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Experiments have shown that, in an aqueous environment, lipids and membrane proteins can self-assemble into
membrane protein polyhedral nanoparticles (MPPNs). MPPNs are closed, spherical vesicles composed of a lipid
bilayer membrane and membrane proteins, with a polyhedral arrangement of membrane proteins. The observed
symmetry and size of MPPNs can be understood from the interplay of protein-induced lipid bilayer deformations
in MPPNs, topological defects in protein packing necessitated by the spherical shape of MPPNs, and thermal
fluctuations in MPPN self-assembly. We explore here the effect of protein steric constraints on MPPN shape.
The protein steric constraints considered here may arise from a well-defined shape of protein domains outside
the membrane, entropic repulsion between membrane proteins with flexible domains outside the membrane,
or binding of other molecules to membrane proteins. Calculating MPPN self-assembly diagrams under protein
steric constraints we find that protein steric constraints can strongly affect MPPN self-assembly. Depending on
the specific scenario considered, protein steric constraints can leave large portions of the MPPN self-assembly
diagrams with no clearly defined MPPN symmetry or substantially expand the regions of MPPN self-assembly
diagrams dominated by highly symmetric MPPN states, such as MPPNs with icosahedral or snub cube symmetry.
Our results suggest that modification of protein steric constraints may allow the directed self-assembly of MPPNs
with specified symmetry, size, and protein composition and may thus facilitate the further utilization of MPPNs
for membrane protein structural analysis or targeted drug delivery.
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I. INTRODUCTION

Cell membranes are one of the fundamental hallmarks of
life [1,2]. Cell membranes typically consist of a lipid bilayer,
which self-assembles from lipids suspended in an aqueous
environment, and membrane proteins, which reside in the
lipid bilayer and regulate many physiological processes [3–5].
Experiments have demonstrated that if membrane proteins
and suitably chosen lipids are mixed at a defined ratio in
an aqueous environment, membrane proteins and lipids can
self-assemble into membrane protein polyhedral nanoparti-
cles (MPPNs) [6,7]. MPPNs are closed, spherical vesicles
composed of a lipid bilayer membrane and membrane pro-
teins, with a polyhedral arrangement of membrane proteins.
In particular, it was observed [6,7] that mechanosensitive ion
channels of small conductance (MscS) and diC14:0 lipids pre-
dominantly self-assemble into MPPNs composed of 24 MscS
proteins, with each MscS protein being located at the vertex of
a snub cube and a MPPN diameter of approximately 20 nm at
the bilayer midplane. The closed surfaces of MPPNs can sup-
port transmembrane gradients mimicking the gradients in pH,
voltage, or chemical composition typically found across cell
membranes [6], while the regular polyhedral arrangement of
membrane proteins in MPPNs could be utilized for structural
studies of membrane proteins [8–10]. MPPNs have thus been
proposed [6] as a strategy for the structural analysis of mem-
brane proteins under physiologically relevant transmembrane
gradients.

A mean-field model of MPPN self-assembly [11,12] suc-
cessfully predicts the observed symmetry and size of MPPNs
formed from MscS proteins [6,7]. In this mean-field model,
the dominant symmetry and size of MPPNs emerge from
the interplay of protein-induced lipid bilayer deformations in
MPPNs, topological defects in protein packing necessitated
by the spherical shape of MPPNs, and thermal fluctuations
in MPPN self-assembly. Structural biology has shown, how-
ever, that membrane proteins often have large domains with
well-defined shapes outside the membrane [1,13–15]. Such
protein domains outside the membrane impose restrictions on
the arrangement of membrane proteins in MPPNs and, hence,
are expected to affect MPPN shape. We extend here the mean-
field model of MPPN self-assembly [11,12] to explore the
effect of protein steric constraints on MPPN shape. Examples
of membrane proteins with large domains with well-defined
shapes outside the membrane include some types of potas-
sium channels, molecular machines such as ATP synthase,
and, potentially, SARS-CoV-2 spike proteins [1,13–19]. Ef-
fective steric constraints on membrane protein separation in
MPPNs may also arise through the binding of other molecules
to membrane proteins or entropic protein repulsion due to
large but flexible protein domains outside the membrane. In
Sec. II we describe in detail the mean-field model of MPPN
self-assembly employed here. Section III surveys the effect of
protein steric constraints on MPPN self-assembly diagrams.
Finally, in Sec. IV we provide a summary and conclusions of
the work described in this article.
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II. CALCULATION OF MPPN
SELF-ASSEMBLY DIAGRAMS

Our calculations of MPPN self-assembly diagrams are
based on the mean-field approach developed in Refs. [11,12].
The purpose of this section is to summarize this mean-field
model of MPPN self-assembly and to describe how this model
can be extended to account for protein steric constraints
arising from protein domains outside the membrane. At the
mean-field level, the observed MPPN symmetry and size [6,7]
can be understood [11,12] by considering the interplay of
thermal fluctuations in MPPN self-assembly, protein-induced
lipid bilayer deformations in MPPNs, and topological defects
in protein packing arising from the spherical shape of MPPNs.
Sections II A–II D describe the resultant contributions to the
MPPN energy. In Sec. II E we discuss how steric constraints
enter the calculation of MPPN self-assembly diagrams. We
note that the mean-field approach employed here is, in gen-
eral, not expected to apply to situations in which MPPNs
self-assemble from distinct membrane proteins with, for in-
stance, heterogeneous size, in which case a more detailed
molecular model of MPPN symmetry is required [20].

A. Thermal effects

To ascertain the role of thermal effects in MPPN self-
assembly, we note [11,12] that MPPNs were obtained
experimentally [6,7] in dilute, aqueous solutions with a pro-
tein number fraction,

c =
∑

n

Nn

Nw

≈ 7.8 × 10−8 � 1, (1)

where Nn denotes the total number of proteins bound in
MPPNs with n proteins each and Nw denotes the total number
of solvent molecules in the system. We take Nw to be domi-
nated by contributions due to water. Furthermore, we take the
temperature of the system, T , to be fixed. We assume that the
system is in a thermodynamic equilibrium state minimizing
the Helmholtz free energy, F = U − T S, where U and S are
the internal energy and the entropy of the system, respectively.

In the dilute limit c � 1 with no interactions between
MPPNs, U is given by [11,12]

U = Nw

∑
n

�(n)Emin(n), (2)

where the MPPN number fraction �(n) = Nn/nNw and
Emin(n) is the minimum MPPN energy, and S is given by the
mixing entropy [21,22]

S = −NwkB

∑
n

�(n)[ln �(n) − 1], (3)

where kB is Boltzmann’s constant. Minimization of F with
respect to �(n) thus yields [11,12,21–23]

�(n) = e[μn−Emin(n)]/kBT , (4)

where the protein chemical potential μ is determined by the
constraint ∑

n

n�(n) = c, (5)

imposing a fixed protein number fraction in the system. We
restrict n to the range 10 � n � 80. For all the calculations
described here we employ the protein number fraction c in
Eq. (1) used in experiments on MPPNs formed from MscS
proteins [6,7]. For given Emin(n), Eq. (5) thus fixes the protein
chemical potential μ.

We represent MPPN self-assembly diagrams in terms of
the MPPN equilibrium distribution,

φ(n) = �(n)∑80
n=10 �(n)

. (6)

For given Emin(n), φ(n) is determined via Eqs. (4)–(6) with
Eq. (1). We obtain Emin(n) by minimizing the MPPN energy
E (n, R), at each n, with respect to the MPPN radius at the
bilayer midplane, R, subject to steric constraints arising from
the finite size of lipids and proteins (see Secs. II B–II E). We
write E (n, R) as

E (n, R) = Eh(n, R) + Eu(n, R) + Ed (n, R), (7)

where Eh, Eu, and Ed denote contributions to E due to lipid
bilayer midplane deformations in MPPNs, protein-induced
lipid bilayer thickness deformations in MPPNs, and topo-
logical defects in protein packing in MPPNs, respectively.
Sections II B–II D provide a discussion of these contributions
to E . In Sec. II E we discuss how steric constraints enter
Emin(n) and summarize the numerical procedure for the cal-
culation of Emin(n) employed here.

B. MPPN bilayer midplane deformations

Membrane proteins often produce elastic shape deforma-
tions of the surrounding lipid bilayer membrane [5,24–26].
These bilayer shape deformations, and their associated elastic
energy, depend on the elastic properties of the lipid bilayer
under consideration, key properties of the protein structure
such as the bilayer-protein contact angle α and the protein
hydrophobic thickness w [see Fig. 1(a)], and the supramolec-
ular protein arrangement. Based on the molecular structure
of MscS [11,27,28] we consider here MPPNs formed from
(approximately) rotationally symmetric membrane proteins,
for which protein-induced elastic bilayer deformations are
expected to favor hexagonal protein arrangements [29–35].
The elastic energy of lipid bilayer deformations in MPPNs
can then be estimated using a mean-field approach [11,12,29–
31] in which the boundary of the hexagonal unit cell of the
protein lattice is approximated by a circle. We thus divide
the surface of MPPNs containing n proteins into n identical,
circular membrane patches, each with a protein at its center.

We use here the Monge parametrization of surfaces, and
denote the in-plane radial coordinate in the membrane patch
by ρ [Fig. 1(a)]. We have ρi � ρ � ρo, where ρi is the protein
radius in the bilayer midplane and the patch size ρo(n, R) =
R sin β, where β is the patch boundary angle mandated by the
spherical shape of MPPNs [Fig. 1(a)]. Throughout this article
we use the value ρi = 3.2 nm corresponding to closed-state
MscS proteins [11,27,28]. We set β = arccos[(n − 2)/n] [30]
so that, for a spherical MPPN shape, the total area covered
by membrane patches, 2nπR2(1 − cos β ), is equal to the total
MPPN area, 4πR2, at closest (hexagonal) protein packing.
The spherical topology of MPPNs necessitates defects in this
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FIG. 1. Schematics of (a) protein-induced lipid bilayer deforma-
tions in MPPNs and (b) the geometry of MPPNs. We take each
MPPN membrane patch to have a protein at its center at ρ = 0 and to
be symmetric about the rotation axis h(0). As indicated in panel (a),
we denote the protein radius in the bilayer midplane by ρi, the MPPN
membrane patch size by ρo, the height of the bilayer midplane by
h(ρ ), and one-half the bilayer hydrophobic thickness by u(ρ ) + m,
where m is one-half the unperturbed bilayer thickness. As indicated
in panel (b), we account for steric constraints on MPPN patch size
due to protein domains outside the membrane through the in-plane
protein radius outside the membrane rs and the effective protein
height hs, which we define with respect to the protein hydrophobic
midplane (dashed horizontal line). The protein height with respect
to the MPPN center is given by hs + R − ε, where R is the MPPN
radius and ε is an offset due to the finite protein size. The effective
steric constraint on the membrane patch size in the bilayer midplane,
ρs

o, depends on rs and hs. The schematic in panel (b) corresponds to
the smallest R allowed by steric constraints due to protein domains
outside the membrane, R = Rs, for which we have Rs = ρs

o/ sin β̄

(see Sec. II E).

energetically preferred protein packing, which we return to in
Sec. II D.

One key contribution to the MPPN energy in Eq. (7) arises
due to bending deformations of the lipid bilayer midplane
field h(ρ) [Fig. 1(a)]. The energy cost associated with these
lipid bilayer deformations is captured by the bilayer midplane
deformation energy [4,36–38]

Gh = Kb

2

∫
dA

(∇2h
)2

, (8)

where Kb is the lipid bilayer bending rigidity, the area element
dA = 2πρdρ in polar coordinates, and ∇2 is the Laplace
operator in polar coordinates. For the diC14:0 lipids used
for MPPNs formed from MscS proteins [6,7] we have Kb ≈
14 kBT [39]. We set Kb = 14 kBT throughout this article. We
assume in Eq. (8), and throughout this article, that contribu-
tions to the MPPN energy due to lateral membrane tension
can be neglected. Our analysis could be extended to allow for
a nonzero membrane tension [12]. Furthermore, we assume
throughout this article that the lipid bilayer membrane does
not show a spontaneous curvature, and take the dominant bi-
layer shape to be the bilayer shape with lowest elastic energy.

The Euler-Lagrange equation associated with Eq. (8) is
given by ∇4h = 0, which has the general solution

h(ρ) = Ahρ
2 + Bh + Ch ln ρ + Dhρ

2 ln ρ (9)

for circular membrane patches with rotational symmetry
about the protein center, where Ah, Bh, Ch, and Dh are con-
stants to be determined by the boundary conditions at the
bilayer-protein interface and at the outer boundary of
the membrane patch. As indicated in Fig. 1(a), we take the
slope at the bilayer-protein interface to be fixed by the bilayer-
protein contact angle α,

h′(ρi ) = − tan α ≡ a. (10)

For reference, we note that for MscS we have α ≈ 0.46–
0.54 rad [11,27,28]. The spherical geometry of MPPNs
mandates that

h′(ρo) = − tan β ≡ b. (11)

We allow h(ρo) − h(ρi ) to be adjusted freely as part of the
minimization procedure, which amounts to the natural bound-
ary condition [30,40]

d

dρ
∇2h(ρ) = 0 (12)

at ρ = ρi or, equivalently, ρ = ρo. Noting that the choice of
the reference point h(ρ) = 0 does not affect Eq. (8), sub-
stitution of the solution of the Euler-Lagrange equation for
Eq. (8) [Eq. (9)] back into Eq. (8) [30] thus yields the MPPN
midplane deformation energy,

Eh(n, R) = 2nπKb(bρo − aρi )
2

ρ2
o − ρ2

i

, (13)

for n identical MPPN membrane patches.

C. MPPN bilayer thickness deformations

In addition to the bilayer midplane deformations consid-
ered in Sec. II B, membrane proteins typically deform the
hydrophobic thickness of lipid bilayer membranes [5,24–26].
The corresponding elastic energy of membrane shape defor-
mations in MPPNs [12] can be estimated from the bilayer
thickness deformation energy [25,41,42]

Gu = 1

2

∫
dA

[
Kb(∇2u)2 + Kt

( u

m

)2]
, (14)

where u(ρ) is the lipid bilayer thickness deformation field,
m is one-half the unperturbed bilayer thickness [Fig. 1(a)],
and Kt is the bilayer thickness deformation modulus.
For the diC14:0 lipids used for MPPNs formed from
MscS proteins [6,7] we have m ≈ 1.76 nm and Kt ≈
56.5 kBT/nm2 [39,43]. We set m = 1.76 nm and Kt =
56.5 kBT/nm2 throughout this article. The Euler-Lagrange
equation associated with Eq. (14) is given by

(∇2 − ν+)(∇2 − ν−)u = 0, (15)

where

ν± = ±
√

− Kt

Kbm2
. (16)

For circular membrane patches with rotational symmetry
about the protein center, the general solution of Eq. (15) is
given by [12]

u(ρ) = A+
u K0(

√
ν+ρ) + A−

u K0(
√

ν−ρ)

+B+
u I0(

√
ν+ρ) + B−

u I0(
√

ν−ρ), (17)
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where I j (x) and Kj (x) are the jth-order modified Bessel func-
tions of the first and second kind, and A±

u and B±
u are constants

to be determined by the boundary conditions at the bilayer-
protein interface and at the outer boundary of the membrane
patch.

Under the assumption of hydrophobic matching, the value
of u(ρ) at the bilayer-protein boundary is fixed by m together
with the protein hydrophobic thickness w [Fig. 1(a)]:

u(ρi ) = w − m ≡ U, (18)

where U denotes the bilayer-protein hydrophobic mismatch.
For reference, we note that for MscS we have w ≈ 1.8
nm [12,27,28]. Following previous work [41–43] we set here

u′(ρi ) = 0, (19)

but note that other choices for u′(ρi ) are possible [44]. We
allow u(ρo) to be adjusted freely as part of the minimization
procedure, yielding the natural boundary condition [40]

d

dρ
∇2u(ρ) = 0 (20)

at ρ = ρo. Finally, by symmetry we have

u′(ρo) = 0. (21)

With the boundary conditions in Eqs. (18)–(21), the solu-
tion of Eq. (15) is given by Eq. (17) with the coefficients

A±
u = ∓ I±

1o
Q∓

C
U, B±

u = ∓K±
1o
Q∓

C
U, (22)

in which I±
jη = I j (

√
ν±ρη ), K±

iη = Ki(
√

ν±ρη ),


Q± = Q±
oi − Q±

io, Q±
ηθ = √

ν±I±
1ηK±

1θ , (23)

and

C = 
Q+(I−
1oK−

0i + I−
0i K

−
1o) − 
Q−(I+

1oK+
0i + I+

0i K
+
1o), (24)

with j = 1, 2, η = i, o, and θ = i, o. Substitution of Eq. (17)
with Eqs. (22)–(24) into Eq. (14) yields the MPPN thickness
deformation energy [12]

Eu(n, R) = nπKbU 2ρi

C

Q+
Q−(ν+ − ν−) (25)

for n identical membrane patches.

D. MPPN defect energy

In Secs. II B and II C we assumed a uniform hexagonal ar-
rangement of membrane proteins in MPPNs and, on this basis,
obtained [30] the mean-field MPPN midplane and thickness
deformation energies in Eqs. (13) and (25), respectively. How-
ever, the spherical shape of MPPNs necessitates topological
defects in the hexagonal packing of membrane proteins, which
incur an n-dependent energy penalty. At the mean-field level,
deviations from hexagonal protein packing due to the spheri-
cal shape of MPPNs can be quantified [11,12,23], for a given
n, through the fraction of the surface of a sphere enclosed by
n identical nonoverlapping circles at closest packing [45,46],
p(n). Approximating the spring network associated with the
energetically preferred hexagonal protein arrangement by a

uniform elastic sheet, the leading-order contribution to the
MPPN defect energy is thus given by [11,12,23]

Ed (n, R) = Ks

2
As2, (26)

where Ks is the stretching modulus of the elastic sheet,
the MPPN area A = 4πR2, and the areal strain s =
[pmax − p(n)]/pmax with pmax = π/2

√
3 for uniform hexag-

onal protein arrangements (see Appendix A). The stretching
modulus in Eq. (26) is given by [11,12]

Ks =
√

3

24n

∂2E0

∂ρ2
o

∣∣∣∣
ρo=ρmin

o

, (27)

where E0 = Eh + Eu [see Eqs. (13) and (25)] and ρmin
o is

the value of ρo minimizing E0 for ρo � ρi at a given n. In
other words, we estimate the n-dependent energy cost of topo-
logical defects in protein packing in MPPNs [Eq. (26) with
Eq. (27)] by expanding the MPPN energy about an ideally
closed-packed (hexagonal) MPPN state with energy E0 and
ρo = ρmin

o . As mentioned in Sec. II A, we take here 10 � n �
80. We use the values of p(n) compiled in Refs. [45,46].

The expression for Ks in Eq. (27) [11,12] can be understood
intuitively by dividing the ideally packed, hexagonal protein
lattice into triangular area elements with one membrane pro-
tein at each corner and taking the membrane proteins to be
coupled by Hookean springs with force constant K0 [11,47]. In
our mean-field model of lipid bilayer deformations in MPPNs
the (in-plane) membrane protein separation is equal to 2ρo

(see Secs. II B and II C). The side length of each triangular
area element is therefore given by l = 2ρo, with ρo = ρmin

o in
the state of the spring network minimizing E0. If l is deformed
by 
l , then the leading-order change in the elastic energy per
area element is given by


Eelement = 3K0

4
(
l )2, (28)

where we have noted that each one of the three springs in each
area element contributes equally to the energy of two area
elements. Since each area element is associated with one-sixth
of three hexagonal unit cells, we also have Eelement = E0/2n.
From Eq. (28) we thus find

K0 = 1

12n

∂2E0

∂ρ2
o

∣∣∣∣
ρo=ρmin

o

, (29)

from which Eq. (27) follows in the continuum limit via Ks =√
3K0/2 [11,47]. As shown in Appendix A, the MPPN defect

energy in Eq. (26) can be obtained following similar physical
reasoning [11,23,47].

E. Steric constraints

As discussed in Secs. II A–II D, the MPPN energy Emin(n)
in Eq. (6) is obtained, at each n, by minimizing E (n, R) in
Eq. (7) with respect to R. The value of R and, hence, ρo must
thereby be large enough to satisfy steric constraints arising
from the finite size of lipids and proteins. We assume that
these steric constraints result in hardcore steric repulsion be-
tween membrane proteins in MPPNs. We denote the smallest
value of ρo allowed by steric constraints by ρs

o [see Fig. 1(b)].
To determine the relation between ρs

o and the smallest value
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of R allowed by steric constraints, Rs, we need to take into
account topological defects in protein packing [11]. In par-
ticular, within the mean-field approach used here, the MPPN
area occupied by the n nonoverlapping circles associated
with the n proteins on the MPPN surface must be equal to
4πR2 p(n) [45,46] for spherical MPPN shapes. We thus have

cos β̄ = 1 − 2
p(n)

n
, (30)

where β̄ < β is the angle subtended by each one of these
n circles with respect to the MPPN center, yielding a solid
angle 2π (1 − cos β̄ ). Steric constraints mandate R � Rs =
ρs

o/ sin β̄ [Fig. 1(b)]. Equation (30) then implies [11,12]

ρs
o = 2Rs

√
p(n)

n

[
1 − p(n)

n

]
, (31)

which determines, at each n, ρs
o in terms of Rs.

Our focus here is on protein steric constraints due to pro-
tein domains outside the membrane, which may arise from a
well-defined shape of protein domains outside the membrane,
entropic repulsion between membrane proteins with flexible
domains outside the membrane, or binding of other molecules
to membrane proteins. The resulting geometric constraints on
MPPNs affect the MPPN self-assembly diagram via Eq. (31).
We take the protein domains restricting protein separation in
MPPNs to be located on the outside of MPPNs [Fig. 1(b)].
Scenarios in which protein domains on the inside of MPPNs
restrict the protein separation in MPPNs could be treated
using the same formalism employed here with hs → −hs, and
analogous conclusions would apply in this case. For protein
steric constraints due to protein domains on the outside of
MPPNs, Rs depends on the in-plane protein radius outside the
membrane, rs, and on the effective protein height above the
midplane of the protein hydrophobic region, hs [Fig. 1(b)].
From Fig. 1(b) we have

tan β̄ = rs

Rs − ε + hs
, (32)

where β̄ is determined by Eq. (30) [Fig. 1(b)]. Note from
Fig. 1 that ε/R = 1 −

√
1 − (ρi/R)2. Taking the protein ra-

dius in the bilayer midplane to be small compared to the
MPPN size, we simplify Eq. (32) by letting ε → 0. In addi-
tion to geometric constraints due to protein domains outside
the membrane, the finite size of lipids implies that ρs

o �
ρi + ρl [11,12], where we use here the lipid radius ρl = 0.45
nm associated with the diC14:0 lipids employed for MPPNs
formed from MscS proteins [6,7,48]. Combining Eq. (32) with
ρs

o � ρi + ρl we thus arrive at

Rs = max

(
rs cot β̄ − hs,

ρi + ρl

sin β̄

)
, (33)

where, as noted above, we have Rs = ρs
o/ sin β̄.

To calculate MPPN self-assembly diagrams, we minimize
E (n, R) in Eq. (7) with respect to R subject to the steric
constraints on R in Eq. (33), which determine ρs

o via Eq. (31).
In particular, we calculate Emin(n) as follows. We first note
that the contributions Eh(n, R) and Eu(n, R) to E (n, R) in
Eq. (7) can be calculated analytically via Eqs. (13) and (25).
We thus construct E0(n, R) = Eh(n, R) + Eu(n, R), and

analytically minimize E0 with respect to ρo at each n. If
E0 has a unique minimum ρo = ρmin

o , then we calculate Ks

via Eq. (29) at this minimum, from which the defect energy
Ed (n, R) is obtained via Eq. (26). For large-enough protein-
induced lipid bilayer thickness deformations, E0 can have two
minima as a function of ρo [12]. In this case, we divide the ρo

range into two separate search intervals divided by the local
maximum in E0 separating these two local minima. For each
n, we minimize E (n, R) in both search intervals using the
respective Ks implied by Eq. (29), and choose the value of
ρo yielding the smallest E (n, R). The minimization of E (n, R)
is performed subject to the steric constraints in Eq. (33) with
Eq. (31). At each n, we thus obtain the R yielding the smallest
E (n, R), Emin(n). Our search for the smallest E (n, R) is done
numerically with a precision of approximately 1 × 10−5 nm
in R.

III. MPPN SELF-ASSEMBLY DIAGRAMS UNDER
PROTEIN STERIC CONSTRAINTS

In this section we use the mean-field model of MPPN
self-assembly described in Sec. II to study the effect of protein
steric constraints on MPPN shape. Section III A explores how
MPPN self-assembly diagrams are modified by finite values
of the in-plane protein radius outside the membrane and the
effective protein height above the midplane of the protein
hydrophobic region. In Sec. III B we construct MPPN self-
assembly diagrams as a function of the in-plane protein radius
outside the membrane and provide simple mathematical ex-
pressions describing the effect of protein steric constraints on
MPPN shape.

A. Modifying MPPN self-assembly diagrams through rs and hs

As detailed in Sec. II E, we describe here steric con-
straints arising from protein domains outside the membrane
through the in-plane protein radius outside the membrane, rs,
and the effective protein height above the midplane of the
protein hydrophobic region, hs [Fig. 1(b)]. Figure 2 shows
MPPN self-assembly diagrams, plotted as a function of the
bilayer-protein contact angle α and the absolute value of the
bilayer-protein hydrophobic mismatch |U |, for selected values
of rs and hs. Note that since the bilayer thickness deformation
energy in Eq. (14) is invariant under u → −u and we consider
here a fixed value of the unperturbed lipid bilayer thickness m,
the MPPN self-assembly diagrams calculated here are sym-
metric under U → −U .

We plot the MPPN self-assembly diagrams in Fig. 2, as
well as all other MPPN self-assembly diagrams in this article,
as color maps of the MPPN equilibrium distribution φ(n)
in Eq. (6). In particular, we show the φ(n) for the domi-
nant MPPN n states, and explicitly indicate the values of
n associated with dominant MPPNs in selected regions of
the MPPN self-assembly diagrams. For a given (dominant)
MPPN n state in our model, the symmetry of the corre-
sponding protein arrangement in MPPNs is that associated
with the centers of n identical nonoverlapping circles on a
spherical surface at closest packing [45,46]. Dominant MPPN
n states found here have the symmetry of the icosahedron (n =
12), the snub cube (n = 24), the face-capped icosahedron
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FIG. 2. MPPN self-assembly diagrams as a function of the absolute value of the bilayer-protein hydrophobic mismatch, |U |, and the
bilayer-protein contact angle, α, for the indicated values of rs and hs. The color maps show the maximum values of φ(n) associated with the
dominant MPPN n states, obtained from Eq. (6) for 10 � n � 80. Selected dominant MPPN n states are indicated in the MPPN self-assembly
diagrams. Orange shading shows regions of the MPPN self-assembly diagrams for which n = 12 is strongly penalized by large values of
Ks resulting from ρmin

o → ρi in Eq. (27) [11,12]. To obtain these regions of the MPPN self-assembly diagrams we recalculated the MPPN
self-assembly diagrams with Ks = 0 for n = 12, and shaded in orange regions of the MPPN self-assembly diagrams for which these modified
calculations yield a different dominant MPPN n state. As noted in the main text, the continuum model of MPPN bilayer mechanics used here
may not give reliable results in the orange-shaded regions of the MPPN self-assembly diagrams. Gray shading indicates regions of the MPPN
self-assembly diagrams, where n = 80 gives the dominant MPPN n state, which may be a spurious result of our constraint 10 � n � 80. The
dashed vertical line in the bottom-right panel corresponds to α = 0.62 rad.

(n = 32), the snub cuboctahedron (n = 48), and a modified
snub dodecahedron (n = 72) [45,46,49]. In the regions of
the MPPN self-assembly diagrams in Fig. 2 for which these
MPPN n states are dominant, the corresponding ranges in
the MPPN radii are given by 7.0 nm � R � 7.9 nm (n = 12),
9.8 nm � R � 15 nm (n = 24), 11 nm � R � 20 nm (n =
32), 14 nm � R � 26 nm (n = 48), and 21 nm � R � 32 nm
(n = 72). We do not distinguish in this article between differ-
ent chiral states of MPPNs.

As implied by Eq. (33), steric effects on MPPN self-
assembly diagrams due to protein domains outside the
membrane become increasingly pronounced with increas-
ing rs and decreasing hs (Fig. 2). For instance, the MPPN
self-assembly diagram in the lower-left panel of Fig. 2 corre-

sponding to rs = 5.0 nm and hs = 6.0 nm is not affected by rs

and hs, and an identical MPPN self-assembly diagram would
be obtained if no steric constraints due to protein domains
outside the membrane had been imposed [12]. In particular,
the molecular structure of MscS [27,28] yields rs ≈ 4.0 nm
and hs ≈ 11.0 nm, which means that the dominant steric con-
straints in Eq. (33) with Eq. (31) are set by the MscS radius
in the bilayer midplane and the finite size of lipids, rather
than MscS domains outside the membrane. The MPPN self-
assembly diagrams obtained here for MPPNs formed from
MscS thus agree with previous calculations of MPPN self-
assembly diagrams for MPPNs formed from MscS [11,12],
which successfully predict the observed symmetry and size
of MPPNs formed from MscS [6,7]. As noted in Sec. II B
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we use here the lipid bilayer bending rigidity Kb = 14 kBT
measured for the diC14:0 lipids used for MPPNs formed
from MscS [6,7,39]. While the broad features of the MPPN
self-assembly diagrams obtained here do not depend on the
precise value of Kb used [12,39], we note that changes in
Kb can shift the boundaries separating regions of the MPPN
self-assembly diagrams dominated by distinct MPPN n states
(see Appendix B).

As pointed out before [11,12], in the limit ρmin
o → ρi

Eq. (27) can yield large Ks and, hence, suppress dominant
MPPN n states. In practice, steric constraints on lipid size
are expected to prohibit ρmin

o → ρi, and the continuum model
of MPPN bilayer mechanics used here may not give reliable
results in this limit. In the MPPN self-assembly diagrams con-
sidered here this issue only arises for MPPNs with n = 12. We
highlight the corresponding regions in MPPN self-assembly
diagrams by orange shading. We also highlight, through gray
shading, regions in MPPN self-assembly diagrams for which
n = 80 gives the dominant MPPN n state. The dominance of
MPPNs with n = 80 in these regions of parameter space may
be a spurious result arising from the constraint 10 � n � 80
in the calculations described here.

As rs is increased at fixed hs, protein steric constraints
increasingly perturb the MPPN self-assembly diagrams, and
lead to shifts in the boundaries separating regions of the
MPPN self-assembly diagrams dominated by distinct MPPN
n states (Fig. 2). Intriguingly, protein steric constraints are
seen to have two competing effects on the predicted MPPN
symmetries. On the one hand, protein steric constraints can
effectively rule out dominant MPPN n states, leaving large
portions of the MPPN self-assembly diagrams with no clearly
defined MPPN symmetry. On the other hand, suitable com-
binations of rs and hs can greatly expand the portions of the
MPPN self-assembly diagrams dominated by highly symmet-
ric MPPN n states. In particular, for the scenarios considered
in Fig. 2 protein steric constraints can strongly increase
the dominance of MPPN states with icosahedral symmetry
(n = 12).

We note from Fig. 2 that protein steric constraints man-
ifest themselves differently for different MPPN n states. In
particular, regions in the MPPN self-assembly diagrams in
Fig. 2 dominated by larger, less symmetric MPPN n states
tend to be affected more strongly by protein steric constraints
than regions dominated by smaller, more symmetric MPPN n
states. As discussed in greater detail in Sec. III B, this can be
understood from the mathematical representation of protein
steric constraints in Sec. II E. In particular, from Eq. (33) we
see that steric constraints arising from protein domains outside
the membrane yield the constraint R � rs cot β̄ − hs. From
Eq. (30) we have β̄ = arccos [1 − 2p(n)/n]. Thus, MPPN n
states with larger n and smaller p(n) are governed by a more
stringent lower bound on R and, hence, are affected more
strongly by protein steric constraints. As a result, protein steric
constraints can bias MPPN self-assembly toward smaller,
more symmetric MPPN states at the expense of larger, less
symmetric MPPN states (see Fig. 2).

To gain further insight into the competition between dif-
ferent MPPN n states in Fig. 2 it is useful to examine
the dominant MPPN n states along the vertical dashed line
α = 0.62 rad in the lower-right panel of Fig. 2. Accord-

FIG. 3. MPPN energy per protein, Eavg(n) = Emin(n)/n, as a
function of the absolute value of the bilayer-protein hydrophobic
mismatch, |U |, for α = 0.62 rad, rs = 8.0 nm, and hs = 6.0 nm. The
MPPN states n = 12 and n = 24 considered here are the dominant
MPPN n states along the dashed vertical line in the MPPN self-
assembly diagram in the bottom-right panel of Fig. 2. The vertical
solid line corresponds to |U | = 0.048 nm, for which the dominant
MPPN n state transitions from n = 24 to n = 12 in the MPPN self-
assembly diagram in the bottom-right panel of Fig. 2.

ing to the MPPN self-assembly diagram in Fig. 2, the two
dominant MPPN n states along this line are n = 12 and
n = 24, respectively. Figure 3 shows the corresponding av-
erage MPPN energies per protein, Eavg(n) = Emin(n)/n, as a
function of |U |. We note from Fig. 3 that, as one increases
|U |, MPPNs with n = 12 can become dominant even though
Eavg(12) > Eavg(24). This can be understood by noting that
the Boltzmann weight for each MPPN n state is given by
exp {n[μ − Eavg]/kBT } [see Eq. (4)]. In the dilute limit c � 1,
Eq. (5) implies μ − Eavg(n) < 0. As a result, thermal effects
penalize MPPN n states with larger n, and can make an MPPN
n state with decreased n (such as n = 12) dominant even if this
MPPN n state does not correspond to the state with minimal
Eavg. Thus, thermal effects can combine with protein steric
constraints to bias MPPN self-assembly toward smaller, more
symmetric MPPN states.

B. Quantifying the effect of protein steric constraints on MPPN
self-assembly diagrams

Figure 4 shows MPPN self-assembly diagrams, plotted
as a function of the bilayer-protein contact angle α and the
in-plane protein radius outside the membrane rs, for hs = 3.0
nm and hs = 5.0 nm with U = 0 (see also Appendix C).
Note from Fig. 4 that, in the small-rs regime, the dominant
MPPN symmetry is independent of rs. Conversely, Fig. 4
shows that, for large-enough rs, the dominant MPPN sym-
metry has a strong dependence on rs. We find that, for
large-enough rs, steric constraints due to protein domains
outside the membrane can substantially expand the regions of
MPPN self-assembly diagrams dominated by highly symmet-
ric MPPN n states, such as MPPNs with n = 48 and n = 72 in
Fig. 4. In Fig. 4(b), the ranges of MPPN radii associated with
dominant MPPN n states in the MPPN self-assembly diagram
are given by 7.0 nm � R � 8.2 nm (n = 12), 9.8 nm � R �
17 nm (n = 24), 11 nm � R � 20 nm (n = 32), 16 nm �
R � 26 nm (n = 48), and 25 nm � R � 34 nm (n = 72). In
Fig. 4(c), which shows the same data as Fig. 4(a) but with an
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FIG. 4. MPPN self-assembly diagrams as in Fig. 2 but as a function of the bilayer-protein contact angle, α, and the in-plane protein radius
outside the membrane, rs, at U = 0 with (a) hs = 3.0 nm, (b) hs = 5.0 nm, and (c) hs = 3.0 nm for an extended rs range, respectively. We use
the same notation as in Fig. 2. The rs coordinates of the horizontal red lines are given by rs

0(n) in Eq. (34). Each red line is drawn from the left
to the right α-boundary of the MPPN region dominated by a given MPPN n state. We use the same color scheme for all three panels. The blue
dashed vertical line in panel (b) corresponds to α = 0.55 rad.

extended rs range, the corresponding ranges of MPPN radii
are given by 7.0 nm � R � 8.1 nm (n = 12), 9.8 nm � R �
18 nm (n = 24), 11 nm � R � 24 nm (n = 32), 14 nm �
R � 54 nm (n = 48), and 21 nm � R � 68 nm (n = 72).

Following Sec. III A it is instructive to consider the small-
est rs for which protein domains outside the membrane can
affect MPPN self-assembly diagrams, rs

0. From Eq. (33) we
find

rs
0(n) = ρi + ρl

cos β̄
+ hs tan β̄. (34)

At small rs, the MPPN self-assembly diagrams in Fig. 4 are
divided into bands along the α axis within which distinct
MPPN n states are dominant. We indicate in Fig. 4 the corre-
sponding rs

0 obtained from Eq. (34) (horizontal lines in Fig. 4).
In general, Eq. (34) provides good estimates of the smallest
values of rs in Fig. 4 for which steric constraints due to protein
domains outside the membrane start to affect MPPN self-
assembly diagrams. However, some notable discrepancies are
obtained for highly symmetric MPPN n states, such as n = 12,
20, and 24 in Fig. 4. With increasing rs, the regions of the
MPPN self-assembly diagrams in Fig. 4 dominated by such
highly symmetric MPPN n states are seen to “expand,” even at
rs < rs

0, into neighboring regions of the MPPN self-assembly
diagrams dominated, as rs → 0, by less symmetric MPPN n
states. This can be understood from Fig. 5, which shows rs

0(n)
in Eq. (34) for 10 � n � 30. We find that, while rs

0 gener-
ally tends to decrease with increasing n, rs

0(n) exhibits local
maxima at n = 12, 20, and 24. Equation (30) implies that β̄

monotonically increases with p(n) for 10 � n � 80, with p(n)
showing local maxima at n = 12, 20, and 24 [45,46]. As a
result, one finds from Eq. (34) that, for such highly symmetric
MPPN n states, larger rs are required to affect the minimum
MPPN energy Emin(n). Regions in the MPPN self-assembly
diagrams dominated by highly symmetric MPPN n states are
thus effectively less constrained by rs than neighboring re-
gions in the MPPN self-assembly diagrams dominated by less
symmetric MPPN n states, allowing expansion of regions of
MPPN self-assembly diagrams dominated by highly symmet-
ric MPPN n states with increasing rs.

To understand some of the key features of Fig. 4 in the
regime rs > rs

0, we note that protein steric constraints only
provide lower bounds on R. As explained in Sec. II, the value
of R and, hence, ρo is determined at each n through mini-
mization of E (n, R) in Eq. (7) with respect to R. Assuming
α > β and neglecting, for simplicity, all contributions to E
apart from Eh, MPPNs attain their minimum-energy state at
the membrane patch radius

ρo = a

b
ρi (35)

with Eh = 0, which follows directly from Eq. (13). We define
rs

h as the value of rs for which the smallest value of ρo allowed
by protein steric constraints is equal to ρo in Eq. (35). For
rs > rs

h, protein steric constraints thus prohibit MPPNs from
attaining the value of ρo in Eq. (35). From Eq. (33) with
Eq. (35) we find

rs
h(n) = a

b cos β̄
ρi + hs tan β̄. (36)

FIG. 5. Estimates of the smallest rs for which protein domains
outside the membrane can affect MPPN self-assembly diagrams, rs

0,
in Eq. (34) versus n at hs = 3.0 nm (upper panel) and hs = 5.0 nm
(lower panel). The highly symmetric MPPN n states with n = 12, 20,
and 24 are marked with star symbols.

042411-8



EFFECT OF PROTEIN STERIC CONSTRAINTS ON THE … PHYSICAL REVIEW E 102, 042411 (2020)

FIG. 6. Smallest rs estimated to affect the MPPN patch size at
U = 0 in Eq. (36), rs

h, versus n at hs = 3.0 nm (upper panel) and
hs = 5.0 nm (lower panel). As in Fig. 5, the highly symmetric MPPN
n states with n = 12, 20, and 24 are marked with star symbols.

Note that Eq. (35) does not include any contributions due to
the defect energy Ed . Even for U = 0, the simple estimate of
rs

h in Eq. (36) therefore only holds approximately (see also
Appendix C).

Figure 6 shows rs
h(n) in Eq. (36) for 10 � n � 30. In con-

trast to rs
0(n) in Eq. (34) (Fig. 5), we find that rs

h generally
tends to increase with increasing n. Thus, larger n require a
larger value of rs to affect the estimate of ρo in Eq. (35). This
suggests that, in the regime rs > rs

0, protein steric constraints
bias MPPN self-assembly toward MPPN n states with larger
n, which is indeed borne out by the results in Fig. 4. Note that,
since we assumed Eu = 0 in Eq. (36), Eq. (36) is not expected
to apply to the large-|U | regime in Fig. 2. Similarly as rs

0 in
Fig. 5, rs

h in Fig. 6 exhibits local maxima at highly symmetric
MPPN n states. As for Eq. (34), this can be understood based
on Eq. (36) by noting from Eq. (30) that β̄ monotonically
increases with p(n) for 10 � n � 80, with p(n) showing local
maxima at n = 12, 20, and 24 [45,46]. Thus, not only for
rs < rs

0 but also for rs > rs
0 highly symmetric MPPN n states

are less stringently restricted by protein steric constraints than
less symmetric MPPN n states with similar n, effectively
biasing MPPN self-assembly toward highly symmetric MPPN
n states for rs > rs

0 as well as for rs < rs
0 in Fig. 4.

Figure 7 shows the MPPN radius R (upper panel) and the
MPPN energy per protein Eavg (lower panel) as a function of rs

along the line α = 0.55 rad in Fig. 4(b) for selected, dominant
MPPN n states. We find that, consistent with rs

h in Eq. (36),
smaller MPPN n states start to increase in size at smaller rs.
However, Fig. 7 also shows that transitions between different
dominant MPPN n states do not coincide exactly with the on-
set of rs-induced increases in MPPN size. This illustrates that,
as anticipated above, Eq. (36) only provides an approximate
measure of transitions between dominant MPPN n states. The
lower panel of Fig. 7 shows that, as rs is increased, MPPNs
with smaller n can be dominant even if they have a larger
energy per protein than competing MPPN n states with larger
n. As in Fig. 3, this effect results from entropic contributions
to the free energy of the system.

Finally, we consider the effect of a finite U on the
MPPN self-assembly diagrams in Fig. 4. In particular, we set

FIG. 7. MPPN radii R (upper panel) and corresponding MPPN
energy per protein Eavg(n) = Emin(n)/n (lower panel) versus in-plane
protein radius outside the membrane, rs. As in Fig. 4(b), we set hs =
5.0 nm and U = 0. We use here α = 0.55 rad, which corresponds
to the dashed vertical line in Fig. 4(b), and consider the first four
dominant MPPN n states (starting from small rs) along this line in
Fig. 4(b). The dashed vertical lines indicate transitions from n = 20
to n = 24, from n = 24 to n = 30, and from n = 30 to n = 32 (left
to right) in the dominant MPPN n state in the MPPN self-assembly
diagram in Fig. 4(b).

|U | = 0.2 nm with, as in Fig. 4(b), hs = 5.0 nm (see Fig. 8).
Comparing Fig. 4(b) and Fig. 8 we find that, in the small
rs-regime, a finite U can strongly bias MPPN self-assembly
toward highly symmetric MPPN n states [12]. Furthermore,
Fig. 8 shows that large rs can prevent the dominance of highly
symmetric MPPN n states at finite |U |. This is in marked
contrast to the results obtained in Fig. 4 at U = 0. But we
also note from Fig. 2 that, for large-enough α, the interplay of

FIG. 8. MPPN self-assembly diagram as in Fig. 4(b) for hs = 5.0
nm but with |U | = 0.2 nm. The blue dashed vertical line corresponds
to α = 0.55 rad, for which the dominant MPPN n states are n = 20,
18, 17, and 12 (from bottom to top). We use the same notation as in
Fig. 2.
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FIG. 9. MPPN radii R (upper panel) and corresponding MPPN
energy per protein Eavg = E (n)/n (lower panel) versus in-plane pro-
tein radius outside the membrane, rs. As in Fig. 8, we set hs = 5.0 nm
and |U | = 0.2 nm. We use here α = 0.55 rad, which corresponds to
the dashed vertical line in Fig. 8, and consider the first four dominant
MPPN n states (starting from small rs) along this line in Fig. 8.
The dashed vertical lines indicate transitions from n = 20 to n = 18,
from n = 18 to n = 17, and from n = 17 to n = 12 (left to right) in
the dominant MPPN n state in the MPPN self-assembly diagram in
Fig. 8.

large rs and large |U | can strongly amplify the dominance of
highly symmetric MPPN n states, such as n = 12. The ranges
of MPPN radii associated with dominant MPPN n states in
the MPPN self-assembly diagram in Fig. 8 are given by
7.0 nm � R � 8.4 nm (n = 12), 9.8 nm � R � 12 nm (n =
24), 11 nm � R � 13 nm (n = 32), and 14 nm � R � 15 nm
(n = 48).

Similarly as in Fig. 7, we plot in Fig. 9 the MPPN radius
R (upper panel) and the MPPN energy per protein Eavg (lower
panel) as a function of rs along the line α = 0.55 rad in Fig. 8
for selected, dominant MPPN n states. The upper panel in
Fig. 9 shows that, contrary to the results obtained at U = 0
in Fig. 7, MPPN n states with smaller n start to expand in
size at larger rs than MPPN n states with larger n along
the line α = 0.55 rad in Fig. 8. As expected from Fig. 7
the lower panel of Fig. 9 shows that, as one increases rs,
MPPNs with larger n can cease to be dominant even if they
have a smaller energy per protein than competing MPPN n
states with smaller n. Again, this effect results from entropic
contributions to the free energy of the system.

IV. SUMMARY AND CONCLUSIONS

We have explored here the effect of protein steric con-
straints on the symmetry of MPPNs [6,7]. Steric constraints
on the separation of membrane proteins in MPPNs arise, on
the one hand, within the membrane due to the finite size
of proteins and lipids [11,12]. On the other hand, protein
domains outside the membrane can produce steric constraints
on the separation of membrane proteins in MPPNs. Such
protein steric constraints may originate from a well-defined
shape of protein domains outside the membrane, entropic

repulsion between membrane proteins with flexible domains
outside the membrane, or binding of other molecules to mem-
brane proteins. We describe here protein steric constraints
in MPPNs based on the in-plane protein radius outside the
membrane, rs, and the effective protein height above the mid-
plane of the protein hydrophobic region, hs [Fig. 1(a)]. We
assume that protein steric constraints induce hardcore steric
repulsion between membrane proteins in MPPNs. A more de-
tailed molecular model of protein steric constraints in MPPNs
would, for instance, allow for a competition between attractive
and repulsive protein interactions outside the membrane.

Our calculations of the effect of protein steric constraints
on MPPN symmetry are based on an extension of the mean-
field approach developed in Refs. [11,12]. The mean-field
approach in Refs. [11,12] successfully predicts, with all
model parameters determined directly by experiments, the
observed symmetry and size of MPPNs formed from MscS
proteins [6,7]. Our calculations show that, for the molec-
ular structure of MscS [27,28], steric constraints due to
protein regions outside the membrane do not affect MPPN
self-assembly diagrams. Our results on MPPNs formed from
MscS [6,7] therefore agree with those in Refs. [11,12]
and experiments on MPPNs formed from MscS [27,28].
Our model of MPPN self-assembly could be developed
further in a number of different ways. In particular, our
mean-field model allows for thermal effects during MPPN
self-assembly [11,12,21–23] but assumes that, for each MPPN
n state, the dominant MPPN shape corresponds to that with
the lowest (elastic) energy. Thermal fluctuations are expected
to perturb the MPPN shape about the lowest-energy state. Fur-
thermore, we note that topological defects in protein packing
in MPPNs are captured in our mean-field model via the pack-
ing fraction p(n) [23,45,46], which has two key limitations.
On the one hand, our mean-field approach assumes a uniform
protein composition. While justified for the scenarios consid-
ered here, this assumption is violated if, for instance, MPPNs
are composed of proteins with heterogeneous size. We have
previously used a minimal molecular model of MPPN sym-
metry [20] to explore the shape of MPPNs in this latter
scenario. On the other hand, to make our calculations more
tractable we assumed in our mean-field approach a circular
unit cell. In principle, our approach could be extended to con-
sider, for instance, the polygonal unit cells suggested by the
polyhedral symmetry of MPPNs. In analogy to recent work
on the physics of protein shells [50,51], such an extension of
our approach would allow investigation of the interaction of
protein packing defects in MPPNs.

We find that protein steric constraints can strongly affect
MPPN self-assembly. On the one hand, our calculations show
that protein steric constraints can effectively rule out dominant
MPPN states, leaving large portions of the MPPN self-
assembly diagrams with no clearly defined MPPN symmetry.
On the other hand, we also find that suitable values of rs and hs

can substantially expand the regions of MPPN self-assembly
diagrams dominated by highly symmetric MPPN states, such
as MPPNs with icosahedral or snub cube symmetry. For
small-enough rs or large-enough hs, MPPN self-assembly is
independent of protein steric constraints. For scenarios with
negligible bilayer-protein hydrophobic mismatch we find that,
as rs is increased or hs decreased, protein steric constraints
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tend to imply more stringent constraints on membrane pro-
tein separation in MPPNs for larger, less symmetric MPPN
states, thus biasing MPPN self-assembly toward smaller, more
symmetric MPPN states. Our calculations suggest that, on
further increasing rs or decreasing hs, the dominant MPPN
states can be shifted toward larger, highly symmetric MPPNs.
Finally, we find that a substantial bilayer-protein hydrophobic
mismatch biases MPPN self-assembly toward highly symmet-
ric MPPN states for weak protein steric constraints [12] and
can, depending on the bilayer-protein contact angle, prevent
or amplify the dominance of highly symmetric MPPN states
for strong protein steric constraints.

MPPNs have been proposed [6] as a strategy for the
structural analysis of membrane proteins under physiologi-
cally relevant transmembrane gradients, and as a method for
targeted drug delivery with precisely controlled release mech-
anisms through, for instance, the gating of ion channels in
MPPNs. Such applications of MPPNs require control over the
number of proteins in MPPNs, and the MPPN symmetry and
size. One avenue for controlling MPPN protein composition
and shape is to tune the bilayer-protein hydrophobic mismatch
in MPPNs [12] through changes in lipid composition [39,52]
or repositioning of amphipathic protein residues [53]. The
work described here suggests that protein steric constraints
provide a complementary approach for the control of MPPN
protein composition and shape. For instance, our results im-
ply that targeted binding of proteins of specified size, or
of nanoparticles such as quantum dots [54], to membrane
proteins could be used to bias MPPN self-assembly toward
highly symmetric MPPN states with, depending on the protein
or nanoparticle size, small or large MPPN sizes and protein
numbers. Modification of protein steric constraints may thus
allow the directed self-assembly of MPPNs with specified
symmetry, size, and protein composition, facilitating the uti-
lization of MPPNs for high-resolution structural studies of
membrane proteins or targeted drug delivery.

ACKNOWLEDGMENTS

We thank O. Kahraman, D. Li, and M. H. B. Stowell
for helpful discussions. This work was supported by NSF
Award No. DMR-1554716 and the USC Center for High-
Performance Computing.

APPENDIX A: PHYSICAL MODEL OF THE MPPN
DEFECT ENERGY

Following Ref. [11], we develop here a physical model
of the MPPN defect energy Ed (n, R) in Eq. (26). We first
note that, in the continuum limit, the elastic (compression
or expansion) energy of a hexagonal network of harmonic
springs is given by [47]

H = K

2

∫
dx1dx2(∇r)2, (A1)

where K is the continuum force constant and (∇r)2 =
(∂r/∂x1)2 + (∂r/∂x2)2, in which x1 and x2 are internal coordi-
nates and r = r(x1, x2) denotes the external coordinate spec-
ifying the location of the surface in the (three-dimensional)
embedding space. We relate the elastic energy of the spring

network to its areal strain by considering a flat, rectangular
patch of a uniform, elastic sheet. We denote the width and
height of the rectangular patch by L1 and L2, respectively. If L1

and L2 are slightly compressed or expanded by 
L1 and 
L2,
respectively, then a point in the patch originally at r0(x1, x2) is
translated to

r(x1, x2) = r0 + 
L1

L1
x1i + 
L2

L2
x2 j, (A2)

where i and j are orthogonal unit vectors. We thus have

(∇r)2 =
(
L1

L1

)2

+
(
L2

L2

)2

. (A3)

Furthermore, since the original (unperturbed) area of the rect-
angular patch is given by A = L1L2, the perturbations 
L1 and

L2 change, to leading order, the area of the rectangular patch
by


A = L1
L2 + L2
L1. (A4)

For uniform strain we have 
L1/L1 = 
L2/L2, in which case
Eqs. (A3) and (A4) yield

(
A

A

)2

= 2(∇r)2. (A5)

The continuum force constant K in Eq. (A1) is related
to the discrete force constant of the Hookean springs, K0 in
Eq. (29), via K = √

3K0 [47]. Thus, Eq. (A5) implies that
Eq. (A1) can be rewritten as

H =
√

3K0

4

∫
dx1dx2

(
A

A

)2

. (A6)

For uniform areal strain 
A/A is constant and, to leading
order, Eq. (A6) can be simplified [1] to

H = Ks

2
A
(
A

A

)2

(A7)

with, as in Sec. II D, the stretching modulus

Ks =
√

3K0

2
(A8)

of the elastic sheet. Similarly as in previous work on viral
capsid self-assembly [23] we approximate, at the mean-field
level, the areal strain due to topological defects in protein
packing in MPPNs by


A

A
= pmax − p(n)

pmax
. (A9)

In Eq. (A9) it is assumed that the average energy penalty due
to topological defects in protein packing in MPPNs can be
captured, for each MPPN n state, by a uniform areal strain cor-
responding to the percentage difference between the optimal
protein packing fraction allowed by topological constraints
and the packing fraction associated with the hexagonal pro-
tein arrangement, pmax, favored in the absence of topological
constraints [23,45,46]. Substitution of Eq. (A9) into the ex-
pression for H in Eq. (A7) results in the MPPN defect energy
Ed in Eq. (26).

042411-11



MINGYUAN MA AND CHRISTOPH A. HASELWANDTER PHYSICAL REVIEW E 102, 042411 (2020)

FIG. 10. MPPN self-assembly diagrams as a function of the absolute value of the bilayer-protein hydrophobic mismatch, |U |, and the
bilayer-protein contact angle, α, for rs = 5.0 nm and hs = 6.0 nm calculated as in Fig. 2 with (a) Kb = 7 kBT , (b) Kb = 14 kBT , and (c) Kb =
28 kBT . The MPPN self-assembly diagram in panel (b) is identical to that in the lower-left panel of Fig. 2 and reproduced here for ease of
comparison. We use the same notation as in Fig. 2.

APPENDIX B: EFFECT OF CHANGES IN THE LIPID
BILAYER BENDING RIGIDITY ON MPPN

SELF-ASSEMBLY DIAGRAMS

Our focus in this article is on lipid bilayers with elas-
tic properties corresponding to the diC14:0 lipids used for
MPPNs formed from MscS proteins [6,7,39]. In particular, we
use the lipid bilayer bending rigidity Kb = 14 kBT [39]. To
explore to what extent our results are sensitive to changes in
Kb, we consider in Fig. 10 MPPN self-assembly diagrams for
the same scenario as in the lower-left panel of Fig. 2 (rs = 5.0
nm and hs = 6.0 nm) with Kb = 7 kBT [see Fig. 10(a)], Kb =
14 kBT [see Fig. 10(b)], and Kb = 28 kBT [see Fig. 10(c)].
The results in Fig. 10(b) are identical to those in the lower-left
panel of Fig. 2, and are reproduced here for ease of compar-
ison. The range in Kb considered in Fig. 10 approximately
corresponds to the range in Kb measured for phospholipid
bilayers with distinct lipid tail lengths [5,39]. We find in
Fig. 10 that the broad features of the MPPN self-assembly
diagrams obtained here do not depend on the precise value
of Kb used [12]. However, we also find that changes in Kb

can shift the boundaries separating regions of the MPPN self-
assembly diagrams dominated by distinct MPPN n states. In
particular, as Kb is increased in Fig. 10, larger |U | are required
to produce transitions in MPPN symmetry from large-n (lower
symmetry) MPPN states to small-n (higher symmetry) MPPN
states. Thus, the MPPN self-assembly diagrams in Fig. 10 are,
from left to right, effectively “stretched out” in the direction
of increasing |U |.

APPENDIX C: VANISHING PROTEIN HEIGHT

In this Appendix we consider the limiting case of a
vanishing protein height, hs → 0, in our model of MPPN
self-assembly (Fig. 1). While this limiting case has no direct
physical significance, it provides insight into the mathematical
properties of the mean-field model of MPPN self-assembly
considered here. We focus on the small-rs regime, where
protein steric constraints due to rs only produce small pertur-
bations of MPPN self-assembly diagrams. For simplicity, we
also set U = 0 throughout this Appendix. For hs = 0, Eq. (36)

simplifies to

rs
h(n) = a

b cos β̄
ρi. (C1)

The boundaries delineating regions in the α-rs plane of MPPN
self-assembly diagrams dominated by distinct MPPN n states
can thus be estimated from

B(α, n) = rs
h + C , (C2)

where C depends on n but is constant with α. Figure 11
shows Eq. (C2) together with the corresponding MPPN self-
assembly diagram at hs = 0. We thereby fix C so that, at
each n, B(α, n) in Eq. (C2) coincides with rs

0(n) in Eq. (34)
at the small-α boundary of the MPPN region dominated

FIG. 11. MPPN self-assembly diagram as in Fig. 4 as a function
of the bilayer-protein contact angle, α, and the in-plane protein radius
outside the membrane, rs, at U = 0 in the (nonphysical) case hs = 0.
The dotted curves delineate regions of the MPPN self-assembly
diagram dominated by distinct MPPN n states, while the solid lines
show the corresponding estimates obtained from Eq. (C2). The red
horizontal lines are obtained as in Fig. 4. The small-α boundaries
of the red horizontal lines are used to fix C in Eq. (C2) for each n
considered. We use the same notation as in Fig. 2.
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by this particular MPPN n state. Figure 11 suggests that,
for small-enough rs, Eq. (C2) provides a good estimate of
the boundaries separating regions of MPPN self-assembly
diagrams dominated by distinct MPPN n states. We find,
however, that these boundaries intersect at large-enough rs

(see also Fig. 4). Equation (C2) does not apply in this regime.
We also note that, if hs is increased to a finite value, larger
rs are required for protein domains outside the membrane to
shift MPPN self-assembly diagrams, which further limits the
applicability of Eq. (C2).
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