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Relativistic flying forcibly oscillating reflective diffraction gratings are formed by an intense laser pulse
(driver) in plasma. The mirror surface is an electron density singularity near the joining area of the wake wave
cavity and the bow wave; it moves together with the driver laser pulse and undergoes forced oscillations induced
by the field. A counterpropagating weak laser pulse (source) is incident at grazing angles, being efficiently
reflected and enriched by harmonics. The reflected spectrum consists of the source pulse base frequency and its
harmonics, multiplied by a large factor due to the double Doppler effect.
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I. INTRODUCTION

Bright sources of electromagnetic radiation with the spec-
tral range from extreme ultraviolet to x rays have attracted a
great deal of attention because of their great potential for both
fundamental science and practical applications (e.g., in biol-
ogy, medicine, and materials science) [1,2]. One of the ways
toward developing ultrashort intense electromagnetic pulse
sources is a simultaneous frequency upshift and pulse com-
pression. This occurs in the reflection of an electromagnetic
wave from a fast approaching mirror, which is a manifestation
of the double Doppler effect. According to the Einstein pre-
diction [3], in the head-on wave-mirror collision, the reflected
electromagnetic pulse is compressed and its frequency is up-
shifted by the same factor (c + vM )/(c − vM ) ≈ 4γ 2

M , where
vM is the mirror velocity, c is the speed of light in vacuum,
and γM = (1 − v2

M/c2)−1/2 is the mirror Lorentz factor.
There are a few physical realizations of this concept. Per-

haps the earliest are the electromagnetic wave reflection at a
moving relativistic electron slab [4] and at moving ionization
fronts [5–7].

A potentially high repetition generation of frequency-
upshifted high-intensity quasimonochromatic electromag-
netic pulses [8–11] uses a laser-driven breaking wake wave in
underdense plasma as the relativistic flying mirrors (RFMs)
which reflect, compress, and focus a counterpropagating laser
pulse (for details see the reviews in [12,13] and references
therein). An increase of the intensity of counterpropagat-
ing laser pulses modifies this scheme, adding generation of
high-order harmonics at the mirror [14]; the spectrum of the
reflected light consists of harmonics of the incident pulse base
frequency, all multiplied by approximately 4γ 2

M .

*timur.esirkepov@qst.go.jp

The flying mirror can be a laser-accelerated thin electron
layer ejected by an intense laser pulse from a thin foil [15]. An
ensemble of flying mirrors producing high-intensity attosec-
ond pulses is realized by electron layers consequently ejected
at every period of the intense incident laser [16]. Due to
multiple reflections on many semitransparent electron layers,
the conversion efficiency can be as high as 4γ 2

M � 1, where
energy is gained via the momentum transfer from the flying
electron layers to the reflected radiation [16].

The relativistic oscillating mirrors (ROMs) are formed at
the surface of an overdense plasma, when a strong laser
field both induces the nonlinearly oscillating electron density
modulations and gets reflected off them, producing high-order
harmonics [17–19]. When a dense plasma slab is accelerated
by a high-contrast ultraintense laser pulse in the regime of
radiation pressure dominant acceleration, it gains energy as a
receding mirror and acts as an approaching mirror for a coun-
terpropagating intense laser pulse [20]; in addition, it acts as a
relativistic oscillating mirror in the comoving reference frame
so that the reflected radiation contains high-order harmonics,
upshifted due to the double Doppler effect.

Here we present a physical realization of the relativis-
tic mirror, the relativistic flying forcibly oscillating mirror
(RFFOM). It appears as a surface of high electron density
corresponding to a folding singularity created by an intense
laser pulse propagating in plasma. Being modulated by the
laser field, this surface acts as a reflective diffraction grating
for a counterpropagating electromagnetic wave.

The paper is organized as follows. In Sec. II the mecha-
nism of the RFFOM concept is introduced. Section III gives
a simplified theory based on the assumption of an inclined
ideal flat mirror. Section IV introduces the simulation setup
and the basic parameters. In Secs. V and VI we analyze
the properties of the reflected wave and its spectrum using
a three-dimensional (3D) simulation and high-resolution 2D
simulations, respectively. In Sec. VII the influence of thermal
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effects on the RFFOM is investigated. Section VIII summa-
rizes the results and discusses possible applications of the
concept.

II. RFFOM MECHANISM

An intense laser pulse propagating in underdense plasma
excites wake waves [21–23]. The laser field pushes elec-
trons not only along the laser axis, but also aside, creating
a cavity void of electrons. Depending on the relation between
the kinetic energy of transversely pushed electrons Ee⊥ and
the electrostatic potential of the cavity ϕ, one can see three
patterns of the first wake wave period. When Ee⊥ � eϕ, the
cavity rear has a smooth surface, which can be used as a RFM
[8]. Here e is the electron charge. For Ee⊥ � eϕ, electrons
forming the cavity wall overshoot the axis at the cavity rear,
which causes the transverse wake wave breaking [24], playing
an important role in the electron injection into the acceleration
phase of the wake wave. A tightly focused laser pulse can push
electrons so that Ee⊥ � eϕ and electrons form a bow wave
[25], which detaches from the cavity wall in the head of the
laser pulse. A propagation of transversely pushed electrons
through unperturbed electrons is a multistream flow. In the
approximation of a continuous electron fluid, such flows have
density singularities whose existence, universality, and struc-
tural stability are explained by catastrophe theory [26]. The
fold singularity corresponds to the electron density jumps at
the cavity wall and bow wave boundary. At their joining, the
electron density is even higher and corresponds to the cusp
singularity. The fold singularity is indeed a fold of the phase
distribution of initially unperturbed electrons, projected into a
space to form the density distribution [27–29].

The cusp and the adjacent folds act as a pair of mirrors
joined at some angle (cusped mirror), which undergoes forced
oscillations induced by the laser field (Fig. 1). It partially
reflects a counterpropagating electromagnetic wave (source).
The reflected radiation is enriched by high-order harmonics,
because the cusped mirror is oscillating, like ROMs [17], and
all of the reflected spectrum is upshifted because the cusped
mirror moves with a high speed, like RFMs [8]. Moreover, the
source can have a grazing incidence on the mirror surfaces,
because at the point of the bow wave detachment from the
cavity wall, the surfaces of the highest electron density can
make a relatively small angle with respect to the laser axis.
These angles can be controlled by the laser focal spot size
and initial plasma density, in accordance with the condition
of the bow wave formation [25]. As is known, the smaller the
grazing incidence angle, the higher the reflection efficiency.
In our case, however, the increase of the reflection efficiency
is accompanied by a decrease of the frequency upshift factors.

The cusped mirror is a RFFOM, combining the properties
of a RFM and a ROM. The surface of the cusped mirror is
periodically modulated by the laser field; therefore, the cusped
mirror has the properties of a reflective diffraction grating.

A source laser pulse is reflected from the cusped mirror;
high-order harmonics are generated due to the mirror os-
cillations as in ROMs and the whole reflected spectrum is
upshifted as in RFMs. The reflected radiation goes at discrete
angles corresponding to the diffraction orders of a relativis-
tic flying reflective diffraction grating. The feasibility of the

FIG. 1. The RFFOM scheme. On the bottom the driver pulse (not
shown but revealed via density modulations) creates a cavity and bow
wave in underdense plasma (2D PIC simulation of Sec. VI). Over-
shooting electrons cause transverse wave breaking (TWB). Shown
on top is a close-up of the area near the cusp. A counterpropagating
source pulse is reflected off the sides of the cusped mirror, forcibly
oscillating under the action of the driver. The blue-red color scale is
for the electric field and grayscale is for the electron density.

above-described RFFOM is demonstrated using 2D and 3D
particle-in-cell (PIC) simulations.

We note that the cusp and the portions of adjacent folds
have their own self-emission [27–30] when only the driver
pulse is present. In particular, the cusp emits high-frequency
electromagnetic radiation in a cone around the vector of the
average velocity of the cusp. The constructive interference is
gained only for wavelengths which are emitted by the regions
having size shorter than the wavelength in the radiation propa-
gation direction. This condition is always satisfied for the cusp
singularity. In analogy with the moving oscillating charge, the
cusp emits the high-order harmonics observed in experiments
[27–29]. Here we do not consider this self-emission. In the
simulations shown below, the source pulse and consequently
the reflected pulse have different polarization with respect to
the driver and the reflected radiation disappears in the absence
of the source.

III. MODEL

In order to analyze the base frequency and direction an-
gle of electromagnetic radiation reflected from the cusped
mirror, we use a simplified model, neglecting oscillations
of the mirror surface (Fig. 2). We consider a moving ideal
flat mirror in a 2D space (x, y), where the mirror veloc-
ity vector is {βc, 0}, with β = vM/c. The mirror is inclined
with respect to its velocity; the normal vector to its surface
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FIG. 2. Positional relationship of the moving inclined mirror, and
incident and reflected waves in the (a) laboratory and (b) comoving
reference frames.

is {sin θ, cos θ}. A counterpropagating electromagnetic wave
with frequency ωs is incident on the mirror; its wave num-
ber vector is κs = {−ωs/c, 0}. The reflected electromagnetic
wave has a frequency of ωr and a wave number vector of
κr = (ωr/c){cos φr, sin φr}.

The parameters of the reflected wave are obtained by
changing to the reference frame of the mirror, considering
specular reflection, and changing back to the laboratory ref-
erence frame

ωr = ωs
1 + β

1 − β cos φr
, (1)

cos φr = (1 + β )2 tan2(θ ) − 1

(1 + β )2 tan2(θ ) + 1
. (2)

For large values of γ = (1 − β2)−1/2 → ∞ and fixed angle
0 � θ � π/2, we have

ωr = ωs
5 − 3 cos 2θ

1 + cos 2θ
− O

(
1

γ 2

)
, (3)

cos φr = 3 − 5 cos 2θ

5 − 3 cos 2θ
+ O

(
1

γ 2

)
. (4)

We note that the expansion of Eq. (3) diverges for θ → π/2
(i.e., for near-normal incidence). Nevertheless, the larger the
γ , the greater the well-approximated threshold for θ ; for
example, for γ = 10, the approximation is good for 0 �
θ � π/4 with the maximum (overestimation) error of 2%.
In Eq. (4) the expansion is valid for the whole interval of
0 � θ � π/2; for example, for γ = 10, the maximum (over-
estimation) error is 0.25%. In the limit of the glancing angle
θ → 0, reflection does not occur: ωr → ωs and cos φr = −1.

According to Eqs. (3) and (4), for large γ , the mir-
ror inclined at θ = arccos( 3

5 )/2 ≈ 26.6◦ reflects radiation at
90◦ with frequency ωr ≈ 2ωs. If the driver pulse is suffi-
ciently intense and tightly focused (e.g., due to relativistic
self-focusing), the transversely pushed electrons move with
relativistic velocity. Since the driver velocity is also relativis-
tic, the bow wave outer boundary makes an angle of θ ≈ 45◦
with the laser axis [25]. In this case, from the expansions in
Eqs. (3) and (4) we obtain ωr ≈ 5ωs and φr ≈ arccos( 3

5 ) ≈
53◦, independent of the mirror velocity for sufficiently large
γ .

Equation (1) represents an ellipse in polar coordinates
(ωs, φr ) [9]. In the coordinates (kx, ky), which are the com-
ponents of the reflected wave number vector κr = {kx, ky},
we have ωr = c(k2

x + k2
y )1/2 and φr = arctan(ky/kx ), so the

leftmost focus of the ellipse is at (0,0) and the major axis
coincides with the x axis; the leftmost point of the ellipse is
ωr |φr=π = ωs, which means transmitted radiation; the right-
most point of the ellipse is ωr |φr=0 = ωs(1 + β )/(1 − β ) ≈
4γ 2ωs, which means exactly backward reflection. If there
exist harmonics of the base frequency, each harmonic order
sits on its own ellipse with the same leftmost focus.

If the source pulse has sufficiently low frequency, its wave-
length inside the plasma is significantly longer than in vac-
uum, λ̃s = λs(1 − ω2

pe/ω
2
s )−1/2, where ωpe =

√
4πe2ne/me is

the Langmuir frequency. Here ne is the electron density and
me is the electron mass. In this situation, Eq. (1) becomes [12]

ωr =
ψs + β cos(φr )

√
ψ2

s − ω2
pe(1 − β2 cos2 φr )

1 − β2 cos2 φr
, (5)

ψs = ωs + β

√
ω2

s − ω2
pe (6)

and the reflection angle is determined by the relation

sin φr

cos(φr ) − ββs,ph
= 2γ 2 tan θ

tan2(θ ) − γ 2
, (7)

where βs,ph = vs,ph/c > 1 is the normalized phase velocity of
the source pulse,

βs,ph = ωr/

√
ω2

r − ω2
pe

=
ψs + β cos(φr )

√
ψ2

s − ω2
pe(1 − β2 cos2 φr )

ψsβ cos(φr ) +
√

ψ2
s − ω2

pe(1 − β2 cos2 φr )
. (8)

In the limit ωpe → 0 and ψs → (1 + β )ωs, Eq. (5) reduces to
Eq. (1). According to Eq. (5), the maximum frequency upshift
(at φr = 0) in plasma is slightly less than that in vacuum,

ωr |φr=0 = γ 2(ψs + β

√
ψ2

s − ω2
pe/γ

2
)

< γ 2(1 + β )ψs. (9)

IV. SIMULATION SETUP

To study the laser plasma interaction under the conditions
when the bow wave is formed, we carry out 2D and 3D
PIC simulations using the EPOCH code [31] and REMP code
[32]. The plasma is fully ionized and homogeneous. The
ion response is neglected due to a large ion-to-electron mass
ratio, relatively low electron density, and a short time of the
considered interaction. The electron density is ne = 1.14 ×
1019 cm−3 × (1 μm/λd )2 = 0.01nc, where nc = π/reλ

2
d =

1.115 × 1021 cm−3 × (1 μm/λd )2 is the critical density, re =
e2/mec2 is the classical electron radius, and λd = 2πc/ωd is
the wavelength, with ωd the frequency of the driver laser and
c the speed of light in vacuum.

The driver laser pulse is linearly polarized with its electric
field vector along the y axis and its dimensionless amplitude
is ad = eEd/meωd c = 6.62, corresponding to an intensity of
Id = 6 × 1019 × (1 μm/λd )2 W/cm2, where Ed is the maxi-
mum electric field of the driver. Its full width at half maximum
is 5λd × 5λd (along the x and y axes) in 2D simulations and
10λd × 4λd × 4λd (along the x, y, and z axes) in the 3D
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FIG. 3. Wake wave cavity, bow wave, and cusp seen in the elec-
tron density distribution (in grayscale). The reflected electric field
normalized to that of the driver Ed is shown by the blue-red color
scale.

simulation. The driver focus is at the left boundary of the sim-
ulation box. In the 3D simulation, the transverse sizes of the
driver and source laser pulses are less than in 2D simulations
due to the limited computational resources.

The source laser pulse has perpendicular polarization; its
electric field vector is along the z axis. This helps to distin-
guish the driver, the source, and the reflected radiation, as
was done in previous publications [8]. Moreover, it helps to
distinguish the reflected signal from the cusp self-emission.
The source has a longer wavelength λs = 8λd . This helps
to more easily resolve and analyze the strongly upshifted
reflected radiation enriched with high-order harmonics with
limited computing resources. The source pulse dimension-
less amplitude is as = 0.05, corresponding to an intensity of
Is = 5.35 × 1013 W/cm2. It is sufficiently weak in order not
to affect the motion and structure of the cusped mirror [33]. Its
full width at half maximum is 8λd × 20λd in 2D simulations
and 8λd × 10λd × 10λd in the 3D simulation. Its transverse
size is large enough to see reflection from bow waves.

The simulation results are shown in Figs. 7(a), where
Figs. 3 and 4 represent 3D simulation while Figs. 5–9 show
2D simulations with similar parameters. In the following Td =
λd/c is the period of the driver laser cycle.

V. 3D SIMULATION

An excitation of the wake wave and bow wave by the
driver pulse, the formation of the cavity, and the reflection
of the source pulse from the cusped mirror can be seen in
the 3D PIC simulation (Fig. 3). Here the simulation box
has a size of 30λd × 30λd × 30λd . The spatial grid mesh
is �x/λd = 1

30 , �y/λd = 1
30 , and �z/λd = 1

30 . Plasma uni-
formly fills the cube with coordinates of 0λd � x � 30λd ,
−15λd � y � 15λd , and −15λd � z � 15λd . The total num-
ber of quasiparticles is 5.7 × 108.

The reflected radiation in Fig. 3 is computed as follows.
First, the difference is taken between the electromagnetic
fields in two separate simulations, one with the source pulse
and another without it. The electromagnetic field obtained in

FIG. 4. Cross sections of the box shown in Fig. 3 along the planes
(a) (x, y, z = 0), (b) (x, y = 0, z), and (c) (x = 22.5, y, z). The blue-
red color scale for the electric field normalized to that of the driver
Ed contours for electron density.

this way represents the incident source pulse together with the
reflected radiation [10]. Second, the low-frequency compo-
nent is filtered out, thus the field representing the source pulse
is removed so that the remaining component corresponds to
the reflected radiation.

As can be seen in Figs. 3 and 4(a), reflection occurs in
the regions of high electron density. Reflection starts at the
cusp, a location where the cavity wall joins the outline of the
bow wave. Then it happens at the rear of the cavity. The latter
is a realization of the RFM by the breaking wake wave, as
described in Ref. [8].

Here we focus on the reflection at the cusp. As can be
seen in Figs. 4(a) and 4(c), the reflected radiation goes at
some angle off axis, from both sides of the cusped mirror
near the cusp, in the form of two short-wavelength pulses:
An outer pulse initially goes outside the cavity and an inner
pulse initially goes inside the cavity. As expected, the re-
flected radiation wavefronts correspond to a conical mirror;
in particular, the cross section in the plane of the driver axis
and polarization demonstrates a nearly flat wave front cross
section [Fig. 4(a)], in agreement with the model assumption in
Sec. III. These fronts certainly become almost spherical when
the reflected pulses propagate at a distance much greater than
their width.

The frequency upshift of the reflected radiation is obvious:
The reflected pulse wavelength is significantly shorter than the
electron density modulation induced by the driver, which in
turn is much shorter than the source pulse wavelength (ωs =
ωd/8). We note that the outer pulse has a shorter wavelength
than the inner pulse, in accordance with their propagation di-
rection, which corresponds to reflection from different sides of
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FIG. 5. (a) Electron density distribution in the (x, y) plane at t =
54Td . (b) Longitudinal px and (c) transverse py electron momenta vs
the x coordinate, for electrons in the strip near the axis 29λd � y �
31λd (blue) and in the strip containing the cusp 36λd � y � 38λd

(red).

the cusped mirror with different inclination angle with respect
to the driver axis.

Near the cusp, the electron density is comparable to that
at the cavity rear, at the breaking point of the wake wave.
Both the cusped mirror and the electron shell at the cavity
rear provide efficient reflection due to strong localization of
electrons. In addition, grazing incidence enhances the cusped
mirror reflectivity, although at the expense of the greater off-
axis reflection angle and correspondingly the lower frequency
upshift factor, as follows from the model in Sec. III.

VI. HIGH-RESOLUTION 2D SIMULATIONS

In order to see the spectral properties of the reflected
radiation, we performed 2D PIC simulations in the mov-
ing window with higher resolution, for a grid mesh size of
�x/λd = 1/1024 and �y/λd = 1/256. The conical cusped
mirror seen in the 3D simulation appears in 2D simulation
as two cusped mirrors [Fig. 5(a)], analogously to the cross
section in Fig. 4(a). We note that the cusp maintains a stable
structure for more than 150 driver laser cycles. The cusped

FIG. 6. Electric field Ez after the high-pass filter, for ω � 2ωs, at
(a) 7.5Td and (b) 34.5Td . The black thin curves correspond to electron
densities of 0.03nc, 0.04nc, and 0.05nc. Arrows show the propagation
direction. Dashed ellipses show the reflected outer and inner pulses
selected for spectrum analysis by the Gaussian spatial filters: The
filter value is 0.999 for small ellipses and 10−6 for larger ones.

mirror is a phase object; at each moment of time, it consists of
different electrons, continuously flowing through it [29].

Figures 5(b) and 5(c) display the longitudinal px and trans-
verse py momenta, respectively, for the electrons in different
regions. The electrons located near the driver axis in a strip
bounded as 29λd � y � 31λd (shown in blue) demonstrate
well-known patterns of the wake wave behind an intense short
laser pulse. Characteristic modulations induced by the driver
field indicate the location of the driver pulse. Longitudinal
wave breaking is seen at x ≈ 22λd and x ≈ 35λd in Fig. 5(b);
transverse wave breaking is seen at x ≈ 33.5λd in Fig. 5(c).

The momentum distributions of electrons at the periphery,
in the strip containing the cusp (36λd � y � 38λd ), are shown
in red in Figs. 5(b) and 5(c). For electrons near the cusp,
the longitudinal momentum px is negative [Fig. 5(b)], which
means that these electrons move backward with respect to the
x axis, in striking contrast to the motion of the cusp in the for-
ward direction. The transverse momentum py of electrons near
the cusp fills a relatively wide strip stretching from negative
to positive values [Fig. 5(c)], which indicates a multistream
flow.

Upon reflection from the cusped mirror, the source pulse
transforms into several well-separated pulses with different
wavelength and propagation direction, as seen in Fig. 6. Re-
flected pulses are almost bilaterally symmetric with respect to
the x axis, which correlates with the approximate reflection
symmetry of the cavity, bow waves, and cusps.

The pulses with the longest wavelength (the lowest fre-
quency) are seemingly reflected from the outer side of the
cusped mirror (farthest from the driver axis). They have
a frequency multiplication factor of approximately 2.6 and
propagate at an angle of approximately 75◦ with respect to
the x axis, in accordance with the asymptotes in Eqs. (1) and
(2).

053202-5



JIE MU et al. PHYSICAL REVIEW E 102, 053202 (2020)

FIG. 7. Frequency spectrum of the (a) outer and (b) inner pulses
selected by the Gaussian spatial filter shown in Fig. 6(b). Red dashed
curves represent the frequency upshift dependence on the reflection
angle φr = arctan(ky/kx ) [Eq. (5)], where ωs is replaced by the odd
harmonics of ωa and ωb. Radial black dotted lines are for (a) 22◦ ±
1.8◦, 30◦ ± 3◦, 37◦, and 41◦ and (b) 28.5◦, 41.5◦, and 50◦. Black
circles emphasize the peaks in the frequency spectrum corresponding
to the harmonics and diffraction orders.

The pulses with the shorter wavelengths (higher frequen-
cies) are reflected from both sides of the cusped mirror. The
outer pulse propagates away from the x axis, while the inner
pulse initially propagates toward the x axis. In the upper half
plane in Fig. 6(b), the outer pulse originates from the top of
the cusped mirror at y > 30λd , while the inner pulse originates
from top of the cusped mirror at y < 30λd .

The strikingly different wavelength and propagation di-
rection of the reflected well-separated pulses indicate that
reflection occurs at a relativistic flying reflective diffraction
grating. In addition to a specularly reflected wave, the grating
diffracts the incident wave at different angles. Due to the
Doppler effect, the frequency upshift factor is greater for
smaller diffraction (reflection) angles, according to Eqs. (1)
and (5).

The outer and inner pulses contain high-order harmon-
ics due to oscillations of the reflecting facets of the cusped
mirror imposed by the driver laser. Their spatial spectra are
shown in Fig. 7. The spectra resemble an opened folding
fan. The distribution of the electromagnetic energy density is
discretized with respect to both the angle and the wave number

FIG. 8. (a) Cross section of the electron density near the cusp
at y = 36.67λd and (b) the Lorentz factor γ of electrons near the
cusp in the strip bounded as 36 � y � 38λd , for two simulations
with different initial electron temperature. The result for Te = 0 eV is
marked in blue (hardly visible); the result for Te = 10 eV is marked
in red.

(or frequency). The discretization with respect to the angle
corresponds to the property of the cusped mirror to act as a re-
flective diffraction grating. The discretization with respect to
the wave number (or frequency) reveals high-order harmonic
generation due to the cusped mirror oscillations induced by
the driver pulse. The well-separated hot spots in Fig. 7 rep-
resent diffraction orders along the angle and harmonic orders
along the wave number (or frequency).

The cusped mirror moves with the velocity close to

the group velocity of the driver pulse, β =
√

1 − ω2
pe/ω

2
d ≈

0.995; the corresponding Lorentz factor is γ = ωd/ωpe = 10.
The source pulse has a relatively low frequency; therefore,
its wavelength inside plasma is longer than in vacuum, λ̃s ≈
1.67λs. According to Eq. (5), the frequency upshift factor for
radiation reflected at 30◦ with respect to the driver pulse axis
is ωr/ωs ≈ 11.4. This is in good agreement with the position
of the first harmonic (hot spot) emitted at the above-specified
angle in Fig. 7(a). The hot spots are arranged along curves
close to ellipses defined by Eq. (5). Each curve corresponds to
an odd harmonic of somewhat downshifted frequency of the
source pulse.
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FIG. 9. (a) Combination of the electromagnetic field components
Ez − cBy, approximately representing reflected radiation, at y =
52λd . The blue dotted curve shows the initial electron temperature
Te = 0 eV (blue) and the red dashed line Te = 10 eV. (b) Frequency
spectrum of the outer pulse (color scale) and the ellipse representing
the frequency upshift dependence (red dashed curve) as in Fig. 7(a),
but for the initial electron temperature Te = 10 eV.

The energy of the outer pulse is estimated as EOP = 2.1 ×
10−7 J, or 0.53% of the source pulse. The corresponding num-
ber of photons is NOP = 6.4 × 1011. The reflection efficiency
increases with the intensity of the driver pulse. For a driver
pulse intensity of IPW

d = 5.4 × 1020 W/cm2, the outer pulse
amplitude becomes 1.21 × 1010 V/m, 30.25% of the incident
source pulse. The energy and number of photons increase
to EPW

OP = 2.05 × 10−6 J (1.02% of the source) and N PW
OP =

5.17 × 1012, respectively.
The reflectivity of the RFFOM seen in simulations requires

further analytical investigation. Neglecting the forced oscil-
lations of the mirror and correspondingly the generation of
high-order harmonics, as in the model discussed in Sec. III,
one can use the analytical results of Ref. [34] to calculate the
reflectivity of various electron density singularities. Here the
reflecting singularity consists of the cusp and two folds; the
nearly flat fronts of the reflected radiation near the cusped
mirror in Figs. 4(a) and 6 indicate that for such fronts the
reflecting entity is a fold singularity.

VII. THERMAL EFFECTS

In the description above, the initial electron temperature is
assumed to be zero. Thermal effects on the RFM are analyzed

in Refs. [35–37]. An important factor for RFM wave breaking
due to thermal effects can be mitigated by using tailored
underdense plasma [38].

We note that the electron temperature in the location of
an intense femtosecond laser pulse during its propagation in
underdense plasma has not been measured in experiments;
the estimates mentioned in the literature are based on the
time-integrated observations with a typical timescale greater
than 100 fs (e.g., Ref. [39]). In contrast, there are experimental
measurements inconsistent with the assumption of a signif-
icant electron temperature at the location of a femtosecond
laser pulse. They are represented by (i) a direct observation
of a subtle structure of the wake wave by frequency-domain
holography [40] and a femtosecond probe pulse [41], (ii)
the measurements of the reflected spectrum and reflectivity
of the RFM [9–11], and (iii) the detection of harmonics
well resolved up to an order of a few hundredths from the
laser self-focusing position [27,28,42] and the observation
of a submicrometer pointlike sources of these harmonics
[29].

In order to see how the electron temperature in the wake
field modifies our scheme, we performed an additional 2D
PIC simulation with an initial electron temperature of Te =
10 eV along the y-axis direction. As can be seen in Fig. 8(a),
the maximum electron density corresponding to the cusp de-
creases by approximately 43%. The Lorentz factor of the
electrons near the cusp for the initial electron temperature
Te = 10 eV in Fig. 8(b) has almost the same pattern as in the
case of zero initial temperature.

The outer pulse magnitude remains almost the same, as
shown in Fig. 9(a), and at least the third harmonic of the
upshifted base frequency can be seen. This means that the
constructive interference condition for the formation of an
optically coherent reflected radiation is still satisfied due to
a strong localization of electrons in the cusped mirror. We
note that an efficient reflection occurs also in regions where a
singularity is present in the derivative of the electron density,
as in the case of the wake wave breaking in thermal plasma
[35,36].

VIII. CONCLUSION

With the help of numerical simulations, we have found a
physical realization of the relativistic mirror, the relativistic
flying forcibly oscillating mirror. It combines the properties
of the relativistic flying mirror [8] and relativistic oscillating
mirror [17]. In addition, due to strong periodic modula-
tions of the mirror surface, it acts as a reflective diffraction
grating.

The RFFOM appears as a cusped mirror, the low-
dimensional region of highest electron density at the joining
of the electron cavity wall and the bow wave excited by the
intense laser pulse (driver) propagating in plasma. It corre-
sponds to an arrangement of universal and structurally stable
density singularities, explained by catastrophe theory. The
cusped mirror undergoes forced oscillations imposed by the
driver pulse and moves with the group velocity of the driver. It
efficiently reflects a counterpropagating relatively weak laser
pulse (source). The reflected radiation spectrum exhibits well-
pronounced diffractive orders and harmonic orders. These
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characteristic features reveal that the cusped mirror is a rel-
ativistic flying and oscillating reflective diffraction grating.
The base frequency of the reflected radiation and correspond-
ingly all harmonic orders are strongly upshifted with respect
to the base frequency of the incident source pulse, due to
the double Doppler effect. In the wave number space, the
harmonic orders are arranged along ellipsoids with one focus
corresponding to the zero wave number.

The described scheme can be used for the generation of
bright sources of high-frequency radiation. Its realization is
easier than the RFM based on the reflection from the lon-
gitudinally breaking wake wave described in Refs. [8–11],
where one should maintain a sufficiently slow approach to
longitudinal wave breaking. While relativistic self-focusing
may cause rapid longitudinal wave breaking destroying the
RFM, it helps the discussed RFFOM realization.

Moreover, the described scheme provides an additional
tool in laser plasma diagnostics, helping to analyze the dy-
namics of nonlinear physical processes in relativistic plasmas.
The peculiar spectrum of the reflected radiation in the RF-
FOM scheme, using the head-on collision of the driver and
source, substantially extends the capabilities of the scheme for
probing relativistic plasma singularities by a transverse source
pulse, suggested in Ref. [43]. By probing the cusped mirror by
a weak counterpropagating short laser pulse, one can deduce
or characterize the parameters of the laser-plasma interaction,
including the geometrical properties of the first period of the
wake wave (cavity and bow wave), driver pulse frequency and
magnitude at the location of the cusped mirror, the velocity
of the wake wave, the electron temperature or the electron

momentum distribution at the position of the cusped mirror,
etc.

One of the immediate applications of such a diagnostic
is control and tuning of burst intensification by singularity
emitting radiation (BISER) [27–29,42], which occurs with
the same parameters for the driver laser and plasma as re-
quired by the RFFOM, so that off-axis radiation from the
RFFOM can be observed simultaneously with near- or on-axis
BISER. In addition to the fundamental physics concerning
intense laser-plasma interactions, plasma diagnostics with the
described scheme may help to substantially improve the qual-
ity of the laser pulse, our main instrument, by revealing what
laser parameters are the most critical. Such investigations, in
the example of the laser pulse quality effects on the BISER
realization, were conducted recently [44]. That work revealed
some critical parameters of the laser pulse which must be
improved to obtain good results and scalings predicted by
theory.
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