity of both liquids and solids stems
from a same Ziman type expression where, for the solid, the
phonon frequency weighted structure factor,

S(�k) =
∫

β h̄ω

1 − e−β h̄ω
S(�k, ω)dω, (16)

is used, S(�k, ω) being the dynamic structure factor. At high-
enough temperature (i.e., β h̄ω � 1), the weighting factors
tend to unity, the integration over the frequencies yields the
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static structure factor, and the familiar Ziman formula for the
liquid is recovered. For crystalline solids at moderate temper-
atures, one of the main issues in calculating the resistivity is
to perform the weighted integral accounting for absorption
and emission of multiple phonons during the scattering pro-
cess. Except for very low temperatures where the one-phonon
(absorption or emission of a single phonon) processes domi-
nate, the calculation of the weighted structure factor becomes
rapidly intractable [53]. According to Rosenfeld and Stott
[41], the difference between weighted S(�k) and static S(�k) can
be neglected for warm solids (i.e., for temperatures approach-
ing melting one). Indeed, relying on a temperature expansion
of the weighting factors, they found the difference varying
as the inverse 1/mi of the ion mass, from a maximum of
3% for lithium. They therefore assumed that S(�k) 	 S(�k) for
these warm solids. Another important point in calculating the
resistivity is how to deal with elastic (i.e., coherent or Bragg)
scattering effects, which do not contribute. Taking advantage
of a flexibility in Boltzmann equation, that allows to specify
the density fluctuations entering the definition of S(�k) with
respect to a reference configuration of ions, they prescribe the
use of the effective structure factor,

Seff (�k) = S(�k) − e−2W (k)S0(�k), (17)

in Ziman formula for the calculation of solid’s resistivity,
where S0(�k) is the static structure factor for the rigid perfect
crystal, thermally damped by the Debye-Waller factor e−2W (k).
W is related to the thermal mean-squared ion displacement
〈u2〉T by W = k2

6 〈u2〉T [54]. Rosenfeld and Stott’s approxi-
mation consists actually in subtracting the Bragg peaks with
their full Debye-Waller weight, i.e., elastic scattering con-
tributions, from the total multiphonon static structure factor,
leaving only the inelastic contributions.

1. Multiphonon expansion for the static structure factor

In order to obtain the inelastic contributions to the static
ion-ion structure factor S(k), we applied Mangin et al.’s ex-
pansion [55] of the total structure factor as a sum of n-phonon
factors An(k),

S(k) =
[

A0(k) +
∑
n�1

(2W )n

n!
An(k)

]
e−2W . (18)

A0(k)e−2W is the elastic (i.e., zero-phonon) contribution to
total S(k), and the remaining terms constitute the inelatic
n-phonon (n � 1) contributions. Within the Debye model of
the density of phonon states, 2W reads [54]

2W (k) = 3h̄2k2

mikB

T 2

θ3
D

∫ θD/T

0

[ 1

et − 1
+ 1

2

]
tdt, (19)

where θD denotes the Debye temperature. For aluminum,
θD = 428 K from low temperature heat capacity measure-
ments [56].

The Debye integral can be obtained analytically, using the
following equality [57] involving the polylogarithm special

functions Lin:

N

xN

∫ x

0

tN

et − α
dt

= N�(N + 1)

αxN

[
LiN+1(α) −

N∑
i=0

LiN+1−i(αe−x )
xi

i!

]
,

(20)

which gives, replacing both N and α by 1∫ θD/T

0

t

et − 1
dt = π2

6
− Li2(e−θD/T ) + θD

T
ln(1 − e−θD/T ),

(21)
where we have used the definition Li1(x) = − ln(1 − x) and
the equalities Li2(1) = π2/6 and �(2) = 1. The dilogarithm
function Li2(z) reads, for |z| < 1 (z ∈ C),

Li2(z) =
∞∑

i=1

zi

i2
. (22)

Still applying the Debye model, the An functions are linked
by a recursive relation,

An(�k) =
∫ qD

0 q(2nq + 1)dq
∫

An−1(�k + �q)d�∫ qD

0 q(2nq + 1)dqd�
, (23)

nq denoting the phonon distribution function,

nq = 1

e
θD
T

q
qD − 1

, (24)

where qD reads

qD = (6π2ni )
1/3. (25)

Calculation of the one-phonon function A1,

A1(�k) =
∫ qD

0 q(2nq + 1)dq
∫

A0(�k + �q)d�∫ qD

0 q(2nq + 1)dqd�
, (26)

requires the elastic zero-phonon one. For a crystalline solid, it
reads

A0(�k) =
∑

�G
δ(�k − �G), (27)

where the summation runs over reciprocal vectors �G. We have
to calculate

A0(�k + �q) =
∑

�G
δ(�k + �q − �G). (28)

Gathering the reciprocal vectors in “layers” of N (G) vectors
of same length G,∑

�G
δ(�k + �q − �G) =

∑
G

N (G) δ(|�k + �q|2 − G2), (29)

leads to∫
A0(�k+�q)d�=

∑
G

N (G)
∫ 1

−1
δ(k2 + q2 + 2kqχ − G2)dχ,

(30)
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and finally to

A1(k)

=

∫ qD

0 (2nq+1)qdq
∑
G

N (G)
∫ 1
−1 δ(k2+q2+2kqχ−G2)dχ

4π
∫ qD

0 (2nq + 1)qdq
.

(31)

Replacing d� by −2πdχ , where χ = cos θ , also in
Eq. (23) one gets

An(k) =
∫ qD

0 (2nq + 1)qdq
∫ 1
−1 An−1(k2 + q2 + 2kqχ )dχ

2
∫ qD

0 (2nq + 1)qdq
.

(32)
Solid aluminum at normal density ρ0 = 2.7 g/cm3 crys-

tallizes in the fcc structure. The Appendix gives the 10 first
“layers” of reciprocal vectors �G. At normal density qD = 0.8,
2kF = 1.85, and 2π/a = 0.821 (atomic units), a denoting the
fcc lattice parameter. The sum over the �G vectors must at least
include the rows of length such as G � 2kF + qD = 2.65 a.u.,
i.e., the three first rows of reciprocal vectors.

Mangin et al. describe three approximations for the func-
tions An(k) among which the Meisel-Cote-Debye [58,59] one,
believed to be the most appropriate for resistivity calculations.

2. The Meisel-Cote-Debye approximation

This approximation assumes that all the An(k) functions
with n � 2 are equal to A1(k),

A1(k) = A2(k) = · · · = A(k), (33)

A1(k) being the only one function that has to be calculated.
The total structure factor reads then

S(k) = A1(k) + [A0(k) − A1(k)]e−2W . (34)

Since A0(k)e−2W is the elastic contribution, the inelastic one
is given by

S(1)
inel(k) = A1(k)(1 − e−2W ), (35)

where the superscript means that only the A1(k) has been
calculated. This approximation is certainly a good one if the
weights of the zero-phonon and the one-phonon contributions
are the largest, which is the case at very low temperature and
low k but could be poor close to melting. We therefore propose
to determine as much An terms as needed to obtain converged
S(k) for k up to 2kF and temperature up to melting.

The inelastic structure factors S(n)
inel(k), where the super-

script (n) means that i = 0 . . . n Ai(k) terms are exactly
computed using Eq. (32) and the i > n Ai(k) functions are
taken equal to the last calculated An(k), are related by the
following recursive equation:

S(n)
inel(k) − S(n−1)

inel (k)

= [An(k) − An−1(k)]

[
1 − e−2W

n−1∑
i=0

(2W )i

i!

]
.

(36)

We consider that convergence is achieved when

∫ 2kF

0

[
S(n)

inel(k) − S(n−1)
inel (k)

S(n)
inel(k)

]2

dk � 10−6, (37)

0 0.5 1 1.5 22k
F

k (atomic units)

0

0.2

0.4

0.6

0.8

S
in

el
(k

)

Meisel-Cote-Debye model
Nagel-Einstein model

Aluminum
 T=930 K

FIG. 2. Inelastic structure factor for solid aluminum at T =
930 K (i.e., closed to melting). The black curve is obtained applying
the Meisel-Cote-Debye approximation [58,59] taking into account
scattering processes involving up to five phonons. The red one corre-
sponds to the simpler Nagel-Einstein one [60].

which is the case with only n = 5 terms exactly computed for
normal density aluminum at melting temperature T = 930 K
and n = 3 at ambient one T = 300 K. Figure 2 presents,
in black, the inelastic structure factor obtained for solid
aluminum at temperature close to melting, when the Meisel-
Cote-Debye approximation is applied. The dashed vertical
line marks the upper 2kF limit for the q momentum transferred
in the scattering process. The figure also shows another, how-
ever crude, possible approximation, i.e., the Nagel-Einstein
[60] one, presented in Mangin et al.’s paper. In this extreme
model, all the An(k) (n � 1) are taken equal to 1, which leads
to the following inelastic structure factor:

SNE
inel = 1 − e−2W . (38)

This corresponds to the choice made in Ref. [44] for the
inelastic part of the structure factor. The Meisel-Cote-Debye
approximation provides a more realistic ion-ion structure fac-
tor with a limited computational cost since only a small
number of the An(k) functions have to be calculated.

B. Liquid state case

Baiko et al.’s assumption relies on numerical simulations
from different authors (the example of the molecular-
dynamics study of Schmidt et al. [61] is cited) which suggest
that there is a temporary long-range order at coupling pa-
rameter � 
 1 [� is defined in Eq. (47)]. According to the
authors, this long-range order may be preserved during typical
electron scattering time, giving rise to a temporary electron
band structure and an associated temporary elastic scattering
whose effect on the electric resistivity has to be removed, as
in the solid state. Following this idea, the total structure factor
S(q) for the liquid must be replaced in Ziman formula by

Sinel(k) = Stot (k) − Sel(k). (39)

According to Mangin et al. [55],

Sel(k) = A0(k)e−2W (k)

=
∑

G

N (G)δ(k − G)e−2W (k).
(40)
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In the present work, we use the total structure factor Stot (k)
obtained by solving the hypernetted-chain (HNC) equations
for charged spheres [62]. The semiempirical correlation func-
tion g(r) from Held and Pignolet [63] is used to initialize the
iteration process.

Subtracting the elastic contribution Sel(k) results to the
following effect on the electric resistivity:

η = ηtot − δηel, (41)

where ηtot is the resistivity obtained with the total structure
factor and δηel the correction,

δηel = 1

3πZ∗2ni

∫ ∞

0

(
−∂ f

∂ε

)
Iel(ε)dε. (42)

Using Eq. (40)

Iel(ε) =
∫ 2k

0
q3Sel(q)�(q)dq =

∑
G

N (G)e−2W (G)

×2k4
∫ 1

−1
(1 − χ )|a(k, χ )|2δ[G − k

√
2(1 − χ )]dχ,

(43)

and

δηel = 1

3πZ∗2ni

∑
G

N (G)e−2W (G)

×
∫ ∞

G/2

(
−∂ f

∂k

)
2k4 G2

2k2
×

∣∣∣∣a
(

k, 1 − G2

2k2

)∣∣∣∣
2

dk. (44)

For the solid, the Debye-Waller factor e−2W (k) was calculated
within the Debye model for phonon density of states. For the
present liquid case, we used an analytic fit proposed by Baiko
and Yakovlev [64], also given in Ref. [43],

W (k) = α1(u−1e−9.1τ + 2τu−2)/4. (45)

un = 〈(ω/ωpi )n〉ph is a frequency moment where ωpi =
(4πZ∗2ni/mi )1/2 designs the ion plasma frequency. The
brackets 〈. . . 〉ph mean an average over phonon frequencies ω.
From Ref. [65], u−1 = 2.8 and u−2 = 13 for body-centered
cubic (bcc) lattices. We rely on Potekhin et al.’s assertion [43]
that the effective structure factors for fcc lattices are almost
indistinct from those for bcc one, to also use these values
in our calculations assuming a fcc temporary long-range or-
der in liquid aluminum. Parameter τ reads τ = T/Tp with
Tp = h̄ωpi/kB (i.e., ωpi in the atomic units used in this paper)
denoting the ion plasma temperature, and

α1 = α0
k2

4k2
F

, with α0 = 4k2
F R2

WS

3�τ
, (46)

and where

� = Z∗2

(kBT )RWS
(47)

is the plasma ionic coupling parameter, here given in atomic
units, and we recall that RWS = (3/4πni )1/3 denotes the
Wigner-Seitz sphere radius.

This expression for W (k) is fitted to calculations for densi-
ties from 103 to 1011 g/cm3 and totally ionized plasmas, but is
expected, according to Refs. [43,64], to be applicable at lower
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FIG. 3. Isochoric ρ = 2.7 g/cm3 aluminum’s electrical conduc-
tivities. Filled symbols: Eexperiments, from Desai et al. [14] (black
filled circles), Brandt and Neuer [15] (red filled squares), Gathers
[16] (blue filled diamonds), and Milchberg et al. [13] (black filled tri-
angles). Empty symbols: Molecular-dynamics results, from Knyazev
et al. [17] (red empty circles), Sjostrom et al. [18] (black squares),
Starrett et al. [19] (blue triangles), and Witte et al. [20] (green
diamonds). Lines: Our results. Black line: Using total HNC S(q).
Red and blue lines: Elastic contributions have been subtracted from
S(q), assuming respectively fcc and bcc long-range order in liquid
aluminum.

densities down to 1 g/cm3, if we use the effective ion charge
in the relations (instead of the atomic number Z).

IV. RESULTS

As already underlined in the Introduction, aluminum has
been the subject of a large number of experiments and theo-
retical studies, covering a wide range of temperatures from
ambient one up to typically 100 eV, at densities close to
normal ρ0 = 2.7 g/cm3 one. QMD works provide an isochoric
(ρ = ρ0) set of electrical conductivities. Experimental values
are mostly from isobaric techniques, and give the opportunity
to investigate slightly lower densities. Recently, ultrafast heat-
ing methods [12] allowed to experiment in conditions where
only the electronic component of the matter is heated while
ions remain cold, giving the possibility to extend the temper-
ature range for which correcting the ion-ion structure factor
from elastic contributions could be necessary. These con-
ditions have been studied theoretically by Dharma-wardana
et al. [39], resulting in predictions for electronic temperatures
up to Te ≈ 10 eV, that can be used to complete Sperling et al.’s
few experiments. Additionally, experimental resistivities are
also well documented for solid aluminum. They provide an
opportunity to assess the relevance of our atom-in-jellium
approach for the solid state.

A. Isochoric average-atom conductivities

Figure 3 displays most of the experimental (filled sym-
bols) and theoretical (empty symbols) electrical conductivities
available for dense aluminum, at temperatures 300 K �
T � 100 eV. For solid aluminum (T � Tmelt ≈ 930 K),
experimental values are taken from Desai et al.’s compila-
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tion [14] of numerous data (black filled circles) and from
Brandt and Neuer’s paper [15] (red filled squares). For liquid
aluminum, values from Desai et al. [14] (black filled circles
above typically 0.1 eV) and from Gathers [16] (blue filled
diamonds) are reported. The latter correspond to the values
given in column 5 of Gathers’s Table II, and extend Desai
et al.’s one in the liquid domain. As pointed out by several
authors [20,21,39], all these data are density corrected and fall
under isobaric conditions and not under isochoric ones. Gath-
ers’s liquid aluminum values correspond to densities from 2.4
g/cm3 to 1.7 g/cm3. For solid aluminum, density deviations
from normal ρ0 one are less important. Leitner et al. [66]
report the value ρ = 2.514 g/cm3 just before melting, i.e.,
only 7% less than ρ0, so that we retained these solid-state
experimental conductivities for comparisons to our isochoric
calculations. The case of Gathers’s isobaric conductivities will
be considered in a next section. Above the highest temperature
reported by Gathers, some of the Milchberg et al.’s experi-
mental results [13] from isochoric laser heating (black filled
triangles with error bars) are also presented.

Empty symbols correspond to theoretical results obtained
for ρ0 = 2.7 g/cm3, mainly with the use of QMD associated
to Kubo-Greenwood approximation. Red empty circles are
from Knyazev et al.’s paper [17], green empty diamond from
Witte et al.’s one [20] and blue empty triangles from Star-
rett et al.’s work [19]. Empty black squares are taken from
Sjostrom et al.’s one [18], which differs from the preceding
studies by the use of orbital-free molecular-dynamics.

The curves correspond to our Ziman-Evans calculations
for aluminum at normal density using quantities from the AA
code PARADISIO.

For solid aluminum (T � 0.08 eV) the agreement between
our calculations at ρ0 (green solid line) and the experiments
(black and red solid circles) is rather satisfactory. The ob-
served differences can be explained. Near melting, they are
consistent with the fact that the actual experimental densities
differ slightly from ρ0. Just before melting, we obtained σ =
11.12 (μ�m)−1 instead of 9.46 (μ�m)−1 experimentally. As
specified a little above, Leitner et al. [66] estimate a 7%
reduction of the density near melting. Since σ ∝ 1/ni ∝ 1/ρ,
a crude correction for deviation to normal density would
lead to a “corrected” value σcorrec ≈ 10.34 (μ�m)−1 which
approaches the experiment. At ambient temperature, where
experimental density is ρ0, the observed discrepancies may re-
flect the fact that, at low temperature (T � �D), the weighted
S(k) structure factor no more reduces to static S(k) one. Since
Mangin et al.’s expression is an unweighted integration of
the dynamic structure factor, its use for the calculation of the
resistivity is questionable at temperatures T � �D.

Three results are presented for temperatures above melting
(T � 0.08 eV). The black curve was obtained using total HNC
ion-ion structure factor, and the red and blue ones applying the
correction δηel [Eq. (42)] that accounts for transitory long-
range order in the liquid. Removing these latter effects has
clearly an incidence on our theoretical electrical conductivi-
ties. Furthermore, the conductivities are sensitive to the type
of long-range order. The red curve corresponds to fcc one
while the blue curve describes the effect of a bcc one. We
consider the fact that the red curve obtained with fcc order,
which is solid aluminum’s crystallographic form at normal

density, is in better agreement with most of the available other
theoretical results than the blue curve (bcc long-range order)
as an encouraging result. However, just above melting, the
red curve seems too low compared to Gathers’s experiments
[16], given the fact that they relate to liquid densities, and are
therefore themselves lower than normal density conductivi-
ties. On the other hand, the blue curve, once the density effects
have been corrected, could better match the experiments. This
hypothesis will be examined below (Sec. IV B).

Figure 4 focuses on liquid and plasma states and presents
conductivities on a linear scale. Experimental values from
Gathers [16] and Milchberg et al. [13] as well as molecular-
dynamics results [17–20] already shown in Fig. 3 are
repeated and completed by other theoretical conductivities.
Sperling et al.’s results [67] are represented by the blue
dot-dot-dashed line and Shaffer and Starrett’s ones [68] by
the black short dashes. Witte et al.’s results presented in
Fig. 3 (green diamonds) are relative to calculations using
Perdew-Burke-Ernzerhof (PBE) approximation for exchange-
correlation (XC) functional [69] in the framework of the
generalized-gradient-approximation (GGA). Figure 4 also
presents (magenta down-triangles) the same authors’s results
based on the GGA Heyd-Scuseria-Ernzerhof (HSE) XC func-
tional [70] and QMD calculations of Dharma-wardana et al.
[39] (red right-triangles) also based on PBE XC functional.
Sjostrom et al. (red circles) and Knyazev et al. (black squares)
used the local-density-approximation (LDA) Perdew-Zunger
(PZ) XC functional [71], and Starrett et al. [19] the GGA-PBE
one. We can note that that all GGA-PBE- and GGA-HSE-
based values are close each to other and it is the same for
LDA-based calculations. LDA XC functionals predict higher
conductivities than GGA ones, among which HSE XC func-
tional leads to lower values than PBE. Our own results (red
curve, assuming fcc long-range-order in liquid aluminum)
stem from quantities obtained with our AA code PARADISIO,
using Karasiev et al.’s LDA XC functional [72] and follow
the same trends as the LDA works of Refs. [17,18], at least
for T � 0.4 eV. This observation strengthens our confidence
in the reliability of our results.

The further curves present the results of others than QMD
studies. Two AA calculations, standing on either side of
our curve, are reported. Perrot and Dharma-wardana’s work
[37] (thin black dotted line) focuses on Milchberg et al.’s
experiments above typically 20 eV. Good agreement with
the latter was achieved using constant electron density ne =
0.027 atomic units and Z∗ = Zcont. The dot-dashed green line
presents Faussurier and Blancard’s AA results for isochoric
conductivity (i.e., constant ni), with Z∗ = ZWS for the ion
charge [38]. The two calculations differ also by the ion-ion
structure factor S(k). Faussurier and Blancard used a sim-
ple analytic expression for the one-component plasma [73]
one, whereas Perrot and Dharma-wardana solved the modi-
fied HNC (MHNC) equation, i.e., HNC including a bridge
function [74]. This difference in the S(k) may contribute to
the strong discrepancies observed between the two curves at
T � 10 eV. At higher temperature, the resistivity becomes less
sensitive to S(q), and the remaining divergences stem from
different assumptions for charge densities.

The figure also presents Sperling et al.’s calculations [67]
(blue dot-dot-dashed line). The authors used for S(k) at
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FIG. 4. The figure repeats the theoretical results presented in the preceding Fig. 3, focusing on the liquid and warm-dense-matter states,
and completes them with some other calculations. Magenta down-triangles: Witte et al., using another XC functional (i.e., HSE) [20]. Red
right-triangles: QMD values from Dharma-wardana et al. [39]. Red line: Present work, subtracting elastic contributions to total HNC S(q),
assuming long-range fcc order in the liquid. Thin black dotted line: AA results from Perrot and Dharma-wardana [37]. Green dot-dashed curve:
AA calculation from Faussurier and Blancard [38]. Blue dot-dot-dashed curve: From Sperling et al.’s work [67]; black short dashes: Shaffer
and Starrett’s recent work [68]; and blue dashed line: Neutral pseudoatom (NPA) calculation [39].

0.08 eV < T < 6 eV, an interpolation between the Percus-
Yevick approximation, valid for the liquid state, and the
classical-map hypernetted-chain one, applicable above 6 eV.
They considered a four-parameter electron-ion pseudopoten-
tial, two of them weighting long-range Coulomb potential
and Pauli repulsion and being temperature dependent through
an additional variable noted a. Measured phonon dispersion
curves at melting point are used to obtain all values, at the
exception of a which remains adjustable. The figure presents
results obtained with a = 2, which is close to the expected
a ≈ π2/4 ≈ 2.47 value estimated within LDA. The curve fol-
lows closely the first Gathers’s raw points, i.e., derived from
the measured electrical resistances and not yet corrected from
thermal expansion (more details on Gathers’s experiments
will be given in Sec. IV B).

The black short dashes correspond to the recent calculation
of Shaffer and Starrett [68] combining quantum Landau-
Fokker-Planck equation with the concept of mean-force
scattering, whose results are close to Witte et al.’s QMD ones.

To complete this overview, we also report the very dif-
ferent results obtained by Dharma-wardana et al. [39] with

the neutral pseudoatom (NPA) method. While most AA
models, among which those based on Liberman’s INFERNO

one, confine the electrons inside the ion sphere, neutral-
pseudoatom method widens this border for free electrons to
a “correlation sphere,” whose radius is large enough that
all correlations with the central ion vanish at the surface of
this sphere. The most important outcomes are the removal
of the ambiguity on the definition of the ion charge Z∗, and
the improved description of the free electronic states and
of the ionization processes. This changes drastically the shape
of the conductivity at high temperature, especially in the range
where Milchberg et al.’s experiments show a minimum of the
conductivity, compared to customary AA results. The blue
dashed curve corresponding to the NPA results presents, in-
stead of that, a minimum conductivity close to 6 eV, followed
by a maximum in the vicinity of 25 eV, and, finally, a second
minimum near 70 eV, resulting from the competition between
different ionization states, which is, according to the authors,
out of the scope of ion sphere AA methods. This zone of the
minimum conductivity (maximum resistivity) has been the
subject of a number of studies [37,39,68,75,76], leading to

053209-8



CONSISTENT APPROACH FOR ELECTRICAL … PHYSICAL REVIEW E 102, 053209 (2020)

TABLE I. Aluminum densities relative to Gathers’s isobaric
resistivities.

T (K) 933 1000 1500 2000 2500 3000 3500 4000

ρ (g/cm3) 2.42 2.41 2.29 2.18 2.08 1.97 1.87 1.77

different interpretations. In Sec. IV C, we will retain the fact,
mentioned in Ref. [76], that Milchberg et al.’s experiments
should be analyzed with a two-temperature formalism.

We presented, in this section, electrical conductivity cal-
culations for solid density aluminum covering a wide range
of conditions from solid state to plasma. The same HNC
structure factor was used from the liquid to the plasma, there
where other works used interpolations between two limiting
approximations. It is the case, for instance, for Sperling et al.’s
work where S(k) interpolates between HNC structure factor,
relevant for plasmas, and Percus-Yevick one, often applied
to liquids. In our work, the agreement with both experiments
and QMD data is the result of the subtraction of elastic con-
tributions to S(k), a concept first developed for solid-state
resistivity, here extended above melting.

B. Isobaric conductivities

Gathers experimental values for liquid aluminum’s isobaric
resistivities are reported in Table II of his paper [16]. Two
sets of data are given in columns 4 and 5. Indeed, because
of the important scatter in the measured volumes, the author
first calculated resistivities using resistance ratio and the fixed
room temperature geometry for each shot. These raw values
are noted as ρ∗

e , and fitted by Gathers’s Eq. (9). Gathers
obtained afterwards the actual isobaric resistivities, corrected
from thermal expansion, and noted as ρe, by multiplying his
Eq. (9) by his Eq. (7) which fits the volume expansion ratio
v/v0. The results are finally fitted by his Eq. (8) in the range
of overlap. It seems that there is a misprint in the labeling of
columns 4 and 5 of Gathers’s Table II. It is easy to verify that
the values of column 4 (labelled as ρe) correspond to Gath-
ers’s Eq. (9), i.e., to the raw uncorrected ρ∗

e resistivities, and
those of column 5 (labelled as ρ∗

e ) to Eq. (8), i.e., the actual
experimental resistivities ρe, resulting from the correction for
thermal expansion of the ρ∗

e ’s. We therefore believe that the
blue diamonds corresponding to the data of column 5 are the
true isobaric conductivities, joining this way Witte et al.’s
point of view.

Our calculations are represented by the full and dashed
lines in Fig. 5, where the continuous ones recall the results
obtained for the isochore ρ = ρ0 considering transient fcc (the
lowest continuous red curve) or bcc (the highest continuous
blue one) order in liquid aluminum. The dashed lines are
their counterparts for the densities and temperatures given in
Table I. These two curves frame the experimental values. The
lowest red dashed line obtained assuming fcc-like order is
closest to experimental conductivities. Actually, retaining fcc
or bcc-like order is somewhat arbitrary, although the fcc hy-
pothesis is consistent with solid aluminum’s crystallographic
structure. However, both fcc and bcc can be seen as particular
tetragonal-centered structures, with respectively c/a = 1 and
c/a = 1/

√
2 ratios. A slight compression of the fcc cell along

vertical c axis in our calculations would certainly improve the
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FIG. 5. Isobaric electrical conductivity for liquid aluminum.
Blue diamonds: Experiments from Table II (column 5: Final data
after correction from thermal expansion) of Ref. [16], and black
circles: Desai et al.’s values. Our previous isochoric results are re-
called by the continuous red and blue curves. Dashed curves: Our AA
isobaric conductivities, assuming fcc long-range order in the liquid
(the lowest red dashed line) and bcc one (the highest blue dashes).

agreement with the experiments. Our aim was here to check
the ability of our approach, i.e., correcting resistivities from
these effects, to predict also isobaric values. This is clearly the
case, within the uncertainty on the actual transient long-range
order in liquid aluminum.

C. Two-temperature conductivities

Sperling et al. measured surprisingly low electrical con-
ductivities for solid density aluminum at T ≈ 0.2 eV and T ≈
6 eV, using the Linac Coherent Light Source (LCLS) facility
[12]. The LCLS experiments are interpreted in Ref. [39] as
ultrafast ones, where the sample is heated and probed on a
timescale short enough to keep the ions at some temperature
Ti = T0 while electrons are heated up to Te 
 Ti. For simi-
lar reasons, Milchberg et al.’s experiments [13] using short
laser pulses are also considered to belong to this category of
ultrafast methods [76]. Indeed, a two-temperature extension
of Ziman’s expression for electrical resistivity, assuming T0 =
0.06 eV accounts satisfactorily for Sperling et al.’s values
[77]. The latter correspond to the red squares of Fig. 6, and the
black triangles in the same figure represent Milchberg et al.’s
electrical conductivities, here rescaled by Dharma-wardana
and Perrot [76]. Actually, Milchberg et al. did not measure the
temperature but estimated it according to a Z∗(T ) theoretical
relation. In the figure, the triangles are somewhat horizon-
tally shifted compared to the preceding figures, according
to Dharma-wardana and Perrot’s temperature reevaluation,
based on their own ion charges Z∗. The lines correspond to the
theoretical conductivities. The black dashed curve represents
NPA results from Ref. [39] at 0.1 eV � Te � 10 eV, which
lie substantially below their Ti = Te counterparts. It is unfor-
tunate that there is no calculation above 10 eV, but we can
guess that a similar down shift of the Ti = Te curve of the
Fig. 4 occurs, probably resulting in a curve slightly oscillat-
ing among Milchberg et al.’s points. Earlier two-temperature
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FIG. 6. Fast-heated aluminum’s electrical conductivity. Red
squares: x-Ray heating using the LCLS facility [12], and black
triangles: Laser heating from Milchberg et al. [13], reconsidered
by Dharma-wardana and Perrot [76]. Long black dashes: Two-
temperature NPA results, at 0.1 eV � Te � 10 eV. Short black
dashes: Two-temperature ion-sphere static conductivity, and magenta
dashes: Two-temperature ion-sphere dynamic conductivity σ (ω),
with h̄ω = 4.026 eV. Red continuous line: This work, with Te = Ti.
Our two-temperature conductivities: Use of the solid state S(q) (blue
dot-double-dashed) and liquid state one (blue double dot-dashed
line) at ion temperature T0 = 0.05 eV.

AA-based studies from Dharma-wardana and Perrot [76] are
however available for T � 10 eV, and represented by the black
short dashes and magenta dots. The black dashes correspond
to static two-temperature electrical conductivity. The authors
of Ref. [76] obtained better agreement with the experiments
with dynamic two-temperature conductivity σ (ω) (magenta
dashes), where h̄ω = 4.026 eV, the laser wavelength being
λ = 308 nm. This last curve almost connects to the NPA cal-
culations in the vicinity of Te ≈ 10 eV, despite the use of a less
sophisticated AA method.

The continuous red curve of Fig. 6 recalls our isochoric
conductivities. The blue dot-double-dashed line corresponds
to our two-temperature calculations, using two-temperature
Ziman formalism.

In the latter, the resistivity reads [76,78]

η2T = − 1

3π

ni(Ti )

ne(Te)2

∫ ∞

0

∂ f

∂ε
(ε, μ, Te)I (ε, Ti, Te)dε, (48)

the electron density at Te and the ion density at Ti being
related by

ne(Te) = Z∗ni(Ti ). (49)

The two-temperature integral I (ε, Ti, Te) is given by

I (ε, Ti, Te) =
∫ 2k

0
q3S(q, Ti, Te)�(q, Te)dq. (50)

Fermi distribution function and scattering cross section are
here respectively denoted by f (ε, μ, Te) ≡ f (ε, μ(Te)) and
�(q, Te) to recall that these functions are relative to elec-
trons at temperature Te �= Ti. In the same way, S(q) is here
replaced by S(q, Ti, Te), i.e., the structure factor for an assem-
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FIG. 7. Two-temperature aluminum’s electrical conductivities,
assuming a liquid structure factor S(q, Ti ) at different temperatures
Ti (symbols). The blue line is an approximation of Knyazev and
Levashov’s QMD results for 3000 K � Ti � Te � 20 000 K [79].

bly of ions at temperature Ti immersed in an electron gas at
temperature Te.

In the analysis of ultrafast experiments, it is considered that
the sample is preheated to some temperature T0, which consti-
tutes the initial sample temperature before heating by the main
pulse. The ion-ion structure factor used for the calculation
of the two-temperature resistivity is therefore S(q, T0, T0) ≡
S(q, T0). Furthermore, Petrov et al. [78] rely on their obser-
vation that the interactions depend weakly on the electron
temperature in the case of aluminum, to justify the use of the
same S(q, T0) structure factor.

These authors investigated the variation in electrical re-
sistivity with both Ti and Te. Applying the two-temperature
Ziman expression, they found that the resistivity decreases
when the ion temperature Ti is lowered. Knyazev and Lev-
ashov observe the same trend with QMD-KG approach and
propose the following approximation [79] of their results for
3000 K � Ti � Te � 20 000 K:

σKL(Ti, Te) = 2.844 107

[Ti(K )]0.25
�−1 m−1. (51)

These results exclude the possibility of notable preheating
of the aluminum sample up to liquid state in LCLS ex-
periments, and join the conclusion of the two-temperature
calculations presented in Ref. [39] using a liquid structure
factor S(q, T0), with T0 = Tmelt. We report, in Fig. 7, some
two-temperature conductivities σ (Ti, Te) for a few values of
electron temperature, including those Te = 0.2 eV and Te =
6 eV corresponding to the LCLS experiments, the ion temper-
atures varying in the range 0.05 eV � Ti � 3 eV (symbols),
that supports this conclusion. The resistivities are calculated
as described in Sec. III B, i.e., subtracting the elastic contri-
bution δηel from the the two-temperature resistivities obtained
with the HNC structure factors S(q, Ti ). The agreement of our
results with Knyazev and Levashov’s QMD two-temperature
conductivities [approximated by Eq. (51) and illustrated in
Fig. 6 by the blue line] in the range 0.3 eV � Ti � Te �
1 eV, only observed when the correction δηel to the liquid’s
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resistivity is applied, is an argument in favor of the relevance
of our approach for two-temperature calculations, too.

Since we obtained satisfactory results in the solid-state
domain with the structure factor derived using Meisel-
Cote-Debye approximation, we used it for the calculation
of two-temperature conductivities and obtained the blue
dot-single-dashed curve of Fig. 6, which is in qualitative
agreement with Milchberg et al.’s laser heating experiments
for Te < 10 eV, but well above the LCLS conductivities. This
suggests that the state of aluminum before the main heating
in LCLS experiments probably is neither a perfect liquid nor
a perfect solid. Indeed, the black dashed curve of Fig. 6 was
obtained by Dharma-wardana et al. using an ion-ion structure
factor that corresponds to a “supercooled” liquid at tempera-
ture T0 = 0.06 eV [39]. Built to mimic the solid’s spherically
averaged structure factor, it combines a pseudopotential ca-
pable, according to the authors, to account accurately for
solid-state properties like phonons dispersion curves, to the
MHNC equations describing the pair correlations in a fluid.

To some extent, we have, in this section, shown the
relevance of our approach in the conditions of ultrafast experi-
ments, where electrons are heated up to temperatures Te higher
than ion ones Ti. Milchberg et al.’s electrical conductivities at
Te � 10 eV are explained assuming there is limited preheating
before the main laser pulse, the ion subsystem remaining in
the solid state. As electron temperature rises above 10 eV,
the agreement with Milchberg et al.’s points can be reached
considering progressive preheating to liquid state. Concerning
x-ray heating in LCLS experiments, we agree with Dharma-
wardana et al. when we conclude that the initial state before
main heating can not be a normal liquid (i.e., a liquid at
temperature above melting). However, we believe that it can
neither be solid. Dharma-wardana et al. obtained neverthe-
less satisfactory agreement with the experiments assuming
a “supercooled” liquid initial state but not solid. A similar
calculation is, at the present time, out of our scope. The use of
Held and Pignolet’s semiempirical ion-ion pair potential with
HNC equations reaches here its limits. A more realistic pair
potential should be constructed in close connection with our
AA code for that purpose.

V. CONCLUSION

We presented a calculation of dense aluminum’s electrical
conductivity from the solid state to the hot plasma within
Ziman’s formulation. The latter theory requires the knowledge
of ion-ion structure factors, for which several approximations
are available, more or less relevant for each given domain of
density and temperature. The resolution of the hypernetted-
chain equations for charged spheres gives satisfactory results
for the plasma, but Percus-Yevick approximation is often pre-
ferred for the liquid state. The question of how to fill the gap
between these two limits then arises. Recently, our attention
was caught by the encouraging results obtained in Ovechkin
et al. and Hansen et al.’s works where a widely accepted point
of view for the solid state, consisting in retaining only the
inelastic part of the structure factor for resistivity calculation
with Ziman’s formula, is extended to the liquid state. In the
present work, we have pushed this approach further, in order
to obtain continuity in the ion-ion structure factors, from solid
to plasma states.

Ovechkin et al. do not consider the solid-state case, and
Hansen et al. apply Baiko et al.’s model for solid ion-ion
structure factor. In the present work we computed the multi-
phonon expansion for the solid’s structure factor. The inelastic
part corresponds to the terms including at least one phonon in
the pair interaction. We obtained converged inelastic structure
factor including up to the fifth term, i.e., the one involving
creation and/or destruction of five phonons. Except the value
of the Debye-Waller factor damping the Bragg peaks in the
elastic part (zero-phonon term in the multiphonon expansion
of the structure factor) required for the solid phase, all other
quantities can be obtained from our average-atom code, in-
cluding the total hypernetted-chain structure factor used from
the liquid state to the plasma. No interpolation between two
limiting structure factors is required. The effect of the sup-
pression of the elastic contributions decreases progressively
and naturally as temperature rises.

We obtained satisfactory agreement with experimental
conductivities available for solid aluminum. Following Baiko
et al.’s assumption that long-range order persists in the liq-
uid during the characteristic electron-ion scattering time, an
elastic contribution similar to solid state’s one must also be
removed from the total liquid’s structure factor for the calcula-
tion of the liquid’s resistivity. We derived the correction to the
resistivity to be applied in order to account for the existence
of such transient long-range order in the liquid. We improved
this way considerably the agreement with quantum-molecular
dynamics conductivities, especially with those obtained with
the same class of exchange-correlation functionals (i.e., LDA)
than ours. We observed the same effect on liquid aluminum’s
isobaric conductivities, which are closer to experiments when
this correction is performed. The corrected conductivities are
very sensitive to the type of transient long-range order re-
tained. Our results suggest a slight compression of the solid’s
fcc structure along the vertical c axis rather than perfectly fcc
long-range order in liquid aluminum.

Finally, we considered the case of two series of ultra-
fast experiments performed on aluminum, i.e., Milchberg
et al.’s ones using short laser pulses, and Sperling et al.’s
x-ray heating ones carried out on LCLS facility. The for-
mer have been the subject of many theoretical works for
electron temperatures from 10 to 100 eV, where the resis-
tivity exhibits a maximum. Correct agreement was observed
in the present work as well as in previous ones, with the
usual one-temperature Ziman formalism. Some authors tried
a two-temperature approach in this temperature range, with
comparable results. We focus in our work on electron temper-
atures Te � 10 eV, where the ion-ion structure factor has more
impact on resistivities, and where two-temperature effects are
expected to be therefore more important. Assuming that the
ion subsystem remains a fcc crystal in these experiments,
we used the multiphonon structure factor calculated for the
solid state, and obtained, applying two-temperature Ziman’s
formalism, electrical conductivities in qualitative agreement
with Milchberg’s experimental values. Such a result implies
that the ion subsystem is necessarily different from the solid
in LCLS experiments. Our attempts to explain the latter as-
suming an initial liquid state at some temperature Ti � Te

but above melting did no more succeed, suggesting that the
actual initial state before main heating is neither a perfect
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TABLE II. Number N (G) and length G (in units of 2π/a) of the
10 first reciprocal vectors for the fcc crystal.

N (G) 8 6 12 24 8 6 24 24 24 32

G
√

3 2 2
√

2
√

11 2
√

3 4
√

19 2
√

5 2
√

6 3
√

3

solid nor a normal liquid. From their two-temperature neu-
tral pseudo-atom-based calculations, Dharma-wardana et al.
obtained good agreement with experiments assuming a “su-
percooled” initial liquid state at Ti below melting. Such a
calculation is beyond our reach. In the future, we plan to
improve our computation of the HNC structure factor, which
might shed new light on the discrepancies between calcula-
tions and measurements in the LCLS experiment.

APPENDIX: FIRST LAYERS OF RECIPROCAL VECTORS

1. Case of fcc structure

The elementary fcc cell is defined by the vectors

�R1 = a

2
(0, 1, 1)

�R2 = a

2
(1, 0, 1) (A1)

�R3 = a

2
(1, 1, 0),

where a is the lattice parameter, such as a3 = 4�WS, �WS de-
noting the volume of the Wigner-Seitz cell, and the reciprocal
cell by the elemental reciprocal vectors,

�G1 = 2π
�R2 × �R3

�R1 · ( �R2 × �R3)
= 2π

a
(−1, 1, 1)

�G2 = 2π
�R3 × �R1

�R1 · ( �R2 × �R3)
= 2π

a
(1,−1, 1)

�G3 = 2π
�R1 × �R2

�R1 · ( �R2 × �R3)
= 2π

a
(1, 1,−1). (A2)

TABLE III. Number N (G) and length G (in units of 2π/a) of the
10 first reciprocal vectors for the bcc crystal.

N (G) 12 6 24 12 24 8 48 6 36 24

G
√

2 2
√

6 2
√

2
√

10 2
√

3
√

14 4 3
√

2 2
√

5

The reciprocal vectors �G are such as

�G = n1 �G1 + n2 �G2 + n3 �G3. (A3)

Table II reports the 10 first layers of fcc reciprocal vectors.
By “layer” we mean a set of N (G) reciprocal vectors of same
length G.

2. Case of bcc structure

The elementary bcc cell is defined by the vectors

�R1 = a

2
(−1, 1, 1)

�R2 = a

2
(1,−1, 1) (A4)

�R3 = a

2
(1, 1,−1),

where the lattice parameter a verifies here a3 = 2�WS, and the
elemental reciprocal vectors are

�G1 = 2π
�R2 × �R3

�R1 · ( �R2 × �R3)
= 2π

a
(0, 1, 1)

�G2 = 2π
�R3 × �R1

�R1 · ( �R2 × �R3)
= 2π

a
(1, 0, 1)

�G3 = 2π
�R1 × �R2

�R1 · ( �R2 × �R3)
= 2π

a
(1, 1, 0). (A5)

The 10 first layers of bcc reciprocal vectors, are given in
Table III.
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