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Detection of boson peak and fractal dynamics of disordered systems using terahertz spectroscopy
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The boson peak is a largely unexplained excitation found universally in the terahertz vibrational spectra of
disordered systems; the so-called fracton is a vibrational excitation associated with the self-similar structure
of monomers in polymeric glasses. We demonstrate that such excitations can be detected using terahertz
spectroscopy. In the case of fractal structures, we determine the infrared light-vibration coupling coefficient
for the fracton region and show that information concerning the fractal and fracton dimensions appears in the

exponent of the absorption coefficient. Finally, using terahertz time-domain spectroscopy and low-frequency
Raman scattering, we experimentally observe these universal excitations in a protein (lysozyme) system that
has an intrinsically disordered and fractal structure and argue that the system should be considered a single
supramolecule. These findings are applicable to amorphous and fractal objects in general and will be valuable

for understanding universal dynamics of disordered systems via terahertz light.
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I. INTRODUCTION

The Debye theory predicts the behavior of acoustic
phonons in a D-dimensional crystalline system: The vibra-
tional density of states [v-DOS, g(v)] should follow a power
law, g(v) o v?, where v is frequency. In disordered materials,
however, an anomaly appears in the acoustic phonon mode
[1]. This so-called boson peak (BP) is a universal excita-
tion in the terahertz (THz) region, where propagating sound
waves end. The peak appears in the g(v)/v? spectrum of
many amorphous solids. The origin of this deviation from
the Debye model, while no doubt closely related to other
low-temperature thermal phenomena observed universally in
glassy materials [2,3], has long been an unresolved issue in
glass physics.

There are other instances of universal dynamics in amor-
phous materials. For example, in a polymer glass system, the
structure induced by the self-similar connectivity of structural
units in the polymer chain has been shown to lead to fractal
dynamics [4,5]. Fractal materials exhibit quasiparticle modes
known as fractons, and have a non-Debye v-DOS g(v)
v¥~1 Here d is the fracton dimension, which is independent
of the Euclidean dimension D and also not identical to the
fractal dimension of the material. Alexander and Orbach [4],
the originators of the fracton concept, have conjectured that
dy always takes the value 4/3 in percolation clusters.

Interestingly, universal dynamics similar to those of disor-
dered materials also appear in a few single crystals, which are
obviously not disordered systems. BPs or other amorphous-
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like thermal behaviors have been observed in thermoelectric
materials [6-9], pure relaxor materials [10], and atypical or-
ganic materials [11,12]. Theoretical studies [8,13—15] suggest
that in these materials, off-center large-amplitude anharmonic
vibration modes play a crucial role in the existence of uni-
versal glasslike thermal properties. Fractons have also been
reported in single crystals of pure relaxor substances [16,17].
The connection of the local dipole moment caused by the
dipole-dipole interaction in relaxors has a fractal structure and
it may be the key to explaining the large dielectric response.

The most direct and well-known methods for detecting
the BP excitation in actual glassy materials are those used to
investigate the v-DOS directly [18-21]: inelastic neutron or
x-ray scattering (INS/IXS) and inelastic nuclear scattering.
Whereas numerous studies have investigated BPs with low-
frequency Raman scattering [3,22-24] and low-temperature
specific heat [2,3,25,26], there have been only a few recent
THz spectroscopic studies of BP dynamics [27-30]. The-
oretical [31-35] and molecular dynamics (MD) simulation
[36-39] studies on BPs are also rapidly advancing. On the
other hand, relatively few studies have focused on fractons
[5,40—-42], particularly in the context of nanoscale dynamics,
and there are practically no studies of fractons using THz
spectroscopy [43]. This is because there is not yet sufficient
understanding of the interaction between THz light and the
v-DOS in the fracton region, even though there have been
numerous THz spectroscopic studies of polymer substances
since the late 2000s [44,45].

The THz spectroscopy is more suitable for systematic
spectroscopy of a large number of samples than INS/IXS
and is superior to Raman scattering for being able to perform
spectroscopy on samples that exhibit luminescence with a

©2020 American Physical Society


https://orcid.org/0000-0002-9443-594X
https://orcid.org/0000-0002-9522-6103
https://orcid.org/0000-0002-2866-7400
https://orcid.org/0000-0002-3431-0643
https://orcid.org/0000-0002-2166-3730
https://orcid.org/0000-0003-1933-9269
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.102.022502&domain=pdf&date_stamp=2020-08-27
https://doi.org/10.1103/PhysRevE.102.022502

TATSUYA MORI et al.

PHYSICAL REVIEW E 102, 022502 (2020)

visible light laser. In addition, the absolute values of optical
constants such as absorption coefficient can be determined,
and this means that if the interaction between THz light and
v-DOS is fully understood, then v-DOS information including
absolute value can be extracted via THz spectroscopy. For
example, the BP frequency as well as the BP intensity can
be determined, which would be a strong advantage of THz
spectroscopy.

The protein lysozyme is employed in this study as an
example of a polymer glasslike substance which might exhibit
a BP and fractons in the THz regime. For protein biological
function relying on its structural changes, nanoscale long-
range vibration is important for revealing the mechanisms of
structural dynamics such as oxygen transport [46]. Further-
more, irrespective of the type of protein, proteins universally
show a broad v-DOS in the THz region [47], which di-
rectly includes the information of elastic heterogeneity in the
nanoscale region [31]. Understanding the universal v-DOS is
important for elucidating and controlling elastic properties of
disordered structural systems. Although a protein molecule is
not an actual glassy material, low-frequency Raman scattering
has shown [48] that it has glasslike dynamics, even in the
case of a single crystal. This suggests that the protein system
has an intrinsically disordered and polymeric nature: It can
be viewed as a single supramolecule, in which each amino
acid and the whole structure of a single protein molecule
correspond to a monomer molecule and a polymer chain in
a polymer glass, respectively. The availability of structural
information about a single crystal of protein from the Protein
Data Bank (PDB) makes it possible to discuss the correlation
of the fractal structure and its THz dynamics.

In this work, we first formulate the infrared (IR) light-
vibration coupling coefficient Cig(v) in the fracton region,
modifying the Cr (v) model proposed by Taraskin et al. [49].
We find that the exponent of Cig(v) is almost identical to
that of the Raman coupling coefficient Cryman(v). Second,
in the THz spectrum of lysozyme, we observe a BP and
fractons and find that the slope of the absorption coefficient
in the log-log plot is identical to that of the Raman spectrum.
Third, we find that the observed value of the slope in the
fracton region is in good agreement with the value predicted
by the formalized Cir (v) and Craman(v) and is characterized
by the fractal and fracton dimensions. Finally, we estimate
the structure correlation length associated with the BP and the
characteristic wavelengths of the IR and Raman active modes.
These results suggest that universal dynamics are present
within a single protein molecule.

II. FORMULATION

In this section, we will derive a general formula for Cir (v)
in the fracton region. First, we briefly introduce the dispersion
relation of a fractal system [4,41,50]. In diffusive processes,
the mean-squared displacement (R?) obeys the characteristic
law

(R*) o 1%, (1

where ¢ is time and £ is a real parameter. In a normal diffusive
process, £ = 1/2. For fractal objects, however, the process is
more localized, and & < 1/2. In this case, the autocorrelation

function Py(¢) becomes Py(r) o< t P&, where D r is the fractal
dimension, and we immediately obtain the density of the
(fracton) vibrational modes as follows:

g(w) oc vt 2)

where d; = 2D'& is the fracton dimension. The relation
among &, Dy, and dy implies that in the § < 1/2 case, dy <
Dy. Therefore, for a fractal object, the dynamic fracton dimen-
sion is generally smaller than the static fractal dimension. In
a study by Rammal and Toulouse [50], the dispersion relation
of a fractal object with the assumption of length scaling was
found to be

by

vock, 3)

where k is the wave number. In the present work, we assume
that this dispersion relation holds in the fracton region of
a protein system. Note that 2k~ represents the localized
wavelength of the fracton mode rather than the wavelength
of a propagating plane wave.

Next, we show how Cir (v) behaves in a fractal system by
applying the dispersion relation to a universal model proposed
by Taraskin et al. [49]. CGir(v) is generally expressed as
[51,52]:

2
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where ¢;, m;, and e;(v) are the fixed but spatially fluctuating
atomic charges, mass, and vibrational eigenvector of fre-
quency v corresponding to atom i, respectively; £, represents
the high-frequency dielectric constant; and » is the atomic
number density. This expression is derived from the linear
response theory in the harmonic approximation for atomic
vibrations [51]. In the theory of Taraskin et al., g; is divided
into two parts: the uncorrelated, randomly fluctuating charge,
q1i, and the correlated charge that satisfies local charge neu-
trality, ¢»;. In a crystal system, q;; becomes 0 and ¢g»; = g;. The
charge components can then be recast in terms of uncorrelated
and correlated charge components (S; and S5, respectively) to
2

simplify Eq. (4):
2>
2n°n

= S1+ S5 [%), 5
= \/%(l 1+ 82107 5
where n = p/m, p is the density, m = N1 Zi m; (i runs over
atoms) is average mass, and N is the number of atoms in a
solid of volume V. If there is no correlation between ¢;; and
¢»i, then Eq. (5) reduces to:

21°n
me./€xo
It is easily found that the first term of Eq. (6) is a constant
[49,52]. In the second term, g»; can be considered the result
of charge transfers between nearest neighbors, i.e., g =
> 2 Agji» where j runs through all the nearest neighbors of

atom i and Agj; = —Ag;; represents the charge transfer from
the originally neutral atom j to the originally neutral atom i.

Cr(v) =

27%n

me./€xo

Cr(v) = <

D (@i + quie™™

Cr(v) = (IS117) + (1S21%). (©6)
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We assume that we are in the long-wavelength regime [52],
and the component S, is approximated by the right-hand side
of the following equation:

no <Z Agij(e™T — eik'r’)>
@)

~ kY Agye T (in 1)), (7
@j)
where r;; =r; —r;, r;;)=(@;+r)/2 and k =kf. We
therefore see that S, is proportional to k. When the dispersion
relation of the Debye model, i.e., v o k, is substituted into
Eq. (7), we obtain a quadratic frequency dependence in the
second term of Cig(v):

(I1S21%) oc k* oc 2. (8)

Taraskin’s universal functional form of Cig(v) in the Debye
case then becomes

Cr(v) = A + Bv2. 9)

We will now consider the frequency region above the BP
frequency [40], where we expect the appearance of fracton
modes. Rather than the Debye dispersion relation, we in-
sert the Rammal-Toulouse dispersion relation, Eq. (3), into
Eq. (7). The second term of Cir (v) then becomes

dr

(1521%) oc k2 oc v (10)

and the frequency exponent changes from 2 to 2dy/Dy. We
thus obtain the Taraskin form of Cir (v) in the fracton region:

4

Cr(v)=A + BV (11

Considering the behavior of the v-DOS expressed in Eq. (2),
we expect the frequency dependence of the absorption coeffi-
cient a(v) as follows:

a(v) oc pCr/Pp+dr=1 (12)

According to Boukenter et al. [53], a very similar relation
holds in Raman spectroscopy of fractal materials:

t[ft[¢

o (13)

The second term of Cir (v) is identical to Craman (v), €xcept for
the superlocalized exponent dy; in many cases, ds becomes 1.
We can therefore expect THz and Raman spectra to show the
same gradient in the fracton region.

CRaman(V) xXv

III. MATERIALS AND METHODS

A. Sample preparation

Lyophilized lysozyme powder from hen egg white at room
temperature under atmospheric pressure was used, without
further purification. This is a representative global type of
single-domain protein with 129 amino acid residues and a
molecular weight of 14.3 kDa. The sample used for this
study was purchased from Wako Pure Chemical Industries,
Ltd. For measurement, a pressure of 1 MPa was applied to
the lysozyme powder to prepare a disk-shaped pellet. The
THz and Raman spectroscopies for the fracton region were

performed with the same sample subsequent to evacuation in
a vacuum chamber for 12 h.

B. Terahertz time-domain spectroscopy

A terahertz time-domain spectroscopy (THz-TDS) system
(RT-10000, Tochigi Nikon Co.) and a liquid-helium flow
cryostat system (Helitran LT-3B, Advanced Research Sys-
tems) [28,30,54,55] were used with the standard transmission
configuration for temperature-dependent measurements in the
frequency range of 0.25-2.25 THz from 13 to 295 K. Low-
temperature grown GaAs photoconductive antennae were
used as emitters and detectors of the THz wave. The THz
wave propagation path was enclosed in a dry air cham-
ber within which dry air flowed. Another THz-TDS system
(TAS7500SU, Advantest Corp.) [28,30,56,57] was used for
room-temperature broadband transmission THz spectroscopy.
Cherenkov radiation from a lithium niobate single crystal was
used as the light source of the THz wave, covering a frequency
band of around 0.5-7.0 THz. Asynchronous optical sampling
technology was used for detection. To obtain an adequate
signal-to-noise ratio in every cycle, 16384 measurements
were performed. The THz wave propagation path was purged
with dry air.

C. Low-frequency Raman scattering

Confocal micro-Raman measurements were performed
with a depolarized backscattering geometry [58]. A
frequency-doubled diode-pumped solid-state Nd:yttrium-
aluminium-garnet laser oscillating in a single longitudinal
mode at 532 nm (Oxxius LCX-300S) was employed
as the excitation source. A homemade microscope with
ultra-narrow-band notch filters (OptiGrate) was used to focus
the excitation laser and collect the Raman-scattered light. The
scattered light was analyzed using a single monochromator
(Jovin-Yvon, HR320, 1200 grooves/mm) equipped with a
charge-coupled-device camera (Andor, DU420).

D. Maximum entropy method (MEM) analysis
of specific heat data

Under the approximation of harmonic vibration, the lattice
specific heat C(T') is related to the v-DOS of a solid by the
equation:

C(T) = 3nk / v )d (14)
= 3n, V Vv,

B (EX _ 1)2g
where x = hv/kgT. The inverse problem of obtaining g(v)
from the specific heat data of Ref. [25] was solved using
the maximum entropy method (MEM) on specific heat data
[59,60] over the temperature range 1.7-23 K. The error in the

specific heat data was assumed to be 2%.

IV. RESULTS AND DISCUSSION

A. Boson peak of lysozyme in THz and Raman spectra

In this section, we turn to an actual material, the pro-
tein lysozyme, which we studied using THz time-domain
spectroscopy and low-frequency Raman spectroscopy, as de-
scribed under Materials and Methods.
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FIG. 1. THz and Raman spectra of lysozyme. (a) Real ¢'(v) and (b) imaginary &”(v) parts of complex dielectric constant, and (c) BP plot
a(v)/v? of lysozyme determined by THz-TDS measurements at room temperature. Insets of (a), (b), and (c) show temperature dependence
of IR spectra, as measured in a heating process with a temperature range of 13 K to 295 K and plotted every 10 K above 20 K. (d) Measured
Raman intensity 7(v) of lysozyme at room temperature. (e) Imaginary part of Raman susceptibility x”(v). (f) BP plot of Raman spectra

x"(v)/v. For convenience, 1 THz = 33.3 cm™' =48 K =4.14 meV.

Figures 1(a) and 1(b) show, respectively, the real part
&’(v) and the imaginary part ¢”(v), of the complex dielectric
constant of lysozyme at room temperature. The spectrum
of ¢”(v) shows a broad absorption band, typical of amor-
phous materials. A convex upward curve appears > 0.6 THz,
rising to a broad peak at 3.26 THz. At first glance, &'(v)
shows Debye relaxation modelike behavior [30], but a close
examination of the region around 0.6 THz reveals a small
resonance-like peak. These features are more prominent at
lower temperatures, as shown in the insets of Figs. 1(a) and
1(b). Similar behavior is generally observed in glassy materi-
als (see Fig. 1 of Ref. [30]). Such a resonance-like deviation

from the conventional Debye relaxation model, suggesting
the existence of a BP at around 0.6 THz, is universal in
the behavior of the dielectric constant. It results from the
characteristic spectral shape of the v-DOS around the BP
frequency and from the breakdown of selection rules caused
by the disappearance of translational symmetry [30].

To investigate the BP of lysozyme in the IR spectrum, the
spectrum of the complex dielectric constant is expressed in
terms of a(v)/v? (see Appendix). The resulting BP plot of
the IR spectrum is shown in Fig. 1(c). The BP of lysozyme
is clearly observed at 0.6 THz in the a(v)/v? spectrum. We
can therefore conclude that detection of the BP using THz
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spectroscopy is possible for proteins, as well as for actual
glassy materials [30,61].

The BP dynamics of lysozyme have also been investigated
using low-frequency Raman scattering. Figure 1(d) shows the
measured Raman intensity /(v) at room temperature: A clear
peak is observed at around 0.8 THz. In general, the Raman
susceptibility x”(v) is extracted from the measured Raman
intensity /(v) through the following equation [62,63]:

1) = [np(v, T) + L]x"(v), 5)

where ng(v, T) = [exp(hv/kgT) — 177" is the Bose-Einstein
distribution function. The x”(v) spectrum obtained is shown
in Fig. 1(e) and shows a broad peak at 2.53 THz. We observe
that this peak frequency is lower than that of the infrared
&”(v) spectrum (3.26 THz). The ordinate of the BP plot of
the Raman spectrum [Fig. 1(f)] is x”(v)/v; it is often referred
to as reduced intensity. The relation between x”(v) and g(v)
is expressed by the following equation [64]:

vx" (V) = Craman (V)V). (16)

For convenience, the BP plot relations are summarized in
Appendix.

As shown in Fig. 1(f), in the x”(v)/v spectrum, the BP of
the reduced Raman intensity spectrum is observed at around
0.8 THz; this frequency is slightly higher than the BP fre-
quency of the IR spectrum vgp_igr, as discussed below. We
emphasize that no absorption peak is observed in the x”(v)
spectrum near the BP frequency of the reduced Raman inten-
Sity Vp_Raman» NOT in the &”(v) IR spectrum [30]. However, as
shown in Fig. 1(d), we clearly observe the BP in the measured
I(v) at room temperature, as we would with a glassy material.

Although room temperature Raman spectroscopy is a well-
known method for detecting boson peaks, the peak in the
measured /(v) at room temperature is not a direct BP derived
from a particular mode but a “universal artifact,” as discussed
in our previous work [30]. At room temperature, kg7, is
approximately six times higher than the typical energy of
the BP frequency of 1 THz (cf. 1 THz = 333 cm™! =
48 K = 4.14 meV). In the high-temperature approximation,
where the thermal factor np(v, T) + 1 of Eq. (15) becomes
1/v, the right-hand side of Eq. (15) transforms into x”(v)/v,
i.e., the measured /(v) at room temperature becomes identical
to the BP plot of the Raman spectrum.

B. Comparison among &”(v), x”(v), and g(v), and determination
of coupling coefficients

In this section, we will locate and study the fracton region
of lysozyme

We directly compare IR, Raman, and g(v) spectra, and
determine the light-vibration coupling coefficients, Cir(v)
and Craman (V). Figures 2(a) and 2(b), respectively, show the
imaginary parts of ¢”(v) and x”(v) and the BP plots of the IR
and Raman spectra on the same axis. From the BP plots shown
in Fig. 2(b), we find that vgp_raman 1S 1.4 times higher than
vpp_1r. This difference is phenomenologically attributable to
the different frequency dependences of Cig (v) and Craman(V)-
It can be seen that there is a perfectly overlapped region of
&”(v) and x”(v) above the BP frequency, where the convex
upward line shapes show the same power-law behavior as

7"(v) (arb. units)

2"(Vlv (arb. units)

§,003 ¢ - INS[42, 47]
T
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N

T

Eo.01} \ 1
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Frequency (THz)

FIG. 2. Comparison of THz, Raman, and v-DOS spectra.
(a) Imaginary parts of complex dielectric constant &”(v) (orange)
and Raman susceptibility x”(v) (blue) of lysozyme. (b) BP plots
of IR [a(v)/v? (red)] and Raman [x”(v)/v (green)] spectra. (c) BP
plot of v-DOS g(v)/v?. The data of g(v) are quoted from previous
studies based on INS [42,47]. The log-normal fit used to obtain the
BP frequency is shown by the pink curve.

expected in the fracton region. To ascertain that this behavior
is indeed exponential and the same for both, we create a
log-log plot of ¢”(v) and x”(v), as shown in Fig. 4(a). In the
region from around 0.8 THz up to 2.2 THz, the two curves are
linear and nearly identical; this frequency range constitutes
the fracton region.

To evaluate the interaction between light and v-DOS g(v)
in the BP and fracton regions, we determine Cig(v) and
Craman (V) by combining g(v) data obtained from the results of
INS measurements [42,47] with our data for ¢”(v) and x”(v).
The g(v) and BP plots g(v)/v? are shown in Figs. 4(a) and
2(c), respectively. Furthermore, to obtain the absolute value
of Cir(v), we determine the absolute value of g(v) by fitting
low-temperature specific heat data [25] by the MEM. (For
further details, see Fig. 3.) In the g(v)/v? spectrum shown
in Fig. 2(c), we find that the BP frequency vgp_ins is 0.58
THz, obtained via log-normal function fitting [65]. In the
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FIG. 3. Adjustment of g(v) by inelastic neutron scattering with
the absolute value determined by performing MEM analysis on the
low-temperature specific heat (C,) data of the lysozyme. We depicted
and connected g(v) from inelastic neutron scattering measurements
by Perticaroli et al. [47] and Lushnikov et al. [42] for achieving
higher accuracy of g(v) [47] in the BP region and g(v) [42] in
the fracton region. Based on data depicted from the results of low-
temperature specific heat measurements reported in the work by
Crupi et al. [25], the specific heat v-DOS as gpe,(v) was extracted
by MEM analysis. We determined the absolute value of the gins(v)
used in this work through conformation with the absolute value of
Zheat (V) at the BP frequency.

log-log plot of g(v) shown in Fig. 4(a), vgp_ns becomes a
boundary where the upper and lower regions show different
gradients of power-law dependence. Generally, below the BP
frequency, v-DOS becomes proportional to v°~!, where D =
3, indicating that the v-DOS follows the Debye model of
the three-dimensional (3D) system, and the g(v) of lysozyme
also shows similar behavior below vgp_ins. In contrast, above
vpp_INs, the value of the exponent decreases to 0.4, which is
expected in the fracton region where the exponent is expressed
[4] as dy — 1. Then Cr(v) with the absolute value is experi-
mentally determined through the following relation [66]:

a(v) = Gr(v)g(v). 7)

In the same way, Craman(v) of lysozyme is determined by
Eq. (16). The results are shown in Fig. 4(b) and its inset. The
related equations are summarized in Appendix.

C. Analysis of coupling coefficients: Boson peak

The Cr(v) in the vicinity of the BP frequency has been
evaluated quantitatively using Taraskin’s model [49]. On the
other hand, Cryman (v) has been explained by the coupling of
light with elastic strains via spatially fluctuating elasto-optic
constants [67]. In the following, we focus mainly on Cir (v).

First, we focus on the behavior of Cig(v) and Craman(V)
around the BP frequency, as shown in the inset of Fig. 4(b).
Although the peak structure of BP in g(v) is unclear, a
difference in the frequency dependence of the Cir(v) and
CRraman (V) around the BP frequency have been observed. In the
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FIG. 4. Log-log plot of THz, Raman, and v-DOS spectra and
coupling coefficients. (a) Log-log plot of imaginary parts of complex
dielectric constant ¢”(v) (orange), Raman susceptibility x”(v) (arb.
units) (blue), and v-DOS g(v) (cyan) of lysozyme. g(v) data are
quoted from previous studies based on INS [42,47]. (b) IR light-
vibration (red) and Raman (green) coupling coefficients [Cig (V) and
CRraman (V)] of lysozyme in the log-log representation. The inset shows
the linear representation of Cig (V) and Craman (V) in the vicinity of the
BP frequency.

vicinity of the BP frequency, the Cig () of lysozyme consists
of a constant term and a quadratic or higher-order term.
Like silica glass [49,61], lysozyme has a Cigr(v) dominated
by a constant term below the BP frequency. In contrast,
the Craman (V) of lysozyme shows an almost linear frequency
dependence, which is characteristic of glassy substances [24].
As a result, vgp_gr is almost the same as vgp_ins, While
VBp—Raman Decomes slightly higher than vgp_ins.-

In the following, we analyze the frequency dependence
and absolute value of Cir(v). As we have seen, for glassy
materials, Taraskin et al. derived a universal functional form
for the Cir(v) [49,52] by applying linear response theory.
The result is given by Eq. (9), where the constant term A
originates from the response of the uncorrelated charge ¢,
i.e., of the randomly fluctuating charges that deviate from
the average charge of each atom. The higher-order term B,
which plays a dominant role above the BP frequency, is related
to ¢», the average charge value. Applying Taraskin’s model
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TABLE I. Top: Parameters used for the calculation of uncorrelated charge g; in Cir(v) for the lysozyme. Experimentally determined
constant term A, average mass m, density p, and dielectric constant at 0.8 THz instead of the high-frequency dielectric constant ., and
obtained uncorrelated charge g, for the lysozyme. Bottom: Comparison between lysozyme and silica glass. The data of the silica glass were
measured separately and the values are consistent with a previous report [49,61].

A (em™'THz) i (2) p (gem™) €oo ai(e)
Lysozyme 1.4 x 10° 1.28 x 1072 0.87 2.19 0.13
Comparison

Lysozyme Silica glass with silica (Lys/Silica)
a(cm™) 25 (at 0.8 THz) 1.8 (at 1 THz) 14
A (cm~'THz) 1.4 x 10° 9.0 x 10? 16
q1(e) 0.13 0.06 2.1
m (1072g) 1.28 3.37 0.38
o (gem™3) 0.87 2.21 0.39
£00 2.19 3.81 0.57
36

to lysozyme, we find the value of A, which is dominant in
the vicinity of the BP frequency, to be 1.4 x 10° cm~! THz.
We then use the following relation from Taraskin’s model to
evaluate the uncorrelated charge g;:

(q1:)27%n
Me /oo

From this, we determine the g, of lysozyme to be 0.13 e, and
other parameters are listed in Table I. At 1 THz, the absorption
coefficient of lysozyme is 21 times greater than that of silica
glass [49,61], which is a typical network glass-former (see
Table I), while the A of lysozyme is 16 times greater than
that of silica glass [49,61]. This result suggests that the large
Cir(v) is responsible for lysozyme’s large absorption in the
THz region. Let us further consider the origin of this large
Cir (v). The uncorrelated charge g; of lysozyme is 2.1 times
larger than that of silica glass; the contribution of the uncorre-
lated charge term (q%i) is thus 4.5 times larger. In addition, the
average mass, m, of lysozyme is 0.38 times smaller than that
of silica glass. As a result, the affective term, m 2, becomes
6.9 times larger and makes a larger contribution compared to
the uncorrelated charge. Therefore, an organic glass-former
with a relatively low mass generally shows a larger constant
term A in the vicinity of the BP frequency than an inorganic
material; this is a result of the organic glass’s lower mass,
independent of the effect of uncorrelated charge.

A= (18)

D. Analysis of coupling coefficients: Fracton

Next, we shed light on the fracton behavior that appears
above the BP frequency, where both ¢”(v) and x”(v) exhibit
a power-law behavior, as shown in Fig. 4(a). This is because
both the v-DOS and coupling coefficients also show a power-
law behavior.

As shown in Fig. 4(a), ¢”’(v) and x”(v) exhibit linear
frequency dependence above the BP frequency in the log-
log representation. Interestingly, and as expected, the IR and
Raman spectra share a frequency region with almost identical

slopes, which extends up to 2.53 THz. Above that frequency,
the Raman spectrum departs from linearity and eventually
begins to fall. The IR spectrum, however, remains linear to
3.26 THz. The v-DOS (g(v)) [42,47] is plotted in the same
figure to show the fracton region directly. The g(v) also shows
linearity above 1.7 THz, although the starting frequency is
slightly higher than for IR and Raman spectra. Such power-
law behaviors of both the IR and Raman spectra and the
v-DOS spectrum generate linear regions in both Cir(v) and
Craman (V). These linear regions are the fracton regions. The
exponent values for Cig (v) and Cryman(v) are 1.10 and 1.00,
respectively (see the left column of Table II), obtained from
the fit in Fig. 4(b). These exponent values are what we expect
to be represented by 2d; /Dy in this study.

Here we examine whether the measured slope of Cir(v)
obtained by our method agrees with the value of 2dy /D when
Dy and d; are found by other theoretical and experimental
methods.

First, we calculate the mass fractal dimension of
lysozyme as Djy_cqc = 2.75, using structural information
about lysozyme (1LYZ) obtained from the PDB. The method
is illustrated in Figs. 5(a) and 5(b). Ds_cqc is defined as the
slope obtained when plotting the mass of all atoms contained
in concentric spheres of radius R around the center of gravity
of the lysozyme molecule on a log-log scale [68]. Our value of
Dy _cqic S0 obtained is consistent with that reported previously
[68]. The value of the fracton dimension df_cac = 1.43 is
taken from the literature, where the harmonic spectrum of
the vibrational modes (calculated by a Gaussian network
model) was used to determine the fracton dimension for a
protein containing approximately 100 amino acids [69]. By

TABLE II. Exponent values of Cig (v) and Cryman (v) in the frac-
ton region. Fitting lines are shown in Fig. 4(b).

Exponent value of Cir (v) and Craman (V)

IR 1.10
Raman 1.00
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FIG. 5. Calculation of mass fractal dimension of lysozyme
molecule. (a) Atoms (red balls) contained in a sphere of radius
R around the center of gravity of the lysozyme molecule. For the
lysozyme atomic coordinate arrangement, information on 1LYZ was
taken from the PDB. (b) Log-log plot of the R dependence of
molecular weight contained in a sphere of radius R around the center
of gravity of lysozyme. When the diameter of the sphere exceeds the
diameter of the lysozyme molecules, the molecular weight levels off.
From fitting to the linear region, the mass fractal dimension of the
lysozyme molecule was found to be Dy_cyc = 2.75.

substituting Dy_cqc and dy_cqc into the Cir(v) formula, the
calculated slope of Cir (v) is 2d s _caic/Dy—calc = 1.04, in good
agreement with our experimental value of 1.10 (see Table III).

Second, we consider the values of Dy_cx, and df_cxp Which
have been experimentally determined via small angle neutron
scattering (SANS) and INS [42], respectively. The fractal
dimension, Df_e, = 2.78, of lysozyme is obtained from the
power-law dependence of the SANS intensity on the wave
number in the double logarithmic scale within a spatial region
of 2.6—4.4 nm. The existence of such a power law suggests
that the mass fractal of lysozyme appears within a single
lysozyme molecule with a diameter of approximately 3.7 nm
[70]. The fracton dimension, ds_cxp = 1.43, of lysozyme is
obtained from the v-DOS determined by the INS experiment
[42]. This v-DOS consists of two linear segments with slopes

TABLE III. Numerically (Dj_cac and dy_cac) and experimentally
(Dy_exp and dy_cp) obtained fractal and fracton dimensions and
calculated 2d;/D;. A fitting line to extract D;_y. iS shown in
Fig. 5(b).

D, d; 2d,/D;
Calculation 2.75 1.43% 1.04
Experiment 2.78° 1.43¢ 1.02

2Reference [69].
bReference [42].
‘Reference [42].

of 1.99 and 0.43, below and above the BP frequency, re-
spectively, with the BP as the boundary. The former is in
good agreement with the behavior of the 3D Debye model.
The latter corresponds to the value of dy — 1, i.e., to fracton
behavior of the v-DOS. Using these values, the slope of Cig (v)
is calculated as 2dy_exp/Dy_exp = 1.02. This result is also in
good agreement with our experimentally determined slope of
1.10. Thus, we have confirmed the validity of the proposed
Cir(v) in the fracton region by two independent methods.

We can quantitatively describe the slope of the absorp-
tion coefficient «(v) observed in experimental data using the
Cir (v) formula of the fracton region. The results show that the
concept of the fracton is adequate for expressing the observed
power-law behavior of the region above the BP frequency
of the protein lysozyme in the IR and Raman spectra. Even
though we conducted these tests only on the protein lysozyme,
our results are applicable not only to other proteins but also
universally to other polymeric glasses with a fractal structure.

E. Hypothetical dispersion relation and characteristic lengths

Finally, by considering the dispersion relation used for
the coupling coefficient, we discuss the end mode of the
fracton region. Equation (17) is approximated in terms of
acoustic modes as a(v) =Y CG;(v)gi(v) = CLa(v)gra(v) +
Cra(v)gTa(v) + other terms [66]. Generally, the transverse
acoustic (TA) mode plays a dominant role in the vicinity of
the BP frequency. This is because the slope of the dispersion
relation is smaller in the TA mode than in the longitudinal
acoustic (LA) mode, resulting in a larger v-DOS. We also note
that neither «(v) nor g(v) show any jumps in the vicinity of
the BP in our system. Therefore, we propose the following

hypothesis: 2mv = Viak and v « k# are continuous at the
BP. (Here Vra is the sound velocity of the TA mode. We also
specify that the contribution of the LA mode is neglected.)
Defining ¥ = v/vgp, k= k/kgp, 2w vgp = Vrakgp, the disper-
sion relation becomes

b= /2 k < kBp
2 ) (19)
D=k k > kgp
and the coupling coefficient becomes
A+ Bvépfzz V < Vpp
Cr(v) = 24t (20
A +BU§P9 °r v > vgp

It is obvious that Cig(v) is continuous at the BP. At k = kgp,
it is necessary that k is not differentiable but continuous.
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FIG. 6. Dispersion relation in fracton region and THz and Raman spectra. (a) Dispersion relation of TA and fracton modes of lysozyme
with the hypothesis of continuous connection at the BP frequency (green solid line). The LA (red dashed line) and TA (gray dashed line) modes
are also shown, with sound velocity as measured by Perticaroli ez al. [47] The dotted lines represent the structure correlation length (wine red
dashed line) and the characteristic wavelengths (blue (Raman) and orange (IR) dashed lines). The values of these lengths are indicated by bars
on the figure of the lysozyme molecule. (b) Imaginary parts of complex dielectric constant ¢”(v) (orange) and Raman susceptibility x”(v)
(blue) of lysozyme. (c) BP plots of IR [ar(v)/v? (red)] and Raman [x”(v)/v (green)] spectra.

Based on this hypothetical dispersion relation, we now discuss
estimation of the correlation length for the BP mode, and
characteristic lengths for the end of the fracton.

Figure 6(a) shows the dispersion relations described by the
equations:

27‘[\1 = VTAk, (21)
and
_? Dy
27V = Viakgp T k. (22)

The sound velocities of lysozyme in the TA mode and the
LA mode at 300 K are Vi, = 1.70 x 10° m/s andVpa =
331 x 10°m /s, determined through Brillouin measurements
in a study by Perticaroli ef al. [47]. As the fracton dispersion
relation indicated by Eq. (22) has an exponent of Dy/dy >
1, it shows an exponential function with an upward curve
(with a larger monotone increasing rate) compared with the
dispersion relation of the TA mode. At the BP frequency,
due to the end frequency of the dispersion relation of the TA
mode, the correlation length for the BP of lysozyme, &gp [see
Figs. 6(a) and 6(c)], is estimated to be 2.8 nm according to the
relation &gp & Vs /vgp; this represents the size distribution of
the lowest-energy vibrational mode localized in a blob [71].
This is smaller than the hydrodynamic diameter of a single
lysozyme molecule, diys = 3.7nm [70], and larger than the
average size of an amino acid residue (approximately 0.4 nm)
[72]. This correlation length indicates a distance that contains
approximately 7 amino acids, and corresponds to the volume
of a sphere containing 180 amino acids within radius R = &gp
from the center of gravity.

The fact that &gp < drys suggests that the origin of the
BP in the protein is the intrinsic disorder inside a single
protein molecule rather than the disordered arrangement of
the protein molecules with respect to each other. In addition,
we point out that the structure of proteins is similar to that of
polymer glasses, and that both exhibit boson peaks. In general,
a polymer glass is a substance with a chain structure produced
through the covalent bonding of monomer molecules. Recent
molecular dynamics (MD) simulations have shown that the
BP frequencies of monomer and polymer glasses do not differ
fundamentally; they are determined by the noncovalent bonds
that exist between all monomers, and not by the covalent
bonds that connect the monomers [73—75]. In proteins, there
are several kinds of noncovalent bonds with different mag-
nitudes of force, such as weak van der Waals bonds and
hydrogen bonds, and their complexity makes it difficult to
extract the intrinsic determinant factor of BPs. The study
by Perticaroli et al. [47] pointed out the relation between
the BP frequency and the size of the secondary structure;
however, quantitative understanding of the determinants of BP
frequency in protein systems remains an unsolved problem.

Finally, we discuss the end mode of the fracton using
the dispersion relation above the BP frequency. Recent MD
simulation studies have shown v-DOS behavior in the low-
frequency range of polymer glasses [73-75]. In the study
by Milkus et al., the broad peak of the v-DOS from low-
frequency noncovalent vibration modes is referred to as the
Lennard-Jones (LLJ) sea [73]. These vibrations are classified
according to their direction with respect to the polymer chain:
there are an along-chain, a perpendicular component, and
an out-of-plane rocking motion. Then, in the LJ sea, the
v-DOS peak of the along-chain motion is shown to appear
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at a lower frequency than that of the perpendicular motion.
Here we speculate that the peaks of the along-chain motion
and perpendicular motion bands shown in the MD calculation
correspond to the peak of 2.53 THz in the Raman active
x”(v) and the peak of 3.26 THz in the IR active &”(v),
respectively. Furthermore, the wavelength of the mode at each
peak frequency of ¢”(v) and x”(v) can be estimated by con-
sidering the dispersion relation of the fracton [see Figs. 6(a)
and 6(b)]. The size of the end mode of the fracton in the
Raman spectrum is 1.32 nm, which corresponds to a distance
containing approximately 3.3 amino acids. In contrast, the IR
active mode has a size of 1.16 nm, which corresponds to a
distance containing 2.9 amino acids. Finally, we discuss the
end mode of the fracton in the v-DOS spectrum. In the v-DOS
spectrum observed by Lushnikov et al., the end of the fracton
region is around 7.1 THz [76]. We find the size of the end
mode to be 0.79 nm, corresponding to the size of approxi-
mately 2 amino acids. From our discussion of the size of the
fracton mode, we conclude that the vibration of the fracton
region results from the self-similar structure of the amino acid
molecule and the noncovalent vibrational modes. Further, in
the recent MD simulation of polymer glass [75], the result
did not show the fractal structure in the scale of correlation
length, and fracton did not appear in the v-DOS, which was
calculated from the simple Kremer-Grest bead-spring model.
The verification of our hypothesis about the continuity of the
dispersion relation is a future work by combining experiments
and MD simulation. Especially in MD simulation, it will be
required that the entire structure shows both fractal and the
fracton appear in the v-DOS.

V. CONCLUSIONS

This study has shown that universal excitations in disor-
dered systems, such as boson peaks and fractons, are de-
tectable by THz spectroscopy. For detection of fractons, we
found the IR light-vibration coupling coefficient, Cir(v), in
the fracton region by combining the Cig(v) model for disor-
dered systems proposed by Taraskin ez al. [49] with the fracton
theory proposed by Alexander and Orbach [4]. We found that
the Cir(v) and Craman(v) in the fracton region are almost
identical, and exhibit the exponent 2d;/D . To verify Cr (v),
we performed THz time-domain and low-frequency Raman
spectroscopies on the protein lysozyme, which is essentially

a single disordered and self-similar supramolecule. The ex-
ponents of coupling coefficients were successfully explained
using the values of fractal and fracton dimensions. By assum-
ing the continuity of the dispersion relation between the TA
mode and the fracton, we concluded that the fracton originates
from the self-similarity of the structure of the amino acids of
a single protein molecule. The fact that THz light can capture
the BP and fracton will be important for understanding these
universal dynamics in the nanoscale regions of disordered
systems.
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APPENDIX

The summary of BP plot relations for IR spectra is as
follows:

a(v) = Crg(v), (Ala)
a(v) — @ _ 27T,bL/ 8//(1)) — 4—7tl((11), (Alb)
v cn(v) c

a(v) g(v)
2 = IR7, (Alc)

where  is the real part of permeability, n(v) is the refractive
index, and « (v) is the extinction coefficient.

Summary of BP plot relations for Raman spectra are fol-
lowing. The rightmost parts of Eqs. (A2a), (A2b), and (A2c)
represent the high-temperature approximation of Raman spec-
tra.

") = Craman(gv) = — < 20(v), (A2a)
vx (V) = CRraman(V)8(V _I’lB(U,T)—i-]Nv V), a
oy = o) _ I
x"(v) = Craman(v) = npv.T) + 1 ~ vi(v), (A2b)
x'(v) gy I

== CRaman(v)7 — ~ 1(‘)) (AZC)

vng(v, T) + 1]
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