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Electrostatics of charged dielectric spheres with application to biological systems. III.

Rigorous ionic screening at the Debye-Hiickel level
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The unequivocal role of electrostatic forces in biological (and colloidal) systems underscores the importance
of attaining accurate and rapid calculations of electrostatic forces if one wishes to faithfully simulate the elec-
trostatic aspect of a biological system. This paper makes significant progress toward this aspect as it rigorously
incorporates ionic screening at the Debye-Hiickel level for an electrolyte system containing dielectric spheres of
finite radii. We investigated earlier this system without mobile ions via a surface charge method. However, the
need for computing a large number of Wigner rotation matrix elements per configuration can significantly slow
down the numerical calculations. This difficulty was recently overcome by our Wigner-matrix-free formalism.
Unfortunately, in that method ions can only be included individually, making it impractical to investigate, for
example, ionic screening in a system modeled by charged dielectric spheres immersed in a solution of mobile
ions. Here, we overcome this difficulty by extending the surface charge method to treat ions implicitly. Previous
treatments of charged dielectric spheres in a solution of mobile ions did not emphasize the energy reciprocity of
electrostatics and are largely limited to a few spheres and/or special symmetries. Our new formalism respects
reciprocity and accommodates arbitrarily many dielectric spheres of different dielectric constants and sizes while
being rigorous at the Debye-Hiickel level. The differences, and the relationship, between our new implicit ion
treatment and our previous ion-free (or explicit ion) approach are described. A closed form for the electrostatic
energy with implicit ions is also provided. This new formalism speeds up the computation of the electrostatic
energy in the presence of ions, and accommodates permanent and induced multipoles that are very important
when the polarization effect needs to be correctly included. We also mention how the proposed method can be

transformed to a numerical method for use with arbitrary nonspherical surfaces.
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I. INTRODUCTION

Apart from being generally important at the molecular
level, electrostatic interactions are crucial for biomolecular
systems and colloidal solutions. In both cases there are many
charged objects, biomacromolecules in the former and col-
loids in the latter (and often a large number of small ions),
embedded in the (polar) solvent, which for biological system
is water. For a colloidal solution with macroscopic colloids
the system’s energy can be calculated classically, ignoring the
quantum effects. Although quantum effects exist in biologi-
cal systems, except for extremely small systems, it remains
impractical to apply precise, full-fledged quantum methods to
them due to the exponential increase of Hilbert space dimen-
sions with the degrees of freedom. Therefore, considerable
effort has been invested in classical approaches [1], which
are often categorized according to how the solvent water is
treated. Explicit solvent methods treat each water molecule
at the level of atomic detail, while implicit solvent methods
replace the individual water molecules with some type of
smoothed out version.
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Explicit solvent methods, such as TIPnP [2], allow descrip-
tion of biomolecular systems at finer detail, but the absence of
mutual polarization of molecules in these models can be a crit-
ical deficiency sometimes. The implicit solvent methods [3,4]
are in principle less computationally intensive when larger
systems are considered; however, their application is limited
to systems where fine details of solute-solvent interactions do
not play a major role. Both formalisms can take into account
ions explicitly when only a few ions are considered; when
a large number of ions enter the consideration, even at low
concentration level, an implicit ion approach is called for.

Focusing on ion-free or few-ion scenarios, we have ear-
lier devised the surface charge method [5,6]. Although this
formalism may be applied to molecular shapes other than
spheres [7], we have thus far applied it mainly to the clas-
sical systems of dielectric spheres with either a piecewise
continuous [8] or a narrow but smooth [9] dielectric function
at the spherical boundaries. If the bodies are embedded in
a dielectric medium, they provide an implicit solvent model
and the bodies represent the biomolecules and ions while the
solvent is modeled by the dielectric continuum. If, however,
the bodies are considered to be in vacuum, the model becomes
an explicit solvent model in which biomolecules, ions, and
water molecules are modeled explicitly with their own pa-
rameters. These models readily include polarization effects,
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and the model in [8] was previously used to investigate the
accuracy of our classical formalism in describing interactions
between atomic-sized objects [10]. It was found that this
dielectric-sphere model is surprisingly accurate down to dis-
tances where chemical bonds start to form. In [8,9], a rigorous
formalism allowing a point charge at the center of each sphere
was established. In [11], an arbitrary free charge distribution
forming higher permanent multipoles was incorporated. It was
shown that having the multipole sources inside the dielectric
spheres and on the spherical surfaces are equivalent [11]. For
later convenience, we denote by “method I-in” the method
having multipole sources inside the spheres and by “method
ITI-on” the method having multipole sources on the spherical
surfaces. Although the induced surface charge densities ap-
pear different in the two methods, the observable total surface
charge densities (induced plus permanent) in either method
satisfy the same set of linear equations, implying the same
solution. More recently, by further extending a formula men-
tioned a few decades ago, we managed to bypass the needed
computations for Wigner rotation matrix elements [8,11] and
were able to significantly speed up the numerical computation
[12]. The formalism introduced in [8,9,11,12] allows one to
find a solution with arbitrary accuracy for an arbitrary num-
ber of interacting dielectric spheres with arbitrary permanent
multipoles at their centers or surfaces.

To extend this formalism to incorporate a large number of
mobile ions, one needs an implicit ion approach. It is not
surprising that systems of dielectric spheres immersed in a
solution of mobile ions at low concentration, in addition to
being used for modeling biomolecules [13], have long been
studied for colloidal [14] and electrolyte [15] systems. For
example, the system of two dielectric spheres immersed in
electrolyte solution describable by the Debye-Hiickel theory
has been studied [16-20]. Existing treatments mainly focused
on the off-center expansion of spherical harmonics functions,
but did not emphasize the important reciprocity property in
electrostatics and were largely limited to a few spheres and/or
special symmetries. One aim of this paper is to rectify these
issues and to provide a rigorous formalism at the Debye-
Hiickel level. The differences, and the relationship, between
our new implicit ion treatment and our previous ion-free (or
explicit ion) approach will be described. A useful closed form
for the electrostatic energy of an arbitrary number of dielectric
spheres of different dielectric constants and sizes with implicit
ions will also be provided. Evidently, it is inappropriate to
assume all biomolecules to have spherical shape. To this end,
we provide a general numerical approach rooted in the current
formalism to accommodate arbitrary molecular surfaces.

We should note that the formalism proposed by Lotan
and Head-Gordon [13] is similar to ours in many aspects.
However, important differences remain. The boundary con-
dition requires reexpansion of spherical harmonics around an
arbitrary origin. In the formalism of [13], prior to solving the
boundary condition equations, two procedures are required
for each pair of spheres: (i) assuming the relative orientation
between the two sphere centers are along the Z direction,
reexpand (via numerical iteration) spherical harmonics around
one sphere center to that around the other sphere center, and
(ii) perform a rotation to bring the local Z axes to the vector
in the laboratory coordinate system. This is similar to our

employment of Wigner rotations [8,11] although we provide
the Wigner rotation matrix elements analytically. Under the
formalism described in this paper, all the needed reexpansions
are analytically derived and are completely free from the need
of Wigner rotation.

In order to make this paper both self-contained and read-
able, we begin with an outline section that, in addition to
giving an overview of the technical aspects of the paper, pro-
vides readers having different levels of interest in the details
with corresponding reading paths. Technical derivations that
might obstruct the flow of the paper are relegated to the ap-
pendices. Before ending the introduction, we would also like
to emphasize that the goal of this paper is to provide a rigorous
treatment and efficient calculation method of ionic screening
at the Debye-Hiickel level. Evidently, further development is
necessary to achieve the goal of rigorously describing real
biological systems.

II. OUTLINE

In addition to the introduction, readers are encouraged to
read this section before moving to other sections.

The mathematical development of the current paper crit-
ically depends on the following two expansion formulas of
modified spherical Bessel functions of the second kind (with
r <n and R = ry—nr):

—Klri—rs|
ko(kR) = ko(k|R|) = ———
Klry —rs
=4 ) igGer)ke(er)Y) (FOY (), (1)
Lm
k(cRYM (R = Y (=D H i ()
Ly,L,my,my
X YZ” (f’l)kez(lﬁ’z)nrfz(f’z), 2)
where
LM _ ~LO LM 4m .
f]m152mg = CK]OZZO Cé|m]£2mz 2L + 1\/(251 + 1)(262 + 1)7
3)
CiM pomy = (€1l mimy|€1€s; LM) is the Clebsch-Gordan co-

efficient, and i,(k,) is the modified spherical Bessel function
of the first (second) kind satisfying the modified Helmholtz
equation

ig(kr)Y"(7) =0,

[VZ — xz]{
ke(kr)Y," (7)) = 0.
Formula (1) appears in almost every mathematical physics
book; hence we use it as a known result and as the start-
ing point for proving formula (2). A similar form of (2) in
terms of the regular spherical Bessel functions can be found
in [21] and in Ref. [22]. A proof of (2) is provided in our
Appendix A. Identities such as Y;"*(#) = (—1)"Y,"(#) and
Y'(=7) = (—1)ZY[’”(?) yield seemingly different but equiva-
lent forms for (2). It is worthwhile to point out that formula
(2) is also a way to expand the spherical harmonics around a
different center in the region where the modified Helmholtz
equation for the potential is applicable. In fact, the off-center
expansions used by [17] and [18], when fully carried out,
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must agree with (2). However, taking care of the off-center
expansion is only part of the work needed. To complete the
theory, one has to obtain the proper substitution rule needed
for dielectric spheres of finite radii. This latter part is de-
scribed in Sec. V in connection with Sec. I'V.

Prior to Sec. IV, Sec. IIl is a comparatively light read. We
begin with the Poisson equation, then introduce the inhomo-
geneous modified Helmholtz equation and then join the two
into one equation. We then introduce the reciprocity of the
electrostatic energy. This section paves the way for later devel-
opment. In Sec. IV, we show how the two equivalent surface
charge methods in the ion-free case [11] remain equivalent
in the presence of mobile ions. Then, in Sec. V, we derive
the needed substitution rule for the potential expressions that
make possible the treatment of dielectric spheres of finite radii
immersed in a dielectric solvent containing mobile ions.

The general formalism including multiple dielectric
spheres is given in Sec. VI. In this section, the electrostatic
energy of an arbitrary number of dielectric spheres in ionic
solvent is derived. Discussed and described in Sec. VII are
some important and nontrivial aspects of this new formalism.
We also provide here some numerical results of the correct
energy for two dielectric spheres.

Readers interested in the full details of the derivation
should first go through Sec. III and Appendix B. Then go
over Secs. IV and V and Appendices C and D. Then go to
the formalism Sec. VI and then the results and discussion
section (Sec. VII) and Appendix A and then Appendix E,
within which the reciprocity is proved for an arbitrary number
of charged dielectric spheres. Readers only interested in the
content of the new formalism may glance through Sec. III,
Egs. (21) and (27) and the paragraphs leading to and following
them, and then go straight to the formalism section, and look
at the figures and figure captions in the results and discussion
section. Readers who only want to use the formalism may
even skip the formalism section but pay attention to Egs. (14),
(27), (37), (38), and (48) and apply them in Eq. (49) to solve
for the effectively observable surface charge strength. Then
one may obtain the total electrostatic energy via Eq. (58) and
the total interaction energy via Eq. (59).

III. UNIFICATION OF POISSON AND INHOMOGENEOUS
HELMHOLTZ EQUATIONS AND RECIPROCITY
IN ELECTROSTATICS

Let ®(r) be the electric potential at point r. The Poisson
equation reads

V2O(r) = —47 [/ (r) + pion ()], )

where p, = py + ping contains all immobile charge densities
including both the freely imposed charge density py (or, in
short, free charge density) and the induced charge density
Pind 1n response to the electric field. Assume that the mobile
ions of various species are in thermal equilibrium and follow
the Boltzmann distribution. That is, for species s ions, each
carrying charge ¢;, the charge density p,(r) is assumed to be

,03(7') = quseiﬂg(b(r),

where 8 equals 1/(kgT) with T being the temperature and
kg being the Boltzmann constant, c¢; represents the average

particle number density of species s ion, and €, is the dielectric
constant of the fluid populated by mobile ions. The charge
density due to mobile ions is thus given by

_gis
Pion = chqse Fe®®), 5)
s

Keeping only to linear order in ®, one has

1
Pion ~ (Z csqs) - ?(Z csqf)ob(r) =0— —70(),

(6)
where k2 = 4715(25 c‘vq?). Note that the neutrality of total
ion charge demands that ) c,q, = 0. With (6), the Pois-
son equation (4) is turned into a modified inhomogeneous
Helmholtz equation

[VZ — k21O (r) = —dmp, (r) (7)

in the region where mobile ions are present. Equation (7)
constitutes the Debye-Hiickel description of an electrolyte.
Instead of going through Boltzmann distribution, one may
arrive at the Debye-Hiickel description by directly assuming
that the local charge density of s-type ions is

c(r) = cs[l —ﬁﬁcb(r)].

o

Since ¢, is the average concentration of the s ion type, inte-
grating over the volume accessible by mobile ions yields

/cs(r)dr — cs(‘/ dr).

This means that one needs to have (with s, being the ion-type
of maximum charge magnitude)

‘ / BL o (r)ar
€

< / dr. ®)

This is plausible as 8 can be small, the sign of ®(r) may vary
by region of the space reachable by ions, and in particular
®(r) — 0 exponentially as |r| = r — o0; see Sec. IV.

In the regime without mobile ions, say inside the dielectric
spheres, one still has the Poisson equation. One may write
a single expression uniting both cases; to proceed, let us
begin with some notations. Consider N dielectric spheres,
Ai, ..., Ay, immersed in an infinite solvent medium of di-
electric constant €, and with mobile ions present. The jth
dielectric sphere .Aj, centered at R; with radius a;, has a
dielectric constant €;. We may thus write down the equation
satisfied by the electric potential

[V2 — k2 ()] Q@) = —4m p,(r), ©)

where

N
()= > [odr - R;| - aj).

J=1

with 6(x) being the Heaviside theta function: taking value 1
for x > 0 and O for x < 0. The electric potential ®(r), aside
from satisfying Eq. (9) and being continuous across the dielec-
tric boundaries, must satisfy Eq. (19) or Eq. (20) depending on
whether one wishes to proceed with method I-in (viewing the
permanent multipoles as inside the spheres) or with method
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II-on (viewing the permanent multipoles as on the spherical
surfaces) [11].

When there are no mobile ions in the system, x = 0 ev-
erywhere, and Eq. (9) reduces to the starting point of our
ion-free (or explicit ion) surface charge method with the net
fixed charge density p, also comprising both the induced
charge density pjnq and the free charge density ps. The very
fundamental idea of the surface charge method is that the
electric potential can be written as a linear superposition of
the potential produced by both free charge and the yet-to-be-
determined induced (surface) charge.

For clarity, let us choose the average position of the
dielectric spheres, ILVZ]JYZIR i, as the origin. The dielec-
tric spheres are all thus within a finite radius Rp,x of the
origin. The space under consideration contains the region
r > Rnax within which mobile ions move freely. Designate
by ®;.(r) [P2.(r)] the potential produced by charge dis-
tribution p, = py + Py + Pion = £y + Pion (P7 = 7 + Picy)
alone. A simple form of the reciprocity theorem is that (due to
Pion = —K2q>/477,’)

f P () @.(r) dr = / pr(r)®y.(r) dr,
|4 14

which can be proved easily:

/ [©2.()p; () — ®1. (P2 ()]dr
\%4
= / {—=®2.(N[V? — K2 ()] P1.(r)
1%
+ @.(N[V? — K2<r)]<1>z.(r>}f—’
TT

) 2 dr
= /{Cpl.(r)V ©y.(r) — ©2.(NV qD1-(r)}4—
Vv T

ds
_ / (@O0 ~ 22TV £ 0 (10)
k1%

because @ decays exponentially at spatial infinity » — o0; see
Sec. IV. This identity, however, is not very useful as neither
Jy Pl @)@2.(r)drnor [, p?(r)®,.(r) dr represents interaction
energy between the two charge distributions.

We now use a physical argument to elucidate a more useful
form of reciprocity in electrostatics. As shown in Appendix
B, via an energy minimization method, one can see that both

,om(dz) and ,oilo(n2 ) are solely determined by ,o}(z). The interaction

energy between these two charge distributions, p; and p7,
may be computed either by

Un = [ phy0sdr an

or by

Un = [ 30101 (12)

The former expression corresponds to the energy needed,
without counting the self—interaf:tioq due to Pia or oL, acting
on p } to bring ,o}. from spatial infinity to its designated place

with ,oj% (hence p?,) already in position; the latter expression
corresponds to the same final configuration but with p } (hence

pi 1) in place first before bringing in 0> - Since the interaction
energy only depends on the free charge configuration, both
expressions must yield identical interaction energy. This reci-
procity property was not emphasized by most previous treat-
ments on this subject. We shall show that the correct theory at
the Debye-Hiickel level explicitly respects the reciprocity.

IV. ONE DIELECTRIC SPHERE

We begin with a dielectric sphere A of radius a with a free
charge distribution inside the sphere. The charge and dielectric
sphere system is placed in an ionic solution that has no net
charge. In this simple system, we will learn about the appro-
priate boundary condition to use in the limit of negligible ion
radii.

For convenience, we shall take the center of the dielectric
sphere as the origin. (With N = 1, this conforms to our earlier
choice of having % Zf]: 1 R; as the origin.) Assume the radius
of the ions to be §. Let us define, for later convenience,
b = a+ §. Evidently, for regime r < b, the potential obeys
Poisson’s equation, while for r > b, it follows the modified
Helmholtz equation. Consider first some charge distribution
p(s) inside (with |s| < d < a) the dielectric sphere with di-
electric constant €. Let the region a < r < b have dielectric
constant €’ and the region » > b €,. Now consider the d < r <
a region. The electric potential due to the charge distribution
inside can be written as

o(s)/¢€ 4 ym P(S) 1o m
|s—r|ds_221+1’+11()/ SH @ ds
ym qim
_ZZI+1 [+1 G )
Var d Q,
= Y ()= 13)
§21+1 1+

where the multipole moment is defined in the usual way,

Gim = f p(s)s' Y (3) ds (14)
and
;,=L=f §=i=§, ész‘/‘mqﬂ-
rl 7 Is| s al

Evidently, Q,,, summarizes the free charge distribution. When
a free charge is placed inside the dielectric sphere, there will
be induced bound charge that reduces the charge strength by
a factor of €. That is why we see the Q,,, above is divided by
€. In [11] we established the equivalence of having ¢;,, inside
the sphere (with charge strength screened or reduced by the
multiplication factor é), and having Q,,, on the surface of the
sphere (r = a). Remember that we call the former method I-in
and the latter method II-on. The goal of the current section
is to describe below that even in the presence of mobile ions,
method I-in and method II-on are still equivalent. The detailed
proof is provided in Appendix C.

Since we are primarily interested in the limit § — 0 (or
b — a), we will summarize the results in Appendix C under
such a limit. Let us emphasize again that, with Oy, de-
noting the induced surface charge strengths, the net surface
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charge strengths Oim equal O, + % for method I-in and
equal Q;, + @,m for method II-on. For r < a, we have two

J

Jax
>

¥ <o) = — 20+ 1"

VA N
= Z = Y" () leﬁ
20 +1 |~ alt

Jax
>

oI < g) =
-~ 21+ 1

_Zzz

Those two expressions coincide at r = a, yielding

O(r=a)= Z 2«1/—‘[—_1 Im( )le

In the region r > a, the potential satisfies the modified
Helmholtz equation and is supposed to decay to zero as r —
oo. Hence the general solution should be

PM(r > a) =

> Dy kier) Y (7). (17)

I,m

Matching the values of both potential expressions at r = a
allows one to determine Dy,,, leading to

PM(r > a) =

> Dy ki(er) Y ()
I,m

_ Z «/E k](l(}’)%
N — 2l +1 ki(ka) a

Y (7). (18)

The other boundary condition for method I-in is written as

8d>out acbl—in
€ =€ (19)
ar r=at ar r=a-
and for method II-on as
9 (Doul P qDII—on
€o =€ —4moy, (20)
or r=at or r=a-

where

o] 1
o)=Y VAmou '@ and 0y, =47d o

1=0 m=—1

After summarizing the results from Appendix C, let us now
apply the boundary conditions from method I-in and method
II-on to obtain the induced surface charge strengths, and hence
the solvation energy. Let us first solve for Oy, in method I-in

e+ () + 0]

Y[ (r)[le + le] l+l ==

expressions (C8) and (C9), displayed again below, corre-
sponding to method I-in and method II-on, respectively,

myna [ < > a\!+1 rl @lm al
70| (0 + 0n(3) ) g + Tm]

@lm al
e ) ()

!

[ A I
a sz_Y, ") Oim - (16)
[
via (19):
\/E k(Ka)le m
GUIZle+1Kk1(Ka) a Y
Var - I Q,l+1
=€ 2l+ll()|:le2 € a21|
Var o[ L 020+ 1
. TEN (r)[Q T @ }

O
—eZZHIYZ(r)QZm2 J_ZYZ()’

leading to

o 20 +1 _
O = ————y Oum @1
el —e¢,(ka)t Tlea)

or (because here Q;,, = Q!~" Ql'“)

Im

21 +1 1|~
I-in _ | __ ="~ =
Q [6 kl/(Kll) E]le

| — eo(lca)kl(m)

ki (ka) )
€l — 6(,(Ka)k;(m) €|a

Not surprisingly, when we use (20) to solve for Q;,, in method
II-on, we also obtain

. 20 +1 _
k (K(l) le
€l —e(ka)ios
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except that now O, = QII " 1 Q,,.- Hence, for method II-

on,
20 +1 _
pon — [ L — 1]le
m 1(ka)
el — eo(Ka)kl(m)
21+ 1 m
el — eo(/ca)k;(m) a

In the multiple-sphere case, &'~ and ®""~°" will contain con-

tributions from other spheres. However, the contribution from

sphere j will always appear through the observable surface

charge strengths Q{m and thus does not affect the proof above.
It is worthwhile to ponder the difference

Q}mm = I:l - 1i|§lm = \/_I:l - 1i| qlm'
€ €

a4l
This extra part comes from smearing to the surface the in-
duced bound charges that are originally attached to the free
charges inside the sphere. These induced bound charges must
be excluded from calculation of solvation energy. That is,
computation of solvation energy under method II-on is less
direct as shown below.

Under method I-in, the solvation energy is simply given by

Hn_zf VAT Ol sy 1
Uit =3 pf(r)[%: 1 <),+1}

— Z Van qlm le
21+ 1 St

QH on

1 Z 4 21+ 1 1| q}, qim
2 ~ 20 +1 el — k(Ka) € a?l+1

o Kd 3 cay
— l Z 21 + 1 lele (24)
297 el —eokal EKZ; Q20+ a’

On the other hand, under method II-on, when computing
solvation energy the smeared induced bound charges must be
removed from consideration, leading to using Q}m instead of

11
Ql m

II—on_1 (% \/4_7[le m

= ! Z 47'[612 E;km Q}m _ 1 Z QTmQ}m
B T 24~ @I+ Da
= Z |: 21 + 1 1:| q;km qim
2 k) (ka) -7 20+1
20+1 “ a9 e
1 2 41 01O
T2 m=in_ - (25)
2;[61 eoxaﬁ“; }(2z+1)a

Having obtained the solvation energy of the sphere, we are
ready to proceed to the second goal.

V. SYSTEM EQUIVALENCE AND THE
SUBSTITUTION RULE

As mentioned in the introduction, the equivalence be-
tween method I-in (putting the multipole sources inside of
a sphere) and method II-on (putting the multipole sources
on the surface of the same sphere) was established for the
ion-free case in [11]. In Sec. IV and Appendix C, we further
demonstrate the equivalence of these two methods when the
dielectric spheres are immersed in an ionic solution that is
describable by the Debye-Hiickel theory. Consequently, we
may consider only the case where the multipole sources,
when present, are on the spherical surfaces. Remember that
although the total observable surface charge strengths Oy,

equal O, + % for method I-in and equal Qy,, + Q,, for

method II-on, both methods yield identical equations for Q.
Hence the physically observable 0, is the same for both
methods. For our development here, it is slightly easier to use
method II-on.

In our system, the presence of dielectric spheres of finite
radii introduces spherical regions having x> = 0. Following
our surface charge method, we may write down the poten-
tial produced by the free charge distribution and the yet to
be determined induced charge distribution in the spatial re-
gion where k2 # 0, and apply the boundary conditions to
obtain the induced surface charge distribution, hence the po-
tential in the k2 # O region. As for the potential inside the
spheres, because it satisfies the Laplace equation, one may
write down the most general solution and determine the co-
efficients by demanding continuity with the potential outside
the spheres.

For example, if one wishes to calculate the potential near
the outside of a dielectric sphere caused by a free point charge
outside the sphere in the mobile ion reachable region, one
needs to add the contribution from the point charge using
Eq. (1) and the contribution from the induced surface charge.
This task will be easier if one can build an equivalent system
with k2 constant everywhere while computing the potential
outside the dielectric spheres. The spherical symmetry of (18)
offers such a possibility, and the goal of the current section is
to use the single-sphere example to bring out the correspon-
dence principle needed for finite a.

Placing permanent multipoles ¢g;,, on the surface, the po-
tential outside the sphere is given by the expression (18)

Z Var kier) Oim y

P(r > a) =
2l + 1 kj(ka) a

Y (7)

_ Z \/E kl(Kr) le + leYZm(lf;.)

— 21 + 1 kj(ka) a

Now remember from (C2) that Q),, = 4wa’os iy = /4m L4
corresponds to the permanent multipole ¢, placed on
the spherical surface while Q;, = 4 doy, corresponds to
the induced multipole that exists only on the spherical
surface.

The spherical symmetry in (18) prompts us to compare it
with a similar system of a spherical shell of charge density
0, = oy + o (with Oy, = 4ma’ay,,) in a solution of mobile
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ions. Namely, using Eq. (1),

o (7)
|r — a?|
=Y (4rnd’i) k()Y ()i (ka)

Im

X / o (F)Y" (7)d '

quseudO(r’ r>a)= e KIr=af’l ¢/

= Zd_ (m)n(m)]@(w)Q—n ().

(26)
By comparing (26) with (18),
LY, 4 Ql
q>0ut — _mY
r) = ZZHWW) ki (er) =" (7),
we find that by introducing a substitution rule
N N Oim
Om = 0f, = . . e

(ka)2l + D)ij(ka)k;(ka)

we can turn ©P*U jnto the true ®. Let 7' denote such an
operation. We thus have

T oo > g)

= Y Varwayitea ken Ll yp )

Im

_Z\/_(/ca)z/(/ca)kl(/cr)Q Y (7)
Z Var kikr) Oim

m 2y — cpout .
214+ 1 kj(ka) a @ *)

This substitution rule in effect introduces a multipole-
dependent correction factor (for both Qy,, and O,,» and hence
le)
T; ! 28

@) = R T Direak(ea) 28)
due to the dielectric sphere having a finite radius. Note that
T; > 1 always. To justify this point, let us first make the fol-
lowing observation. As a — 0, the presence of the dielectric
inside the spherical shell becomes less and less important,
and we expect the correction factor 7;(a) — 1 asa — 0. We
find this is exactly the case because when x < 1, i;(x) =
x /@1 + D, ki (x) ~ (21 — 1)!/x!*!. That is, in terms of the
multipole potential, one may use the substitution rule (i.e., the
correction factor) to correct the calculated potential (outside
the dielectric spheres) while assuming mobile ions are present
everywhere.

In a system containing N spheres, at a spatial point r not
inside any of the spheres, one may thus write down the poten-
tial as the sum of the contribution from each sphere. In other
words, one may compute the potential at » from N spherical
shells of charge distributions in a space filled with mobile ions
and then apply the substitution rule (27). However, in order to
compute the induced surface charge strength on sphere Ay,
for example, we will need to compute the radial derivative of

the potential due to all other spheres j # k while using Ry, the
center of Ay, as the origin. It is tempting simply to use Eq. (2)
to obtain the expansion of the potential due to other spheres
A around Ry. However, because Ay is a dielectric sphere
without mobile ions inside, such an expansion is valid only
when |[r — Ry| > ag, that is, when r is outside Ay.

To examine if the substitution rule (27) is all we need, we
check, in Appendix D, reciprocity in electrostatics: Interaction
energy Vlfli) is the work done to bring to ry charge multipoles
q;,,y When multipoles g;,, were already placed either inside or

exactly on the surface of the sphere; interaction energy Vn(i)
is the work done to bring the multipoles q1m to the inside or

the surface of the sphere when ¢, were already placed at ro.
Reciprocity demands that V) = V“(i)

As shown in Appendix D, the condition of reciprocity
reduces to the following rule:
) . K
ij(ka) — i (ka) e 1

elki(ka) — € kj(ka) (ka)

(ka)*

© kj(ca)
€ el =€ g (Ka)

This turns out to be an exact identity. If one defines F;(x) =
i (x)k; (x) — k;(x)i;(x), one has [because both i; and k; satisfy

the differential equation £ + 2/ — (1 + “41)f; = 0

Fl —k -1/ . k! _
i 1)1 (x) — i (x)k; (x) =

By using the fact that when x < 1, i;(x) = x’/(Zl + D!,
ki(x) ~ (21 — 1)!1/x**1 one sees that C; = 1, that is,

(ka)’[ij(ka)k (ka) — k) (ka)ij(ka)] = 1. (29)

2
— i = k) =3

Therefore, we have explicitly verified the reciprocity:
V@ =y, (30)

The substitution rule (27) is all we need for making easy the
calculation of the system’s total and interaction energies.

VI. FORMALISM FOR ANY NUMBER
OF DIELECTRIC SPHERES

After establishing the substitution rule (27), we now de-
scribe the general formalism for an arbitrary number of
dielectric spheres. Let us first review some notations. We
consider N dielectric spheres, Ay, ..., Ay, immersed in an
infinite medium of dielectric constant €,. Except for the re-
gions occupied by the N dielectric spheres, mobile ions are
present everywhere in the medium. The vector from the center
of A; to an arbitrary point P is r;. The angle between r; and
the z axis is 6;; the azimuthal angle of r; with respect to the
coordinate system is ¢;. The jth dielectric sphere .A;, centered
at R; with radius aj, has an effective free permanent surface
charge density o /(7 /) and consists of a material with dielectric
constant €;. The mduced surface charge density on sphere A;
is ai] (#;). When considering the boundary condition imposed
on Ay, we need to consider the potential produced by charges,
be they permanent or induced, from all spheres. For later
convenience, we introduce the vector ;. ; = R; — R; that
points from the center of .4 to the center of A;.

The objective is to find the total electrostatic energy and
the interaction energy of such a system of N dielectric spheres
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embedded in an unbounded dielectric ionic solution. To that
end, one wishes to calculate for an arbitrary point in space
the electrical potential, which is a linear superposition of the
potentials of the free surface charge distributions o (=

1,...,N) and the induced surface charge densities al. (=
1,...,N):

(Dpseud()(r) — i/ G;(f}) +0ij(f’j)
j=1

—k|r—R;—a;#;| .
Ir—R; —a;#| 45;
.Aj J Jh

_Z/A r—

where we have used #; =r;/|r;| to represent an arbitrary
unit vector, hence its associated polar angles, emanating from
the center of A;. As mentioned in [5,8,11,12], the induced
surface charge densities are not known; rather, they are ob-
tained by enforcing the boundary condition at the surface of
each sphere. Application of the boundary condition requires
that the total potential of the known free surface charge dis-
tributions [o} (7;)’s] and the still unspecified surface charge

! () —— IRl (31)
R; —a;fjl !

densities [aij (7;)’s] be calculated just inside and just outside
the surface of each sphere. When the total potential near a
sphere A is expressed in terms of a set of spherical harmonics
with R, as the origin, the boundary conditions will yield alge-
braic equations which, when solved, give the induced surface
charge densities in terms of known quantities.

Starting with Eq. (31), let us consider the potential at a
point r outside sphere A;, meaning that [r — R;| > a;. The
contribution from sphere .4, to the potential at r has two parts:
one from the permanent surface charge distribution a; and

the other from the induced surface charge density al.j on the
spherical surface of .4;. As in [8], we write ol.]( f)(i',-) as

oo 1
ity O3 ) =3 D AT 00, X6 6))

=0 m=—1 |

iy —
iy i) =

D (R +ri, re > ap) = Vamk Z i, (kaj) ke, (k|ry + Ry —Rj|)yglm <|

£1,my

= Vi Y i, (caj) ke, (clr — Ekej|)ygj“<

£y,my

= Vamie Y i (ka) 07 Y (=D HI iy ()Y, (R) e, (e L)

Ly,my 1,8,m,my

Im

and define the induced and permanent surface charge strengths

j J Y
le - 47[ajo'zlm’ le - 47Ta]O'ﬂm

riting via withr; =a;7;and [r — R;| > a;
Writing 1) (withr; = a;#; and j j
e*K‘rijfajf‘ﬂ

=4k Y i(kay) Y (7)) kielr — R;))

I,m

m< r—R; )
Y, ,
r—R||

we may express the potential contribution from sphere A; at
ras

J (3 \,—klr—R;—a;#|
o, (r )e j—ajry
q)pseudo(r) :/ r \Ij de
! A

Ir —R; — ajf)l

; |r—Rj—ajffj|
_ TR\
_4mc211(/<a])kl(ic|r RDY" R
I,m -y

) /A o] (Y™ (3))d
= V4K Z ij(kaj) ki(klr — R;|)

I,m

r(h e

As expected, one may turn this expression into the true poten-
tial contribution from sphere j by applying 7':

[q)pseudo(r)] N Z ii(ka;) ki (k|r — R;|)

I,m

mf T
<1 (k)0 o

When r is close to the surface of another sphere A; (k # j),
that is, when r = Ry + ry with r; & a;, we shall write ®;(r)
purposely as @ ;_x (R +ry). Let us rewrite @ ;_, i (R + ry) as
(using (33), (2) and with a; < 1 < |Zk_,j|)

®;(r) =

ry + R —
———L 0"
+Rk—R| umy
n=boy ) o (34)
Iy — Ly | fum

Y;;lz (I:k—xj)

= Varc Y il(m)n’"(m[z i (cap) Q% S (D HI ke (eLis )Y (L j)}. (35)

Ly,m

[g.mz

The expression above is for r; > ay. The potential produced by the surface charge U,j in the region r; < ay satisfies the Laplace

equation. It has the following general solution:

7
Qjk(re < ar) = Z By, kﬁYm("k)

ai
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By matching the expression above with (35) at r;, = a;, we see that

B, E = VAr (cay)iiGear) Y ig (kap) OFf, Y (=D HI (e Lis Y (B ).

£y,my £y,my

That is, @ ;_x(Ry + ry) takes, when r; < ay, the following form which we will need for the boundary condition calculation:

Dk (Re + 1. i < @) = NAm (ka) Y | inkar) z+1Y ()

I,m
x [Z i, (eap) 008, Y (=D HM ke, Ly )Y (L ,-)]. (36)
[1."’[1 f?,mz
[

Note that observable surface charge strengths, ¢/ = Q/ + 0l /e j for
Q";m = @;m + Q{m, (37) method I-in and Q{m = Qljm + @fm for method II-on. The
) boundary conditions for the two methods are different but both

j o . . .
—j boundary condition equations reduce to the same one, despite

0}, = ax 2, (38) A i b

the fact that the Q] (induced surface charge strengths) appear
different in the two cases.

Let us now focus on method II-on and write down the total
electrostatic energy

with the conventional notation for the spherical multipole
moment (14), and

" . , iy .
0y, = 1[0},] = 1@ (@ + 01,) = iy + Q1 (39)
That is, when a charge distribution inside sphere 4; yields

multipole qlfm, this charge distribution may be effectively re-

ko N
placed by sz on the surface, see [11,12] and Sec. IV, and it =3 Z/A 07 (Fi) Pe(Ri + arfy)d S, (40)
k=1 A

appears as le if one pretends that everywhere in the space is
accessible by mobile ions. Recall that in terms of effectively where by taking the analog from (18) we have defined ®. as

UHfOn _l ( q) d
= 3 Pr r) (r) r

J

Dim 21473 ak’k(K;:ka) FYI RO, e > ad,
q)e(Rk —i—rk) = Zcbj‘)k(Rk +rk)+ +1 ag ki (kay)

s o ,’L 0¥/ (Fo). [re < adl,
3 Varie Y, ilea) kier) YR QF, e > al.,
=) O (R +r)+ . N 41)
= VAT Y iea) ki(ca) BY GO Q. [ < agl:
Before moving on, let us further note that
4 ki (kry) N m(s
q)II_On(Rk +rk) . ZZ m 2[_:? ar I]c,(K,;(k)leY (rk)v [rk > ak],
f = V—
Doim 2]4:5 a/il 0., Y" (7o), [rx < axl,
. o =kt
Vari Y, ika) ki(kr) Y (7 Qyy » [ > axl, @)
= . r mea —k+
Vi Y, i(ka) ki(kay) éYz () Q> e < al,

is not included in the computation of ®.(ry) because the free charges are treated as frozen in place and the potential energy
associated with the frozen configuration within each sphere is a constant, albeit possibly infinite, that can be excluded. However,
this term cannot be dropped when applying the boundary condition near the surface of 4; because it is the total potential that
must be used for computing the derivatives near the outside of the spherical dielectric interface. That is, when applying the
boundary condition near the surface of Ay, we need to use

Op(Ry + 1) = Pe(Ry + 1) + O (R +13) = Z DL (R + 1) + Ok (R + 1) (43)
J#k
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The last term above, which we call ®;_,;, has been worked out in Sec. IV [see Egs. (16) and (18)]. Basically,
VA ki(kr) Ym(rk)

Lm 2]4+1 a k[(l(ak)
Qi (R + 1) = iz 1 .,
Zl m 21+1 a/+1 leYI (7o), [re < acl,

VAT Y, i(kar) ki(kr) Y (R O [re > ail,

[rx > arl,

= ¥ (44)
dric Yy, i(car) ki(kag) kYm(rk)Q,m, [re < al.
We are now ready to apply the boundary condition
Dy (rr) Dy (ry) x Dy (rr) VAT =k
= —d4not = YT Y/ (7). 45
€o ary ot €k A7 . oy €k ar . az %:le G (45)

For later convenience, we shall multiply the boundary condition equation above by a?. We shall first work out the equation for
the component having angular dependence ¥;" (7). We begin by considering the left-hand side:

5 0Dy (ry) .
ot eoV/AT (ka) ] i1(kakj(ka) O+ ij(kay)
ko laf £k
x[ > inka) O (=D H kb(kaq,-)Y;;“(iHj)“. (46)
If]m]ezmz

The right-hand side becomes

0P M
20Po(r0) | 4710}‘51,% — eVar (kap) Lij(ka ki (ka) Q) — le

ékk

e

+ Z Lij(kay)
j#k

x[ > e (kap) O, (- 1>l+‘fzHf;;,z;'mzkzz(KLk%,-)Ye’?(ikﬁ»}}.

Lymylomy

Equating the left-hand side and the right-hand side of the boundary condition equation, we thus have (after getting rid of the
common factor «/47)

0 = (xak)iz(xawkl(mk)[z & - Meo} Okt + Z(xak)[l & - Me}

ki(kcay) o in(kar)
x[ Y ilkay)iy (kap) @ (—1)FC Hﬁ,;;'ymzkez(kaﬁﬂY;?(ikej)}. (47)
l]mlezmz
For later convenience, let us define
1 1 .
D;(¢) = (ka)) pe, _ Capitca) and  V;(0) = ig(kake(ka;) + €,D;(0). (48)
J ie(kaj) o

We may thus rewrite the boundary condition equation as

lék . (Kak)k,’(l(ak)e

—k 1 s kitcar) =9 3k -1

Qi = D irtoean kitoea) ——— ey — Ol + Y D)
€k — i (kay) o J#k

x[ Y ikapiy, (kay) O, (—D T H kez(kaﬁjm';“(I:kﬁj)]

411711[2"12

=D VOO + > Y DM

J#k Ly
x iy (kay)i, (kaj) [Z (=D HPI ke, (L Y (ikw} o/t (49)
szz
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where we have applied (29) to

L (kay) k] (kay) (ap)ij(kar) — (ka) kj(kax)

. ki (kay) . ir(kay) ki (kay)

ii(kag) ki (kay) (Ku[k)i;(iak) = ll(Kak)kl(Kak)|:1 + e (Kak),-;(,(luk) : :|
kK~ Thkay €0 lee = =Gan €o

1

(k ak) le _ (kap)ij(kay)
i (kay)

= i(kay) ki(kay) + =i(kag) ki(kay) + €, Di(l).  (50)

o

We may rewrite (49) as (with | — €, m — my, €y — £;,my — mj, €y — |, my — m)

—k _ = _ m meft
Qpom, = D @O V@O, + > D W) | Y i eapiy, (eap) O, (=18 HYAW d(eLie Y (B ) | (51)
JF#k £im;lm

By defining the matrix M*-/) having elements
. . Z ~
Mmoo, = Y g (cap)ie, (ea;) (=1 HM k(Lo )Y (B ), (52)
Im

the expression inside square bracket of (51) can be written as
\./j+
Mzkmkqumj QZI- m;*

Note that we may rewrite (52) as (using £; + £; + [ needing to be even by H™ and Dom H™ ym=>3, Hme yms)

Lmy Ilm Lemy Im Limjlm”1

. . Lim med
Moo, = Y i (kap)ig, (kap) (=) “H, v ki(k L)Y/ (L)

Im

=Y ineapic,(cay) (=D H KiGeLin )Y (Ljk) = M ) gum, (53)

Im

implying that
MEDT — gtk

One may rewrite the boundary condition equation in yet another form that is useful solely for analytical development:

—k = . . oy m A
D)0, = Ve@ODS, + 3| D7 i kanie, (kay) OF (=D HWY, KieLis )Y (i) | (54)
]#k Ejmjlm

Equation (49) or Eq. (51) allows us to solve for Qﬁ‘m (hence Q ) in terms of permanent multipole sources le with
k=1,2,...,N.
Note that knowing Qvfm is equivalent to knowing o (7). Because ojf?(f’k) is the input, hence known, we thus may learn about

the induced surface charge density o*(7) = o/ (%) — o/ (%), hence Qj,. Having obtained QF (hence Qf = O — @fm), we
may wish to use (40) to compute the total electrostatic energy. However, caution needs to be exercised as this is incorrect. As
explained near the end of Sec. IV, the extra induced surface charge strength —[1 — %]Qm comes from smearing to the surface
the induced bound charges that are originally attached to the free charges inside the sphere. These induced bound charges must
be excluded from energy calculation. In expression (40), however, the interaction energy between this extra induced surface
charge strength and the effective permanent surface charge strength is included. Hence, technically speaking, (40) does not give
the correct total electrostatic energy. However, if one defines an auxiliary solvation energy (for sphere k)

1 /47_[ Qk ;II—on 1 1 47’[612 Ek* Qk;ﬂ—on
Ukll onz_/ o § X Zim ymepy_— | 4S 2_2 k T lm Xim
s;aux 7 Uf(r) - 20 + 1 1 (rk)ak k ) - 20+ 1 ar
k;II—on ks k
20 +1
j : le le N § : k,-::m ) +1 qlnzqu—llm , (55)
21 4+ Day 20+ 1| (kap)e, kj(l(a:) — el a;

then one may subtract Y N | ULio from (40) to arrive at the correct interaction energy. A simple calculation shows that the

extra energy contained in U°" is simply

[Uk II—on Uk,II—on _ i Z ( 1) qlmqlm - _ Z Z <l _ ) lele (56)
s;aux s k 21 + 1 2”’] k 21 + 1

052404-11

N

k=1



YI-KUO YU

PHYSICAL REVIEW E 102, 052404 (2020)

Hence, we may write the total electrostatic energy of the system as

1
€k

U =yi-—on_ _ Zzzl+1(

k=1 Im

)

N
U = U= Y UM
k=1

Now let us write down U'"=°" explicitly by using (40), (41

And not surprisingly,

UH—on _

N

1

32 / of (7) Pe(Ri + axi)d S
k=1 ¢ A

Q
(2[ + l)ak

00, —T1,)

>

|:i1 (Kak )kl (Kak )éf:left;: - (21

e

> ka0,

Im

N
K
J’__
2 ;; Ly my

—kx—k
le le

+ 1) (kag)

D i kapdlt, > (=Dt

k,JI—on
US ,aux

— pyl-on _ Z

k=1

+ZUkII on.

(57)
ax

on

Ut II—on

s,aux

— UII—on _ Z

), and (35):

D I STIRI AT
jk A

—kx—k

lele

|

HZlml

lmszz

ke (L )Yy (L ,-)} ]

£y,my

Applying this result to (57), one has the total electrostatic energy

3

k=1 Im

|

The interaction energy is obtained via

N
k,JI—
Uw =U =Y Uk
k=1

[i,(f«aum(xak)@fiéﬁ =

X

> g kapdlt > (=Dt

Ly,my £y,my

QL4+ 1) (kay) ek

He]ml

—kx—k
Q1 Qim Z i (kag )d{:q

Im

s

k=1 j#k

|

(58)

lmézmz

ke, (k Ly )Y, (f‘kaj):| } .

—kx—k

le le

93

Im

P N
322 {
k=1 j#k

NIR

<i1(de)kl(Kak)§;(;:Qu;{nt -

Our main Egs. (58) and (59) here are similar to Egs. (21)
and (23) of [12] where ions are not considered or have to
be included explicitly. The boundary condition equation (49)
here corresponds to Eq. (20) of [12]. In the ion-free case
[8,9,11,12], the convergence of the potential multipole expan-
sion and the energy expression is controlled as follows. For a
localized charge distribution inside a sphere of radius a cen-
tered around the origin, the multipole potential is equlvalent
to an effective Coulomb term Q,,,/r multiplied by a’/r! when
observed at a distance r > a away. In the interaction energy
expression, the effective charge strength Q,,, corresponding

Z igl(Kaj

L1,m

> ka0,

Im

VII. RESULTS AND DISCUSSION

[Ekl—

k) (kca)
k: (ka)

€, Ka

o)

AN Dinae

£y,m;y

Hp ke, (e L Y (B p} } (59)

(

to multipole gy, is always combined with a factor of 7; Where
a is the sphere radius and L is the distance between two
spherical centers.

In the implicit ion method, the convergence property is less
transparent. We will first discuss this point by examining the
exact potential expansion outside a sphere (18):

2

First, the factor 1/(2] + 1) there simply reflects that there are
21 4+ 1 values of m for a particular /. This factor somewhat

Var kiGer) Om ym
21+ 1 k (ka) a

PM(r > a) =

(7).
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averages out the contributions from the 2/ + 1 values of m.
Next, for a given /, we notice that the radial function is given
by

kl (KI")
lak(ka)]’

We know that for large «r, all k;(kr) have similar values,
while at a fixed finite x the function k;(x) increase with /.
This means that [alzl(&’a))] decrease with [ when r > a, indi-
cating a decrease of importance of higher multipoles. When
ka <K 1, kj(ka) ~ (21 — 1)!!/(ka)'™" and the scaling factor
1/lak;(ka)] o< a' JE!*! where & = 1/« is the effective decay
length. That is, instead of a'/r'*! for the radial function, one
has an exponential decay function ~e~*"/(kxr) multiplied by
a' /&1, This shows the convergence of the sum is given by
powers of a/&, not powers of a/r, illustrating the difference
between the ion-free case and the Debye-Hiickel level theo-
retical result. As for electrostatic interaction energy, we find
the effective charge strengths 0;,, or Q,,, are accompanied by

the factor
1 kakl (a)l
—_— x | =]
(ka)ki(ka) &

J

These analyses show that when mobile ions are considered,
the convergence is controlled primarily by the ratio a/& = ka.
This tells us that in the case of small ka, the total (interaction)
energy calculated by the series expressions (58) and (59) will
converge faster than the large-ka case at small intersphere
separations. That is, the theory becomes more powerful for
small ka. Interestingly, one may remember that having a small
K is one starting criterion for a valid Debye-Hiickel theory.
The readers must be curious about the relationship between
this implicit ion approach (rigorous at the Debye-Hiickel
level) and our rigorous ion-free result [12]. The answer is
simply that by taking the x> — 0 limit, one mathematically
removes the Debye-Hiickel ion charge density, and the electri-
cal potential is governed once again by the Poisson equation,
not the modified inhomogeneous Helmholtz equation. It turns
out that one may show this explicitly, although the procedure
is a bit tedious. To convince the readers but not bore them with
the lengthy algebra, we shall illustrate but one nontrivial point
in detail. If we compare the interaction energy expression (59)
here with the corresponding Eq. (23) of [12], we find that
the effective charge strengths @f:l and Qélml on two distinct

spheres k£ and j seem to interact differently. In the current
formalism, we have

i i(icar) Qpy ie, (ka O] [Z (=D HI ke, (L )Y (ike,,-)}

Lo, my

(Kaj)(%l + D ke, (kaj)

i (Kll )Q mQ m A
= l k) im&em, |: Z (= 1)l+22 Hlf;zll?lzlmv kéz (KLk_)j)Y;;z (Lk_)j)j| ' “

This is to be compared with the corresponding part in Eq. (23) of [12],

m E
e dr(—DfFmd) o al
Tim o 126 + 1) Ll+fn+l

_ QIZ{; Qﬁlml al azl
2+ 120, + 1Ll+‘Z +'

Var (-1

m+my
Aquly—m,ml Yl+€1 (Lk—>j)

DAty Y™ L ). (61)

We see that the previous result contains no summation over £,. So how does the summation over ¢, disappear? To see this, let us
remember again as k — 0, ka — 0 and k;(ka) — (21 — D)!!/(ka)'* and i)(ka) — (xa)' /(2] + 1)!!. Expression (60) becomes

—kx x (kar)  (kap)" Y+ pptm (28, — N ym
0 Qtm 1 T BT L T Z( D H et ) | (62)
Because Hl%“ contains the Clebsch-Gordan coefficient Cﬁ;j;‘mo the range of ¢ is between |l — £;| and [/ + ¢;. For any ¢, <

2M
[ + £, there will be a positive power of « in the expression above rendering zero value upon taking the x — 0 limit. Hence, the
k — 0 limit forces £, = [ 4 ¢; and the sum over ¢, disappears. As a bonus, we also see how the factor

aiaé‘
I+6+1
Lk_”l
of (61) arises from (62). When £, = [ 4 ¢4,
¢
(cap) (ka)t  aa)
(kLy j)t>+1 L,l:f]”'l

Another property of the Wigner 3 j symbol
_ 110y _ (=D
_1y[—-1+0 _
imt—m = (=1) V2X0+1(m —m O>_

COO
V2I+ 1
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leading to the following useful expression,

4
HY, = c;’(?,oc}’,gl,m,/mw/(zl + DRI+ 1) = Van (1",

which helps in proving the equivalence between [12] and the
current formalism as k — O.

The main purpose of this paper is to describe an implicit
ion formalism rigorous at the Debye-Hiickel level. The system
under consideration consists of an arbitrary number of dielec-
tric spheres of finite radii immersed in a dielectric solvent that
contains mobile ions. To the best of our knowledge, except
for the formalism described here, no other formalism empha-
sizes reciprocity and offers a rigorous, closed form for the
electrostatic energy. Comparison with other methods remains
important, but since this paper is already lengthy we prefer
to do so in a separate publication [23]. Here, we content
ourselves by showing the correct results for the frequently
studied case of two dielectric spheres [16-20].

Prior to computing the energy of the two-sphere system,
let us first elucidate the reciprocity property further. The full
exposition of reciprocity for an arbitrary number of spheres is
provided in Appendix E. Here we only summarize the results
for two spheres. With the general definitions given in Eq. (48)
let us denote by D; (D;) the diagonal matrix with elements
Di(¢1) [D2(€,)]. We also abbreviate by V; (V,) the diagonal
matrix with elements Vi (£;) = €,D1(€1) + ig, (kay) ke, (kay)
[Va(£2) = €,D2(€2) + i, (kaz) ke, (K az)].

The boundary conditions can now be written as a matrix
equation of the following form:

<v1 M) (Qi) _ (D0

M V)\of)  \D:0y)

where O} (Q;) denotes the vector with components O/ " (@;m)
for all [ up to Iyn.x (the maximum / value considered) and
elements of M are given by Eq. (E3). For the two-sphere
system, the first form and the second form of the reci-
procity interaction energies, proven identical for any /j.x in
Appendix E, may be expressed as

U = .0 (Vi — e,D)OF +MOF],  (63)

int

Ui = k05 [(Va — &D)0F + MTOf1. (64)
In Fig. 1, we provide readers with concrete numerical verifica-
tion of reciprocity: equivalence between the two expressions
(63) and (64) above, corresponding to (E7) and (E11) in
Appendix E, for whatever choice of /;ax.

A particularly simple case is when /;,,x = 0. As shown in
Appendix E, with [, = 0, we have for a two-sphere system
the reciprocity interaction energy
q1 9> e—K(L—Ll]—az)
6L (14+«ka)(1+«kar)

e K(L—ai—az) 27!
1 -G ———
X 12< L >

Ui;[(lmax = 0) =

[
with
G2 = Gy
_ (kay)(kax)[To(ar) — (1 + ka)][To(az) — (1 + kaz)]
To(ar)(1 + kay)To(ax)(1 + kaz) ’

p—r(L—aj—ay

)
1 < 1, we have

Note that when L is large so that
q1 ¢» e—K(L—a]—uz)
&L (1+«ka))(1+«kay)’

which is the celebrated long-range interaction term of Verwey
and Overbeek [24].

Even though the Verwey-Overbeek term appears as the
dominant term in the reciprocity interaction energy, we must
emphasize that it is incorrect to use (E14) for computation of
the force. That is, the derivative with respect to L of (E14), led
by the Verwey-Overbeek term, does not yield the correct force
between the two dielectric spheres. The actual force comes
from the derivative of the total energy with respect to L. The
computed interaction energy in either (E9) or (E11) does not

Up(nax = 0) = (65)

0.0014
0.0012f
0.0010f
0.0008

(arb. units)

0.0006

,
int

¥

0.0004
0.0002

0.0000

FIG. 1. The reciprocity interaction energy of a system of two
spheres versus their separation. Each sphere contains a unit charge
at its center; sphere 1 has radius a; = a while sphere 2 has radius
a, = 2a. The other parameters are chosen to mimic two spherical
proteins immersed in a rather strong ionic solution with water as sol-
vent: €; = €, = 4, €, = 80, and « = 0.5. There are two forms, (E7)
and (E11), of the reciprocity interaction energy, each containing two
components. The k @TT WV — eODl)Qfr component of (E7) is plotted
using a thick red dashed line while the « QTTM Q; component of
(E7) is plotted using thin red dashed line. The « @zT WV, — GaDz)Q;—
component of (E11) is plotted using a thick blue dot-dashed line
while the « @;TMTQT component of (E11) is plotted using thin blue
dot-dashed line. Although the components all have different values,
as shown in the plot, the sums of the two components belonging to
either (E7) or (E11) yield identical values shown using a solid black
line. As proved in Appendix E, reciprocity holds for an arbitrary [y,
cutoff. The numerical values in this plot are produced using /;,,x = 10
throughout.

052404-14



ELECTROSTATICS OF CHARGED DIELECTRIC SPHERES ...

PHYSICAL REVIEW E 102, 052404 (2020)

10_2 L E A R B B B S R B B B R
1074
1076

108

relative error

1010

10—12

10~
0

[max

10_2 L LA S S B B S R S IR R S L R L L |
1074t (b) .
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10—12 L

10-"
0
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FIG. 2. The relative errors of the computed interaction energy, (59), between two spheres versus /,,x. The system consists of two spheres,
the first one with radius a; = a while the other with radius a, = 2a; each sphere has a point charge ¢ at its center. In panel (a), the relative
error curves—when the two sphere centers are separated by L = 3.1a, 3.5a, 4.0a, 5.0a, and 7.0a, and for k = 0.1—are each labeled by the
corresponding L and shown in different colors: red (L = 3.1a), orange (L = 3.5a), green (L = 4.0a), magenta (L = 5.0a), and blue (L = 7.0a).
In panel (b), we display the relative error versus /. for various x when L = 3.5a. We find that as « increases, the relative error, for the same

Lmax Vvalue, also increases.

include the force due to self-interaction. For example, one
may consider a point charge near a conducting plane. There
is apparently a real force on the point charge produced by its
image charge. However, such a force is not accounted for by
computing the derivative of the reciprocity interaction energy
with respect to L.

While calculating the interaction energy Uiy using (59),
one may control the accuracy of the energy obtained by vary-
ing Iax. For practical purposes, it is desirable to know what
Imax to use for a desired accuracy requirement. In Fig. 2, we
display the relative error versus I,x when the two spheres,
the first one with radius a; = a and the second a, = 2a,
have their centers separated by 3.la, 3.5a, 4.0a, 5.0a, and
7.0a for k = 0.1. For L = 3.5a, we also display the relative
error versus /. for various k. We note that as « increases,
the relative error, for the same [, value, also increases.
This means that when one applies the rigorous formalism
for ionic screening at the Debye-Hiickel level to the large-«
regime, the convergence gets worse (needing more terms)
as k increases. One also observes, from Fig. 2, that for a
given k and separation distance L, the relative error in the
computed interaction energy decreases exponentially with
Imax. For most applications up to x < 1, we find [ = 10
sufficient.

With [« fixed at 10, we show in Fig. 3 the computed
interaction energy, (59), as a function of separation distance
between two sphere centers for various values of k. Two
expected trends are observed. First, the interaction energy
magnitude decreases with « for the same separation distance.
Second, the decay rate with respect to the separation distance
increases with «.

J

Zl,m Dfm kl(Krk)Ylm(?k)a
Ly
Ok (R +11) = 1 2im TN/ﬁylm(rk)[%Qﬁ‘m + (r — rz“ )#],
l X A
Y 3 08 Y ),

2HT g+ Elm

Some readers might be interested in knowing whether the
same level of rigor can be kept if one wishes to treat the
ion radius § as finite. The answer is affirmative. In this case,
for every sphere, say sphere k, there are two spherical in-
terfaces, ry = a; and r, = a; + 8§ = by, hence two boundary
conditions and two sets of induced surface charge strengths:
anf for r, =a; and Qf‘nj for ry = by. Having already
proved the equivalence between methods I-in and II-on in
Appendix C for finite §, we shall use only method II-on to
describe the modifications required. For convenience, we shall
define

ai\ [ +1

o =0l +(5) o
and Of = 0F + @fm Because it is our plan to investigate
the effect of finite ion radii in a separate publication [25],
we outline only the modifications required to perform the
boundary condition matching without displaying all the final
expressions of solvation energy and interaction energy. This
is because the energy expressions are readily attainable once
the variables in the boundary equations are solved for and be-
cause the energy expressions might become so unnecessarily
cumbersome that the essence of the proposed method in this
paper is masked.

To match the boundary conditions on the two interfaces of
sphere k, we will need [see Eq. (43)]

Oy(Ry +11) = Z D (R +11) + Prk (R +11).
J#k
The electrostatic potential contribution from sphere & to its
nearby location is now given by

[7x > b,

[ar < 1 < b,

[re < axl,
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FIG. 3. Interaction energy (59) for a system of two spheres versus their separation distance. The first sphere has radius a; = a, while the
second one has radius a, = 2a. Each sphere has a point charge ¢ at its center. Displayed in panel (a) is the interaction energy versus separation
distance for various « values. It is obvious that the magnitude of the interaction energy at a fixed separation decreases as « increases. In panel
(b), the interaction energies are scaled by their values at contact distance. This allows us to see clearly the trend that the interaction energy

decreases with the separation distance more rapidly for larger « values.

where, similarly to (C14),
‘ 1

D \/471 Q 1 | al%l+1 .
= TG 20+ 1 bl+1 mF e\ T T ) O |

And the potential contribution from sphere j at the region near sphere k is

D k(R +ri.me > bi) = Y D}, ke, (klri + Ry —

L1,m

£1,my

=Y D}, >, (UFEH iiGer)Y" (Pe) ke, (cLi )

£y,my 1,65,m,my

= Zn(m)Y, (rk)[

]l)le( rk+Rk _Rf )
[rr + Ry — R

ry — Z‘k—) i
= 30 D] ke el = L DY) (|—)
k

— L]

Y2 (L )

> D), Y (=nteHim kez(xLH)Yg;”(ﬁke,ﬁ, (66)

Zlml ezmz
PN (' — el ap\!+1 ay r,l<
D (R + 1y, by) = B’k—<—) —= 4+ = Y""(%), 67
PN (' — el ag\!+1 7l rl
O R+, < ag) = B/ k[—(—) —k_ 4k ym 68
jok R +rie, 1 < ar) %: maitedt D\b) ah b’“ 7" (Fr), (68)

and E{;k are determined via matching the potential
D (Ry +ry) at rp = by. The two boundary conditions for
sphere k are taken with R, = O:

OPp(ri)| 6/3<Db("k)
7 al’k bk+ ark b,:,
6,3<I>b("k) _ . 9Py (ry) Aok
a}’k az— k Brk a; fr

Before ending this paper, we would like to touch on a ques-
tion that probably will have occurred to an avid reader: how
can we proceed when the biomolecular shapes are nonspheri-
cal? The answer is quite simple. Without spherical symmetry,

(

although the analytical expressions are lost, we can still tackle
this problem numerically. With Eq. (B20) given, one may
discretize Eq. (B19) and obtain the charge densities numer-
ically. The molecular shapes now can be arbitrary. The space
occupied by a biomolecule now is signified by zero mobile
ion density. However, the computational cost inevitably in-
creases with the number of representative spatial points in
discretization.
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APPENDIX A: DERIVATION OF EQUATION (2)

Let O, be an arbitrary point and O, be a local origin. The
vector from O) to an observation point P is denoted by 7.
The vector from O; to O, is denoted by 7,. For our applica-
tions, r; < ry. Let R= 71 — P, be the vector from O, to P.
The derivation below utilizes an argument that was originally
in [26] (page 578), although the original argument requires
correction, which we provide here.

Consider the analytlc continuation of h( ) (shown on page

577 of [26]) by taking k| = k = ik:

e—KR 00
ko(kR) = = / e Ry
1

KR
2 [ee)
=— fe*KRC"SVd(cosy)dx/f. (A1)
27'[ 0 1

This expression is like laying R = R2, y — 6, and ¥ — .
Evidently, d cos y dy is a surface element (on the unit sphere)
which coincides with d cos 6, dqbk due to choosing R= Rz
If one were to get a general R by rotatmg RZ to yield R=
R(sin 6 cos ¢, sin 6 sin ¢, cos ) = RR, then cosy = k-R=
c0s 0 cos B + sin O sin 6 cos(¢p — ¢y). This fixed rotation will
also change the course of the 6y integral. That is, if one were
rotate the integration paths using the fixed rotation, one will
not be using the same limits as before but requiring a new
integration limit or domain. That is, one may still write

—KkR 1
¢ [ RO g(cos 6 )d ey (A2)
KR 2
with
2 o0
/ a2, 7&/ d¢k/ d cos 6. (A3)
Dy 0 1

The exact form of ka does not matter. All one needs to
know is that once the fixed rotation that brings RZ to R =
R(sin 0 cos ¢, sin O sin ¢, cos 0) is found, Dy is fixed and its
details matter little.

With R=7# —7, we have k-R=Kk-7, —k -7,. The
plane wave expansion states

R = TR = a7 N i k)Y ()Y (B).

£,m

With kr — ikr and using i, (x) = i~“je(ix), we have

e = 4 SO D i e YR, (Ad)

L,m

We also note the Green’s function expansion

—k |7 =P

° =4m Y ieler ke ler Y GOY!(R2). (AS)

K|?>_’7<| om

We have already considered r; < r,. Now there are two
cases: R? > r3 or R* < r3. In this proof, we focus on R > r,

for now. We shall investigate the validity of the formula when
R < r; at least numerically.

The main idea is to first express ko(kr;) in two different
ways and then link the identity. From (AS5), we have

e—K\72+§|
k|72 + R|

=47 Y (= Dig(er)k (cRY! (i)Y (R). (A6)
LM

ko(kr)) =

Here, the factor (—1)F comes from Y (R) = (-1
Applying (A2) to ko(kry), we have

YYM(—R).

e—K|72+ﬁ| 1 .
m = E e N ey d(COS 9k)d¢k
K|
1 . L
=5 e kT2 oI RER g(cos O )dgr. (AT)
T

Replacing the integrand e™*" ks by (A4), one has

kIR
ko(kr)) = ———
k|72 + R
4 .
=5 | [Z( DEiGer)VY (7)r) (k)}
x e “RER g0, (A8)

Equating the coefficient function of (—1)Fi(xr)YM (7)
between expressions (A6) and (A8), one arrives at an integral
expression for k. («R)Y*(R):

kA 1 B —«kRE-R
ki (kR)YYM(R) = _n/ YM ) e R aQ.  (A9)
Dy

Note that KR]€~1€’=K}”1 l%-f’l —Kr212~f"2 :Kr112~f"1 +
Krgk' (—?2).

Rewriting e~ *Rk-K

as above,

* A 1 £ a P P
ki («RY (R) = o / YM (k) ek himen kR gy
Dy
4 .
== / YR 3 (=D, Ger )Y )

Z[ my

X Y (k) e R gy

=— Z( D)%y, Ger )Y, (r) YM*UG)
(Zl my

X Y (k) e R C) g
Using Eq. (3.7.72) on page 216 of [27], one has

¥ pNympk 4 2L+ 1)(2¢; + 1
Moy =y 7V )20 + 1)

20, + 1 47
€o,my
S Cf;unézlml CIZ/%)OelOYmZ*(k)
szmzm * 7
= Z —Lf; Ly (k). (A10)

Lr,my
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Therefore,

* A 4 . mysa * m N —kr k(—F
ke (kR)YM(R) = > § :(_1)‘5'1g1(,crl)yzll(r,) Yy Y (k) e ) a gy
£y,my D

€ my
=(m) Y D i )Y ) ke er)Y] (<)

Ly,my Lo, my

= D HpR (D iy Ger )Y () ke, (k)Y (7). (A11)

Ly,my, b ,my

Note the relation between Wigner 3 symbols and the Clebsch-Gordan coefficient (see Eq. (3.7.44) on page 210 of [27]):

Jjm _ i1— jo+m . jl jZ .]
lem]nmz (=L)y—htm 2+ 1<m1 —m)' (A12)

ny

Here m = my + my and the 3 j symbol has the beautiful cyclic invariance. Utilizing this, one may make L the sum of 7, and 5.
Let us rework the coefficients [here my = (m; + M)]:

Hip i, = 7V @L+ DR+ DEE, Clito

L 6 tN\/L £ ¢
JCL+ D26 + (- 1)'"2(2£2+1)< : 2)( ‘ 2)

20, —|—1 m  —mpy/\0 0 O

m(l L L\(h & L
= J/(@m)(2€, + 1)y/RL 4+ 1)(2¢; + 1)(—1) <m1 o M)(() 0 0)

\/<zel + D@2 + D=1y (=M=l jer M

2L +
/2L V@O F DG+ D(-)"CH o Ch
Note that (— l)m‘Ym‘(rl)— _'"' (#1). Furthermore,
(zl & 4 )Z(_l)ll+£2+€z<el 12 ‘53>_ (A13)
—my  —my, —m3 mp  mp  m3

Because the 3j symbol

4 & L
0O 0 O
arises from integral of fil dxPy, (x)Py, (x)P(x) and given that P,(x) = (—1)*Py(—x), it will vanish if £; + £, + L is odd.
That is, we may rewrite the expression as

kL (cRYM (R = Y \/(2L + D@+ DA, C5 o (=D 2y, (er)Y)™ (R) ke (k72) Y] (F2)
Z] mp, Zz ny
= Y \/ (201 + D2 + D(=1)"CLy0 ConMt o (D2 iy Gerp)YM (Rr) ke, (Kr2) Y ()
Z] my, Zz nmy
= Z ‘/2L - 1\/(2111 + D@+ DCE 0 Contt, o (D2 iy Ger))Yy ™ (7)) key ()Y (7).
K] my, ez my

(Al14)
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Renaming m; by —m| and later renaming m; — m,, we thus have

k(R (R) = Y

£y,m,Lo,my

2L+1

V2O + D26 + D, ek

> Yt

Ly,mf Lo, my

V@ F D26 + DY, (DY,

7k
(=D by Ger)Y" (Fy) key (k)Y ()

@ —m @2 —hny

£y mi Ly my

X (=1 g Ger)Y" (Fr) ke ()Y (7). (A15)
Because the factor (—1)“1+%*L = 1, by naming m| back to m;, we have
kkRY! Ry = Y HEM (=D e )Y () ke (k)Y (7). (A16)
Cy,my, o my
Or by taking the complex conjugate on both sides, one has
ki kRYM! Ry = Y HEY L (D iy Ger )Y () ke, ()Y (). (A17)

Ly,my,l,my

In our applications, it is possible that the expression (A11) can be more useful. Equation (A17) has been extensively verified

numerically for all positive R values, including R < r;.

APPENDIX B: ENERGY MINIMIZATION FORMULATION

Previously [9] we considered the problem of charges in a
polarizable medium. We express the energy U as a functional
of the polarization vector P,

U[P] = Uc[P] + W[P], (BI)

where Uc[P] is the electrostatic energy of interaction of all
charges present in the system, and W [P] is the energy required
to create the given polarization vector field P(r).

It is well known that p;,q(r) = —V - P(r) is the induced
charge density. Therefore, the total charge density p; () in the
medium is the sum of the free charge density p,(r) and pjnq (r):

pi(r) = pp(r) + pina(r). (B2)
We then have
1 1
UclP] = 3 / lof(r) =V -P(r)] 1]
x [pr') =V -P@)ldrdr (B3)
and employ the simple quadratic work functional
1 (P-P
WI[P] = / dr. (B4)
x ()
That is,
P P
U[P] = Uc[P] + = /% r. (BS)

Performing a functional variation with respect to P, we arrive
at

P(r r)—V . .-PF

P +V,/—pf( VZV POy _o, @6
x(r) Ir —r'|

which implies

dr = x(ME).
B7)

P(r)—x(r)/[pf(r)—V P(r )]I ,|3

(

Thus the constitutive relation for a linear dielectric is obtained
as a result of functional minimization, with the expansion
coefficient x (r) turning out to be the dielectric susceptibility.
Inserting the equilibrium polarization (B7) in (BS5) results
in the well-known expression for the total energy of the
system:

1 1
=5 /pf( )| |[,of(r )=V -P@)ldrdr'. (BS)

When we add mobile ions at the Debye-Hiickel level, we
also have a linear relation pjon = —«2>® /4. This prompts us
to use the following simple energy functional:

UIP, pion] = Uc[P, pion] + W[P] + W/[,Oion]s (B9)

with

1
UCIP, pon] = ~ / 1071 =V PO+ P
X [ps(F) =V - P() + pn(ldrdr’ (B10)

and

471/Md,~ (B11)

W/[,Oion] = A /<2(r)

2
Performing functional variations with respect to pjo, and P,
we arrive at

2(’)
pion(r) = |I' f(r)_ V. P(r)+p10n(r )]dr
2(r)
i o(r) (B12)
and
@W’/pf(r)—v PE)+ om0 )
x(r) Ir—r]
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implying

/

P(r) = X(r)/ ,Of(r)_v P(r)+plon(r )]| ,|gdr,

= x(NE(r). (B14)
Equations (B12) and (B14) form two coupled integro-
differential equations with p,(r) as the source. Thus the
constitutive relation for a linear dielectric medium inside a
linear electrolytic solution is obtained as a result of functional
minimization, with the expansion coefficients x (r) and «(r)

J

pna(r) = =V -P(r) = =V x(r): f [o7(¢) = V - P(*) + pion )] - ——dr’

turning out to be respectively the dielectric susceptibility and
the inverse Debye length. Inserting the equilibrium ion charge
density (B12) and polarization (B14) in (B9) result in the
well-known expression for the total energy of the system:

1 1
U=s / P10 00 =V - PO) + (s dr

_ % / p/(r) B(r) dr. (B15)

To provide a flavor of how equations (B12) and (B14) are
used simultaneously, let us first rewrite (B14) into

/

lr—r3

- X(r)/ [os() =V - P + pion )]V, - (ﬁ)d"

=—=Vx()-Er)

- 47[)((’.)[/)}‘(") + Pind(") + pion(r)]s

—Vx(r)-E@r) - X(r)f [pr (@) =V - P@) + pion (P)1[478(r — r)]dr

(B16)

leading to [with €(r) = 1 4 47 x (r) and defining 0,(r) = p;(r) + Pion ()]

P ) + Pion(P)] = pr () + pron(®) — V1 () - f Rl ) P

and we rewrite Eq. (B12) as

2(r)
Pion(r) = / 7 [o:(r) + pion(r)]dr’.  (B18)
Plugging Eq. (B18) into Eq. (B17), one obtains
n(r) = i /C(l‘, r)dr p,(r'), (B19)
€(r)
2 —
crry= —< O V@ T o)
dre(r)r —r| er) |r—r)

Equations (B18), (B19), and (B20) form the foundation for
approximate solutions via iteration. This aspect is beyond the
scope of the current paper and will be discussed in detail in a
separate publication.

APPENDIX C: BOUNDARY CONDITIONS
WITH MOBILE IONS PRESENT

In method I-in, the multipoles g, = Q,,,a' /~/4m are in-
side the sphere and Eq. (13) yields the potential in the region
close to (but inside) the spherical surface:

Z \/47 le

O, <) =) s =

(ChH

In method II-on, we have Q,,, on the surface of the sphere
(r = a) and the resulting potential at r < a is

ar(8)
|as —r|

dra® ¥ -
—ZZZH ——= Y (#) [ op ()Y (3)dQ

Z 47[ r Ym(/\)@
= _— r ,
£ 2l + 1 a+1 ! o

B17)

(

where
[ee] !
or(3) = Z Z Var op,Y"(3)  and  Qy, = 4wd0 .
=0 m=—1
(C2)
Hence
Con NZv A -
PN < a) = Zzz+1 Y0y (C3)
Similarly, for a < r < b, we have
. Jar  d Q
I—in m Im
oMa <r<b)= ZZl—i—l YR (CH)

In method II-on, we have Q,,, on the surface of the sphere
(r = a) and hence

Vir d
gmmlﬁ M@ - (C5)

P Ma<r<b)=

To continue the proof that methods I-in and II-on remain

equivalent in the presence of mobile ions, we note that another

source of the potential comes from the induced surface charge

density o <(0, ¢) [0 (6, ¢)] on the dielectric interface r = a
(r = b). As in [8], we write

Z Z Var o Y0, ¢)

1=0 m=—I

o=, ¢) =

and define the induced surface charge strengths

< 2 _< > 2 >
o, =4ma‘o,, Q, =4nbo,.
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This surface charge distribution produces a different potential when r < a and when r > a:

1 !
<@ >(§ Jan 405 + 05, a<r<b,
o= [ Z (2ds<+ 7 (zdS Z Y (F) ”IIQ’ b’l‘Q’ (C6)
|r — as| |r — bs| 21+ 1 a1r+] Qﬁn"‘#Qva r<a.
We introduce for later convenience the effective induced surface charge strengths
< > a l+l
O =0+ 0i(3) (€7)

Let us emphasize that the net surface charge strengths 0, equal Qy,, + 56”" for method I-in and equal Q;,, + Q,,, for method
II-on.

Note that the net potential arises from @+ ®,. That is, for method I-in (II-on), we will write ®' "= (r) = O (r) +
@ -nd=on (). Therefore, using Eq. (C6), we have

— ! o) !
o <0 = X 2o (05 + 00 (5) )+ 2]
Im -

204171 €
Var [ rl O d
:ZZZ——I—IYI (7) leﬁ‘f‘?m} (C8)
Im -
a4 a\+1 rt
II—on < > (™7 o
I < a) = Ejy+1n00QM+QmQ) + O | =5
rt «/E oA rt
2l +1 ( )[le + le] al+! = Z 20 + 1Yl (r) leﬁv (C9)
: Var [ a 0
I—in _ mga Im
(o} (a<r<b)= Z 2+ 1Y[ (r) l+1 <Q1m + _> pl+1 lej|
Im
B e +% i 7
R R PR T )i
\/E o r al . . 21+l Q>
= Z ZZ——I-IYI (r) ] T lm + (r ST )b’“]’ (C10)

Im

—on '47t m s -al < n rl >
pl-o (a<r<b)=221+1Y1 (7) m(le"i_le)—}_Fle}

Im

r l 21+l Q>
—ZMHZU,M%+%HQ—HJWJ

Im

r al . . 21+l Q>
_221_‘_11/1 #) 1+1le+(r RS )b’“]' (C1D

Im

Evidently, for both methods, the potential is continuous across » = a, with
O(r=a) = Z v Ql’”

l‘ﬂ
2[+1 ()

We next note the second boundary condition for method I-in and II-on at r = a:

aq)ll—on
—dmof = e——
, - ar

r=a

a@ll—on
ar

a@l—in
ar

, a@ll—on
€
_ ar

/aCI>I_iH
€
ar

Y/ (7).

r=at r=a r=at r=a-
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Note that the expressions for ®!~"(r > a) and ®""~°"(r > a) are identical provided that the Q;,, are the same in both expressions.
Therefore, if we hold Q;,, the same in both methods, and if one can show

gpl-in ypl—-on 47-[ m Jaml m le /A @lm mya
Tor e T T Yl(r)_ez2l+1[ i CD M-SR

Im

then we have shown the equivalence of the two methods. We work on the left-hand side of this equation using (C8) and by

adding and subtracting the same term, € ) _,,, H—Jf‘z % %Yl’”(r) I Z‘{‘G O a’z Y (7):
gPi-in Nar yo Var — 1+1
e—- ,:a,‘GZzHlQ""2’()‘Zzz+1Q’"’ Y ()
ax VAT l+1
= Y () — ——Y,
6221+1Q1 Lypo Zzl+1Q’ /()

\/EQZM ym \/_
t g eal® )—ZQHIQW SH)

— 2l+1
=eZ‘/_[sz %] v () — Z‘/_Q,,,, e

20+ 1 — 21+ 1
477"1 m le le mya
=elZZ‘,+ll<)——«/ Z—Y,m. (C12)

In the region (» > a + é = b) where mobile ions are present, the potential satisfies the modified Helmholtz equation and is
supposed to decay as r — oo. Hence the general solution should be

O™ (r > b) =Y Dy ki(kr) Y/ (7). (C13)

I,m

On the boundary » = b, continuity of the potential demands that

4 1 20+1
Dy ki (1cb) = ﬁ[b7+1Q1m (l—a )Qfm}

p2+1
or
1 VAx [ d . 1 2+
P = At i T\ m | Cl4
l ki(xb) 21 + 1 |:blJrl Oim + b( pRi+1 )lej| (C14)

Because we do not have any free charge density on the surface r = b, the second boundary condition takes the form

9 cboul 9 qDIfin(Hfon)
“73 =
T p=pt r r=b-
We next calculate
P Cbein(IIfon) P cI)Ifin(IIfon)
ar r=b- ar r=at

4 ) 20+1 >
=2 ;:”1 '"(f){(l+1)<a2 sz)sz [l<b”—a“>+<l+1><il+2 —a“)]%}

and find it approaching zero upon taking the limit § — O (or b — a). Thus, under this limit we have

acbl—in

’ 3‘131 in _
N € or lr=at — € ar lr=a=’
, gpli—on Hpli-on
r=b- € — =

ar

a cbout
ar

I—in(I1I—
/aq) in(II—on)

€o
r=bt ar

r=at ~ or lr=a— 4ﬂaf'

That is, if we view the g, as inside the sphere, method I-in, we have the (§ — O limit) boundary condition

9 q>0ut 9 q)lfin

ar

€ , (C15)

r=at
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while if we place Q;,, on the sphere surface, method II-on, we have the (§ — 0 limit) boundary condition

9 cpout 9 qDII—on
ar ar

€ —4moy. (C16)

r=a-

r=at

Under this § — 0 limit, the induced surface charge strengths Q7 and Q;, coalesce into Oy, = Q;;, + Q;,. That is, one may
forget about the middle layer a < r < b dielectric altogether.

APPENDIX D: SUBSTITUTION RULE AND RECIPROCITY

To examine whether the substitution rule (27) is all we need, we check reciprocity in electrostatics: Interaction energy Vngl)
is the work done to bring to ry charge multipoles g}, when multipoles ¢;,, were already placed either inside or exactly on the
surface of the sphere; interaction energy V“f) is the work done to bring the multipoles g;;, to the inside or the surface of the
sphere when ¢, were already placed at ry. Reciprocity demands that Vn(lp Vlff)

We have solved the former case exactly by beginning with the free multipoles inside the sphere and matching the boundary

conditions. We found via Egs. (18) and (21)

Vam ki(kr) le Nam ki(kr) QL+ DVAT  qim
out m Aim yymea
PO i ke o O T LA ke — eyl a1

ki(ka)

_ Z ki(kcr) 4 Y (7) qum /'t Z ki(kcr) 4 ki(ka) Y/ () Gim

ki(ka) ¢ — e, (ca)ie) ki(ka) el ki(ka) — €, (ka)k(ka) ' a*!
= A dimki(cr) Y/ (7),

I,m
meaning
A al+1
Im = /

el ki(ka) — €, (ka)kj(ka)

Given that the point multipoles ¢),,, are at ry, one may imagine these multipoles resulted from a charge distribution within an
infinitesimal radius s around r(. This suggests that, with s < n and n — 0, the first form of the interaction energy between the
two charge distributions should be computed by

ro+s
Vi = ZAzmqlmfdsp(ro+s)kl(x|ro+s|)Y, <|r0+s|>.

Im

By using (2) [with s — ry and ry — —r, in mind],

m rO +s 2 m . m Py ms ~

ki (iclro + s)Y, (|r +s|> = E (=DeH (- D F iy, (e)Y," (3) ke, (k70) Y, (7o)
0

£y,L2,my,my

ST EDUH i k)Y E) ke, (ro)Y (Fo), (D1)

Lyl my my

and since as s < 1 — 0, iy, (ks) — (ks)“/(2€, + 1)!1, one obtains the correct interaction energy

Z /%
1 m q[ m nms s~
Vif(lt) Z ZA[mQ[m(—l)[l Hélmllzmz(zg—ﬁ-]l)]”kez(lcr)yﬁzz(r)
I,m,ll,ml [2.mz
Y dmd i Gt =Y G v Gl (D2)
1,I',m,m' Ll ,m,m
meaning
(=D« i 4z (1) /a1 @1 + D)
Grimm =Apm————— H k Y”‘2 Hl™  k Y”‘2
11%m, T Z ity Koy (KDY (F) = el ki (ka) — ¢, (ka)k](a) ; Vm tmy Koy ()Y 2 (F)
21 21
and

dr (=D ! Jld @l + 1)
el kj(ka) — €, (ka)k;(ka)

Gl mm = D H iy ke (Y] (7).

fzmz
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To obtain the second form of the interaction energy, let us place a tight charge distribution yielding multipoles ¢, atro outside
the sphere and calculate the potential everywhere in the region r < ry, including r < a. One writes the potential contribution
from multipoles around r( near the spherical surface but with r > a as

e*K\roJrs—rI

Cy(r,r>a)= /ds o' (ro+5)

0|r0+s—r|

4 - 7k
N D (K|r0—"|)Ym< ’) [ ds o Gyt

€ = Iro —r|

4JTK 0o—7r Kl/C]ff /
D'k, —r)Yy" o
- 2D kel =1, <|0—"|>(21/+1)”

'm'
.kt q, /
= i, (kr)y" (7 )— Z(— DT ’1),, ZHz.m,mz ke, (icro) Y[ (o),
Zl mg

where in the last line we have used the identity (2) (withr; — —randr, — —ry),

1 o ) A
ki (iclro — r)Y;" <| r|)= D (=D E i ()Y (=R ke, (r) Y (— o)
£1,8,my,my

D H o i, P)Y (R ke (k7)Y (o).

£y, 8 my my

The potential @, (r) must remain continuous across r = a into r < a. Inside the sphere, because the potential produced by
q;,,, must satisfy the Laplace equation rather than the modified Helmholtz equation, its general solution is of the form

I
r A
Cbp’("» r<a)= g BlmﬁYlm(r).
Im

Hence by demanding continuity of the potential produced by ¢;,, at r = a, we have

U7
B,m 4k K Gy

) —m g
) (21,+1)” lm(omz

ke, (k70)Y," (7o) (D3)

a
U'm'tymy

and

47t (ka) o kg, ”
Qp(rr<a)=Y_ - ir(ka)—— i Y'"( )[ > (—1>I(21T’1),, it ke (kT0)Y (o) |
U'm'tymy

Im

Now let us denote by Q;,, the induced surface charge strengths on the sphere due to charge distribution around r(. This
induced surface charge will produce a potential of different forms for outside and inside the sphere:

Ding(r 2 a) =

Z Var ki(kr) Qi )3 47 !

Zympy,  Spa(r < a) = - D4
N1k a (P, a(r < a) SETES Y lelQz Y (#). (D4)

One may then solve for Q;,, by imposing the following boundary condition (since there is no free charge on the sphere
surface):

ad a
Eo_[cbp’(r > a) + cbind(r > a)]|r~>a = ea[q)p’(r < CZ) + qund(r < a)]|r~>a

or
leading to
U /_
2. K Qpw U'm’ my A (Ka)k(Ka) le
e ll(m)[,,%: U G men: kfz(’”O)Yezz(’O)} TOUTT hka) @
mtamy
_ 47'[(/{(1) A K ql” U'm’ my o a 4 1
—e< o ilea) L; 1 oy S Hitam K roY o) | + 5= (D5)
m'lymy
or
V4T[ le k/(Ka) . € . I Kl,q;’m’ l’m m
ST [el T )( a)} = 47T(Ka)[(1<a)l1(/ca)—lé—all(ica)] ,,,Ze: (=1 @+ hn HW ke (ero)Y™(Ro) | (D6)
mtymy

052404-24



ELECTROSTATICS OF CHARGED DIELECTRIC SPHERES ... PHYSICAL REVIEW E 102, 052404 (2020)

or

VAT Qi 4n(ka) eoi;wa)(xa)—eliz(w)[ S 1y <"

Q+1) e el —e, 14D (e q) QU +nn

lmlzmz kzz (ke }"())sz (Fo ):| D7)
0 ki(ka)

l’m/fgmz

The net potential with r < a, ®ja(r, r < a) + @, (r, r < a), is thus

memy ) VAT 4 ( ). W pim m s
Zﬁy (){ D | Y -1 gt )

— Q'+ DN

U'm'tymy

47 (ka) r m €dj(ka)(ka) —elij(ka) . v Kllq;,m, m
== 2 mt'® ——en iea) )| D (=0 G B, ke (€ro)Y(Go) | (D8)
Im el —e, b ) (ka

l’m’[zmz

If we integrate over the charge distribution ps(r) [whether confined to the inside the sphere or oc §(r — a), meaning only on the
spherical surface], we obtain the second form of the interaction energy:

47 (ka) g [ €i)(ka)(ka) —elij(ka) . . kg,

2) m § m m ~

Vi = € alérl ( lel _ ¢ ka) (ka Hitea) 1y Qr +l I)VvH/'"‘sz kZZ(KrO)YZ?Z(rO) - (D9)
€o ki (ka)

Im U'm'tymy

‘We next show that
S HL ke (ro)Y (o) = Y Hy ke (k10)Y (o). (D10)
my ny

To prove this identity, first recall that

Him =Sl T \/(21 + D26+ 1)

and that the Clebsch-Gordan coefficient can be expressed by Wigner’s 3 j symbol as follows (with m = m; + mj):

AT+ 1 L £ l
CellmmIZZmZ (= l)EI e A1 ( i : )

nmy —m

Some symmetry property of the Wigner’s 3j will be useful:
(51 1% 53) _ (_1)z|+e2+e3(33 13 ﬂl) _ (_l)elwzw;( 4] £ 53)_ DI11)
my mp m3 ms  nmp; m —mp  —hmp —m3
Also, the Legendre polynomial P;(x) = (—1)/P/(—x) and the Clebsch-Gordan coefficient
1
Clot,o & / P (x)Py(x)Py, (x)
—1

is nonzero only when (I 4+ I’ 4+ £,) is an even integer. We thus write

ZHII":szz ke, (e)Y,2 (F) = Z Clor, oClmts m\ 2y 21+ 128 + D ke, (k)Y (7)
my

szz

:Z(_l)m’(é % lo)(;é ,flz _ni,)\/4rr(21’+1)(21+1)(2£2+1)k52(/cr)Y;:2(?)

=Z(—1)’“’<ZO ? é)(—ni nfi Wll>\/4n(21/+1)(2l+1)(222+1)kgz(/<r)Ye’:l2(?)

my

:Z(_nm’(lo/ % é)(ni & _ni>\/4yr(2[’+1)(21+1)(2€2+1)k52(/<r)YZ";2(?)

—my
my

_Z( 1" cl9, oCim mz‘/21+1\/(21/ 120 + 1) ke, ()Y, ()

= 2 D" C0Clmeamy 57 +1J(2l’ D2 + Dk, (cr)Y,"™ ()
my
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= ClonoCl tom
- ZOZZO lmlzmz 2[+1
n

_2 :CIOZZO lmszz

= Z HIy e ke, (er)Y[2 (F),

my

which exactly proves (D10).

——— QI+ 1)(2t, + 1) ke, (Kr)sz )

57V QU+ D@+ Dk, ()Y ()

Hence, by comparing (D9) with (D2), despite their rather complicated expressions, we find that, for them to exactly match,

all one needs is the following correspondence:

(ka)* Tfka)—

. k) (ka)
”(’“’)kﬁ(w)

1

o k) (ka)
€ _ 1
0 el —¢, Toea (ka)

. (D12)
elki(ka) — e, kj(ka) (ka)

In the main text near the end of Sec. V, we show that the correspondence relation above in fact is an identity.

APPENDIX E: RECIPROCITY FOR ANY NUMBER OF DIELECTRIC SPHERES

To lighten the notation for the two-sphere case, we shall choose the origin at the midpoint between the two spherical centers.

Hence, R = E/Z while R, = —Z/Z. We therefore have Zl_)z =R, — R

the boundary condition equation (54) and the definition (48):

=—LandL,,, =R, —R, =L. We may begin with

Di(€)0y,, = Vi(EDOM, + 3 [Z i, (kay) ig, (kay) (=1 H2 k(e L)Y, (LM)} ot . (E1)
szz Im

Dy(£)0,,,,, = Va(€)0%, + > [Z iv, (kay) g, (ka) (=D HE™, (e L)Y (Lbl)} o (E2)
[1"’11 Im

One uses the boundary condition equations above to express Qvll’:;

. =1 —2
in terms of Q,, and Q;,. Note that H '™

Lomylm

and Q7

requires £; + £, +1 to be an even integer. Thus, (—1)"*2 = (—1)". Further note that from Eq. (D10) of Appendix D,
> Hé‘;";lm Y=y, H;:;:flm Y™ (L). If we define the matrix elements

My tamy = Y e, (kay) ig, (caz) (=D HE k(e L)Y (B 2) (E3)
Im
and
Megmoim = Y i, (k@) i, (kay) (=DM HJ k(e L)Y (Eao), (E4)
Im
[
we see that

Mfzmo.zlm] MZmI lomy* (ES)

Note that M@lml ¢,m, left multiplies to O+ while My, ¢,m, left
multiplies to Q'+

With the general definitions given in Eq. (48) let us
denote by D; (D,) the diagonal matrix with elements
Di(¢4y) [D2(€,)]. We also abbreviate by V; (V,) the diagonal
matrix with elements Vi (£;) = €,D1(€y) + iy, (ka1) ke, (kay)
[V2(€2) = €,D2(£2) + iy, (kaz) ke, (kaz)].

The boundary conditions can now be written as a matrix
equation of the following form:

Vi M\(O7 D0,
(e W)(E)-(2)

where Q+ (Q;) denotes the vector with components Q,m (Q;m)
for all [ up to the maximum [/ value considered. Hence the di-

mension of Q+ is Zl‘“‘“ 2l + 1) = (Ipax + 1)?. For example,
when /. = 3, the dimension of 0T is 1 +3+5+7 =16 =
(lnax + 1)

To explicitly show reciprocity, we need to show equiva-
lence of two forms of computing the energy. First, we set

le = 0 and compute the corresponding Q7 and Q. Then
the first form of the interaction energy is given by

Un = « 0, (Vi — €D)OT + MOF1. (E7)

When 0 is set to zero, we have

ViOF +MOF =0= 0f = —(vi)"'MJ5,
M'OF + V1 0F = D20, = [Vo — M' (Vi)™ 'M10F = D, 0,.
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To compute the first form of the interaction energy, we first
simplify the quantity
Vi = €D1)OY +MOF
= —€,D0,0] = €,D,V;'MQF
= e,D\V'"M[Vy — MV, 'M]'D,0,.  (EB)

Hence, the first form of the interaction energy is simply given
by
Upl = k0] 1Vi = e,D)OY +MO5]
= ke,0," DV, M[Vs — MV, 'M] ' D,0,
= ke,0; " DV M[T =V MV M)V D, 0,
(E9)
|

Ur(z)*

int

The second form of the interaction energy is obtained by
first setting O, = 0 to obtain Q5 and Q; . We obtain

Of =~V MIGF,
9 _ _ -1, _ —
Of =[1—vy'mvy ' M']viIDig,,

and the interaction energy is given by

(E10)

r —xT v 4 ou —«T o
Un? = k05 [(Va — €D2)0F + M 071 = —ke,0y D0F

= ke, 05 DV M — V7'MV ' M1V D, 0.
(E11)

Let us take the complex conjugate of the interaction energy
above; due to realness of the energy, we should get the same
energy:

= {ke,05 DoV M1 =V My ' M) VD QL) = ke, DT = MV MV MY D10,

= ke,0," DV M -V MV M)V D, 0, = Ul

ne (E12)
which agrees exactly with (E9). We have thus formally proved that the reciprocity theorem holds for any arbitrary /;,x cutoff for
a system of two dielectric spheres. The general proof of reciprocity for an arbitrary number of spheres is given in the latter part
of this Appendix.

A case that is particularly simple for a two-sphere system is when /,,x = 0. We have

. T -l —1 ko (kL —k(L—aj—az)
M= M = io(kay yio(kay)ko(k L) = 1091 _To(@2) okl) _ _e ,
(kap)(kay)  ko(kapko(kaz)  (kL)To(ar)To(az)
Di — o(kar) 1 _ _doa))  koka) 1 ko(rkay)/(xay)
: € (kap)?i(kay) € 14 Wa) kolkay) €0 To(anko(kar) + (kaykj(kar)’
To(ay) ko(kar)
D, — _loka) 1 _do(kay)  ko(kar) 1 ko(kaz)/(kaz)
o € (ka)tip(kar) € 1 4 @) kka) e Ty(ay)ko(car) + (kan )k (kaz)’
To(az) ko(kaz)
Vi = ig(kako(kar) + €D ! [1 ! }
]ZZOKa] OKa] 6() ]=— N T Y
T (kay) ky(kar)
0(611)(/(611) 1 TO(all)kg(K“l)
1 (kap) ky(kay) 1 ky(kay)

To(ar)(kay) To(apko(kar) + (kay) kj(kar) " To(ar) Tolako(kar) + (kay) ky(kay)’

V2 = ig(kaz)ko(kaz) + €,Dy =

1 (kaz) ky(kaz)

1 1
1 - ’
To(az)(kaz) 1 + (ka2 kolca)

To(az) ko(kaz)

1 ky(kay)

Dy Ty(a) ko(kar) — To(ar) 1

To(az)(kaz) To(az)ko(kaz) + (kaz) kj(kaz) " To(a) Tolax)ko(kaz) + (kax) kj(kar)’

Dy, — Tola) ko(kar) — Tolar) 1

Vi & (kaDkjka) €

1+/ca1’ Vg_

€ (ka)kj(kax) € 1+ka

MM (ka))(kap)[To(ar) — (1 4+ ka)][To(az) — (1 + kay)] <e“(L“‘“2)>2

A7

e—K(L—a1—az) 2 e—K(L—a1—az)
=Gp| —— =Gy| —

kL kL

To(ar)( + kay)To(az)(1 + kaz)

kL

(E13)

)2.
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Hence, with /;,,x = 0, we have the reciprocity interaction energy [using (E7), (E9), (E11), or (E12)]:

-1
. 919> e —k(L—aj—ay) e—K(L—al—az) 2
Ui (Imax = 0) = —Gp| ———
€L (1 +«ka)(1+«kay) kL

_ag et [ et 2 (e 72 N E1
T 6L (1+ka)(1+«kay) 12 kL 12 kL B

And one sees the exact symmetry between indices 1 and 2 as expected.

For the general N-sphere case, one may place arbitrarily n = 1, 2, ..., ny spheres into group A and the rest of the spheres,
labeled by m = 1,2, ..., mg = N — ny, into group B. The goal of this Appendix is to show that the two forms of computing the
interaction energy between the free charge distribution associated with group A and the free charge distribution associated with
group B are equivalent.

The boundary conditions can now be written as a matrix equation of the following form:

(MAA MAB) (QX) _ (DA@A) EL5)
M,IB Mpp Qg DB@B '
We explain the notation below. First,
< . . .
o O 0, Qput1
i N = =
QX _ Q2 Q; _ Q,;:Jrz @A _ Q2 @B _ QnAJrZ
ot )y 0 0
na na+mp na nap+mp

where Q;L (0,) denotes the vector with components Q;; (Qfm) for all I, m up to the maximum / value considered. Namely, Ql* is
a Y 21 4 1 = (lpax + 1) dimensional column vector. If lyy = 2, then

0F = (0ffy. OiF - 0. 011 05 . O3 1. 0. 051 035) (E16)
The diagonal matrices D4 and Dj are represented by
Dy = diag(Dy, Dy, ...,Dy,), Dp=diag(Dn,+1, Dny42, - Duytmy),
where the diagonal matrix D; has again linear dimensions (Imax + 1)* and is expressed as
D; = diag(D}, D1, ....D] ).
and Dé isa (2¢ + 1) x (2¢ + 1) identity matrix multiplied by
1

(kaj) Lej — (kapiyka;)
ig(kaj)

D;() =

o

For later convenience, let us also introduce another diagonal matrix V; that also has linear dimensions (/max + 1)? and is expressed
as

V; = diag(Vy. v/, ....V/ )
with Véi being a (2¢ + 1) x (2¢ + 1) identity matrix multiplied by
Vi(l) = €,D;(£) +ip(kaj)ke(kaj).
Hence, if [0x = 2,
V; = diag(V;(0), V;(1), V;(1), V;(1), V;(2), V;(2), V;(2), V;(2), V;(2)). (E17)
If we define the matrix elements in the submatrix M@/ (i and j are sphere indices)

. . . £im; mgef
Mo, = Y it (kaig, (ca) (=D Hp (el )Y (L ) (E18)

Im
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and elements in submatrix M)

Mo = Y g (kapie, (kap) (=) H k(e Lip) Y™ (L), (E19)

Lim;lm
Im
we see that [because (—l)ZYl’"(lA,Hj) = Yl’”(ﬁjﬂ'), ¢;+¢€; +1 must be even due to Hf’”’lnl’m, and ZmHé'LZ'I"mY]’"(lA‘j%) =
S H ¥ (L))

—Af*
M(/m/-,e;m; - ME;m;,Z/m,-’ (EZO)

implying MU) = M@)" Note that in the boundary condition equation the submatrix M/ (with elements M, 0;m,) left
multiplies to Q; while the submatrix M) (with elements M ¢,m;.e;m) left multiplies to 0.

We now come to the other symbols in the boundary condition equation (E15), with the M matrix in the main text now
represented by M,

i oM0D g
Mt Vo . M@ t
MAA = . . .. . = MAA,
]w(l»ﬂA)T M(Z*”A)T . VnA
Vit MPatlna+2) Mt lnatms)
A oo
+Hom+2)t Rt
o M a+1na+2) V42 M (at2na+mg) _
e . - BB>
Ma+Lnatmp) T g rut2natmp) T Viatms
MEmth gty (L)
M@t M@nat2) o M 2na+msp)
MAB _ : : . . = MEA'
MeanatD)  pplanat2)  pr(nanatmg)

To explicitly show reciprocity, we need to show equivalence of two forms of computing the energy. In the first form, we set

all components of Q, to 0 and compute the corresponding QX and Q; Then the first form of the interaction energy, see (58), is
given by

—xT o o -
Ui = K0y [Mas OF — €,D407 + Map 05 1. (E21)

When Q, is set to zero, we have

MaaQFf + MupQf = 0= OFf = —M,, M0},
v 9 p— 9 _ 71 J—
M08 + MppQf = D0y = Of = [Mgp — M,ZBMAAlMAB] DpQp.
One therefore has

—T . = —+T _ o B
Ui = —€,k Oy DaQf = €,k Oy DaMy, Map[Mps — M ;M Mag]™ DpOp

—xT _ _ . _ —1. —
= €,k Oy DAM{ Mg [1— Mgy M) M Mup]™ My DpOp. (E22)

The second form of the interaction energy is obtained by first setting O = 0 to obtain Q4 and Qp and has the form
Ui = €0y (M}, Of — e,Dp0 + Myn OF . (E23)
When Qj is set to zero, we have
M 0% + MppQff = 0= Of = —Mg M, 07,
MuaQF + MapQj = Da0, = O = [Mas — MABMEB}MXB]_]DAQA'
One therefore has
Uni = —€ok Oy Dp0y = €,k O DsMypMy [Mas — MasMzi M| DaO,
= €k Oy DpMyiMp [1— My MasMgi M) Ml D40,
00
= €k O Dy ) Mag MMl MasMyi M) M DO,
n=0

052404-29



YI-KUO YU

PHYSICAL REVIEW E 102, 052404 (2020)

o0
— T _ _ _ _ J—
=€,k Qp D Y My [M} Mt MapMyy | M} ;M3 D40,

n=0

—x*T _ & _ _1q—1 _ —
= €,k Oy DMy [I — MM MagMp | M} ;M DAO,.

(E24)

The realness of the interaction energy allows us to take its complex conjugate without changing its value. Taking the complex

conjugate of the above, we obtain

—xT _ + _ _11-1 4 _ — %
{€o Op DpMpyy[1— M,L}XBMAAIMABMBZH MXBMAAIDAQA}

—xT _ _ _ —1 _ J—
= €,k0 DaMy  Mup[1 — Mgy M} M Map]| My DpOp.

(E25)

This is exactly the same as (E22). We have thus proved the reciprocity of the interaction energy.
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