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Fock-space methods for diffusion: Capturing volume exclusion via fermionic statistics
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Volume exclusion and single-file diffusion play an important role at very small scales, such as those associated
with molecular machines, ion channels, and transport in zeolites, while introducing fundamental differences
compared to Brownian motion, such as changes to the power-law relation between the mean square displacement
and time. In this work we map the chemical master equation for excluded diffusion onto a Schrödinger equation
via annihilation and creation ladder operators with fermionic statistics, together with linear and symbolic algebra
with the resulting Fock-space representation to describe the effect of volume-exclusion processes in finite
one-dimensional chains. We contrast the dynamics with the nonexclusive (bosonic) diffusion for crowded,
intermediate, and dilute particle populations. Motivated by shuttling in molecular machines, we proceed to
investigate differences in exit time distributions introduced by volume exclusion, incorporating the presence of
transport bias. More generally, this study demonstrates how one can analyze volume-excluded transport for small
stochastic systems, without the need for stochastic simulation and ensemble averaging, simply by considering
anticommutation relations and fermionic statistics in a Fock-space representation of the stochastic dynamics.
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I. INTRODUCTION

Random walks have been investigated since at the least the
mid-17th century, with Pascal’s study of gambler’s ruin [1],
though the concept of exclusion for multiple random walkers
was first explored by Kuhn in the 1930s for volume-excluded
polymer theory and subsequently developed in depth by Flory
[2]. More recently, exclusion for random walks, as well as
the associated diffusion processes, has received extensive at-
tention in life-science modeling since biological agents are
generally large or moving in confined regions, with reported
examples from cell population dynamics and transport in
the cell nucleus [3,4]. Further recent examples of exclusion
effects arise in the phenomenon of single-file diffusion pro-
cesses [5], which constitute one-dimensional random walks
where walkers cannot pass each other; examples of single-file
diffusion in small systems, which will be of particular interest
in this paper, include ion channel dynamics [6,7], molecular
machines, and molecular motor transport [8,9].

There is a diverse array of approaches to incorporate ex-
clusion effects within models of transport. These can be
broadly classified as off-lattice, whereby there is no spatial
discreteness in the location of random walkers, with exam-
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ples including Langevin approaches [10–12], Fokker-Planck
equations [11,12], and explicitly taking the continuum limits
of discrete models [13,14]. Such models can also be analyzed
numerically with diverse analytical techniques, for exam-
ple, reconstructing propagators by using images [15] and the
Bethe ansatz [16].

In contrast, there are also on-lattice models, with walkers
residing at spatial discrete locations, which is often a conve-
nient mathematical idealization or, for instance, can represent
a random walker transverse between binding sites or potential
wells. Examples of frameworks used to study such systems
include the discrete Edward-Wilkinson equations [17], Gille-
spie simulations, and coupled ordinary differential equations
derived from the continuous master equation, each of which
describes the dynamics in a lattice compartment [18,19].

A common simplification in many of the single-file diffu-
sion studies is to recognize first that two excluding random
walkers on approaching each other cannot occupy the same
location and thus effectively bounce. In addition, this is very
similar to two nonexcluding random walkers simply pass-
ing through each other, assuming all particles are identical,
though this requires neglecting the instant of passing where
both walkers occupy the same volume. A particularly elegant
example of this approximation is highlighted in the review by
Bressloff and Newby [8], following the work of Barkai and
Silbey [20]. In particular, for long times, unbounded domains,
and a fixed number of particles that are initially clustered, one
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finds that the statistics of particle occupancy will relax to a
state that does not depend on whether there is exclusion [8].

However, for small domains such approximations may not
be valid. Furthermore, numerous other aspects of individual
or tagged particle dynamics are contingent on the presence of
exclusion; for instance, on very large domains with uniform
initial distributions of excluding walkers, the mean square
displacement of a walker scales with t1/2, where t is time
[8,20]. This is subdiffusive and fundamentally different from
the linear t scaling of the mean square displacement for ran-
dom walkers which can pass each other, emphasizing that
exclusion can produce fundamentally different statistics for an
individual particle and by extension correlations of particles
too, while similar remarks apply for particle escape times, as
illustrated by long-time off-lattice studies [21].

In this study we therefore focus on diffusive dynamics in
the presence of exclusion within small single-file systems,
including the short-time dynamics, and assess the impact
of exclusion. In particular, we rely on the mapping be-
tween the chemical master equation and quantum systems
to consider the stochastics of on-lattice excluded diffusion
in terms of Fock space [22,23]. This map has been applied
in a large variety of problems, such as birth-death processes
[24], diffusion-reaction processes [25–27], gene expression
problems [28], stochastic models in population biology [29],
enzyme kinetics [30], and Lévy flights [31]. The fundamental
concept of this method, often referred to as stochastic mechan-
ics to emphasize the similarity to quantum mechanics, is an
analogy of the classical master equation with the evolution
equation for a quantum system of interacting particles, as
recently reviewed by Baez and Biamonte [32].

In particular, the stochastic mechanics methodology pro-
vides analytical tractability for very small systems and the
prospect of using symbolic or linear algebra more generally
to study system dynamics in depth. This avoids the need
for simulating ensembles to generate probability distributions,
which more generally offers a means of efficient parameter
estimation, Bayesian inference studies, and model selection
in comparing models with observations, especially when rare
but important stochastic events can occur.

Here we develop a study of single-file diffusion by consid-
ering the changes induced by volume exclusion for diffusion
on a linear chain, using stochastic mechanics. Following a
simple test case, we consider an exemplar motivated from ex-
perimental studies of rotaxane molecular walkers [9], moving
across a small number n of free-energy minima in series, with
n ∈ {5, 9, 12, 16}, with measurements of the exit time of an
individual walker and experimental tests for the prospect of
transport bias. Hence, below we consider a small system of
sites, with both unbiased and biased transport, with a partic-
ular emphasis on the time a molecular walker takes to exit,
which presents scales that are outside the scope of the ther-
modynamic limit as well as the approximations of Bressloff
and Newby [8] and Barkai and Silbey [20] discussed above.

Finally, note that the strategic objective is to illustrate how
tools from quantum theory can be exploited in stochastic
calculations and in particular how inheriting the exclud-
ing properties of fermions in quantum physics, whereby
particles cannot occupy the same state, enables analytical
tools, together with symbolic and numerical linear algebra,

to be brought to bear on investigating excluded stochastic
dynamics in biology and chemistry without the need for en-
semble simulations.

In Sec. II below, we detail how the diffusion process
maps onto a Schrödinger equation and Fock space, followed
in Sec. III with an exploration of bosonic diffusion without
exclusion volume effects. This is generalized in Sec. IV to
address volume-exclusion effects and fermion statistics sim-
ply by replacing commutation relations in the Fock space by
anticommutation, thus providing a convenient framework for
investigating stochastic excluded diffusion, at least for small
systems. In Sec. V we detail a consideration of the mean exit
time in the Fock-space formalism and compare results be-
tween excluded and nonexcluded diffusion, with conclusions
presented in Sec. VI.

II. DIFFUSION PROCESSES IN A LINEAR CHAIN

In this section we develop a general scheme that en-
ables us to study a classical diffusion process in a lin-
ear chain, mapping the governing master equation into a
Schrödinger equation both with and without volume exclu-
sion, which corresponds to fermionic and bosonic algebras,
respectively.

First, we consider the chemical master equation that gov-
erns the temporal evolution of the probability density P (η, t )
associated with finding a fixed number of N particles diffusing
in k boxes, with a configuration η = {n1, n2, . . . , nk} at time t ,

∂P (η, t )

∂t
=

∑
η′

Tη′→ηP (η′, t ) − Tη→η′P (η, t ), (1)

where
k∑

j=1

n j = N

is the total number of particles in all boxes in the chain and
Tη′(η)→η(η′ ) is the transition rate between the configurations
η′(η) and η(η′). The first term on the right-hand side of
Eq. (1) takes into account all possible system configurations
η′ = {n′

1, n′
2, . . . , n′

k} jumping to configuration η. Hence, with
the model of Fig. 1 and perfectly reflecting conditions at the
chain ends, we have∑

η′
Tη′→ηP (η′, t )

=
k−1∑
j=1

Dj→ j+1(n′
j + 1)P (n′

j + 1, n′
j+1 − 1, t )

+ Dj+1→ j (n
′
j+1 + 1)P (n′

j − 1, n′
j+1 + 1, t ), (2)

where we have used the shorthand notation P (nj ± 1, n j+1 ∓
1, t ) to identify the jumps between neighboring sites at config-
urations η′ and η, respectively. In particular, box numbers that
do not change are suppressed in this shorthand. The coefficient
Dj→ j′ is defined as the probability per unit time per particle
to jump from box j to the box j′. We can also consider
asymmetric diffusion transition rates or cases with Dj→ j �= 0
or different edge conditions or longer-range transport in order
to keep the process as general as possible, as illustrated below
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FIG. 1. Schematic representation of a k-box linear chain. The
occupation number for the jth box is given by nj , and Dj→ j+1

(Dj+1→ j) is the probability per unit time per particle to jump from
box j to j + 1 ( j + 1 to j). In the initial examples perfect reflection is
assumed if a particle transitions off the end of a chain; though for exit
time problems, we instead treat the kth box as perfectly absorbing
while maintaining perfect reflection on the left edge of the chain.
Further, note that, for definiteness, we have the implicit assumptions
that the system is always changing state, so Dj→ j = 0, and that
longer-range transitions are not permitted, though generalizations are
also readily considered.

with biased transport and an absorbing state on the right of
the chain once exit times are considered. The second term
in Eq. (1) takes into account all possible departures from
configuration η, given the same assumptions for the first term
so that

∑
η′

Tη→η′P (η, t )

=
k−1∑
j=1

(Dj→ j+1n j + Dj+1→ jn j+1)P (n j, n j+1, t )

− γ (Dj→ j+1 + Dj+1→ j )n jn j+1P (n j, n j+1, t ). (3)

In the last term of Eq. (3) we define the volume-exclusion
parameter γ ∈ {0, 1}, which is zero when there is no limit in
the occupation number of the sites (and thus will map onto
bosonic diffusion) and unity when the occupation number in
each site is limited to one particle (and thus will map onto
fermionic diffusion). By considering this term, we eliminate
all transitions which are not allowed by volume exclusion
[33]. In the Appendix we briefly present a simple exam-
ple where only three boxes and two particles are considered
and volume exclusion is taken into account to illustrate the
chemical master equation in detail for volume exclusion and
fermions.

To proceed, a given configuration of the system is charac-
terized in Fock space by a direct product of Hilbert spaces
B j for each box in the chain, with B j ∈ {0, 1, . . . , Nmax},
where Nmax is the maximum occupation number in the system;
hence Nmax = 1 with volume exclusion and is the number of
particles otherwise. We thus have F = B1 ⊗ · · · ⊗ Bk . The
Dirac representation then emerges as follows. Let |n1, . . . , nk〉
denote a pure Fock state, with the set of all pure Fock states
providing a basis for the Fock-space representation of the
diffusion process. Then the probability of being in an arbitrary
state η at time t , P (η, t ), now written as Pη(t ), can be fully
characterized by the wave function |�(t )〉, which is defined

via the linear summation of pure Fock states

|�(t )〉 :=
∑

η

Pη(t )|η〉,

which is analogous to the definition in quantum mechanics.
However here, with stochastic mechanics, the coefficients are
probabilities with no concept of phase, whereas in quantum
mechanics the coefficients are complex, with the squared
amplitude representing probability, while possessing an ad-
ditional phase.

We introduce the creation and annihilation ladder operators
for the jth box of the chain, which act on the pure Fock states
via

α
†
j |η〉 = |n1 · · · (n j + 1) · · · nk〉,

α j |η〉 = n j |n1 · · · (n j − 1) · · · nk〉,
(4)

with linearity determining how α
†
j and α j operate on a general

element of the Fock space. It is easy to check that for a
bosonic system these operators satisfy the commutation rule
[αi, α

†
j ] = δi j , while in contrast for the fermionic system we

have the analogous anticommutation rule {αi, α
†
j } = δi j . It is

worth noting that creation and annihilation ladder operators
defined in Eq. (4) have different weightings compared to those
defined in quantum mechanics, in order to produce the correct
multiplicity of each classical hop transition between neighbor-
ing sites [22]. Hence, given n particles in a specific site of the
chain and the application of the creation ladder operator on
|n〉, another particle is created and there is only one way to
do this; hence α†|n〉 = |n + 1〉. Conversely, application of the
annihilation ladder operator to the same |n〉 gives n different
ways to retrieve a particle, so α|n〉 = n|n − 1〉.

Hence the chemical master equation (1) can be recast as a
Schrödinger equation, with ih̄ = 1, via

∂|�(t )〉
∂t

= −Hγ (α†
1, α1, . . . , α

†
k , αk )|�(t )〉, (5)

where, for the same assumptions as for Eq. (2),

Hγ = −
k−1∑
j=1

(
Dj→ j+1hγ

j→ j+1 + Dj+1→ jh
γ

j+1→ j

)
, (6)

with

hγ

j→ j′ = (α†
j′ − α

†
j )α j + γα

†
j α jα

†
j′α j′ . (7)

The resulting solution of the above Schrödinger equation is
then explicitly given by

|�(t )〉 = exp[−Hγ (α†
1, α1, . . . , α

†
k , αk )t]|�(0)〉. (8)

In addition, for a homogeneous and unbiased diffusion pro-
cess, so that Dj→ j+1 = Dj+1→ j ≡ D, the system simplifies,
with the quasi-Hamiltonian (6) reducing to

Hγ = D
k−1∑
j=1

(α†
j+1 − α

†
j )(α j+1 − α j )

− 2γ D
k−1∑
j=1

α
†
j α jα

†
j+1α j+1. (9)

A fundamental aspect of this formalism is the matrix rep-
resentation for Hγ with respect to a basis of pure Fock states,
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though its determination is analytically feasible only for small
systems; more generally, Hγ can be readily found by symbolic
computation using the MAPLE code in the Supplemental Ma-
terial [34]. Once a matrix representation of Hγ is found, the
calculation of exp(−Hγ t ) can be achieved using a variety of
available linear algebra methods [35], in turn allowing the cal-
culation of the time-dependent Fock-space state representing
the system in terms of the initial state.

In particular, this process can typically be simplified us-
ing the Jordan normal form of the quasi-Hamiltonian JHγ

=
Q−1Hγ Q so that |�(t )〉 = Q exp(−JHγ

t )Q−1|�(0)〉 and more
generally one can numerically compute the exponential
exp(−Hγ t ) at required time points. Furthermore, in cases,
such as here, with the absence of non-nearest-neighbor tran-
sitions we can take advantage of the sparsity of the matrix
representing Hγ for numerical linear algebra to reduce the
number of floating point operations and memory requirements
for larger systems.

We also note that once the system is large enough to be-
come a genuine computational challenge, the methodology
presented here is no longer appropriate. Instead the system
is then large enough to utilize the established van Kampen
perturbative expansion of the chemical master equation with
respect to the reciprocal of the square root of the system size,
which generates the thermodynamic limit of the system and,
if required, leading-order stochastic corrections [36].

In the following section we apply the general framework
developed here to study the diffusion of bosonic and fermionic
particles on a chain lattice. First, we will analytically diago-
nalize the system for small lattices (two or three boxes), with a
small number of particles so that we can consider the effect of
volume exclusion. Further, for a chain lattice with an arbitrary
number of boxes, we will find a matrix representation of the
system which consequently gives us all its information apart
from computing exp(−Hγ t ) for the bosonic and fermionic
cases by simply using the symbolic MAPLE code in the Sup-
plemental Material [34].

III. BOSONIC DIFFUSION ON A LINEAR CHAIN

To examine the impact of volume exclusion for diffusion
on a linear chain we must first consider its absence and thus
we examine bosonic diffusion. While particularly simple, we
initially restrict ourselves to bosonic diffusion on linear chains
with two or three boxes, both for reasons of pedagogy and
for the provision of the simplest baseline in the form of the
three box bosonic diffusion case, from which we can pro-
ceed to examine the effect of volume exclusion. We further
study larger box numbers and biased diffusion, comparing and
contrasting analyses with and without volume exclusion. In
addition, while not the focus of this paper, there are numerous
further nontrivial, but tractable, generalizations of bosonic
diffusion that can be explored with the baseline developed in
this framework, such as the impact of reactions.

A. Two boxes and two particles

We start our analysis by considering the simplest case of
two particles in two boxes with reflecting boundaries at the
end of the chain. Three states are available given the absence

of volume exclusion, |1〉 = |20〉, |2〉 = |11〉, and |3〉 = |02〉,
and the matrix representation of the quasi-Hamiltonian in this
case is a simple 3 × 3 centrosymmetric matrix

H0 =
⎛
⎝ 2D −D 0

−2D 2D −2D
0 −D 2D

⎞
⎠. (10)

The general solution is given by the exponential of the
Hamiltonian, as in Eq. (8), which can be found through the
spectra of H0. The characteristic polynomial of H0 is

p(λ) = (2D − λ)[(2D − λ)2 − 4D2], (11)

giving us the eigenvalues λ = {0, 2D, 4D}. Using the Jor-
dan normal form, we can evaluate e−H0t by writing H0 =
QJH0 Q−1. Therefore, we have |�(t )〉 = Qe−JH0t Q−1|�(0)〉,
where

e−JH0 t =
⎛
⎝1 0 0

0 e−2Dt 0
0 0 e−4Dt

⎞
⎠, (12)

with

Q =
⎛
⎝1 1 1

2 0 −2
1 −1 1

⎞
⎠, (13)

and finally we can formally write our solution to |�(t )〉 as a
linear combination of the pure Fock states

|�(t )〉 = P1(t )|1〉 + P2(t )|2〉 + P3(t )|3〉. (14)

By choosing |�(0)〉 = |1〉, these probabilities are

P1(t ) = 1
4 + 1

2 e−2Dt + 1
4 e−4Dt , (15a)

P2(t ) = 1
2 − 1

2 e−4Dt , (15b)

P3(t ) = 1
4 − 1

2 e−2Dt + 1
4 e−4Dt . (15c)

In Fig. 2 we illustrate the time evolution of the probabilities
of finding the system in one of three configurations 15(a)–
15(c). The equilibrium probabilities, i.e., the probabilities in
the limit t → ∞, are not equal, as one might expect from
detailed balance on noting that |2〉 = |11〉 has multiplicity 2,
as the particles are distinguished.

B. Three boxes and two particles

Since the fermionic case with two boxes and particles is
trivial, we proceed to examine two particles diffusing in three
boxes with reflecting boundary conditions and consider the
impact of volume exclusion. In the bosonic case, with the
absence of exclusion, we have six possible states for the basis
set: |1〉 = |200〉, |2〉 = |110〉, |3〉 = |101〉, |4〉 = |020〉, |5〉 =
|011〉, and |6〉 = |002〉. By diagonalizing the matrix repre-
sentation of the quasi-Hamiltonian (see the Supplemental
Material [34] for an explicit expression of the matrix) we
find the eigenvalues λ = {0, D, 2D, 3D, 4D, 6D}, and there-
fore the probabilities Pη(t ) for each state in the basis set,
with η ∈ {|1〉, . . . , |6〉}, analogously to the preceding section.
In calculating statistical quantities that depend on higher mo-
ments, such as the variance, it will be useful to consider the
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FIG. 2. Two bosonic particles diffusing in a two-box chain with
reflecting boundary conditions: temporal evolution of the probability
of finding the system in a state η, Pη(t ). Here |�(0)〉 = |20〉 and
D = 1, where, without loss of generality and as throughout this
paper, the time unit has been subject to nondimensionalization. The
horizontal dotted lines represent the equilibrium values of these
quantities: P1(t → ∞) = P3(t → ∞) = 1

4 and P2(t → ∞) = 1
2 .

lth moment of the average occupation number in the jth box,
〈
nl

j (t )
〉 =

∑
η

(
bη

j

)l
Pη(t ), l ∈ N, (16)

with bη
j denoting the number of particles in the jth box given

that the system is in the η state.
In Fig. 3 we plot the mean occupation number 〈n j〉 as a

function of time, together with the variance

σ 2
j (t ) = 〈[n j (t ) − 〈n j (t )〉]2〉 = 〈

n2
j

〉 − (〈n j〉)2,

computed via Eq. (16), as a function of the time. These two
quantities reach their equilibrium values, represented by dot-
ted lines in Fig. 3, at 〈n j (t � 1)〉 ≡ 〈n〉 = 2

3 and σ 2
j (t � 1) ≡

σ 2 = 4
9 for long times, respectively.

FIG. 3. Bosonic diffusion with particles in three boxes: the tem-
poral evolution of the mean occupation number 〈nj〉 and variance σ 2

j

(inset), in the jth box ( j = 1, 2, 3). Here |�(0)〉 = |200〉 and D = 1.

Note that the particles are not distinguished for this observ-
able and that at long times for the equilibrium distribution, the
effects of not losing a particle to the left of the leftmost box
cancels the effects of a particle never entering from the left,
and similarly for the very rightmost box. Hence all boxes are
equivalent at long times and thus one has the lth moment for
the long-time asymptote of the occupation number n for each
box can be deduced from the simple combinatorial problem
of arranging Np particles in k boxes, so that

〈nl〉 =
Np∑

n=0

(
Np

n

)
nl (k − 1)Np−n

kNp
, (17)

which, on evaluation, is in agreement with Fig. 3.

C. General case

Since there is no volume exclusion, one can treat bosons as
uncorrelated particles, so the system’s configuration in a time
t can be written as

|�(t )〉 = |ψ1(t )〉 ⊗ · · · ⊗ |ψNp (t )〉, (18)

where |ψi(t )〉 = exp −H0t |ψi(0)〉, with |ψi(0)〉 the initial con-
dition of the ith particle in one of the k boxes of the chain.
A straightforward exemplar of the uncorrelated behavior of
bosons is to recover the basis set for the two boxes and two
particles case, as discussed in Sec. III A, from the two boxes
and a single-particle one. The diffusion of one particle in two
box provides only two possible states: |1′〉 = |10〉 and |2′〉 =
|01〉. The probabilities of finding the system in one of these
states, given that the particles are initially in the states |1′〉 and
|2′〉, are P′

1(t ) = (1 + e−2Dt )/2 and P′
2(t ) = (1 − e−2Dt )/2, re-

spectively. The probabilities given by Eq. (15) can be obtained
from P′

1,2(t ) through P1(t ) = P′2
1 (t ), P2(t ) = 2P′

1(t )P′
2(t ), and

P3(t ) = P′2
2 (t ), respectively.

Let us consider, for example, a ten-box chain with two
particles. In this situation we have 55 possible configurations
available for the system, since the number of configura-
tions for Np particles and N boxes is given by the binomial
coefficient (

Np + N − 1

N − 1

)
,

which concurs with the multiplicity of the associated Einstein
solid. In turn, we generate a 55 × 55 matrix for the quasi-
Hamiltonian, which is relatively demanding symbolically if
we wish to analytically find the spectrum of the Hamiltonian.
Nevertheless, using the fact that the particles are uncorrelated,
one only needs to deal with a 10 × 10 quasi-Hamiltonian
related to the diffusion of a single particle in the chain. The
combined probability of finding the system in one of the 55
configurations is simply given by the product of the probabili-
ties associated with the single-particle situation, together with
an appropriate binomial coefficient.

In Fig. 4 we show the mean occupation number and the
variance (in the inset) of each box as a function of time. Both
particles are in the leftmost box initially and therefore the
initial condition of the combined system is given by Eq. (18),
|�(0)〉 = |ψ1(0)〉 ⊗ |ψ2(0)〉 = |20 . . . 0〉. As expected, for the
long-time regime the mean occupation number tends to
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FIG. 4. Two bosonic particles diffusing in ten boxes: temporal
evolution of the mean occupation number 〈nj〉 and variance σ 2

j (in-
set) in the jth box ( j = 1, 2, . . . , 10). Here |�(0)〉 = |20 . . . 0〉 and
D = 1

2 . The highest curve represents the results for box 1, the second
highest curve the results for box 2, and so on.

〈n j (t � 1)〉 = 〈n〉 = 1
5 and the variance in this regime tends

to σ 2
j (t � 1) = σ 2 = 9

50 . Both results are easily verified from
Eq. (17).

IV. FERMIONIC DIFFUSION ON A LINEAR CHAIN

After these introductory exemplars, we proceed to address
volume-exclusion effects for diffusion on a linear chain, and
thus single-file diffusion, by using fermionic algebra with the
Fock-space approach. This technique has been considered in
the context of binary degradation reactions on a linear ring
[33] and in the use of Bethe ansatz solutions for asymmetric
exclusion processes on a infinite chain [37], in contrast to the
small chains studied of this paper. In particular, the restriction
to small chains prevents the use of common thermodynamic
approximations such as the van Kampen expansions or con-
cepts from the study of Tonk’s gas [36,38,39].

To proceed, we first note that the case with two boxes and
two particles is trivial, and hence we start with three boxes and
two particles. Later, we will display results for an arbitrary
finite number of boxes k and up to k − 1 fermions. Once we
implement fermionic diffusion symbolically, we are able to
analyze the effect of volume exclusion for unbiased diffusion
and the first exit times, as illustrated below.

A. Three boxes and two particles

With two particles in a chain of three boxes, we have
only three possible states |1〉 = |110〉, |2〉 = |101〉, and |3〉 =
|011〉, with the quasi-Hamiltonian H1 given by

H1 =
⎛
⎝ D −D 0

−D 2D −D
0 −D D

⎞
⎠. (19)

The general solution for the time evolution of the system is
given by Eq. (8), where the characteristic polynomial of H1 is

FIG. 5. Fermionic diffusion of two particles in three boxes: tem-
poral evolution of the mean occupation number 〈nj〉 and variance σ 2

j

in the jth box ( j = 1, 2, 3). Here |ψ (0)〉 = |110〉 and, with a suitable
scaling of the time unit, D = 1.

given by

p(λ) = (D − λ)[(D − λ)(2D − λ) − 2D2].

The eigenvalues are thus λ = {0, D, 3D}. Following the same
steps described in the preceding section, one can write
|�(t )〉 = Qe−JH1 t Q−1|�(0)〉, where

e−JH1 t =
⎛
⎝1 0 0

0 e−Dt 0
0 0 e−3Dt

⎞
⎠, (20)

with

Q =
⎛
⎝1 −1 1

1 0 −2
1 1 1

⎞
⎠, (21)

which enables us to determine

|�(t )〉 = P1(t )|1〉 + P2(t )|2〉 + P3(t )|3〉. (22)

By choosing |�(0)〉 = |1〉, these probabilities reduce to

P1(t ) = 1
3 + 1

2 e−Dt + 1
6 e−3Dt , (23a)

P2(t ) = 1
3 − 1

3 e−3Dt , (23b)

P3(t ) = 1
3 − 1

2 e−Dt + 1
6 e−3Dt . (23c)

Since bη
j ∈ {0, 1} in Eq. (16), we have that 〈nl

j (t )〉 =
〈nj (t )〉, and thus the variance in the fermionic case is σ 2

j (t ) =
〈nj (t )〉[1 − 〈n j (t )〉], while the averages are easily obtained
from Eq. (23),

〈n1(t )〉 = P1(t ) + P2(t ), (24a)

〈n2(t )〉 = P1(t ) + P3(t ), (24b)

〈n3(t )〉 = P2(t ) + P3(t ). (24c)

In Fig. 5 we show the temporal evolution of the mean occu-
pation number 〈n j (t )〉 and variance σ 2

j (t ) for this small chain
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FIG. 6. Fermionic diffusion in ten boxes: temporal evolution of
the mean occupation number 〈nj〉 and variance σ 2

j (inset) in the jth
box ( j = 1, 2, . . . , 10). Here |�(0)〉 = |110 . . . 0〉 and D = 1

2 . The
highest curve represents the results for box 1, the second highest
curve the results for box 2, and so on.

of k = 3 boxes and Np = 2 fermions. While the transient dif-
fers from the bosonic case illustrated in Fig. 3, the equilibrium
mean occupation number is the same as the nonexclusive case,
with

〈n j (t � 1)〉 = 〈n〉 ≡ Np/k = 2
3 .

However, the variance is a halved with σ 2
j (t � 1) = 〈n〉(1 −

〈n〉) = 2
9 .

B. General case

Here we want to investigate volume-exclusion effects with
an arbitrary number of k boxes and Np < k particles. Subject
only to computational resources, the MAPLE code in the Sup-
plemental Material [34] provides a complete characterization
of the system. First, note the interesting two-state symmetry
between k boxes and Np particles on the one hand and k boxes
and k − Np particles on the other. This arises as both cases
have the same number of allowed configurations, given by
the binomial coefficient k!/Np!(k − Np)!. For example, the
long-time average mean occupation number of one situation
n′ can be simply obtained directly from its complement n,
via n′ = 1 − n. Hence mapping between diluted and crowded
systems can be useful in inferring the impact of diffusion in
the crowded scenario with volume exclusion, from the dilute
case.

In the MAPLE code in the Supplemental Material [34], we
can symbolically implement a fermionic system with a finite,
but otherwise arbitrary, number of boxes. In Fig. 6 we give
an illustration of this code by plotting the temporal evolution
of the mean occupation number 〈n j〉 and variance σ 2

j (inset)
for a system with ten boxes and two fermions. We choose
as the initial system’s initial state |�(0)〉 = |110 . . . 0〉. The
asymptotic values for long times are 〈n〉 = 1

5 , as we would
expect, and the variance is given by σ 2 = 4

25 , which is once
more smaller than the bosonic counterpart.

FIG. 7. Schematic representation of a k-box linear chain with an
absorbing box. The occupation number for the jth box is given by
nj , and DR (DL) represents the diffusion rate from the right (left).
The kth box is absorbing, so the diffusion rate to the left is zero.

V. FIRST EXIT TIME

The analysis of first exit times for random walks has a long
history, as well as retaining core importance in modern stud-
ies, since the exit time in stochastic systems determines many
diverse phenomena, ranging from the timing of a gambler’s
ruin [1] to shuttling rates in modern prototypical molecular
machines [9]. To proceed, we define the first exit time as the
random variable given by the time for one of the particles to
arrive at the rightmost box of the linear chain, as highlighted
in Fig. 7, where we depict a k-box linear chain, with each
box occupied by nj particles. A fundamental difference of
the system we now investigate to consider first exit times
is that the kth rightmost box is an absorbing boundary, i.e.,
once a particle reaches the kth box it leaves the system and
it cannot diffuse back to the left. We also assume that all
diffusion transition rates are the same in the same direction,
so Dj→ j+1 ≡ DR and Dj+1→ j ≡ DL for all j, which allows the
prospect of a transport bias in the studies below, as motivated
by molecular shuttles [9].

Taking into account the absorbing right-hand boundary, we
remove the term that correspond to left jumps between the k
and k − 1 boxes in the general quasi-Hamiltonian (6). This
generates the quasi-Hamiltonian

H ′
γ = −DR

k−1∑
j=1

hγ

j→ j+1 − DL

k−2∑
j=1

hγ

j+1→ j (25)

for finding the mean exit time at an absorbing right-hand
boundary. We also define the set of exit states to be ηexit , which
corresponds to at least one particle in the rightmost box.

The probability of finding the system in a nonexit state at
time t , and thus no particle having left by time t , is thus given
by

P(η �∈ ηexit, t ) =
∑

η �=ηexit

〈η|e−H ′
γ t |�(0)〉. (26)

We note that symbolically its calculation is realized via the
use of an indicator mapping, which generates unity if it acts
on a ket |i〉 that is both a base and exit state and gives zero for
any base state that is not an exit state.

With T the random variable for the first exit time of any
particle, we have the probability that the first exit time is t or
less is given by

P(T � t ) = 1 −
∑

η �∈ηexit

〈η|e−H ′
γ t |�(0)〉 =: F (t ). (27)
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Hence the probability distribution of the first exit time reads
[8]

f (t ) = ∂F (t )

∂t
= − ∂

∂t

∑
η �∈ηexit

〈η|e−H ′
γ t |�(0)〉, (28)

and all moments of the exit time distribution can be calculated
through the integral

〈T l〉 =
∫ ∞

0
t l f (t )dt . (29)

We symbolically implemented calculation of the first exit
time distribution using the steps demonstrated in this section,
as presented in the MAPLE code within the Supplemental Ma-
terial [34]. As further validation of the MAPLE code, first note
that the lattice covering time is defined as the mean time a
single bosonic particle takes to visit all sites of the lattice.
Hence, if we consider a single fermionic or bosonic particle
initially at the leftmost box, |�(0)〉 = |10 . . . 0〉, the lattice
covering time is exactly the mean first exit time. In particular,
we then find that the mean first exit time is equal to k(k − 1)
by the symbolic evaluation of Eq. (29) for l = 1, in agreement
with Ref. [40], where k(k − 1) is determined via the lattice
covering time of a random walk on a chain lattice with the
same reflecting boundary conditions. In the following sections
we compare the mean first exit time for bosons and fermions
to assess how volume exclusion impacts on exit times and in
particular we examine the extent of the differences between
unbiased and biased diffusion processes for different numbers
of particles and different chain lengths.

A. Fermion vs boson with unbiased diffusion on a linear chain

Here we consider unbiased diffusion, so the diffusion rates
to left and to the right are equal, so that

DR = DL = 1
2 ,

where the final equality is, without loss, by choice of
timescale. We proceed to analyze a ten-box chain with two
particles, a dilute scenario, and subsequently an intermediate
case of four particles within eight boxes and a final crowded
case of with eight particles within ten boxes.

1. Dilute particle levels

In Fig. 8 we present the first exit time probability distribu-
tion, where particle levels are dilute, with two particles within
ten boxes. The initial state has the particles as left as allowed,
so for fermions the initial state at t = 0 is

|�(0)〉 = |110 . . . 00〉,
while for bosons

|�(0)〉 = |200 . . . 00〉.
As we can observe in Fig. 8, the bosonic and fermionic
exit time distributions are very similar and hence the mean
first exit times are very close to each other. If the bosonic
initial distribution was set to be |�(0)〉 = |110 . . . 00〉, one
would have even closer agreement between the bosonic and
fermionic cases (not presented), emphasizing the intuitive idea

FIG. 8. Probability distribution of the exit time for a dilute sit-
uation of ten boxes and two particles, given both particles start as
far left as allowed. Note that 〈TB〉 and 〈TF 〉 are the mean exit time
for bosonic and fermionic particles, respectively, together with the
associated standard deviations σF and σB. The quantities Terr and σerr

measure the mean and standard deviation of the relative difference of
the fermionic and bosonic distributions, respectively, and are defined
in the text.

that volume exclusion may neglected for sufficiently dilute
diffusion. In Fig. 8 the relative error Terr ≡ |〈TF 〉 − 〈TB〉|/〈TF 〉,
which quantifies the error on disregarding volume exclusion
when calculating the mean first exit time, is given for this
exemplar and found to be of the order of 5%. Analogously,
the scale of the relative error in the root mean square σerr ≡
|σF − σB|/σF is once more approximately 5%.

2. Intermediate dilution

We proceed to consider a case of intermediate dilution,
where the four particles in the system are half of the num-
ber of boxes. For fermions we choose the initial condition
|�(0)〉 = |11110000〉 and present the first exit time probabil-
ity distribution in Fig. 9. For bosons we choose two initial
conditions: The first one (solid red line) is similar to the
fermionic case and the second one (dashed red line) |�(0)〉 =
|40000000〉. One can observe from Fig. 9 that these different
initial conditions produce very different distributions. Com-
paring the distributions for fermions and bosons with the same
initial condition, we observe qualitatively the same behavior,
although the relative error for mean first exit time is about
12%. Hence, as crowding increases we see the importance of
initial conditions and the increased discrepancy introduced by
the neglect of volume exclusion.

3. Crowded particles

Finally, in Fig. 10 we depict the probability distributions
for crowded particles, with ten boxes and eight particles. Not-
ing in the previous example that placing all bosons on the left
of the domain leads to significant deviation from the fermionic
case once crowding becomes apparent, an identical initial con-
dition of |�(0)〉 = |1111111100〉 is used for both bosons and
fermions. For very short times the distributions for fermions
(in black) and bosons (in red) are very similar, but around
and after their maxima they start to differ. Nonetheless, given
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FIG. 9. Probability distribution for the exit time with eight boxes
and four particles. The fermionic initial condition is given by
|�(0)〉 = |11110000〉 and the initial conditions for each of the two
bosonic curves are given in the legend, with the definitions of 〈TB1〉,
〈TF 〉, 〈σB1〉, 〈σF 〉, Terr1, and σerr1 inherited from Fig. 8 and the text
of Sec. VA1, where the bosonic summary statistics are for the initial
condition of boson 1, with analogous definitions for boson 2.

the same initial conditions, one observes that the fermionic
mean first exit time is shorter than the bosonic first exit time.
Furthermore, the relative error in the mean first exit times
between the fermionic and bosonic computational studies is
25%, while the variance possesses relative errors that are as
high as 58%. In turn, this emphasizes that a small ensemble of
runs would not be sufficient to control for the effects of noise
in examining the impact of volume exclusion on small popu-
lation and stochastic diffusive processes as crowding becomes
important.

B. Fermion vs bosons, with biased diffusion on a linear chain

We continue comparing the dynamics of bosonic and
fermionic transport, generalized to consider biased homoge-

FIG. 10. Probability distribution of the exit time in a crowded
situation, with ten boxes and eight particles. Here we choose the
same initial condition for both cases, |�(0)〉 = |111 . . . 100〉, and the
definitions of 〈TB〉, 〈TF 〉, 〈σF 〉, 〈σB〉, Terr , and σerr are inherited from
Fig. 8 and the text of Sec. VA1.

neous diffusion and how this may influence the impact of
volume exclusion on the first exit time. In particular, a bias
in diffusive transport to the right is introduced by enforcing
diffusion transition rates to the right DR larger than those to the
left DL. Our results for an eight-box chain and four particles is
shown in Fig. 11, where we consider four different values for
the diffusion rates (subject to the same temporal nondimen-
sionalization): DR = 0.6 and DL = 0.4 in Fig. 11(a), DR =
0.7 and DL = 0.3 in Fig. 11(b), DR = 0.8 and DL = 0.2 in
Fig. 11(c), and DR = 0.9 and DL = 0.1 in Fig. 11(d). The
initial condition for fermions and bosons is the same for all
these examples and is given by |�(0)〉 = |11110000〉.

As we can see from the distributions of Fig. 11, as the
diffusion rate DR increases the distribution for fermions be-
come broader than the bosonic counterpart. One consequence
of this broadening is that the mean first time for fermions is
larger than for bosons, in distinct contrast to observations from
unbiased diffusive dynamics.

VI. CONCLUSION

In this work we have developed a systematic framework
for analytical or numerical calculations associated with mod-
eling of transport processes where finite-size effects prevent
two random walkers from occupying the same location. The
approach first requires writing the chemical master equation
for the diffusion process in terms of creation and annihilation
ladder operators. In particular, we emphasized that changing
from nonexclusive (bosonic) diffusion to volume-excluded
(fermionic) diffusion corresponds to a change in these op-
erators from standard commutation relations to standard
anticommutation relations, highlighting how Fermi statistics
can be used for stochastic systems with excluded states. The
methodology then proceeded by generating a matrix repre-
sentation of the resulting Fock space that in turn generates a
matrix ordinary differential equation for the stochastic evo-
lution of the system. This differential equation could then
be solved by direct numerical methods or, as here, simpli-
fied using linear or symbolic algebra, essentially enabling
an analytical or symbolic solution for the wave function of
the system, which encodes all stochastic dynamics without
the need for considering stochastic simulation and ensemble
statistics.

The methodology is not suited to large systems of particles,
due to the curse of dimensionality, but larger systems are
very well suited to the van Kampen expansion and the con-
tinuum approximation and thus generally well studied (e.g.,
[36,41,42]). In contrast, our focus has been small systems
where stochasticity is important, and we illustrated the meth-
ods with a relatively small number of particles and boxes and
compared and contrasted occupation numbers and exit times
for nonexclusive (bosonic) diffusion and volume-excluded
(fermionic) single-file diffusion.

We initially considered the simplest initial examples to
provide a baseline for further study, to illustrate the method
and also to allow an element of validation, by confirm-
ing agreement with independent calculations of steady-state
distributions for reflecting boundary conditions and lat-
tice covering times in the presence of an absorbing state.
We proceeded to consider the exit time problem for
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FIG. 11. First exit time probability distribution for a biased diffusion with four particles in eight boxes. With the scaling temporal
nondimensionalization throughout, we consider diffusion rates (a) DR = 0.6 and DL = 0.4, (b) DR = 0.7 and DL = 0.3, (c) DR = 0.8 and
DL = 0.2, and (d) DR = 0.9 and DL = 0.1. The definitions of 〈TB〉, 〈TF 〉, 〈σF 〉, 〈σB〉, Terr , and σerr are inherited from Fig. 8 and the text of
Sec. VA1.

single-file diffusive processes on the scale of those observed
for shuttling in molecular machines [9] with around ten sites
and a range of particle numbers.

Among the first observations of the exit time stochastic
dynamics was that at sufficient dilution fermionic and bosonic
diffusion gave essentially the same predictions for the exit
time distributions (and the stochastic dynamics more gener-
ally), as intuitively one would expect, which thus provides
further validation. However, once crowding started to emerge
the impact of volume exclusion became apparent and was
more substantial once the particle number was half that of
the number of sites, especially if initial states with multiple
occupancy were considered for bosonic diffusion.

We also observed, at least for unbiased transport, that
the mean first exit time was always lower for fermionic
volume-excluded diffusion and one might interpret this as
volume-exclusion biasing the net movement of the right-
most particle towards the right. However, this intuition is
incomplete. In particular with biased diffusive transport, we
observed that the mean first exit time was always higher
for fermionic volume-excluded diffusion. One might attempt

to intuitively understand this by considering the prospect
that in bosonic diffusion the bias, which was towards the
exit site, allows more particles to be found in the rightmost
boxes of the chain, increasing the likelihood that one of
them exits, whereas accumulation of particles at the same
site close to the exit is not possible for volume-excluded
diffusion.

The conflicting predictions highlight that such intuition
is too simple. Instead, both mechanisms underlying the in-
tuitive reasoning are most likely relevant and thus whether
volume exclusion enhances or inhibits the exit of particles in
single-line diffusion relies on a relative balance between at
least two different aspects of the stochastic dynamics. Hence
even predicting trends requires quantitative modeling rather
than qualitative reasoning, emphasizing that the small single-
file diffusion systems we have investigated are complex,
especially due to exclusion. Nonetheless, this complexity is
accommodated systematically, intuitively, and with generality
via matrix representations of ladder operators with anticom-
mutation relations and quasi-Hamiltonians in the Fock-space
formalism.

052101-10



FOCK-SPACE METHODS FOR DIFFUSION: CAPTURING … PHYSICAL REVIEW E 102, 052101 (2020)

ACKNOWLEDGMENTS

This work was supported by FACEPE through the
PRONEX Program APQ-0602-1.05/14 (Brazilian agency).

APPENDIX: MASTER EQUATION
WITH VOLUME EXCLUSION

Here we consider the simplest example of how volume
exclusion is included in the chemical master equation (1), with
three boxes and two particles. Then we have only three pos-
sible configurations: η1 = {1, 1, 0}, η2 = {1, 0, 1}, and η3 =
{0, 1, 1}. Let us consider the time evolution of the first
configuration η1 from Eq. (1),

∂P (η1, t )

∂t
= Tη2→η1P (η2, t ) − Tη1→η2P (η1, t ). (A1)

where Eq. (2) gives us that

Tη2→η1 = D3→2 (A2)

and Eq. (3) yields

Tη1→η2 = [(1 − γ )D1→2 + (1 − γ )D2→1 + D2→3]. (A3)

The departures from η1 related to the transition rates D1→2

and D2→1 are not permissible due to volume exclusion. Nev-
ertheless, by taking into account the last term in Eq. (3),
with γ = 1 as is the case with volume exclusion, these
terms are suppressed, so Tη1→η2 = D2→3, yielding the master
equation

∂P (η1, t )

∂t
= D3→2P (η2, t ) − D2→3P (η1, t ). (A4)
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