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Electrophoresis of dielectric and immiscible-liquid-layer-encapsulated colloids in aqueous media
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In this paper we consider the electrophoresis of a functionalized nanoparticle in electrolyte solution. The
undertaken particle is comprised of a rigid inner core encapsulated with a layer of dielectric liquid (e.g., oil or
lipid layer), which is immiscible to the bulk aqueous medium. The peripheral liquid layer of the undertaken
nanoparticle contains mobile charges due to presence of solubilized surfactants. The mobile electrolyte ions can
penetrate across the peripheral layer depending on the difference in the Born energy of the both phases. Such
types of nanoparticles have received substantial attention due to their widespread applications in biomedical
research. The electric double layer (EDL) is governed by the linearized Poisson-Boltzmann equation under a low
potential limit and the electroosmotic flow field is governed by modified Stokes equation. We adopt the flat-plate
formalism to obtain the closed analytical expression for the electrophoretic mobility of the undertaken particle
under a thin EDL approximation. The dependence of electrophoretic mobility on the pertinent parameters is also
illustrated.
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I. INTRODUCTION

When a charged colloid is in contact with an electrolyte
solution, a layer of mobile ions bearing net nonzero charge
may form near the charged surface. Such a layer, often
termed as electric double layer (EDL) plays an important
role on the electrokinetics of the colloids [1–3]. The study
of the electrokinetic transport of colloidal particles, espe-
cially the electrophoresis, is one of the convenient tools to
measure the electric properties of the colloid from the elec-
trophoretic mobility data (i.e., electrophoretic velocity per
unit field strength) [4,5]. A huge body of literature on the
electrophoresis of rigid colloid is available due to widespread
applications in numerous fields including biological, biomed-
ical, biochemical, environmental sciences, etc. [6–16].

It may be noted that the functionalized nanoparticles find
their widespread applications in drug delivery [17–19]. Li
et al. [20] present a review article on the recent progress of the
applications of nanoparticles as the controlled drug carrier. It
may be noted that the nanoparticle used as drug carrier, where
the drug material can either be absorbed along the surface of
the nanocarrier or it may be enveloped by the particles. Such
functionalized nanoparticles are suitable for biomedical appli-
cations due to controlled-release, site-specific delivery of the
encapsulated drug and a long circulation time in the body, etc.
[21]. The widely used functionalized nanoparticles for drug
delivery are classical micelles, dendrimers, etc., which can
be viewed as a composite core-shell soft particle comprised
of inner core grafted with polymeric shell [22]. A series of
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theoretical and experimental studies on the electrophoresis of
such types of nanoparticles are made by several researchers
[4,23–33].

Besides the gigantic development of the studies on elec-
trokinetics of soft layer encapsulated nanoparticles, there are
also various experimental works on the lipid layer encapsu-
lated nanoparticles. Such type of particles has also proven
to be highly efficient as the carrier for targeted drug deliv-
ery system [34–37]. In addition, the lipid layer encapsulated
nanoparticles are also advantageous to carry the multiple
cargos with various chemical combinations, however, a little
attention is paid in theoretical modeling to study the electroki-
netic behavior of such types of nanocarriers. One of the early
work in this direction was made by Mauro [38] to calculate
the Donnan potential of a charged membrane that entraps
additional immobile ions and allows the penetration of mobile
electrolyte ions. However, such a model cannot be used for a
lipid membrane in which the lipid molecules are distributed
according to the equilibrium law, i.e., Boltzmann distribu-
tion. Later, Ohshima et al. [39] present a theoretical model,
to calculate the electrostatic potential of a lipid membrane
containing additional mobile charges due to lipid molecules.

It may be noted that for a cell membrane, oil layer, or
lipid layer coated colloidal particle, the electrostatic behavior
differs significantly than that of the rigid colloids. Here the
liquid in peripheral layer and the bulk electrolyte solution are
completely insoluble in each other (i.e., immiscible), which
results in various two-phase electrostatic phenomena [40]. In
addition, the difference in dielectric permittivity of the pe-
ripheral layer of the immiscible liquid and electrolyte solution
may lead to the difference in Born energy of both the phases,
which further lead to the significant ion partitioning effect
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[41]. A number of research papers are available on the elec-
trohydrodynamics of two-phase flow through the microfluidic
devices under various electrostatic conditions [42,43]. How-
ever, in all these papers the electrohydrodynamics are studied
inside a narrow confinement and are not directly applicable
for the electrokinetic behavior of cell membrane, oil layer, or
lipid layer coated colloidal particles.

In this paper we have presented a theoretical model for
the electrophoresis of a composite nanoparticle in extent of
an aqueous medium. The particle is comprised of rigid inner
core encapsulated with a layer of dielectric and immiscible
liquid (e.g., oil or lipid layer). The peripheral layer allows
the penetration of mobile ions from the bulk aqueous media
through a discontinuous manner as a consequence of ion
partitioning effect induced due to the difference in dielectric
permittivity of both the phases. Furthermore, additional mo-
bile charges may also present along the peripheral liquid layer
due to presence of solubilized surfactants, which is possible
when the peripheral liquid layer bears ions adsorbed with
surfactant molecules, e.g., cationic peptides or anionic AOT.
There are many examples of lipid layer coated particles, which
are often called lipoparticles [44,45]. In the field of drug
delivery systems (DDS), in particular, cell membrane coated
nanoparticles have been extensively used. According to the
Singer-Nicolson fluid mosaic membrane model [46], biologi-
cal membranes are two-dimensional viscous lipid bilayers in
which lipid and protein molecules are free to move laterally.
The theory presented in this paper can be applied to these
systems. Our model is based on the classical flat-plate formu-
lation, which is, however, often considered for electrophoresis
of biocolloids [47–52]. In the present study, we derive an
explicit analytical expression of electrophoretic mobility by
incorporating the appropriate interfacial boundary conditions
for electrostatic potential and fluid velocity.

II. MATHEMATICAL MODEL

In the present study we consider the electrophoresis of
a composite nanoparticle comprised of rigid inner core sur-
rounded by a layer of dielectric liquid of thickness δ. The
liquid in peripheral layer is immiscible to the bulk aqueous
medium. The problem is studied in the limit where the EDL
thickness is far smaller than the particle size. Such a situation
is often met for the particle electrophoresis in electrolyte
medium with sufficiently high electrolyte concentration and
we may adopt the flat-plate theory to study the problem. The
particle is dispersed in a binary symmetric z : z electrolyte
medium with bulk molar concentration n0. The applied elec-
tric field of strength E is set parallel to the particle surface.
We fix the x axis perpendicular to the surface of the particle
and the origin is located at the interface of the peripheral
liquid layer and aqueous medium. A schematic diagram of
the present situation viewed in the flat-plate representation is
shown in Fig. 1.

The surface of the inner rigid core is considered to be
hydrophilic and electrically neutral. The peripheral dielec-
tric and immiscible liquid layer may bear additional mobile
charges, e.g., absorbed ions or the solubilized surfactants.
Without loss of generality we consider its valence as −Z .
The bulk molar concentration of the additional mobile ions

FIG. 1. Schematic illustration of platelike composite particle
comprised of inner rigid core coated with a layer of immiscible liquid
of thickness δ. The electric field of strength E is applied parallel to
the surface of the particle.

within the layer of immiscible liquid is considered to be N0

and its subsistence in electrolyte medium is considerably less
compared to the electrolyte and hence, we may assume that
the additional mobile charges are present only in the periph-
eral layer [39,42]. Further, the surfactant molecules present in
peripheral layer may give rise to a fixed charge density (σ )
at the interface of the adjacent liquids. Below we have pro-
vided the description of the electrostatic potential distribution,
electroosmotic flow field and subsequently we have presented
the detailed derivation of the closed form expression for the
electrophoretic mobility.

A. Electrostatic potential

The potential distribution for the undertaken problem is
determined from the Poisson-Boltzmann equation relating the
electrostatic potential φ(x) and the net charge density due to
mobile ions, given as

− εd
d2φ

dx2
= ρd (x), − δ < x < 0; (1a)

− εe
d2φ

dx2
= ρe(x). 0 < x < ∞. (1b)

Here εd and εe are the permittivities of the immiscible liq-
uid layer and electrolyte media, respectively. The net charge
densities at a position x within the peripheral layer and elec-
trolyte medium are denoted by ρd (x) and ρe(x), respectively,
and are defined as

ρd (x) = F [zn+(x) − zn−(x) − Znd (y)], − δ < x < 0;
(2a)

ρe(x) = F [zn+(x) − zn−(x)], 0 < x < ∞. (2b)

Here F is the Faraday constant, n±(x) are the concentration
(in mM) of cations and anions of the background electrolyte
and nd (x) is the concentration (in mM) of the additional

042618-2



ELECTROPHORESIS OF DIELECTRIC AND … PHYSICAL REVIEW E 102, 042618 (2020)

negative charge present in the peripheral layer at a given
position x.

Under a low potential limit we assume that both the elec-
trolyte ions present within and outside the oil layer (i.e., for
0 < x < ∞) and additional mobile ions present within the
surface layer (−δ < x < 0), follows the Boltzmann distribu-
tion, given as

n±(x) = bn0 exp

(
∓ zFφ(x)

RT

)

nd (x) = BN0 exp

(
ZFφ(x)

RT

)
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

−δ < x < 0 (3a)

n±(x) = n0 exp

(
∓ zFφ(x)

RT

)

nd (x) = 0

⎫⎪⎬
⎪⎭ 0 < x < ∞. (3b)

Here R is the gas constant and T is absolute temperature.
The constant b appearing in the first equation of (3) represents
the ion partition coefficient, defined as [53]

b = exp

(
−�W

kBT

)
, (4)

where kB is Boltzmann constant. The difference in Born
energy, denoted by �W represents the difference of the elec-
trostatic energy of mobile electrolyte ions in the immiscible
liquid layer and aqueous media, is defined as [54]

�W = (ze)2

8πr

{
1

εd
− 1

εe

}
. (5)

Here e is the elementary charge and r is the radius of mobile
electrolyte ions, taken to be same (= 3.3 Å) for both the
cation and anion [54]. It may be noted that the difference in
Born energy always opposes the movement of mobile ions
from high to low dielectric media. Reduction in the difference
between dielectric permittivity of the adjacent liquid layer and
bulk electrolyte phase reduces the corresponding difference in
Born energy. In fact, the penetration of the solvent molecules
inside the oil layer is controlled by the ion partition coefficient
b, which satisfies the typical condition for ion concentration
(n±) at the interface (x = 0), given by n±(0−) = bn±(0+).

The constant B appearing in the second equation of (3)
denotes the normalization factor, which can be obtained from
the relation given below∫ 0

−δ

nd (x)dx = N0δ.

Using the expression for nd (x) into the above equation we may
easily deduce the value of B, given as

B = δ∫ 0
−δ

exp
( ZFφ(x)

RT

)
dx

. (6)

We denote the Donnan potential (the value of the electrostatic
potential deep inside the immiscible liquid layer) by φD. If the
thickness of the peripheral liquid layer δ is much greater than
the Debye length κ−1 (i.e., κδ � 1), then the EDL potential
φ(x) is approximately equals to φD for most of the part in the
region −δ < x < 0. In such a case, we can calculate the value

of B as B = exp(−ZFφD/RT ). Proceeding the way as dis-
cussed by Ohshima et al. [39], one can easily obtain the value
of Donnan potential as φD = −(RT/zF ) sinh−1(ZN0/2bzn0).

In order to find the solution of potential equation, we apply
the Debye-Hückel linearization. Such an approximation is,
however, valid if the EDL potential is lower than the thermal
voltage drop, i.e., φ < φ0(= RT/zF ). Hence we may write
the linearized form of the Poisson-Boltzmann equation as
follows:

d2φ

dx2
= κ2

1 φ + Q, − δ < x < 0; (7a)

d2φ

dx2
= κ2φ, 0 < x < ∞, (7b)

where κ = √
2zFn0/εeφ0, κ1 =

√
κ2(bεe/εd ) + (Q/φ0) and

Q = ZFN0B/εd . Equations (7) need to be solved subject to
the following boundary conditions:

dφ

dx

∣∣∣
x=−δ

= 0, (8a)

εd
dφ

dx

∣∣∣
x=0−

− εe
dφ

dx

∣∣∣
x=0+

= σ, (8b)

φ

∣∣∣
x=0−

= φ

∣∣∣
x=0+

, (8c)

φ → 0 as x → ∞. (8d)

The condition presented in Eq. (8a) is due to electrically
neutral inner rigid core surface of the particle. Equations (8b)
and (8c) represent the continuity of displacement vector and
potential across the immiscible liquid layer and electrolyte
interface, respectively. In addition along the far field (i.e.,
x → ∞), the EDL potential gradually approaches to its bulk
value (zero potential). Using the conditions given in Eq. (8),
the solution of Eq. (7) may be written as

φ(x) =
⎧⎨
⎩L1 exp (κ1x) + L2 exp (−κ1x) − Q

κ2
1

−δ � x � 0;

L3 exp (−κx) 0 � x < ∞,

(9)
where the coefficients Li (i = 1, 2, 3) are given below

L1 = L2 exp(2κ1δ),

L2 = L3 + Q/κ2
1

1 + exp(2κ1δ)
,

L3 = σ − εd tanh(κ1δ)Q/κ1

εdκ1 tanh(κ1δ) + εeκ

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

. (10)

B. Electroosmotic flow field and electrophoretic mobility

The governing equations for the steady flow within low
Reynolds number regime are described by the Stokes equa-
tion, given as

μd
d2u

dx2
+ ρd (x)E = 0, − d < x < 0; (11a)

μe
d2u

dx2
+ ρe(x)E = 0, 0 < x < ∞, (11b)
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where μd and μe are the viscosity of the immiscible liquid
layer and electrolyte medium, respectively. Using the explicit
form of the ρd (x) and ρe(x) provided earlier, the reduced form
of the fluid flow equations may be written as

μd
d2u

dx2
− εd E

d2φ

dx2
= 0, − δ < x < 0; (12a)

μe
d2u

dx2
− εeE

d2φ

dx2
= 0, 0 < x < ∞. (12b)

The respective boundary conditions considered for the
velocity along the inner core surface (x = −δ), inter-
face between immiscible liquid layer and electrolyte
medium (x = 0) and along the far field (x → ∞) are

given below

u
∣∣∣
x=−δ

= 0, (13a)

μd
du

dx

∣∣∣
x=0−

− μe
du

dx

∣∣∣
x=0+

= σE , (13b)

u
∣∣∣
x=0−

= u
∣∣∣
x=0+

, (13c)

u → −UE as x → ∞, (13d)

where UE is the electrophoretic velocity of the particle. Here
we adopt the EDL plus surface charge model to incorporate
the boundary conditions along the interface [55]. By solving
equations (12) subject to boundary conditions (13) we may
obtain the electroosmotic flow field as follows:

u(x) =
{

εd E
μd

[φ(x) − φ(−δ)], −δ � x � 0;

εeE
μe

[φ(x) − φ(0)] + εd E
μd

[φ(0) − φ(−δ)], 0 � x < ∞,
(14)

where φ(0) = L3 and φ(−δ) = 2L2 exp(κ1δ) − Q/κ2
1 , are the

induced potential at the immiscible liquid layer electrolyte
interface and surface of the inner rigid core, respectively.

The general expression for the electrophoretic mobility can
be obtained from the following relation:

μ̄E = UE/E = − lim
x→∞ u(x)/E . (15)

Using the derived expression (14) for u(x) we may write

μ̄E = εe

μe
φ(0) − εd

μd
[φ(0) − φ(−δ)]. (16)

Substituting the values of φ(0) and φ(−δ) in Eq. (16), we
may derive the closed form expression for the electrophoretic
mobility of the undertaken particle, given as

μ̄E =
[

εe

μe
+ εd

μd

(
1

cosh(κ1δ)
− 1

)](
σ − εd tanh(κ1δ) Q

κ1

εdκ1 tanh(κ1δ) + εeκ

)

+ εd

μd

[
1

cosh(κ1δ)
− 1

]
Q

κ2
1

.

(17)

Equation (17) can be used for fitting electrophoretic mobility
data measured on particles in the limit where the EDL thick-
ness is far smaller than the particle size upon adjustment of the
charge density across the peripheral liquid layer and along the
liquid-liquid interface, the dielectric permittivity and viscosity
of the peripheral liquid layer and electrolyte solution.

For a composite colloid coated with reasonably thick sur-
face layer of dielectric and immiscible liquid, the mobility
expression may be approximated as

μ̄E =
(

εe

μe
− εd

μd

)(
σ − εd

Q
κ1

εdκ1 + εeκ

)
− εd

μd

Q

κ2
1

. (18)

In the limit εd ≈ εe (i.e., in the absence of ion partition-
ing effect) the mobility expression (17) further reduces to

reduces to

μ̄E =
[

1

μe
+ 1

μd

(
1

cosh(κ̃δ)
− 1

)](
σ − εd tanh(κ̃δ) Q

κ̃

κ̃ tanh(κ̃δ) + κ

)

+ εd

μd

[
1

cosh(κ̃δ)
− 1

]
Q

κ̃2
,

(19)

where κ̃ =
√

κ2 + Q/φ0.

III. COMPUTATIONAL ILLUSTRATIONS

In this section we have discussed the dependence of the
calculated mobility on the pertinent parameters. To illus-
trate, we have presented the scaled mobility μE , scaled by
μ0(= εeφ0/η). For computing the electrophoretic mobility,
the thickness of the immiscible liquid layer is considered to
be of the order of 10 nm. The dielectric constant and the
viscosity of the aqueous medium are taken to be 80 and
1 mPa·s, respectively. Unless stated otherwise, we consider
the dielectric immiscible liquid as oily organic solvent cy-
clohexyl bromide (CHB) with dielectric constant as 7.9 and
viscosity 2.269 mPa·s, respectively [56]. In addition, we have
also shown the results by varying the dielectric permittivity
and viscosity of the surface layer of immiscible liquid. The
concentration of the negative mobile charge present within the
surface layer (N0) is varied from 0.1–100 mM. The electrolyte
concentration is considered to be high enough (n0 = 102 mM)
so that the EDL thickness (κ−1 ∼ 1 nm) is much smaller
than the particle size. It may be noted that for particle elec-
trophoresis, if the concentration of bulk electrolyte is higher
than 1 mM and outer layer charge is lower than 100 mM, the
relaxation effect is almost negligible [57]. The surface charge
density (σ ) along the interface (x = 0) is given by σ = −e/S,
where S represents the area per free charged molecule in the
peripheral layer present along the interface. Ohshima et al.
[39] suggested that the value of σ can be varied either by
varying S introducing experimentally the neutral lipids of by
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FIG. 2. Variation in the scaled mobility (μE ) with the (a) concentration of additional mobile ion within immiscible liquid layer for fixed
δ = 5 nm; (b) thickness of immiscible liquid layer for fixed N0 = 1 mM. The results are presented in (a) and (b) for various combinations of
S(= 1000, 1200, 1500, 2000, 3000, 4000, 5000, 10000, ∞ Å2); In (c) we have shown the variation in the scaled mobility with the thickness
of the immiscible liquid layer (δ) for fixed S = 1000 Å2 and different choices of N0(= 0.1, 1, 10, 100 mM). The symbol in (b), (c) represents
the limiting situation under sufficiently thick immiscible liquid layer (i.e., δ → ∞), given in Eq. (18).

regulating bulk pH of the aqueous media. It may be noted that
S → ∞ corresponds the uncharged interface.

In Fig. 2, we presents the results for the scaled elec-
trophoretic mobility of an encapsulated colloidal particle,
coated with a layer of oily CHB solvent. In Fig. 2(a), we have
shown the scaled mobility as a function of the concentration
N0 of the additional mobile ions present along the periph-
eral layer. The results are presented for various choices of
interfacial surface charge σ , where σ is varied by varying
the value of S. Figure 2(a) indicates that the magnitude in
the mobility increases for increase in concentration of the
additional mobile ions across the peripheral liquid layer (N0).
Increase in N0 increases the EDL potential and thereby in-
creases the mobility of the undertaken particle. On the other
hand, the mobility reduces with increasing values of S. It
is reasonable since the increase in S reduces the interfacial
surface charge σ and thereby reduces the electromotive force
and hence results in a decrement in electrophoretic mobility.
In Figs. 2(b), 2(c) we have shown the variation of scaled
mobility with the thickness of the peripheral liquid layer, δ.
The results are shown in Fig. 2(b) for various values of S with
fixed N0 and in Fig. 2(c), we have presented the results for
fixed value of S with various values of N0. As expected, we
observe an increment in mobility with the rise in interfacial
charge and the concentration of additional mobile ions across
the immiscible liquid layer. Increase in δ increases the net
charges enclosed in the surface layer, which results in an
increment in the mobility.

Figures 2(b) and 2(c) indicate that the magnitude of mobil-
ity approaches to the asymptotic plateau value that correctly
compares with the predication from Eq. (18) applicable to the
nanoparticle encapsulated with a sufficiently thick layer of
immiscible liquid. The occurrence of constant mobility with
the rise in δ is reasonable, since for such a case the EDL
potential within the surface layer is correctly predicted by the
constant Donnan potential. As expected, at a given N0, the
critical choice of δ to achieve the plateau value [i.e., Eq. (18)]
is independent of the choice of σ . However, the critical value

of δ reduces with the rise in N0. It is reasonable, since for
lower value N0, the maximum magnitude in mobility may
be achieved for thick surface layer and it reduces with the
increase in molar concentration of the additional mobile ions
distributed across the surface layer of immiscible liquid.

Further in Fig. 3(a) and 3(b) we have illustrated the de-
pendence of electrophoretic mobility on the permittivity ratio
εr (= εd/ε f ) and viscosity ratio μr (= μd/μ f ) of the periph-
eral liquid layer to the aqueous media. The result in Fig. 3(a)
is shown for fixed value of μr by varying the peripheral liquid
layer to aqueous media permittivity ratio εr . Figure 3(a) in-
dicates that the magnitude in mobility decreases with the rise
in the value of εr . The charged dielectric layer of immiscible
layer attracts the counterions and thereby repels the coions.
Increase in εr reduces the effect of ion partitioning and thereby
increases the counterions accumulation across the surface
layer of immiscible liquid. Hence, the net effective charge
enclosed by the peripheral layer reduces, which leads to a
reduction in electrophoretic mobility. The results in Fig. 3(b)
are shown for fixed value of εr by varying the peripheral
liquid layer to aqueous media viscosity ratio, μr . We observed
that magnitude in mobility reduces with the increase in μr ,
however, the effect of viscosity ratio is less prominent. For the
electrophoresis of undertaken particle is actually regulated by
the amount of charges carried by the interface as well as the
concentration of the mobile ions distributed across the surface
layer of immiscible liquid.

IV. CONCLUSION

We made a parametric study on the electrophoresis of
a composite nanoparticle comprised of inner rigid core en-
capsulated with dielectric layer of immiscible liquid. Based
on the flat-plate theory, we derived the closed form ex-
pression for the electrophoretic mobility of such a particle
under Debye-Hückel approximation. We observed that the
interfacial charge and concentration of surfactant molecules
distributed across the peripheral layer has a substantial impact
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FIG. 3. Variation of the scaled mobility with immiscible liquid layer-to-electrolyte (a) permittivity ratio εr (= εd/ε f ) for fixed viscosity
ratio μr (= μd/μ f = 2.269); (b) viscosity ratio (μr) with fixed εe = 0.1. The results are presented here for fixed δ = 5 nm, N0 = 1 mM and
S = 1000 Å2.

on the electrophoretic behavior of such type of particle. The
effect of permittivity ratio and viscosity ratio of the peripheral
liquid layer to the electrolyte solution is also highlighted.
We found that the permittivity ratio, which is again related
to the ion partitioning effect, has a strong influence on the
electrophoretic mobility. However, the impact of viscosity
ratio has relatively less impact on the electrophoretic behavior
of the undertaken particle, as the EDL-mediated electrostatic
potential regulates the motion of the particle.

In this study we have confined ourselves to the thin EDL
and low potential case. However, when the EDL is thick or
comparable with the particle size and the electric potential

is high, various additional effects such as effect of Debye-
Huckel parameter, double-layer polarization, and relaxation
effect come into play. Such nonlinear effects are a subject for
future research.
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