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Delamination of open cylindrical shells from soft and adhesive Winkler’s foundation
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The interaction between thin elastic films and soft-adhesive foundations has recently gained interest due to
technological applications that require control over such objects. Motivated by these applications we investigate
the equilibrium configuration of an open cylindrical shell with natural curvature x and bending modulus B that
is adhered to soft and adhesive foundation with stiffness K. We derive an analytical model that predicts the
delamination criterion, i.e., the critical natural curvature, «;, at which delamination first occurs, and the ultimate
shape of the shell. While in the case of a rigid foundation, K — oo, our model recovers the known two-states
solution at which the shell either remains completely attached to the substrate or completely detaches from it,
on a soft foundation our model predicts the emergence of a new branch of solutions. This branch corresponds
to partially adhered shells, where the contact zone between the shell and the substrate is finite and scales as
£, ~ (B/K)"*. In addition, we find that the criterion for delamination depends on the total length of the shell
along the curved direction, L. While relatively short shells, L ~ ¢,,, transform continuously between adhered
and delaminated solutions, long shells, L > ¢,,, transform discontinuously. Notably, our work provides insights

into the detachment phenomena of thin elastic sheets from soft and adhesive foundations.
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I. INTRODUCTION

Over the past few decades there has been renewed interest
in the elasticity of slender bodies and their interaction with
soft and adhesive foundations [1-23]. The motivation to study
these systems comes from a wealth of technological appli-
cations that require control over the contact between such
objects. For example, in the field of stretchable electronics
and soft robotics [24], thin layers of electrical actuators are
frequently placed on top of elastomeric robotic arms [25].
These arms are required to operate under extreme mechan-
ical deformations while maintaining contact with the upper
sensors. Any detachment between the two layers can po-
tentially drive the deterioration of such devices. In contrast,
some applications are motivated by the opposite functionality,
which is to develop nondestructive methods for the removal of
thin elastic layers from their adhesive surfaces. For example,
many human diseases are initiated by the accumulation of
plaque on the inner walls of arteries. This plaque corresponds
to thin layer of bacteria that in the continuum limit can be
viewed as a viscoelastic thin layer, or to leading order, as a
thin elastic sheet. Recent studies developed a technique that
utilizes wrinkles, which are regular undulations on the free
surface of the thin film, to initiate detachment between the
unwanted bacteria and the inner wall of an artery [26-29].
Furthermore, another motivation to study these adhesive in-
teractions is related to geophysical systems [30,31], where
glaciers are modeled as thin elastic beams that are resting on
soft foundations with isolated regions of uplifting pressure.
The criterion for the expansion of these isolated regions due to
the underlying pressure, i.e., delamination, is usually obtained
from the classical theory of fracture mechanics.
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In the above examples the thin film was assumed flat in
its rest configuration. However, in many cases these films
accommodate nonzero curvatures even in their stress-free
representation, i.e., they behave as shells rather then plates
[32]. While in artificial materials shells emerge due to some
predesign conditions, such as variations in the crosslink den-
sity along the thickness of a gel [33], in nature they emerge
spontaneously due to irreversible processes that involve, for
example, differential growth of internal fibers [34,35]. Despite
the ubiquitous nature of these elastic structures, less attention
was given in the literature to their interplay with an adhesive-
compliant foundation and, moreover, to their effect on the
detachment criterion. This criterion refers to the ultimate
state of the system beyond which the shell detaches, either
completely or partially, from the substrate. A numerical study
that did considered this interaction was recently presented
in Ref. [36], where a closed cylindrical shell was pulled
from an adhesive foundation and revealed different regions
in the force-displacement diagram. Another example, albeit
without delamination, was presented in Refs. [37,38]. In
this paper, elongated striplike shells with constant Gaussian
curvature were placed on a fluid substrate. The interplay
between the intrinsic curvature of the shell and its ability
to stretch and bend in response to the hydrostatic pres-
sure of the fluid resulted in rich morphological wrinkled
structures.

In the present paper we aim to derive the detachment
criterion at which a thin cylindrical shell with constant radius
of curvature, ¥ ', and bending modulus, B, first delaminates
from an adhesive substrate with stiffness K, and adhesion
energy, w,q. Hereafter we use the term “cylindrical shell”
to denote thin elastic sheet with constant natural curvature,
k, that has two free edges. The analysis of this system in
the case of a rigid substrate, K — o0, is well known ([39],
p- 52) and relies on a boundary condition that prescribes
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FIG. 1. Schematic overview of the system. (a) We consider a cylindrical shell that in the rest configuration has radius of curvature, !, and
total length 2L. Since the shell is inextensible the arclength parameter, s € [—L, L], remains unchanged between the undeformed and deformed
configurations. Initially the shell is brought into contact with the adhesive substrate and then released to obtain the equilibrium configuration.
(b) The final configuration can either remain completely adhered to the substrate, £ = L, or partially adhered to the substrate, £ < L. In either
case, the profile is symmetric around s = 0. In the case of partial adhesion, the center of the shell remains adhered to the substrate (solid
orange), and the tails (solid blue lines) are detached from the substrate. The deformed configuration is determined by four fields, /,(s) and
¢.(s) in the adhered region and A, (s) and ¢,(s) in the delaminated region.

discontinuous bending moments at the edges of the delam-
inated portion [16,40-44]. This analysis implies that below
K < Ker = 2/ lee, Where Lo, = (B/waq)'/? is the elastocapil-
lary length scale [45], the shell remains completely adhered
to the substrate, whereas above this critical value the shell
completely detaches from the substrate. Evidently, this cri-
terion neither depends on the total length of the shell, nor
does it allow any partial contact with the substrate. Herein
we show that when the assumption on the infinite rigidity
of the substrate is relaxed, i.e., K is finite, new branch of
solutions emerges. The properties of these solutions deviate
significantly from the observed behavior on a rigid substrate.

Our new solution relies on a previous work that considered
the delamination of a uniaxially compressed sheet (not a shell)
from soft and adhesive substrate [46]. In this formulation
the interplay between the softness of the substrate and the
adhesion energy was taken care of by a new boundary con-
dition that allows continuous transition of momentum across
the point of delamination. In particular, the new boundary
condition accounted for the height of the sheet at the point of
detachment, instead of the bending moment. In the respected
limit of a rigid substrate the new, continuous, formulation
converged into the known solution on a rigid substrate [16]
up to narrow transition layers that are accommodated close to
the take-off points.

Differently, when this new formulation is applied in the
present cylindrical system it opens the door to a new branch of
solutions that is qualitatively different from the solution on a
rigid substrate. Within this new branch there are mechanically
stable states with partial contact between the shell and the
substrate. The length of the contact zone in these solutions
scale as £ ~ ¢,,, where £, = (B/K)l/4 is the wrinkling length
scale [9,17,47], and therefore diminishes to zero as K in-
creases. In addition, we show that within the new branch the
delamination criterion depends on the total length of shell,
2L. When 2L < 24, >~ 5.54¢,, the adhered-to-delaminated
transition is continuous, i.e., of a second order, and is delayed
compared to the corresponding criterion on a rigid substrate.
However, when 2L > 2¢, the adhered-to-delaminated transi-
tion is discontinuous, i.e., of a first order, and preempts the
corresponding criterion on a rigid substrate.

The structure of the paper is as follows. In Sec. II we
formulate the problem and derive the solution of this model
in the case of a rigid substrate. In Sec. III we derive an
approximated solution to shells that are partially adhered to
the substrate and compare it with the numerical solution of
the nonlinear equations. In Sec. IV we derive the delamination
criterion. This section is divided into two parts. While in the
first part we derive an approximated solution to shells that
are completely adhered to the substrate, in the second part
we analyze the transitions between adhered and delaminated
solutions. Last, in Sec. V we conclude and summarize our
main results.

II. FORMULATION OF THE PROBLEM

We consider an inextensible cylindrical shell with radius of
curvature k!, bending modulus B, and total length 2L, that
is adhered to a soft substrate with stiffness K and adhesion
energy w,q, see Fig. 1(a). Given these physical constants, our
goal is to develop a theoretical model that predicts the final
configuration of the shell.

The deformation of the shell is described by two fields,
one is the height function i(s) and second is the tangent angle
¢(s), where s € [—L, L] is the arclength along the center axis
of the shell, see Fig. 1(b). The latter two fields are related by
the geometric constraint,

dh

— =sin¢. 1

75 ¢ ey
The total energy of the system has two contributions.

One from the adhered region, s < |£|, and second from the

delaminated region, s > ||,

E[h(s), 9()] = Ealha(s), ¢a(s)] + Ealha(s), pa($)],  (2)

where in the forthcoming analysis we use the subscript and
superscript “a” and “d” to denote quantities that are calculated
in the adhered and the delaminated regions of the shell. In
addition, we emphasize that the contact zone 2¢ [see Fig. 1(b)]
is a priori an unknown quantity; it will be determined from
our analysis such as to minimize the total energy. While E,

accounts for (i) deviations from the natural curvature, «, (ii)
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the deformation of the substrate, and (iii) the adhesive inter-
action between the shell and the substrate, the delaminated
energy, E;, penalizes only bending deformations. Therefore,
the energies in the corresponding regions are given by

1B (dg, K,
Ea=2/ >\ 2y —K —G—Eha—wad ds, (3a)
0

_ L B d¢d 2

Since we anticipate the final solution to be symmetric
around s = 0, we consider only one-half of the shell (s > 0)
and multiply the energy by a factor of 2. In addition, we
assume a Winkler-type foundation that penalizes deviations
from the stress-free configuration as in a series of linear
harmonic springs [48,49]. We note that if the deformation of
the substrate remains small compared with its flat, stress-free,
configuration, then Winkler’s energy becomes equivalent to
that of a fluid foundation [8,46]. In the case of a fluid substrate
the proportionality constant is given by K = pg, where p is
the fluid density and g is the gravitational acceleration.

Overall, our system is defined using five independent
constants, L, x, B, K, and w,q, that yields four independent
length scales. The total length 2L, the radius of curvature kL
the capillary length scale, £. = (w,q/K)"/?, and the elasto-
capillary length scale £.. = (B/w,q)"/?. Note that the latter
two length scales yields the wrinkling length, £,, = (B/K)"/4,
that does not depend on w,y but yet will play a role in our
formulation.

To obtain the equilibrium configuration of the shell we
need to minimize the total energy, Eqs. (2) and (3), given the
geometric constraint, Eq. (1). To do that, we first normalize all
lengths by £,, = (B/K)"/* (i.e., s — s/£y,) [50], the energy
by B/{,, and the adhesion by (BK )72, Second, we follow
the kinetic analogy in Ref. [7] and write S = 2( foe L.ds +

feL Lads), where

1 (de, S| dh,
L, = < ¢ —/c) +—h2—wad—p2<sin¢a— ),

2\ ds 2 ds
(4a)

1 (ddy S dhy
Ly = 5( s /c) - P, <s1n¢d — E) (4b)

In these equations pf}(s) and pi(s) are Lagrange multipliers
that enforce the geometric constraints in each region, Eq. (1)
[51]. Physically these multipliers account for the total vertical
force that the substrate exerts on the shell [46,52].

Third, we minimize Eq. (4) with respect to ¢;, h;, and p),
(i = a, d). This gives the following equilibrium equations in
the adhered region:

d’¢.
s + pjcosp, = 0, (5a)
dpj,
—h, =0, 5b
s (5b)
dh, .
—sing, =0, (5¢)
ds

and in the delaminated region,

d2
W(bzd + p cos g = 0, (6a)
dp}
—Zh 0, 6b
ds (6b)
dh
4 singy = 0. (6¢)
ds

Equations (5) and (6) form a closed system of equations
once they are supplemented with nine boundary conditions;
eight boundary conditions are necessary to solve Egs. (5) and
(6) and one to obtain the parameter £. The symmetry of the
profile at s = 0 gives

$4(0) =0, (7a)
P3(0) = 0. (7b)

Continuity of the elastic shape and of momentum at s = ¢ are
taken care of by

ha(€) = ha(0), (8a)
a(l) = ¢a(0), (8b)
dba ) _ 494
7, (O =—=, (8¢)
Pie) = pi(e). (8d)

Vanishing of forces and moments on the free edge of the
delaminated section gives

Py =o, (92)
dog .
K(L) =K. (9b)

Last, minimization of the total energy with respect to the
parameter £ yields the ninth boundary condition. This bound-
ary condition is essentially equivalent to Griffith’s theorem,
which relates the interfacial toughness of the material to the
energy release rate [16,40,41,53-55]. Following Appendix B
in Ref. [46] we find the following condition:

ha(€) = /2wy (10)

This completes the formulation of the problem. In sum-
mary, given the total length, 2L, the natural curvature of
the shell, x, and the adhesion energy, w,q, we can find the
equilibrium configuration from the solution to Egs. (5) and (6)
and the boundary conditions Eqs. (7)—(10). In the following
analysis we explore the energetical interplay between two
possible solutions, one corresponding to shells that are com-
pletely adhered to the substrate (£ = L) and, second, to shells
that are partially adhered to the substrate (£ < L). We will
look for the critical natural curvature at which delamination
becomes energetically favorable over the laminated solution.
The total energy of a given shape is obtained from Egs. (2)
and (3).

A. The limit K — oo

We add a comment regarding the limit of a rigid sub-
strate, K — oo. Retrieving dimensions into Eq. (10) gives
ha(€) = /28, where £, = (waq/K)"/? is the capillary length
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scale. Apparently, taking the limit K — oo leads to a singular
formulation because h,(¢) — 0, and the problem becomes
independent on wyy [56].

There are two routes to resolve this apparent singularity.
The first route corresponds to our direction for obtaining the
solution, i.e., no matter how stiff the substrate is, the height
h,(£) must always assume a finite value. The limit K — oo is
thought only in the corresponding solution of the equilibrium
equations. The second route corresponds to taking the limit
K — oo in the elastic energy, even prior to minimization. This
method is known to yield a discontinuous profile in the sense
that the final configuration accommodates a discontinuity in
the bending moments at the point of delamination [41].

Indeed, keeping in mind that on a rigid substrate d¢,/ds =
0, and in the free edge d¢,/ds = k, we can immediately
calculate the total energy of the shell from Eqs. (2) and (3).
This gives E = 2f(%l(2 — Wyq). Minimization of this energy
with respect to ¢, i.e., dE /d{ = 0, gives the following delam-
ination criterion:

rigid substrate: ko = v2wa, = Koo = V2/lec, (11)

where hereafter expressions given after an arrow correspond
to the dimensional form of the preceding formula. When
dimensions are retrieved into Eq. (11) we recover the familiar
relation between the critical curvature and the elastocapillary
length scale [16,39,41,57]. For a later comparison, note that
Eq. (11) neither depends on the total length of the shell,
2L, nor on the contact zone 2¢. Consequently, below the
critical curvature, k¥ < k¢, the shell is completely adhered to
the substrate, and above the critical curvature, ¥ > k, it is
completely detached from the substrate.

Although the two routes converge in the limit K — oo,
they deviate when K is assumed finite in the first route. As
we shall see in the next section, this deviation is manifested
both in the resulting shape of the shell and in the detachment
criterion.

III. APPROXIMATE SOLUTION TO PARTIALLY
ADHERED SHELLS

In this section we seek an approximated solution to the
problem under the assumption that w,g < 1. This assumption
has two consequences. First, using our normalization conven-
tion, Wag = (£e/Ly)* and £, = (Lelee)'/?, it implies the scale
separation,

le < by K e 12)

Second, it allows us to linearize the equilibrium equations in
the adhered region, i.e., using the approximation /,(s) < 1.
This is because the height at the point of delamination is
proportional to the small parameter, A,(£) o w;éz ~ £, [see
Eq. (10)]. Nonetheless, the delaminated region of the shell is
in general not restricted to small deviations from the flat con-
figuration, and therefore we keep its associated nonlinearities.

Solving Eq. (6) along with the linearized form of Eq. (5),
ie., d*h,/ds*+h, =0, we obtain the following height

functions:

\/—[cosh(ZqZ) — cos(2g£)]'/?

ha(s) = /2 i .
(s) Wad Sln(2q£) — smh(2q£)
x [e7" cos(gs — @a) + €% cos(gs + )], (132)
/’ld(S) = (Zwad)1/2 + COS(KE + <,0d) 1 — COS(/{S + (pd) ’
ke cos(kl + @g)
(13b)

where ¢ = 1/+/2 is the wave number of the profile in the
adhered region and

1 + cot(g¢) tanh(g¥)
1 — cot(gt) tanh(qé):|’

cosh(2¢g£) — cos(2g¥¢)
sinh(2g£) — sin(2gf)’

are the phase shifts [58]. In the derivation of Egs. (13) and
(14) we used only eight out of the nine boundary conditions.
To satisfy the ninth boundary condition this solution must
be supplemented with the following equation that relates the
natural curvature and the adhesion energy to the contact zone:

sinh(2¢{) + sin(2qf) K
sinh(2gl) — sin(2gl) ~ Qwaq)"/?’

Given « and w,y we can now solve Eq. (15) to obtain £.
Following the graphical solution of this equation in Fig. 2(a),
we find that up to k/(2waq)"/? < 0.94 no solution exists. At
/c,,/(Zwad)l/2 ~ (0.94 a delaminated solution with ¢, >~ 2.77
first becomes available [59]. When 0.94 < K/ Qwaa)'? <1
there are two possible solutions, one with decreasing values
of £ and second with increasing ¢, see the inset of Fig. 2(a).
As can be verified by direct substitution in the total energy,
Eq. (2), the former solution, with smaller values of ¢, is always
energetically favorable over the latter one. We note that this
subtlety of multiple solutions is similar in nature to obser-
vations made in other adhesion related systems [43,46,60].
Last, when « /(2w,q)'/? 21 the solution for £ is unique. In
the latter region, when the solution is unique, some analytical
approximation of Eq. (15) can be derived. Expanding the
left-hand side of Eq. (15) in powers of £ gives to leading order,

3 N K
27 (Qwa)' 2

This approximation is plotted in Fig. 2(a) (black dashed line)
along with the exact function (blue solid line). The two lines
deviate at large values of £ but tend to coincide starting from
¢ < 1.0.

We emphasize that even if a delaminated solution becomes
available, it yet may not be the global minimizer of the
problem. The experimentally observed pattern is selected
among all possible solutions, adhered and delaminated, such
as to minimize the total energy. Further discussions on these
adhered-to-delaminated transitions are kept to the next sec-
tion.

This completes the approximated solution. In summary,
given the natural curvature of the shell, «, and the adhesion
energy, w,q, we first obtain £ from Eq. (15) and then determine
the height profile from Eqgs. (13) and (14). In Fig. 2(b) we

@q = tan™"! [

@a = =Lk +2q(2waq)"? (14)

15)

(16)
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FIG. 2. Solutions to Eq. (15) and plots of the shell’s configuration. (a) Graphical solution of Eq. (15). The parameter « /(2w,q)

-2 -1 0 1 2

X(s)

172 is plotted

as a function of the normalized adhered length, £. While the solid blue line represents the function on the left-hand side of Eq. (15), the black
dashed line represents the approximated solution at small £, which is k& /(2w,q)'/? > 3/£2, see Eq. (16). The open red circles represents the
numerical solution of the nonlinear equations at « /(2w,q)'/? that are considered in panel (b). Inset: Zoom-in the area indicated by the dashed
light gray rectangle. Up to k,/(2waq)"/? >~ 0.94 there is no solution to Eq. (15). At this critical value partial adhered solution with £, ~ 2.77
first becomes available. Above it, 0.94 < k/(2w,qe)"/? < 1, there are two possible solutions, one with £ < 2.77 and second with £ > 2.77; the
former solutions are energetically favorable over the latter ones. Beyond « /(2w,q)'/? 2 1 the solution is always unique. (b) The profile of the
shell is plotted for several values of the parameter « / (2waq)"? where 2L = 10 and wyq = 0.05. The analytical solution (solid lines) is compared
with the numerical solution (dots) of Egs. (5) and (6). In both cases orange and blue colors correspond to adhered and delaminated regions,
respectively. For clarity, the different profiles of the shell are shifted along the y direction. Keeping in mind the even parity of the solution,
the analytical profile in the adhered region, (s, h,(s)), is given by Egs. (13a) and (14), where ¢ is determined from Eq. (15). The delaminated

profile (x,(s), hy(s)) is given by Egs. (13b) and (14), where x,(s) = £ + f; cos ¢y (s')ds'.

plot this solution for a given w,q and for several values of
k, and compare the results with the numerical solution of
the complete set of nonlinear equations. The relatively good
fit between the two solutions, approximated and numerically
exact, essentially validates our set of simplifying assumptions.

We add several comments regarding this solution. First,
although the total length of the shell, 2L, appears in our
boundary conditions, Eq. (9), it does not play a role in
Egs. (13)—(15). This is because the delaminated part of the
shell is free, and therefore an extension of the total length
by some increment does not change the energy of the body.
One may then ask the following question: What happens if
L < ¢, where ¢ is the solution of Eq. (15)? In that case our de-

laminated solution does not even exist because the boundary
condition at the shell’s edge, Eq. (9b), is not properly satisfied.
Consequently, although L does not explicitly appear in this
solution, it does have an effect on the resulting morphology in
some range of the parameter space.

Second, retrieving dimensions into the right-hand side
of Eq. (15) we find that «/+/2w.q — k/(v/2/€ec), Where
lee = (B/ Waa)'/? is the elastocapillary length scale. Indeed,
although our formulation does not involve this length scale
explicitly, it appears naturally in the boundary conditions.
We note that scaling argument for the geometrical interplay
among £, £,,, and k that gives rise to £.. was given in Ref. [45]
regarding another adhesion related system.
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Third, the total elastic energy of this partially adhered so-
lution is obtained from Eq. (3a), i.e., the adhered region. Ob-
viously, the energy of the free, delaminated, region, Eq. (3b),
vanishes [61]. Substituting Egs. (13a) and (14) in Eq. (3a) and
integrating gives

E(k/(2waa)'?, €)/wa

=2 L 2—1 S L
N (2Qwyg)!/? (Qwyg)'/?

" cosh(v/2€) — cos(+/2¢)
sinh(v/2¢) — sin(+/2¢)
44/2[cosh(v/2€) — cos(+/2¢)] sinh(+/2¢)
[sinh(+/2¢) — sin(v/2)]2

. A7)

where we substituted ¢ = 1/4/2 in order to simplify the
final expression, and we keep in mind that £ is determined
from Eq. (15). Note that Eq. (17) essentially depends on the
parameter k /(2w,q)'/? and not on « alone.

Last, comparing this solution with the solution of a rigid
substrate, Sec. Il A, we can already point to the first and
important deviation between them. When the assumption on
the substrate’s stiffness is relaxed new branch of solutions
emerges. This branch corresponds to partially adhered shells
where the contact zone, £/¢,, (in dimensional form), remains
finite. Within this solution, the limit of a rigid substrate is
recovered when £,, = (B/K)'/* — 0.

IV. TRANSITIONS BETWEEN ADHERED
AND DELAMINATED SOLUTIONS ON SOFT SUBSTRATE

In this section we derive the adhered-to-delamination cri-
terion. For a given strength of the adhesion energy, w,q, we
are interested in obtaining the critical curvature, k., at which
delamination first occurs. To do that, we divide the section
into two parts. In the first part we derive the solution of a shell
that is completely adhered to the substrate and calculate its
total energy, and in the second part, we compare the energies
of the two solutions, delaminated and adhered, and derive the
delamination criterion.

A. Solution to completely adhered shells

In this section we aim to find the energy of shells that are
completely adhered to the substrate. Since adhesion no longer
affects the final configuration, we anticipate this solution to
depend only on three, out of the four, independent length
scales, £, = (B/K)'/*, L and k.

In the previous section we showed that delaminated solu-
tions become available when «/(2w,q) ~ 1. Since we antic-
ipate an adhered-to-delaminated transition around this value,
and w,q was assumed small, we will restrict ourselves in this
section to cases where k < 1. To obtain the height function
of the shell under this approximation, we linearize Eq. (§) and
solve them together with four boundary conditions; two at s =
0, Eq. (7), and two at the free edge, Eq. (9). To differentiate
between this completely adhered solution, and the previous,

partially adhered solution, we will use the subscript ‘ca’ on
the corresponding quantities. The solution reads [62]

k[cosh(2¢gL) — cos(ZqL)]l/2

h =
«l8) = 5 Alsinh(2gL) + sin(2qL)]
X [e7%" cos(gs — @ea) + €7 cos(gs + ¢ca)],  (18a)
1 t(gL) tanh(gL
Gea = tan~! + cot(gL) tanh(gL) ’ (18b)
1 — cot(gL) tanh(gL)

where ¢ = 1/+/2. Indeed, in this linearized solution the height
profile is proportional to «, which is our small parameter.
In Figs. 3(a) and 3(b) we plot this height profile for several
values of L, and compare it with the solution of the nonlinear
equations, Eq. (5).

Examining the resulting shapes we identify two distinct
limits within this linearized solution. When the total length of
the shell is smaller than the characteristic decay length, i.e.,
gL < 1, the configuration remains approximately circular.
This configuration is extensive in the sense that its maximum
amplitude scales with L. When the shell is very long, gL > 1,
the deformation becomes localized around s = L at a narrow
region of length ~1/g. In both limits the approximated form
of Eq. (18) and their corresponding energies, Eq. (3a), are
given by

kL? [ 352 Lok?
qL K 1:he,(s5) = ?(ﬁ - 1), Eey — Ey 5 (192)
K .
4L > Lihea(s) = 3 3¢ " [o0s(g?) = sin(g )],
Eeo — Ey ~ Li?, (19b)

where ¢ = L — s measures the relative distance from the
edge, E, = —2Lw,q is the adhesion energy, and to derive
the solution in Eq. (19b) we neglected the boundary condi-
tions at s = 0, Eq. (7). In addition, to derive the energy in
Eq. (19b) we kept terms of order «L in tact, but neglected
terms of order e~¢" and k. These approximations are plotted
in Fig. 3 (dashed black lines) along with the linearized (solid
orange) and exact numerical solutions (dots). While Fig. 3(a)
corresponds to relatively short shells, where Eq. (19a) holds,
Fig. 3(b) correspond to long shells, where Eq. (19b) holds. At
approximately L ~ 2.5 we find a transition between the two
limiting solutions. Indeed, comparing the energies of the two
approximations, Egs. (19a) and (19b), gives the critical length,
L ~2.59. In addition, in Fig. 3(c) we plot the maximum
height of the profile, h.,(L). When L <« 1 the maximum
height growth parabolically as he, = kL?/3, see Eq. (19a),
and when L >> 1 it saturates and approaches an ultimate value
of heo(L) = k/(2¢%), see Eq. (19b).

As is further discussed in the next section, this transition
between extensive and localized shapes affects the adhered-
to-delamination transition. While relatively short shells trans-
form continuously into a delaminated state, long shells present
discontinuous jump.

Last, we calculate the energy of the linearized profile.
Substituting Eq. (18) in the total elastic energy of the adhered
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FIG. 3. The height profiles of completely adhered shells (x = 0.3). In panels (a) and (b) solid-orange lines correspond to the solution of
the linear equations, Eq. (18), dots to the numerical solution of the nonlinear equations, Eq. (5), and dashed black lines to the approximations,
Eq. (19). For clarity, the profiles are shifted along the y direction. While relatively short shells are plotted in panel (a) and are approximated by
Eq. (19a), long shells are plotted in panel (b) and are approximated by Eq. (19b). The circular approximation to the elastic profile breaks down
at L ~ 2.5. (c) The maximum height of the shell as a function of the total length. When L is small the height is proportional to A, (L) = xL*/3
[see Eq. (19a)], and when L is large the maximum height saturates and equals /¢, (L) = « /(24%) [see Eq. (19b)]. As in previous panels, dots

corresponds to the numerical solution of Eq. (5) and solid orange line to Eq. (18).

region, Eq. (3a), and integrating gives,

Eca(K/(zwad)l/Zv L)/ Waa

ol —L ’ 1
[(2wad)1/2} -

+23/2[ K :Izcos(ﬁL) — cosh(v/2L)
(2waa)'? | sin(+/2L) + sinh(v/2L)

where in order to simplify the final expression we substituted
g = 1/+/2. Equation (20) reduces to the expressions given in
Eq. (19) in their respective limits of approximations. Note that
similarly to Eq. (17) this energy depends on the parameter
Kk /(2waq)'/?, and not on « alone. Note also that the solution
derived in this section is limited by the assumption that k < 1,
i.e., the natural radius of curvature of the shell must be much
larger than the characteristic wrinkling length scale. This
restriction is equivalent to the requirement that the amplitude
of the resulting elastic shape remains small.

(20)

B. Adhered-to-delamination criterion

In this section we drive the delamination criterion, i.e.,
given w,g and L we look for the critical curvature, k., and the
critical contact zone, £, at the adhered-to-delamination tran-
sition. In accordance with the standard terminology of critical
phenomena, k and m = (L — £)'72 will be referred to as the
control and order parameters of the transition respectively.

This section is divided into two parts. In the first part we
present the evolution of the energy landscape, AE = E — E,,
as a function of the control parameter «, and highlight two
different regions in its behavior with respect to the total length
of the sheet. In the second part, we derive an approximated
quantitative criterion for the delamination in each region.

1. Qualitative analysis of the energy landscape

As a first step in the analysis we focus on the evolution
of the energy landscape. Following Ref. [63] we calculate the
energy difference,

AE = E(k/Quwa)'""*, €) — Ecalic /Quaa)/*, L), (21)

where E(k/(2waqg)'/?, £) and Eco(k/(2Qwag)'/?, L) are given
by Egs. (17) and (20) respectively. Two examples for the
typical evolution of AE as a function of «/(2w,q) and ¢,
where L = 6 and L = 2, are plotted in Fig. 4. These examples
suggests that the adhered-to-delamination transition behaves
differently depending on whether L > ¢, or L < £,. We re-
mind the reader that ¢, >~ 2.77 corresponds to the contact
zone at which delaminated solution first becomes available,
see Fig. 2(a).

On one hand, if L > ¢, [Fig. 4(a)] the energy landscape
exhibits a first order transition. Namely, when « /(2w,q)"/? <
0.94, the global minimizer is always £ = L. At k /(2wyq)"/? =~
0.94 an inflection point (spinodal) appears in AE, but yet
the global minimizer is unchanged. When « /(2w.q)"/? > 0.94
new local minima appears. This minima becomes the global
minimizer when «/(2wyq)'/? > 1. On the other hand, if L <
£, [Fig. 4(b)], then the energy landscape exhibits a second
order transition. The global minima is £ = L until «/(2w,q)
is crossing a certain threshold. Beyond this threshold, £ is
continuously decreasing to zero.

The different behavior of the transition as a function of
L can be explained from the graphical solution of Eq. (15),
see Fig. 2(a). Indeed, one can verify that minimization of the
energy landscape, Eq. (21), with respect to £ gives this equa-
tion. If L > ¢,, then the inflection point in AE corresponds to
the critical confinement « /(2w,q)"/> ~ 0.94 at which the de-
laminated solution becomes available. The system then jumps
into this new solution, as in a first order transition, when it
overcomes some energetical barrier [64], or when the control
parameter is made large enough. Contrary, when L < £, the
delaminated solution does not even exist if the solution of
Eq. (15), i.e., £, is greater than total length, L. In that case, the
transition is delayed until k /(2w,q)"/? is made large enough so
as the solution of Eq. (15) satisfies £ = L. Beyond this critical
point, delamination progresses continuously according to the
solutions of Eq. (15).

2. Approximated quantitative criteria for delamination

As a second step in the analysis we are interested to derive
quantitative criteria for delamination. For this reason, we will
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FIG. 4. Examples of the energy landscape for two different total lengths, (a) L = 6 > ¢, and (b) L =2 < £,. In both panels the energy
difference, Eq. (21), is plotted as a function of the adhered length, ¢, for several values of k /(2w,q)"/?. The blue dots on each curve indicate
the local minima. While the behavior depicted in panel (a) corresponds to a discontinuous, first order transition, the behavior in panel

(b) corresponds to a continuous, second order transition.

assume that at the transition the energies of the two solutions,
adhered and partially adhered, coincide. Of course, if the
transition is of a first order, then the system yet needs to cross
some energetical barrier to jump into the new equilibrium
state. Keeping in mind that the contact zone is determined
from Eq. (15), we obtain a system of two equations for the
two unknowns ., and £,

AE: E(L zcr> = Eca(L,L), (22a)
(Qwyq)'/? (Qwyq)'/?
Ker sinh(2g£.) + sin(2qf.;)
(zwad)]/2 - Sinh(zqgcr) - Sin(zqgcr)’
(22b)

Since both energies depend on the parameter i /(2wq)'/?
we can just substitute the right-hand side of Eq. (22b) in
Eqg. (22a), and obtain an equation for £,

E(ecr) - Eca(ecra L) =0, (23)

where L is a free parameter. In Fig. 5(a) we plot the solutions
of this equation as a function of L.

When L < £, we find that Eq. (23) has the unique solution
£ = L. Substituting this solution in Eq. (22b) gives the
critical curvature at the onset of the instability,

soft substrate (L < £,):
1/28inh(2gL) +sin(2qL) _ Qw,a)'/?

sinh(2gL) — sin(2qL) ~— 2’
L.
177
where the last equality is the leading order expansion in power
of L [65].

After the initial detachment the adhered length £ is deter-

mined from Eq. (15), or by its approximated form, Eq. (16).

Note that within the latter approximation the order parameter
at the vicinity of the instability is given by,

Ker = (2Waq)

= ke ~ 332 (24)

(Qwaq)'/?

1/4
m (3/4>‘/4[ ] [k — ker) /Kl 2, (25)

Ker
with a critical exponent of 8 = 1/2, that is expected from a
continuous, second order transition. In Fig. 5(b) we plot the
detachment criterion, Eq. (24), in comparison with Eq. (11),

that corresponds to the criterion on a rigid substrate. Evi-
dently, in this region of the parameter space delamination is
delayed compared to the expected behavior on a rigid sub-
strate. In other word, decreasing the stiffness of the substrate,
K, or the total length, L, increase the critical curvature x, at
which delamination occurs.

When L > ¢, new branch emerges in the solution of
Eq. (23), see Fig. 5(a). Notably, the new branch quickly
converges to a constant £¢, = 7/ V2 < ¢£,, which is indepen-
dent on L. Since solutions with ¢ > ¢, are always higher in
energy compared to solutions with £ < £, [see Fig. 2(a)],
the new branch is energetically preferable over the previous
one, £., = L. We note that other branches bifurcate from the
unstable branch, ¢, = L, beyond L > ¢,, however, they are
not shown in Fig. 5(a). These branches correspond to solutions
with £ > £,, and therefore are unstable.

To approximate the critical curvature and contact zone in
the new branch we employ the long shells approximation
and expand k¢ and £, in powers of 1/L. Solving Eq. (22)
perturbatively within this expansion gives,

soft substrate (L > £,):

a
Ker = (zwad)1/2<1 + z]),

V2 Ew
= Ko o (1 + a1f>, (263.)
b b]
b~ + 2L,
«x 4]
s Ly
= Ll > 7 + blf Luys (26b)

where a; = (1 —cothw — 1/sinh7)/+/2 and by = (1 +
coshm —sinh)/4 are negative and positive constants re-
spectively. Equation (26b) is plotted in Fig. 5(a) along with
the exact solution of Eq. (23). While the two solutions,
approximated and exact, deviate close to L = /Z,, they tend
to coincide when L 2 4. Obviously, this branch of solutions
corresponds to a discontinuous transition. When detachment
occurs, the order parameter jumps from zero to a finite value,
m =~ (L — 7 /+/2)"/2, as in a first order transition.
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FIG. 5. Critical contact zone, £, and state diagrams of the adhered-to-delamination transition. (a) Solutions of Eq. (23) as a function of L.

Up to £, < £, the solution is unique and is given by £, = L (solid blue

line). At £, = £, (black dot) the solution bifurcates into two branches.

One corresponding to ¢, = L (dashed red line), and a new branch that converges to the constant £, (L > 1) ~ 7/ V2 (solid blue line). When
the long shell approximation is invoked for the latter branch, its asymptotic behavior is given by Eq. (26b) (dashed dotted black line). Since
the first branch corresponds to solutions with £ > £,, and the second to £ < £,, the latter set of solutions is always energetically preferable
over the first one. While stable solutions with L < ¢, transform continuously, as in a second order transition, into a deleminated state, stable
solutions with L > ¢, transform discontinuously, as in a first order transition. (b) State diagram of short shells (L < ¢,). The curvature, «, is
plotted as a function of the adhesion parameter, (2wyq)'/?, for several values of L. While blue and orange dots represents the critical lines at

which delamination occurs, i.e., the numerical solution of Eq. (22), the

corresponding dashed lines represents the approximation that is given

by Eq. (24). The solid black line corresponds to the delamination criterion of a rigid substrate, Eq. (11). For a given w,gq, the critical curvature
increases as the total length decreases. (c) State diagram of long shells (L > ¢, ), where the axes are as in panel (b). While orange and blue dots
corresponds to the numerical solution of Eq. (22) at different total lengths, dashed black line corresponds to the long shells approximation,
Eq. (26a). Solid black line is the rigid criterion, Eq. (11). As the total length increases the criteria on soft and rigid substrates tend to coincide.
Nonetheless, for any finite L and at a given w,q the delamination criterion on soft substrate slightly preempt the expected criterion on a rigid

substrate.

In Fig. 5(c) we plot the delamination criterion, Eq. (26a)
and compare the results with Eq. (11) for a rigid substrate.
In different from short shells, Eq. (24), now delamination
slightly preempts the rigid criterion. However, as the to-
tal length increases the the two criteria, on soft and rigid
substrates, tend to coincide. Indeed, in the limit of a rigid
substrate we have that, £, = (B/K)/* — 0, and therefore
Ker —> V2 /Lec and £, — 0, as predicted by Eq. (11).

This completes the adhered-to-delamination analysis. In
summary, given the adhesion energy and the total length, w,q
and 2L, we obtain the critical curvature and the contact zone,
ke and £, from the solution of Egs. (22). The solution of
these equations can be divided into two main branches. One
corresponding to short shells (L < £,), that undergo continu-
ous transition where £, = L and «; is given in Eq. (24), and
second corresponding to long shells (L > £,), that undergo
discontinuous transition where £ and k., are approximated
in Eq. (26). While in the first branch delamination is delayed
compared to the criterion of a rigid substrate, Eq. (11), in the
second branch delamination preempt the rigid criterion. In the
limit of a rigid substrate the bifurcation point [black dot in
Fig. 5(a)] is shifted toward the origin, such that the first branch
of solutions no longer exists and €., — O for all values of L.

V. CONCLUSIONS

In this manuscript we analyzed the delamination of a
thin cylindrical shell from a soft and adhesive foundation.
Following the analysis in Ref. [46] we derived a set of
nonlinear equilibrium equations, Eqgs. (5)—(10), that predict
the final configuration of the shell as a function of the system
parameters, L, «, B, K, and w,q. Notably, this formulation
guarantees continuous transfer of linear and angular momen-
tum across the point of delamination, ¢, and therefore provides

more realistic description of the detachment phenomena. In
different from the expected behavior on a rigid substrate, we
showed that the solution of these equations corresponds to
partially adhered shells that have finite contact zone.

An analytical approximation to these partially adhered
solutions was derived under the assumption that the adhesion
energy is small, w,y < 1. Within this approximation we found
that delaminated solutions are always energetically preferable
over adhered solutions, given that the natural curvature of the
shell, «, is made large enough compared to w,y. To facili-
tate comparison with experiments, the delamination criteria
that we found in Sec. IVB are summarized in Table I and
compared with the expected behavior on a rigid substrate.
Although the predictions of our theory have not been tested
experimentally, we can yet compare our delamination criteria
with the experiments reported in Ref. [37]. In the latter
experiments narrow strips of spherical shells were deposited
on a water substrate. Considering the typical parameters of
the shells, i.e., thickness 30 wm, Young’s modulus 1.5 MPa,
radius of curvature 4-15 cm and L/€, > 1, the softness
of the substrate, K = 10* N/m3, and the surface tension
Wag =~ 0.1 N/m, we find that the critical radius of curvature for
delamination is k' ~ 1072 cm, much smaller than consid-
ered experimentally. Indeed, delamination was not observed
in the latter experiments. Alternatively, changing the thickness
in the latter experiments to ~10~3 m, and keeping the other
parameters fixed gives k' ~ 3 cm, much closer to the range
of the prescribed natural curvatures.

We add several comments regarding the analysis. First,
although we did not mention it explicitly, the total length
of the shell, 2L, must always remain much larger than the
shell’s thickness. Otherwise, our reduced dimensional elastic
theory does not hold [39]. The thickness of the shell, ¢, enters
the formulation through the bending modulus B ot and
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TABLE I. Summary of main results in dimensional form.

Delamination criteria on soft and rigid substrates

EC[
Soft L<¢,=271¢, ~3ﬁ% [Eq. (24)] L
Substrate L>¢, =277¢, ~£(l - 0.06%‘“) [Eq. (26a)] N(% + 0.26‘%)&” [Eq. (26b)]
Rigid substrate all L V2 [Eq. (11)] 0

Lec

tl;elrefore affects the wrinkling length scale, £,, = (B/K)"/*
34,

Second, the validity of Winkler’s model and its ability to
approximate the complex deformation of an actual elastic sub-
strate has been discussed by several authors; see, for example,
recent review on the subject in Ref. [48], or the discussion
in Ref. [49]. In regard to our system, this approximation has
the obvious limitation that lateral deformations (shear) are
not taken into account in the calculations. This underlying
assumption of the model remains plausible as long as the sub-
strate is incompressible [3] and its deformation remains small
compared with its stress-free configuration. Indeed, both of
our approximated solutions in Secs. III and IV A complied
with this smallness requirement. While in the case of par-
tially adhered shells we assume that the normalized height at
the point of delamination remains small, 4(£/2) w:“{z <1,
in the case of completely adhered shells we assume that
the normalized natural curvature remains small ¥ < 1. Any
extension of this theory into regions that accounts for large
deformations of the substrate must take under consideration
nonlinear effects in the substrate’s response. These nonlinear-
ities can either be derived systematically as is considered, for
example, in Ref. [66], or can assume a phenomenological de-
scription that extends the validity of Winkler’s model [8,67].

Third, problems involving contact between two cylindrical
rings, without the support of an adhesive foundation, had
been previously considered, either when the two rings are
elastically deformable [68] or when only one ring is de-
formable and the other is rigid [69]. Note that due to the
periodic boundary conditions prescribed on these objects [70],
the minimizing configurations are always independent on the
spontaneous curvature, k. Differently, in our analysis the
elastic configuration has a free edge at s = L, and therefore
k enters the formulation through the boundary condition,
Eq. (9b). Considering the system in Ref. [68], one possible

extension that may include a nontrivial contribution of the
spontaneous curvature could be when an open circular ring,
i.e., with k¥ # 0, is encapsulating a longer closed ring. Under
this setup, the boundary conditions on the outer, opened, ring
will depend on its natural curvature. Furthermore, an even
more intriguing scenario would be to investigate the latter
setup, of an open ring that is encapsulating a closed ring, when
the whole system is supported on a soft foundation. We assess
that in this configuration, the adhered length between the outer
ring and the substrate will affect the contact length between
the two rings, at least in some range of the parameter space.

Fourth, in our model we neglected the energy of the menis-
cus. Indeed, as discussed in Refs. [14,46] this contribution is
of a higher order if one considers an expansion in powers
of w,y. Fifth, note that the elastic theory of inextensible
shells that undergo cylindrical deformation, i.e., with zero
Gaussian curvature, is similar to that of fluid membranes. The
adhesion of these membranes to an underlying substrate has
been the subject of many recent studies [71-73]. In particular,
the present formulation suggests new route to investigate the
adhesion of closed cylindrical vesicles to soft substrates [74].
Last, it would be of great interest to extend the present frame-
work into two-dimensional shells that encompass nonzero
Gaussian curvature. For example, one can ask the following
question: What are the delamination criteria of a spherical
shell or wavylike patterns [75] that are adhered to soft foun-
dations?
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