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Dispersion relations of Yukawa fluids at weak and moderate coupling
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In this paper we compare different theoretical approaches to describe the dispersion of collective modes in
Yukawa fluids when the interparticle coupling is relatively weak, so that the kinetic and potential contributions
to the dispersion relation compete with each other. A thorough comparison with the results from molecular
dynamics simulation allows us to conclude that, in the investigated regime, the best description is provided by
the sum of the generalized excess bulk modulus and the Bohm-Gross kinetic term.
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I. INTRODUCTION

There has been substantial evidence that the quasilo-
calized charge approximation (QLCA), also known as the
quasicrystalline approximation (QCA), describes rather well
the long-wavelength portion of the dispersion relations of
collective excitations in strongly coupled Yukawa fluids [1–6],
including the one-component plasma (OCP) limit [7–10]. The
purpose of this study is to investigate the dispersion relation
of Yukawa fluids at moderate coupling.

This regime corresponds to the “true” fluid situation, where
no small parameter is present. At weak coupling, interactions
between particles provide a small correction to the conven-
tional multicomponent plasma dispersion relation. At strong
coupling, QLCA (QCA) does a rather good job, and the ki-
netic corrections are numerically small and can normally be
neglected. What can an appropriate theoretical approximation
be between these two limits?

We provide an answer to this question below. Since
well-defined transverse (shear) modes in fluids are normally
supported only in the vicinity of the fluid-solid phase tran-
sition (strong coupling regime) [2,11–14] we concentrate on
the longitudinal mode here. The transverse mode will be
mentioned only briefly, to the extent necessary for the under-
standing of the proposed approximations.

Recently, the evolution of the longitudinal sound velocity
of Yukawa systems from the weak to the strong-coupling
regimes has been studied in detail in Ref. [15]. Sound velocity
can be related to thermodynamic quantities, and hence the
knowledge of an appropriate equation of state can solve the
problem. Here we analyze the entire dispersion curves, not
only their long-wavelength asymptotes.

Extensive molecular dynamics (MD) simulations were
performed to obtain the dispersion relations of weakly and
moderately coupled Yukawa fluids. Theoretical approxima-
tions applicable to this regime are discussed, and the most
suitable is identified. It turns out that the generalized excess

bulk modulus supplemented by the Bohm-Gross kinetic term
provides a particularly good theoretical description of the
numerically obtained dispersion curves.

II. YUKAWA FLUIDS

Historically, interest in classical systems of particles
interacting via the repulsive Yukawa (screened Coulomb
or Debye-Hückel) potential was mainly related to model-
ing charges immersed in a polarizable background, e.g.,
electron-ion plasma and charge-stabilized colloidal disper-
sions [16–18]. More recently, the Yukawa potential has been
extensively used as a first approximation to model inter-
actions between macroscopic particles in complex (dusty)
plasmas [19–24]. In a more general context, the Yukawa
potential represents an important example of soft repulsive
interactions operating in various soft matter systems.

In Yukawa systems particles are interacting via the pair-
wise potential of the form

φ(r) = (Q2/r) exp(−r/λ), (1)

where Q is the particle charge and λ is the screening length.
Such a system is fully characterized by the two dimension-
less parameters: the coupling parameter � = Q2/aT and the
screening parameter κ = a/λ, where a = (4πn/3)−1/3 is the
Wigner-Seitz radius, T is the temperature in energy units
(kB = 1), and n is the density. Conventionally, the system is
referred to as strongly coupled (nonideal) when � � 1, that
is, when the Coulomb interaction energy exceeds consider-
ably the kinetic energy [more precisely, when φ(a) � T , so
that screening is accounted for]. The opposite limit � � 1
corresponds to the weakly coupled (ideal) regime.

The phase diagram of three-dimensional Yukawa systems
in (κ , �) plane is shown in Fig. 1. The solid curve smoothly
connect the melting points data obtained from the free energy
consideration and tabulated in Ref. [25] (accurate analytical
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FIG. 1. Phase diagram of Yukawa systems in a (κ , �) plane. The
solid curve corresponds to the fluid-solid (melting) phase transition
according to the data from Ref. [25]. Symbols correspond to the
phase state points investigated in this work.

fits are also available [26,27]). We consider a moderate screen-
ing regime with 1 � κ � 4, which is particularly relevant for
complex plasma experiments in gas discharges. In the con-
sidered range of κ , a Yukawa fluid first freezes into the bcc
lattice. The fcc lattice can be also stable, but either at higher
κ or at higher � (only for κ � 1) [25]. It should be noted that
in real experiments with complex plasmas, a metastable hcp
lattice can be present or even be a dominant constituent of the
solid phase [28–31]. Symbols in the theoretical phase diagram
depicted in Fig. 1 correspond to state points investigated in
this work.

III. THEORETICAL APPROACHES AND STRATEGY

A. Fluid and kinetic descriptions

A simple fluid description leads, in the weakly coupled
regime, to the dispersion relation of the form [21]

ω2 = ω2
pk2λ2

1 + k2λ2
+ γ k2v2

T, (2)

where ω is the frequency, k is the wave vector, ωp =√
4πQ2n/m is the plasma frequency, vT = √

T/m is the ther-
mal velocity, and γ is the effective polytrope index. If the
last (kinetic) term is neglected, then the resulting disper-
sion relation is usually referred to as the dust acoustic wave
(DAW) dispersion relation [20,32–34]. At long wavelengths
the acoustic dispersion is recovered, ω � kcDA with cDA =
ωpλ.

The kinetic description allows us to fix the numerical
coefficient in the kinetic term. The result is that at weak
coupling and long wavelengths we have to chose γ = 3. The
term 3k2v2

T is often referred to as the Bohm-Gross term,
after Ref. [35], and we follow this tradition here. Although
the kinetic description is applicable only in the ideal plasma
limit, when correlations between particles are absent (weak
coupling), we will see below that the magnitude of the kinetic
term itself is not changed much even at moderate (and possi-
bly at strong) coupling.

Expressed in reduced units the fluid (kinetic) dispersion
relation becomes

ω2

ω2
p

= q2

q2 + κ2
+ γ

q2

3�
, (3)

where q = ka. Further details concerning the fluid and ki-
netic description of weakly coupled Yukawa fluids can be
found in the Supplemental Material [36], which includes
Refs. [37–40].

B. Frequency moments and QLCA

The second frequency moments of the longitudinal and
transverse current correlation functions are defined as [41]

ω2
L(k) = 3k2v2

T + n

m

∫
∂2φ(r)

∂z2
g(r)[1 − cos(kz)]dr (4)

and

ω2
T (k) = k2v2

T + n

m

∫
∂2φ(r)

∂x2
g(r)[1 − cos(kz)]dr. (5)

The subscripts L and T refer to the longitudinal and trans-
verse modes, respectively. The expressions above contain the
kinetic (first term) and potential (or excess) contributions (sec-
ond term). The potential contribution is expressed in terms of
the pairwise interparticle interaction potential φ(r) and equi-
librium radial distribution function (RDF) g(r). The kinetic
contribution to the longitudinal mode is formally given by the
same Bohm-Gross term.

The QLCA and QCA approximations [5,8,42,43] tell us
that the dispersion relations of the longitudinal and transverse
modes at strong coupling are given by the potential contri-
butions in Eqs. (4) and (5). An exceptionally enlightening
physical derivation demonstrating why it should be approx-
imately so is due to Hubbard and Beeby [42]. Thus, QLCA
approach does not take into account direct thermal effects.
This is not a problem at strong coupling, because kinetic terms
are numerically small in this regime. At weaker coupling ki-
netic effects should be accounted for to improve the accuracy
of the QLCA [13,44].

The explicit expressions for ωL(k) and ωT (k) for the
Yukawa interaction potential can be found elsewhere [3–5].
In the complete absence of correlations, for g(r) = 1, the
conventional DAW dispersion relation is recovered for the
longitudinal mode

ω2
L = ω2

pq2

q2 + κ2
+ 3k2v2

T, (6)

which coincides with Eq. (3) with γ = 3. Note that the kinetic
term vanishes at T → 0, and we recover the conventional
(cold plasma limit) DAW dispersion relation. This situation
is, however, not internally consistent with the assumption of
no correlations, g(r) = 1.

In the absence of correlations, the potential contribution to
the transverse mode is identically zero, so that

ω2
T = k2v2

T. (7)

Even though it follows from Eq. (7) that the transverse fre-
quency is nonzero due to the presence of the kinetic term, this
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mode is not supported in weakly coupled gases and moder-
ately coupled fluids. It will not be considered further. Recent
theoretical results regarding the onset and simple description
of transverse waves in strongly coupled Yukawa fluids can be
found elsewhere [6,14]. The process of shear rigidity emer-
gence with increasing coupling and interparticle correlations
in Yukawa systems, starting from the weakly coupled gaseous
regime, has been also investigated [45].

C. Generalized bulk modulus

The dispersion relations resulting from the frequency mo-
ments and QLCA approaches can be also expressed in terms
of generalized high-frequency (instantaneous) bulk (K∞) and
shear (G∞) moduli as follows [46]:

ω2
T (k) = k2

mn
G∞(k) (8)

and

ω2
L(k) = k2

mn

[
K∞(k) + 4

3
G∞(k)

]
. (9)

In the long-wavelength limit (k → 0), K∞ and G∞ become
just conventional instantaneous fluid elastic moduli [47,48].
The sum K∞ + 4

3 G∞ = M∞ is known as the longitudinal
modulus. The essential physics behind the relevance of in-
finite frequency elastic moduli in the fluid regime is the
following. If a perturbation is suddenly applied to a dense
strongly coupled fluid (not too far from the fluid-solid phase
transition), its initial response would not be very much dif-
ferent from that of a solid. It will respond elastically with
the longitudinal response that depends on both the bulk and
shear elastic moduli. This emphasizes the solidlike properties
of strongly coupled fluids.

As the interparticle coupling weakens and the role of inter-
particle correlations diminishes, the transverse mode becomes
irrelevant. It is tempting to assume that the longitudinal mode
dispersion would decouple from the transverse one and de-
pend on the generalized instantaneous bulk modulus alone,
that is, ω2(k) � ω2

L(k) − 4
3ω2

T (k). In fact, a similar conjecture
has been demonstrated to result in a meaningful approxima-
tion for weakly and moderately coupled classical Coulomb
fluids in two dimensions [10]. For a three-dimensional
Coulomb fluid (one-component plasma), the dispersion rela-
tion of the form

ω2 = 3k2v2
T + k2

mn

K∞(k) (10)

has been demonstrated to capture correctly the onset of neg-
ative dispersion (the point where dω/dk starts to be negative
at k → 0) [49]. Here 
K∞ is the excess component of the
generalized bulk modulus. Motivated by the relative success
of this approximation we have chosen to compare it with the
results of MD simulations.

D. Strategy

We have performed extensive MD simulations to determine
the dispersion relation of the longitudinal collective mode for
a broad parameter regime (see Fig. 1). Direct comparison with
the predictions of approximations described in this section is

used to test their relative success. In particular, we take three
approximations: (i) weakly coupled expression from the fluid,
kinetic, and frequency moments approaches, Eq. (3); (ii) sec-
ond frequency moment of the longitudinal current correlation
function (4) keeping the Bohm-Gross kinetic term; and (iii)
expression (10) based on the generalized instantaneous bulk
modulus complemented with the Bohm-Gross kinetic term.
The best choice among the considered approximations will be
then identified.

IV. NUMERICAL SIMULATIONS

The simulations were performed on graphics processing
unit (NVIDIA Quadro P2000) using the HOOMD-blue soft-
ware [50,51]. We used N = 55 296 Yukawa particles in a
cubic box with the periodic boundary conditions. The cutoff
radius for the potential has been chosen as Lcut = 9λD. The
numerical time step was set to 
t � 2 × 10−3ω−1

p . The simu-
lations were performed in the canonical NV T ensemble with
the Langevin thermostat at a temperature corresponding to the
desired target coupling parameter �.

The system was first equilibrated for 1.25 × 106 time steps
with a drag coefficient γ � 2 × 10−2ωp. The drag coefficient
was then reduced to γ � 2 × 10−4ωp, and the system was run
for another 350 000 time steps. Finally the particle positions
and trajectories were saved every 100 time steps for 180 000
time steps (except for κ = 4, for which the trajectories were
saved every 400 time steps for 720 000 time steps in order
to resolve more accurately the low-frequency fluctuations of
such a system).

The particle current was then calculated:

J(k, t ) =
N∑

j=1

v j (t ) exp[ık · r j (t )], (11)

where v j (t ) and r j (t ) are the velocity and position of the jth
particle, respectively, and k is the wave vector. The Fourier
transform in time was performed to obtain the current fluctu-
ation spectra. The particle positions were also used every 400
time steps to extract the accurate radial distribution functions
g(r).

To obtain the dispersion relation ωl (k), the longitudinal
current fluctuation spectrum Cl (k, ω) was fitted to the double-
Lorentzian form [10,52]:

Cl (k, ω) ∝ γl (k)

[ω − ωl (k)]2 + γl (k)2
+ γl (k)

[ω + ωl (k)]2 + γl (k)2
,

(12)

where γl denotes the damping rate of the longitudinal mode.

V. RESULTS

We start by analyzing the two very weakly coupled state
points characterized by κ = 1 and the two � values, � = 0.2
and � = 1.0. For these state points the contribution from
particle-particle interactions is very small, and this gives us
the opportunity to concentrate on the behavior of the kinetic
contribution to the dispersion relation.

The ratio ω/ωpq versus q, in a very extended range of
q, is plotted in Fig. 2. From comparison with Eq. (3) we
observe that the effective coefficient γ is between 2 and 3.
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FIG. 2. Ratio ω/qωp versus the reduced wave number q = ka
for the two weakly coupled state points (κ = 1, � = 0.2) and (κ =
1, � = 1). The shaded area corresponds to the regime of insufficient
statistics due to finite simulation volume [this approximately corre-
sponds to q � 2π/(L/2) � 0.2, where L is the size of the simulation
box]. The dashed (dotted) curves correspond to Eq. (3) with γ = 3
(γ = 2).

Actually, it is somewhat closer to 3, as the kinetic theory and
frequency moments expressions predict. Moreover, it remains
constant to a very good accuracy in the considered very wide
range of q. The region of very low q is not well resolved, but
here the reduced sound velocity seems to approach smoothly√

6 � 2.45 for � = 0.2 and
√

2 � 1.41 for � = 1, as Eq. (3)
with γ = 3 predicts. Thus, although we are not able to pro-
vide the exact value of the coefficient γ , we observe that the
Bohm-Gross term 3k2v2

T delivers a reasonable approximation
in the range of q investigated. The individual particle limit
with ω2 � 2k2v2

T [41,52] is not reached in our simulations;
see also the Appendix.

The dispersion relations obtained in our numerical experi-
ment are shown in Figs. 3–6. Here the symbols correspond to
ωl (q) and the vertical lines (“error bars”) mark ωl (q) ± γl (q),
as obtained from the fits using Eq. (12). The data points
corresponding to the very long wavelength range (gray area
in Fig. 2) are not very reliable because they are influenced by
the finite size effects. We do not add the gray area in Figs. 3–6
to not overload the plots. Theoretical curves are also plotted
for the purpose of comparison. The following main trends can
be summarized.

In the weakly coupled regime all the theoretical approx-
imations agree very well with the numerical data. Here the
interparticle correlations are small, and excess terms from the
weakly coupled fluid and strongly coupled QCA approaches
are nearly identical. There is also no difference between the
generalized longitudinal and bulk moduli, because the excess
shear modulus vanishes in the weakly coupled limit.

In the moderately coupled regime, the excess compo-
nent of the generalized bulk modulus complemented by the
Bohm-Gross kinetic term provides the best agreement with
numerical data among the approximations considered. The

FIG. 3. Dispersion relations in Yukawa fluids with κ = 1. Sym-
bols correspond to numerical results. Curves denote theoretical
approximations compared in this work (see the legend). (a) � = 0.2,
(b) � = 1.0, (c) � = 10, (d) � = 20, (e) � = 50.

second frequency moment expression (4) somewhat overes-
timates the frequency.
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FIG. 4. Dispersion relations in Yukawa fluids with κ = 2. Nota-
tion is the same as in Fig. 3. (a) � = 2.0, (b) � = 10, (c) � = 20,
(d) � = 30, (e) � = 50.

When approaching the strongly coupled regime, none of
the approximations considered allow us to describe numer-
ical data accurately in the entire q range investigated. The

FIG. 5. Dispersion relations in Yukawa fluids with κ = 3. Nota-
tion is the same as in Fig. 3. (a) � = 5.0, (b) � = 20, (c) � = 50,
(d) � = 100.

second frequency moment (4) expression deviates to higher
frequencies as q increases. The generalized bulk modulus
expression underestimate the frequency near the first mini-
mum. This becomes particularly clear for the state point with
κ = 1 and � = 50. Similar tendency has been observed in
classical two-dimensional Coulomb fluids [10]. In the long-
wavelength regime, q � 3, the second frequency moment,
and hence QLCA and QCA, provide adequate description at
strong coupling, as has been already noted in the Introduction.
At even longer wavelengths (q � 1) the difference between
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FIG. 6. Dispersion relations in Yukawa fluids with κ = 4. Nota-
tion is the same as in Fig. 3. (a) � = 10, (b) � = 50, (c) � = 100,
(d) � = 250.

the second frequency moment and generalized bulk modulus
expressions practically disappears, because of the inequality
G∞ � M∞ � K∞ and acoustic character of the dispersion.

The appearance of the minimum in the dispersion relation
can serve as a pragmatic demarcation between the moderately
and strongly coupled regimes. This can have relations with the
crossover between gaslike and fluidlike behavior, the concept
known as the “Frenkel line,” on the phase diagram [53].

Regarding the weakly coupled fluid and kinetic approx-
imations, they become particularly inappropriate when the

screening parameter increases. This could be expected. Strong
coupling effects are known to affect only weakly the magni-
tude of the sound velocity at κ � 1 but lead to its considerable
decrease for higher κ [3]; see in particular Fig. 4 in Ref. [54]
and Fig. 5 in Ref. [55].

VI. CONCLUSION

In this paper we have addressed the question regarding
what determines the dispersion relations of Yukawa fluids at
moderate coupling, when kinetic and potential contributions
to the dispersion relations are of similar magnitude. Three
theoretical approaches have been compared with the results
from extensive MD simulations. Among these, an empirical
expression combining the generalized excess bulk modulus
with the Bohm-Gross kinetic term provides the best agree-
ment with numerical results at weak and moderate coupling.
The approach to the strong coupling regime is signaled by
the appearance of a pronounced minimum in the dispersion
relation. In this regime none of the approximations considered
allow us to describe numerical data accurately in the entire
range of wave vectors.
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APPENDIX: FREE-PARTICLE LIMIT

In the limit of very large wave vectors, the current fluc-
tuations spectra are expected to approach their free-particle

FIG. 7. Example of fitting the MD data by the double-Lorentzian
and Maxwellian functions. MD data correspond to the state point
with κ = 1 and � = 1, and the reduced wavelengths is q = 13. There
is some observable difference between the fits, the Maxwellian fit
being more appropriate at low frequencies. However, the maximum
position is about the same for both fits.
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FIG. 8. Reduced frequency ω/ωp versus the reduced wave num-
ber q = ka for the two weakly coupled state points, (κ = 1, � = 0.2)
and (κ = 1, � = 1). The results of analysis using double-Lorentzian
and Maxwellian fits are almost indistinguishable.

limiting expressions. For the longitudinal spectrum this corre-
sponds to the Maxwellian shape [41,52]

Cl (q, ω) ∝
(

ω

q

)2

exp

(
−mω2a2

2T q2

)
, (A1)

which is peaked at ωa = ±αqvT with α = √
2. We have re-

peated the analysis of the two weakly coupled state points
longitudinal current spectra using the Maxwellian shape and
treating α as a free parameter. Figure 7 shows an example of
fitting the MD data by the double-Lorentzian and Maxwellian
functions. At low frequencies, the Maxwellian fit is clearly
more appropriate (as expected), indicating that the applicabil-
ity range of the double-Lorentzian fit is limited to relatively
long wavelengths. Nevertheless, both fits return almost the
same position of the maximum. This is further illustrated in
Fig. 8, which shows that the dispersion relations constructed
with the help of the double-Lorentzian and Maxwellian fits
are very close. The coefficient α appears somewhat closer to√

3 than to
√

2 in the regime investigated.
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