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Coupled Mobius maps as a tool to model Kuramoto phase synchronization
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We propose Mobius maps as a tool to model synchronization phenomena in coupled phase oscillators. Not
only does the map provide fast computation of phase synchronization, it also reflects the underlying group
structure of the sinusoidally coupled continuous phase dynamics. We study map versions of various known
continuous-time collective dynamics, such as the synchronization transition in the Kuramoto-Sakaguchi model
of nonidentical oscillators, chimeras in two coupled populations of identical phase oscillators, and Kuramoto-
Battogtokh chimeras on a ring, and demonstrate similarities and differences between the iterated map models

and their known continuous-time counterparts.
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I. INTRODUCTION

Ensembles of sinusoidally coupled phase oscillators [1,2]
are widely adopted as canonical models for synchronization
in various scientific and engineering inquiries. For instance,
models of coupled phase oscillators have been successfully
applied to functional connectivity of the human brain [3,4],
neuronal oscillatory behavior [5,6], and neural encoding
[7-9]. Increasingly, they also serve as a computational tool
in machine learning and artificial intelligence based on os-
cillatory neural networks [10-13], which opens up a new
perspective for hardware implementations [14].

The most popular models in the field, the Kuramoto-
Sakaguchi model [15] and the Winfree model [16], are formu-
lated as systems of ordinary differential equations for coupled
phase oscillators. The goal of this paper is to formulate a
discrete-time analog of the Kuramoto-Sakaguchi model as a
system of coupled maps, that has similar dynamical properties
but provides a fast computation of the dynamics in discrete-
time steps.

Globally coupled maps [17-22] have been intensively stud-
ied in the literature, often with emphasis on the collective
dynamics of intrinsically chaotic units. Among the existing
map models, coupled circle maps are ideal for studying syn-
chronization phenomena due to their periodic domains. The
simplest and most widely used circle map is the sine circle
map ¢ — ¢ + Q2 + ¢ sin @, which has been explored in the
context of global coupling [18,23,24] as well as in nontrivial
coupling networks such as computational neural networks
[25]. However, the coupled sine circle maps have several
properties different from that of the Kuramoto-Sakaguchi
model. For example, a known property of the continuous-
time Kuramoto-Sakaguchi model is that clustering, i.e., the
formation of several distinct synchronized groups, cannot
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occur [26]. However, for the sine circle maps, even though
the map parameters can be tuned to certain regions such that
no chaos is produced by the iteration of a single map (i.e.,
the mapping remains one to one), the coupled iterated map
dynamics of identical units governed by the same mean field
nevertheless produces various complex cluster states.

As shown in previous literature, the propagator of
continuous-time phase oscillators forced proportionally to
the first harmonics of the phase has the form of a Mobius
transformation [27]. The Mobius transform lies at the heart
of the low-dimensional dynamical theory for globally forced
populations of continuous-time phase oscillators formulated
by Watanabe and Strogatz (WS) [27-31]. There, the Mobius
transform is used to convert the original phase variables to
new conserved quantities, such that the time-varying transfor-
mation parameters obey a simple low-dimensional system of
ordinary differential equations.

In this paper, we implement a Mobius map, inspired from
the aforementioned Mobius transform, as the basic circle map.
The main arguments for studying synchronization and collec-
tive dynamics using Mobius maps are threefold. First, similar
to the solution of a continuous-time Kuramoto-type phase
model, an ensemble of infinite units governed by Mobius
maps possesses a low-dimensional manifold [corresponding
to the Ott-Antonsen (OA) manifold [32] for continuous-time
oscillators]. Therefore, the equation for the mean field can be
reduced to a low-dimensional map, whereas the mean field
equations for more general circle maps are generic infinite-
dimensional nonlinear Perron-Frobenius operators. One ex-
ception is homographic maps [33], which as we will discuss
in Sec. IIC below are equivalent to M&bius maps. Second,
iterated maps allow for large changes of the system state
at each time step, in contrast to numerical integration of
ordinary differential equations (ODEs), a property which can
be exploited to speed up computation for large systems.
Third, while Mo6bius maps can fully reproduce the ODE
behavior within certain limit of map parameters, new and
interesting dynamics is also possible, e.g., for strong negative
coupling.
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The plan of the paper is as follows. In Sec. II, we first
review the general form of the complex Mobius map and
discuss its group properties. We discuss its single-map dy-
namics under function iteration and fixed parameters. Next,
by allowing the parameters of the map to vary in time and
applying the group properties, we study the low-dimensional
dynamics in globally coupled identical maps, and make the
connection to the WS and OA mean field reduction theories.
Finally, we give a real-valued representation of the Mobius
map on the unit circle to be used in numerical calculations
and remark on a connection of the theory of Mobius maps
with earlier results for homographic maps. In Sec. III we give
a compact expression of the Mobius map which solves the
Adler equation for phase dynamics on an arbitrary time inter-
val. In Sec. IV, we use this result to construct a map model
of globally coupled, nonidentical oscillators, as a discrete-
time counterpart to the Kuramoto-Sakaguchi model [15]. We
discuss the dynamics of globally coupled Mobius maps with
frequency heterogeneity, of chimera states in two populations
of identical phase oscillators with different intrapopulation
and interpopulation couplings [34], and of chimeras on a
periodic lattice of identical oscillators with nonlocal coupling
[35-37]. In all examples, known behaviors of the continuous-
time dynamics can be reproduced qualitatively under positive
coupling, and an interesting new synchronizing behavior can
be found for finite negative coupling, under which the familiar
continuous-time dynamics would simply be incoherent or
asynchronous.

1. MOBIUS MAP AND ITS PROPERTIES

In this section we heavily rely on the excellent introduction
of Mobius transformation and Mobius group in the context of
continuous-time dynamics by Marvel, Mirollo, and Strogatz
[27]. We will repeat some results from Ref. [27] for the sake
of consistency. Our extension of Ref. [27] is the introduction
of the Mobius circle map as a dynamical system (Sec. IT A),
and the formulation of the low-dimensional discrete-time
equations governing the evolution of ensembles (Sec. IIB).
Additionally, we give a real-valued representation of the map
on the complex unit circle and connect the Mobius maps to
homographic maps on the real line, where low-dimensional
mean field behavior on an invariant manifold for infinite
ensembles has been reported previously [33].

A. Standard form and dynamics of a single iterated map

For the Mobius transformation we use the same
parametrization as in Ref. [27]:
_ q+eéYz
Mgy (@)= Thgevs (1)

with parameters (¢, ) € D x S', where lg| < 1, ie., g is
on the open complex unit disk D, and exp(iy) € S! on the
complex unit circle S'. The complex conjugate of g is denoted
as g*. Transformation (1) can be applied to any complex
number z in the closed unit disk z € {ID U S'}. Transformation
(1) is invertible and leaves the complex unit circle invariant.
This property will be used to define a circle map. Mobius
transformation (1) can be decomposed as two independent

actions
My (@) =CyoRy(2), 2)
where R, denotes rotation by an angle v,

Ry :z— ez, 3)
and C, denotes a directional contraction
q+z
1+ g%z
The identity transformation is M. The rotational actions
commute: Ry, o Ry, = Ry, o Ry, = Ry, +y,, With the in-

verse of the rotation R;l = R_y . The inverse of the contrac-
tion is C;' = C_, such that

Cpiz— “)

M, =R yoCy 5)
Rotational symmetry is expressed as
Cq = R_w o quidz o Rl/,. (6)

It is well known that M&bius transformation forms a group
under functional composition

Mf{zﬂ/fz(z) = qulll © Mqoﬂbo(z)' (N

This is to say, the group parameters g, ¥, of the new trans-
formation are functions of the parameters of the component
transformations. Under parametrization (1), these functions
are (see Appendix A for a detailed derivation)
@ = Mgy (o), €V =Cqgpe?)e™. ()
We now consider a complex variable z = ¢ on the unit
circle, and define a Mobius circle map by virtue of the
transformation (1):

" = Mgy (e97), ©)

where n =0, 1, ... is a discrete-time index. Map M, y is
defined by a complex parameter ¢ = p exp(i¥) and a real
parameter . Here, we first assume the parameters g, ¥ to
be constant.

Circle map (9), contrary to generic smooth circle maps,
possesses a very simple dynamics under iteration. It can
be shown that it has just one Arnold tongue, a region
of synchronous phase locking with rotation number zero,
while tongues with other rotation numbers do not exist. This
should be contrasted with the existence of Arnold tongues
with all rational rotation numbers for generic circle maps
[38]. The rotation number n can be defined according to
Refs. [38,39] as

n) _ )
n=lim £ —% (10)
n—00 2nn
where the phase variable is lifted to the real line. Derived in
detail in Appendix B, the rotation number of map (9) can be
expressed as

i ¥
0 for p>‘sm7,

Larctan <tan L - %) otherwise.
2

2 sin

(1)
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FIG. 1. The rotation number n of iterated Mobius maps as a
function of map parameter ¥, given p = 0.4. Blue line: direct
numerical simulations; white line: formula (11).

The rotation number of the Mdbius map as a function of
parameter ¢ is demonstrated in Fig. 1, where numerical
and analytical results are shown to coincide. One can see a
plateau with n = 0 for p > |sin %| and smooth dependence
on i outside the plateau. In the domain 7 # 0, as is derived
in Appendix B, the Mobius map is conjugate (by virtue of
another Mobius transformation) to a circle shift.

The above calculation consists an analytical proof for the
existence of one single Arnold tongue in iterated dynamics of
Mobius maps of fixed parameters. Another way of proving the
same result is by considering the group property of Mobius
map (7). If we assume to the contrary, that Mobius map
(9) under iteration has an Arnold tongue with a noninteger
rotation number, then it follows that there exists a stable
periodic orbit with a period larger than one. This in turn
implies that an iteration over such a period results in several
stable fixed points. But, from the group property (7), we know
that any iteration of the Mobius map is again a Mdbius map,
and a Mobius map can have at most only one stable fixed
point. This contradicts the assumption that M6bius map (9)
has an Arnold tongue with a noninteger rotation number.
Hence, Mobius map (9) can only possess Arnold tongues of
integer rotation number.

This special property of Mobius maps having only one
Arnold tongue has another consequence, namely, that differ-
ent phases iterated by the same Mobius map may form at
most one cluster. A cluster K {go}”), j=1...N} is a subset
of phases in an ensemble which contract to a single point
on the unit circle in the course of the phase evolution, i.e.,
lim,,_, oo exp[i(<p,§”) - (p;"))] = 1 for all pairs of phases {¢x, ¢;}
in the cluster. Since the evolution of any phase variable ¢© —
@™ is given by the same Mobius map, which has at most
one attractive fixed point, only one cluster can be formed
under a common iterated Mobius map of fixed or time-varying
parameters, with the possible exception of one phase located
precisely at the unstable fixed point of the map, outside the
cluster.

Under the iteration of Mobius maps, as with all invertible
circle maps, chaotic dynamics of the phases cannot occur,
regardless of whether the map parameters are constant, time
varying, or follow chaotic sequences.

B. Low-dimensional evolution of oscillator
ensembles under Mobius maps

The group property of the Mobius maps, as shown by
Egs. (7) and (8), implies that the evolution under M6bius map
dynamics (9) from any set of initial states is reducible to a
three-dimensional evolution of the map parameters g and .
To see this, consider the single-map dynamics (9) with an
arbitrary discrete sequence of parameters ¢, ¥ that vary
in time

ei(ﬂ(n) — Mq(n].‘//(”) (ei(p(nfl))‘ (12)

Due to the group property (7), the evolution over any time
interval from the initial state exp(ip®) to the final state
exp(i@™) can also be expressed as a Mdbius map

s ()
elW( ) — MQ(“),\W") (em( )). (13)

Shifting n — (n — 1), applying map (12) of time step n to
both sides of (13) and using the transformation rule (8) for
composite group parameters, we obtain the evolution equa-
tions of Q and W:

0" = Myw 4w (Q"V),

14

M = ,,QOfn(ei‘/’("))e"q’(nfl). (o

The initial values Q@ =0 and W@ =0 follow from the
identity map My o(z) = z.

We note that the transformation governing Q is the same
as the original Mdbius map (12) for the phase ¢, but here it is
applied to a complex variable defined on the unit disk, and not
on the unit circle.

Because transformation (14) does not depend on the initial
phase ¢©, it can be used to describe the evolution of any
initial state of the phase by first applying the map (14) for
Q™ and then applying the map (13) for the phase. Thus, the
evolution of any ensemble of oscillators by a sequence of
Mobius maps is always restricted to a three-dimensional man-
ifold described by (14) and parametrized by (Q"™, ¥™) ¢
D x S!. Hence, the discrete-time dynamics (14) for an ensem-
ble of oscillators under common forcing is fully analogous
to the Watanabe-Strogatz quasi-mean-field equations in the
continuous-time case [28]. The role of the three-dimensional
manifold is the same as in the continuous-time case: It implies
that for any number of units, the dynamics can be split into
constants of motion (e.g., initial values of the phases) and
three dynamical variables (Q"™, W), the evolution of which
may be nontrivial. One often calls this property of the phase
dynamics “partial integrability.”

Even for an infinite ensemble of oscillators described
by a density u(p), the evolution takes place on a three-
dimensional invariant manifold. ©g w(¢) denotes the den-
sity of oscillator phases after the transformation exp(i¢) —
M w(exp(ie)) from an initial density 119,0(¢). The family of
densities (g w(¢) is a three-dimensional invariant manifold,
parametrized by Q and W. In the special case of a continu-
ous, uniform phase density o o(¢) = 1/(2m), the resulting
family of densities o w(¢) = po(p) is independent of W,
which corresponds to an angular shift that leaves the uniform
density invariant on the circle. As shown in Ref. [27] and
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Appendix C, ug(¢) is the family of wrapped Cauchy distri-
butions
1 1-1oP

Ho@) =5 i (15)
This family of phase densities is called the Ott-Antonsen (OA)
manifold in continuous-time phase dynamics [32], and we
shall use the same name to discuss the manifold in the map
dynamics here. On the OA manifold, the Kuramoto mean
field Z = (exp(ip)) o is in fact identical to the Mobius map
parameter Q (Appendix C). Replacing map parameter Q with
the mean field Z in (14), it follows that the exact evolution of
the ensemble mean field can also be expressed as an iterated
Mobius transformation

q(n) + eilﬁ(mz(n—l)
1 + g*meiv™ Z(n=1"

It is interesting to note that the map for the mean field (16)
has exactly the same form as the map describing the dynamics
(12) of every single oscillator in the ensemble. However, the
domains of the two maps differ: while the complex oscillators
exp(ig) are always on the unit circle, the mean field Z is an
element of the unit disk, i.e., |Z] < 1.

As a side note, the sequences ¢" and ¥ in Eq. (12)
are arbitrary and may be functions of Z or contain random
components. In this way, more complicated noisy dynamics
and globally coupled oscillators can also be studied with the
discrete map model proposed here for which all the results
above still hold.

Z™ = Myw gy (Z"7D) = (16)

C. Real-valued representation and relation
to homographic maps

For computational purposes, an equivalent form of
parametrization of the Mobius map may be used, which is
more suited for programming languages that do not natively
support a data type for complex numbers. Using identity
exp(is) = (1 +i tan 3)(1 — i tan %)’1 and g = p exp(iv}) as
before, we can rewrite (9) in the trigonometric form

(n+1) _ _ n _
.4 2 _lop oYY (17)
2 1+p 2
Manipulating (17) we then obtain the computationally simple
Mobius map via the ATAN2 function

"D = 9 4+ ATAN2[(1 — p?)sin(p™ + ¢ — 9),
x (14 p?)cos(p™ + ¢ — ) +2p]. (18)

Griniasty and Hakim [33] studied a family of homographic
maps, defined for real variable x as

tan

b

(n+1) _
X =a x(”).

19)

This map leaves a Cauchy distribution invariant, in the same
way that Mobius maps leave a wrapped Cauchy distribution
invariant. The homographic map (19) can be shown to be
equivalent to a Mobius map. Indeed, by a substitution x =
tan (9™ /2) = i(1 — " )(1 + ¢")~! we can rewrite (19) as
the M6bius map (9) for 9™ with parameters

il=b+a ,, a—i(l+b)
_ oV

Ciinta ¢ Tariarn 2

Given a Cauchy distribution with mean r and scale parameter
s, the complex number z = r + is can be shown to be trans-
formed under the same homographic map 7D = a — b/z™
as the Cauchy distributed variables x™. This is to say that
the low-dimensional reduction for ensembles evolved under
iterated homographic maps was already deduced in [33], al-
most at the same time as the discovery of the low-dimensional
dynamics in the ensembles of phase oscillators [27,28,32].

III. RELATION TO ADLER EQUATION

Many continuous-time phase models of coupled oscillators
can be written in the form of an Adler equation [40] with
constant or time-varying parameters. As we shall see, the
solution of the Adler equation has the form of a M&bius map.
This allows us to build Mobius map models of coupled oscil-
lators analogous to continuous-time models. In this section
we relate the parameters of the Adler equation to those of
the M&bius map.

The Adler equation with constant parameters can be writ-
ten in the form

¢ =A[A —sin(p — B)], 21

where the real-valued parameters consist of the amplitude A,
the ratio A between the constant bias term and the amplitude
of the sinusoidal forcing, and the phase shift 8. It is known
that for [A| < 1 the Adler equation has a steady state solution,
and for |A| > 1, it yields phase rotations.

The solution of the Adler equation with fixed parameters
A, A, B over a time interval T can be shown to be a Mobius
map (see Appendix D for details). Here, A and 7 only enter
the solution as a product P = At. Denoting

P
o =+1-22, T =tanh <Ea>, (22)

and using the conventions +/—1 = i and tanh(ix) = i tan(x),
we can write the solution of the Adler equation as the M&bius
map

(o 4 irD)e O 4 P
(0 —iAl) + e @e—ifT

with group parameters

P —

= Mgy (¥?) (23)

r w0+ IiAl
_ eV =—":
o —iAl o — i\l
The saddle-node bifurcation for the Adler equation at [A| = 1
corresponds to the tangent bifurcation of the circle map. At the

bifurcation, Eqgs. (24) need to be evaluated in the limit A —
+1,i.e.,

g =eé" (24)

P 2 +iP
2FiP’ T 2FiP’
If the solution to the Adler equation after interval 7 is a
Mobius map, then the evolution under iterated Mobius maps
is a Mobius map again, as shown by the group property in
Sec. II. Therefore, taking infinitesimal time steps, the solution
of the Adler equation with time-dependent parameters A(z),
A(t), and B(t) is still a Mobius map.

Consequently, all basic properties of the Adler equation are
inherited by the Mobius map. In particular, it is known that for

ip

ei'/’

g=e (25)
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a solution to the Adler equation which has a periodic depen-
dence on its parameters, there is only one Arnold tongue for
every integer rotation number [41,42]. This matches exactly
the property of Mdbius map as discussed in Sec. II, i.e., the
Mobius map has at most one stable fixed point in the syn-
chronized state. Hence, Eq. (23) can be viewed as a numerical
scheme to simulate the continuous-time Adler equation with
small time step 7. In fact, while a standard Euler scheme,
which to the linear order in t coincides with the Mobius map,
breaks the Watanabe-Strogatz partial integrability of the Adler
equation [26], the Mdbius map (23) preserves this partial
integrability, similar to the symplectic integration schemes for
Hamiltonian equations. Because the map keeps the properties
of the Adler equation also for large 7, it offers a possibility to
model features of oscillators obeying the Adler-type dynamics
with an increased computational efficiency, even though the
main bottleneck of computing the mean field at each step
remains for coupled maps (see Appendix E for more details).

In the special case where only the amplitude A = A(t)
has explicit time dependence, the Adler equation (21) has
the form of a phase response to a time-dependent forcing
¢ = H(¢)A(t). The exact solution of (21) in this case can be
obtained by separation of variables. The solution has the same
form as (22) and (23), except in this case the parameter P is
the integral of A(¢) over the time interval t:

T

P:/Amm. (26)
0

Here, the time-dependent kick amplitude A(¢) can be any

generic function, e.g., a delta pulse or a constant force.

IV. MEAN FIELD DYNAMICS FOR PHASES EVOLVED
UNDER COUPLED MOBIUS MAPS

A. Formulation of a model of globally coupled maps with
Kuramoto-Sakaguchi-type coupling

The Kuramoto-Sakaguchi model of globally coupled phase
oscillators is formulated as a system of N Adler-type equa-
tions

where the forcing, common to all oscillators, is expressed
through the complex mean field

N
. 1 . .
Z =Re® = ¥ > e = (). (28)
j=1

Here, natural frequencies w; can be typically assumed to be
sampled from some distribution. In this section, we build a
discrete analog of model (27) based on the Mobius maps.
Comparing (27) with the Adler equation (21), one can see
that A corresponds to ¢R, B corresponds to ® — ¢, and X
corresponds to w;/(¢R). However, a direct application of the
map solution (23) of the discrete-time Adler equation is not
optimal here because parameters A and A enter (23) in a rather
complex manner. In order to obtain a simple discrete-time
model, which not only carries the essential properties of a
globally forced continuous-time phase model, but also allows
an analytic evaluation of averages with respect to some dis-
tribution of natural frequencies, we split the phase evolution

in the Kuramoto-Sakaguchi model into two stages. In the first
stage a delta pulse of strength P™ = ¢R™ is applied to all
oscillators, the solution to which corresponds to (23) with
B =O" — ¢ and A = 0. Here, R™ exp(i®™) is the mean
field calculated just prior to the kick by the delta pulse. In
the second stage, the oscillators undergo free rotation for a
time interval T with individual natural frequencies w;. This
stage corresponds to the map ¢; — ¢; + w;T. Combining
stages one and two, we formulate the resulting model of
heterogeneous, globally coupled oscillators as

. (_") s _: (n)

. 1) oy €0+ e®" =1 tanh %

e = — —. (29)
1 + €% e=i®"+ia tanh —8R2

Here the mean field is defined as
1 N 0
R™Me®” — — i, 30
v ; (30)

Taking T — dt and ¢ — edt the map (29) is to the linear
order in dt equivalent to a Euler integration step for the
continuous-time Kuramoto-Sakaguchi model (27) and solves
the ODE exactly in the limit df — 0. In the thermodynamic
limit and on the Ott-Antonsen manifold, the phase density
(@, ) for each value of frequency w is a wrapped Cauchy
distribution with mean field Q(w) = (/) po(p.w)r A8 shown
above in Sec. IIB. According to (16), parameter Q then
obeys the same map as the individual phases having natural
frequency w (29), i.e.,

0" (w) + ¢©" = tanh &
1+ Q" (w)e~®"' = tanh &7

Q("H)(a)) — eia)T (31)

The value of the mean field Z can be calculated as the average
of Q™ (w) with respect to a continuous distribution density of
natural frequencies g(w):

o0
ZmW = RO — / 0" (w)g(w)dw. (32)
—00

Similar to the approach of Ott and Antonsen [32], we can
assume that Q(w) is analytic in the upper half-plane, which
allows us to calculate the integral via the residue theorem.
For a Lorentzian frequency distribution of mean w, and scale
parameter y,

]/2

B 33
ny (@ — wp)? + y? G

g(w) =
the mean field is Z = Q(wg + iy). Accordingly, the global
mean field evolves according to the following map:

n (O —g R™
VACE A ) tanh (££-)

1 4 Zme=i®"-a) ganh (L)

Z(n+1) — e(iwofy)T

(34)

The first part of map (34), e ~7)T consists of a rotation
with the mean frequency wy of the ensemble, and a decay of
the mean field due to population heterogeneity y, which is
determined by the width of the natural frequency distribution.
Equation (34) is a discrete analog of the Ott-Antonsen equa-
tion [32] which describes the dynamics of the mean field in
the Kuramoto-Sakaguchi model.
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For globally coupled Mobius maps we can calculate the
steady state order parameter R = R exp(yT) after each kick
implicitly. Because we can always go into the corotating frame
with the mean frequency wy, we can set it to 0 without loss of
generality. Setting the order parameter R equal on both sides
of (34),

2
1 + Cei@Re—rT
24+ R2e 2T 4 2TRe T cosa

= _ — , 35
14+ T2R2e=2rT 4 2T'Re~ T cos 35)

P ‘ Ce @ 4 Re—vT

where I' = tanh (¢e~"TR/2), we solve a quadratic equation
for I', and obtain
R 52
— (1 — -vT
I'= 1 —F’“e—zVT[ (1 —=R%)e™" cosa

:i:\/(l —R2)2e"2vT cos2 ¢ + (1 — e~ 2T)(1 — Rée=2rT) |.

(36)
Inverting the expression for ¢ we obtain

2
e = Warctanh(r‘). 37

Equations (36) and (37) together allow us to express coupling
strength ¢ explicitly as a function of the steady state synchro-
nization order parameter R and to plot them in a bifurcation
diagram, as shown in Fig. 2.

The first notable limit of the expression of the bifurcation
curve is the existence of two critical coupling strengths for
R— 0

eer = 2(— cosa &+ v/cos2a + 2T — 1). (38)

Equation (38) implies that there is always a positive and a

negative critical coupling strength for the incoherent state in

globally coupled Mdbius maps. The second limit is the limit

of identical oscillators y — 0, in which case R = R and
—cosa &£ |cos |

eR
I'=tanh| — ) =R
2 1+ R?

Equation (39) indicates the existence of two lines of fixed
points connecting incoherence at R = 0 and complete syn-
chronization at R = 1, for a given value of «.

Under negative coupling and identical frequency, there
are several regimes for a transition to synchrony. At ¢y = 0,
the stability of complete synchronization and incoherence is
exchanged instantly. At ¢; = —4 cos«, incoherence at R = 0
becomes unstable, and at &, = In[(1 — cosa)/(1 4 cos )],
complete synchronization at R = 1 becomes unstable.

The existence of a synchronization transition for strongly
repulsively coupled oscillators under discrete time stands in
stark contrast to the continuous-time Kuramoto-Sakaguchi
model (27). In the continuous case, the order parameter R de-
creases to zero continuously under negative coupling, whereas
in the coupled-maps system a negative forcing strong enough
can invert the orientation of the mean field during one step,
and even increase its amplitude.

Such an effect of overshooting a fixed point is typical
for maps, e.g., the logistic map in contrast to the logistic
differential equation. When interpreted physically, the map

(39)

1.0

1.0

(a) (b)
0.8 0.8
— a=01/20
— =000 — a=1/20
— =005 - — a=21/20
~ 0.6 0.6 a = 27/20
R 7=010 R — a=31/20
)15 — a=47/20
— .20 ) e
0.4 —_ st 0.4 o =5m/2
a=6r/20
a=Tr/20
0.2 o = 87/20
a=97/20
a=107/20
0.0 -
0.0 0.5 1.0 1.5 2.0
3
1.0

0.8

a=0m/20

~0.6

0.4

a = 10m/20

0.0 :
-0 -8 -6 -4 -2 0

FIG. 2. Steady state order parameter R as a function of coupling
strength (i.e., the bifurcation curve) in the attractively (a), (b) (¢ > 0)
or repulsively coupled (c), (d) (¢ < 0) Mobius map model, as shown
by analytical expressions (36) and (37). Without loss of generality
we assume the time interval between discrete kicks to be T = 1.0.
Linearly unstable and stable partially synchronized states are marked
by dotted and solid lines, respectively. In (a) and (c), we keep « =
7 /4 constant and vary the natural frequency heterogeneity parameter
y from zero to 0.5 (from top to bottom). In (b) and (d) we set y
to a constant value, y = 0.05 in (b) and y =0 in (d), and vary
the parameter «. In (a) and (b) we see the typical second-order
synchronization transition as in the classical Kuramoto-Sakaguchi
model with frequency heterogeneity. For negative coupling strengths
as in (c) and (d) there can be several transitions, both continuous and
discontinuous, even for identical oscillators in (d) with y = 0.

model is appropriate at describing cases where a global
coupling force is implemented as sequence of pulses. For
example, in studies of neuron populations, delayed feedback
for closed-loop deep brain stimulation can induce desynchro-
nization [43—-45]. In such physiological applications, the ap-
propriate external action on the neurons is not of a continuous
signal like in the Kuramoto model, instead it consists of a
sequence of pulses [46]. The pulse is applied as a feedback
through a closed loop, and the desired amplitude of a feedback
pulse is determined prior to the pulse as a function of the
observed mean field. Thus, application of a pulsatile feedback
[46] can be generally described by a map of type (29). The
results above show that a strong negative feedback may lead
to a synchronization instead of desynchronization, due to the
aforementioned overshooting effect.

B. Two-population chimera

Here, we consider a setup similar to the one studied in
Ref. [48], where two populations of identical continuous-time
oscillators interact, with each population more strongly cou-
pled within itself than to the other population. To formulate
the corresponding Mobius map model, we denote coupled
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phases in the two populations by their complex exponentials
as before, z; ; = exp(i@;,;) and zp; = exp(ig, ;), and the
corresponding mean field of each population as

gl 1 &
Zl=—ZZ1,J’, Zz=_222,j~
M =1 N =1

The forces acting on the populations are linear combinations
of these mean fields

Yie'' = pZ + (1 — p)2Z,
, (40)
Yse'* = pZ, + (1 — p)Zy,

where parameter p defines relative strengths of intrapopu-
lation and interpopulation couplings. The resulting Mobius
maps for the phase variables are

. (n)
z(ln? + 1"~ tanh (%)

Z(thl) _ J
Lj = T s
! 1+ Z(l";e"(‘l’l( ') tanh (%)
" “n
M) | W —a) i (12
wtny . L5t et tanh( )
Z2,j -

1+ Zé’f}e*““/é")*w tanh (%) ’

where « is the common phase shift and ¢ is the common
coupling strength. Here we set the identical frequency to zero
by going into a corotating frame with the common natural
frequency.

In the thermodynamical limit, i.e., Ny, N, — 00, assuming
that both systems are on the OA manifold, we can write the
dynamics of the coupled system as two coupled maps of the
order parameters Z; , (according to Eq. (16)):

Zf") +ei(“"’°‘)1“1
1 4 ZMe-itvi—r,”

(n+1)
Zl

A (42)
D) _ Zén) + &"27T,

2 = 1+Zz(rz)e_i(w2—a)1*2’

where ') = tanh(eY;/2), I'; = tanh(eY>/2). Y1 2 and WV ; are
expressed by Eq. (40). For small values of coupling strength
¢ these equations integrate the continuous-time attractively or
repulsively coupled system. Effects unique to the map model
can be expected for large values of €.

A bifurcation diagram of the mean field dynamics (42)
is shown in Fig. 3. For the numerical simulations, as in
Ref. [48], we choose a = 0.57 — 0.025, in-group coupling
ratio p = 0.6, and start iterations at initial order parameters
Zl(?Z) with small initial amplitudes, either close to in phase or to
antiphase. We first evolve the coupled maps (42) according to
various positive coupling strength €. At low coupling strength,
depending on the initial conditions Zfoz), we obtain either
complete synchronization or chimera states, where one of
the population is in full synchrony and the other in partial
synchrony. At high coupling strength, both populations are in
globally stable full synchrony.

For negative ¢, we see four regimes. At .. < &, corre-
sponding to desynchronization by repulsive coupling in the
continuous-time phase model, we observe only the complete
asynchronous case with vanishing order parameter. As we
decrease ¢ further, we see first a period-two chimera, then

1.04
0.81
0.61
0.41
0.21

—==Rj (root finder when Z, =1)

R1 (direct simulation)

0.0 R; (direct simulation) S—m20

-0.3 ~0.2 -0.1 0.0 01 0.2

&

FIG. 3. Bifurcation diagram illustrating the stability of the
chimera states of the two coupled maps of the mean fields (42).
Scatter plots depict the stable solutions (after transient) obtained
from the direct simulation of the coupled maps (42), showing |Z, |
(triangle) and |Z;| (dot). The dashed line is the fixed point of the
coupled map dynamics found via numerical solver (the findroot
function of the MPMATH package [47]) while assuming one of the
mean fields is 1 (at full synchrony).

a chimera with stationary amplitudes, followed by a coexis-
tence of complete synchronization and chimera, and finally
complete synchronization of both populations. This can be
contrasted again with continuous-time dynamics, where under
negative coupling both order parameters can only decrease to
Zero.

Stable amplitude chimera states are found by numeric
evolution of (42) and continued by root finding algorithm
into unstable parameter regions. When we increase the neg-
ative coupling strength to values larger than ¢ ~ —0.07, a
period-doubling bifurcation of the chimera amplitude occurs,
corresponding to a periodic or quasiperiodic mean field. As
& continues to increase to about —0.06, the quasiperiodic
orbit collides with full synchronization and both disappear.
The asynchronous state becomes stable. The loss of stability
of the chimera state for a large positive coupling strength at
& ~ (.16, similar to a large negative coupling, is again an
effect of the discrete map dynamics.

C. Chimera on a ring

The first example of a chimera state for continuous-time
oscillators was on a one-dimensional ring with nonlocal
coupling, which was explored by Kuramoto and Battogtokh
[35,36]. The oscillators are coupled via a kernel function,
which determines the spatial extent of the interactions with
their neighbors. We can show similar chimera states under the
coupled Mobius map model as follows.

The oscillators on the ring have positions x; = 27 j/N,
where N is the total number. Following Ref. [35], we have
chosen the coupling kernel as g, = 1 + B cos(x; — x,,), S0
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(b) 0.75] ™ P
0.70 - g
0.65

1Ujlo.60
0.55
0.50
0.45

0.40 ——
-3 -2 -1 0 i 2 3

FIG. 4. Chimera states on a ring in the model described by
Egs. (43) and (44). (a) Configuration of the phases; (b) the local
field amplitude. The chimera pattern shown here appears stable
after 18 000 steps. The network size is N = 256, coupling strength
& = —0.8, kernel function parameter B = (0.995, and phase lag
o = /2 —0.18. Same as the initial condition in Ref. [35] for the
continuous dynamics, we use ¢(t = 0) = 6r exp(—0.76x?), where
r € [—1/2,1/2] is randomly sampled.

that the complex field acting on oscillator j is calculated as
|
- ,i®j__§:  olm
Uj =Rje —Nm_lgjme . 43)

The phases are driven by these local fields according to the
Mobius map

(n) (O™ —q) eRY
L0 _ Z; + e tanh( 2’)

e R(_n)
1+Z§n)e (O —a) tanh(s J )

where, as before, z; = exp(ig;).

Similar to the continuous dynamics in Ref. [35], we can
obtain a stable chimera pattern for a range of positive values of
¢ (e.g., & = 0.025) (not shown). Same as in the two-population
case before, under discrete map dynamics, there exists a
regime under large negative coupling strength which can give
rise to a stable chimera pattern (see, for example, Fig. 4).

Aside from the cosine kernel function, we have also sim-
ulated the case with a square kernel, i.e., with the local field

1 m=L

> expligms1- (45)
m=—L

U, =
oL +1

Iterating map (44) using this new local field with N = 1000,
L =130, ¢ =0.025, and o« =2.71, we obtained a many-
headed chimera state as in the continuous case in Ref. [49].

V. CONCLUSION

In this paper we propose a method of modeling syn-
chronizing phase dynamics using a Mobius map. This map
reproduces the dynamics of continuous-time phase oscillators.
It can be an ideal choice for fast simulation of phase synchro-
nization since it inherits all the properties of continuous-time
phase dynamics. In particular, neither clustering nor chaos
under the iteration of a sequence of Mdbius maps can occur.
All continuous-time models based on the Adler equation,
i.e., with a frequency bias and forcing proportional to the
first phase harmonics, can be equivalently studied via M&bius
maps. We mention here that also phase coupling models with
pure higher-harmonics couplings [50] can be modeled with
correspondingly modified Mobius maps.

With the proposed Mobius map, we have studied map
analogs of known continuous-time models for oscillator en-
sembles with various connection topologies: The globally
coupled Kuramoto-Sakaguchi model, two coupled popula-
tions of identical oscillators, and identical oscillators on a ring
with nonlocal coupling via cosine or square distance kernel.
For small coupling strengths and small free rotation time step,
the coupled maps reproduce the dynamics of their continuous-
time dynamical counterparts. Especially, we have reproduced
known chimera states with the coupled maps under nonlocal
couplings. For large coupling strength, and in particular for
large repulsive coupling, the discrete-time dynamics can lead
to new synchronization phenomena with continuous and dis-
continuous bifurcations to synchrony. This phenomenon is not
observed in the equivalent continuous-time models.
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APPENDIX A: MOBIUS GROUP PROPERTY

The Mobius group property implies that the composition
of Mobius maps is again a Mobius map. It can be shown as
follows:

Mﬂ12~1/f2 = qulll © Mqo,llfo

iy _qote'?0z
1+gieVoz

Qv
* ity dote’0z
l+qle T+qgeoz

q1te
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- 1+ q(*)‘einOZ + q]“qoeh/fl + q’lkeilllleiWOZ
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x4 *elllfl
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]+‘11‘10€l‘ 1

eivoz
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@195+et gitqie”
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q1+eV1qo qi1g5+et
I+qieViqo ' 1+q{qoe™
| 4 ditea giggren
I+qieVigg 1+q7qoe™!
iV i
_ M, v1(qo) + Cqyq3(e etz

= 1 + MZ],IIJI (‘IO)Cq]qa (eillfl )einZ
q» + ei‘/’ZZ

=T = Al
I+ qzez (D

e'Voz

ez

A direct comparison of the last two expressions in (A1) gives
rise to the transformation rules (8) for the group parameters

42 = My (@0, ¢ = Carq (eVye'n. (A2)

APPENDIX B: DYNAMICS OF THE MOBIUS MAP

To find the fixed points of the discrete iterated map dynam-
ics (9) with constant map parameters g and i, we solve the
corresponding quadratic equation

, ev—1 q

- _WZO (B1)

Equation (B1) has two solutions z; and z, with the properties
eV —1

q*eiw :

mm=—%fw

21+ = (B2)

From the first property it follows that |z;]|zz] = 1, which
implies that either the two fixed points are on the unit circle,
or that one fixed point is inside and the other outside the unit
circle. According to this observation, we make the general
ansatz

1

= ;ei@_m. (B3)

7 = kelGtA)

Denoting g = p exp(ivt) with 0 < p < 1, we obtain from
(B2) the following two relations:

(B4)

sinK = B[(K—i— l) cosA—i—i(K — l) sinA]. (BS)
2 2 K K

The two fixed points do not uniquely determine the Mobius
group parameters g and . In the first regime, the two fixed
points are on the unit circle, which implies k = 1. As a result,
the second relation (B5) is simplified to

p cos A = sin % (B6)

The condition for fixed points on the unit circle is therefore

o>

sin %‘ B7)

One of the fixed points is stable and the other unstable, so un-
der this condition the dynamics of the single iterated Mobius
map is trivial, and the rotation number is 0. When equality

holds in Eq. (B7), it corresponds to the tangent bifurcation
point, where the two fixed points merge into one.

In the second regime « < 1, i.e., z; is inside the unit circle,
then Eq. (B5) yields two results

A =0, (B8)

K =p! (sin% + sin2% — ,02>. (B9)

For « to be a real number, p < |sin(y/2)| must be satis-
fied, which is the exact opposite condition from Eq. (B7).
Under this set of map parameters, i.e., p < |sin(y/2)|, map
(9) shows rotational dynamics, which can be reduced to a
pure rotation by virtue of a transformation which is also a
Mobius map

y =C_,, ™). (B10)
The resulting pure rotational dynamics is
Y =C 0 Mgy 0C,0™) = Romy ™). (BID)

with the fixed point z; = k exp(i§) as the group parameter,
and the rotation number is

02

%7 ) (B12)

s >

1
n = — arctan <tan £ 1—
T 2

Equation (B12) shows that in this second regime, the rotation
number 7 is a smooth function of the map parameters ¥
and p.

APPENDIX C: OTT-ANTONSEN MANIFOLD
FOR AN ENSEMBLE OF MOBIUS MAPS

The transformation (g ¢ of a uniform phase density
1o(p) = 1/(2w) under Mobius transformation exp(ip) —
M w(exp(ip)) of the unit circle is a wrapped Cauchy dis-
tribution

_ 1 1— |0
now(p) = polp) = Em,

also known as the (univariate) Poisson kernel [27]. To show
(C1) is true, we can calculate the characteristic function,
which are just the circular moments (exp(ik¢)),,,, of the dis-
tribution j1p,w, and compare that to the characteristic function
of the Poisson kernel. For the circular moments of phases with
density o w, we have

(ChH

2
(€*) g = / e o w(p)de
0

2
/ (Mo.w (@) o(¢)dg
0

1 (2 [ O+ ei¥+o) k
— =T° )4
27 Jo <1 + Q*ez(ww))

1 1(&
27'[1 lzl=1 Z 1 — Q*Z

where the last integral after the substitution dg = dz/(iz) is
a complex contour integral with a simple pole z = 0 inside

k
) dz =0, (C2)
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and a kth-order pole z = (0*)~! outside of the unit circle.
In the derivation above we have also used the fact that the
integral over the unit circle with respect to the transformed
density (o y is equal to the integral of the transformed circle
Mo w(S 1y with respect to the uniform density .

From (C2), first, we see that indeed the characteristic func-
tion, and therefore the distribution g w = o is independent
of W. Second, the circular moments are integer powers of the
Mobius map parameter Q, and in particular, the first moment
Z = (exp(ip)),, = Q-

The circular moments of the Poisson kernel can be simi-
larly obtained via complex integration. Given z = exp(ig) and
do = dz/(iz), it follows

) 1 2T 1— 2
(etkw> — _/ Elkw.—|Q|d§0
27 Jo e’ — QI
L[ ke — P
= — f - —d o
21 Jo (e — Q)1 —QFe¥)
1 k1 —10? 1
L zd-ion dz = 0*. (C3)
2mi lz|=1 1— Q*Z (Z - Q)
Since they have the same characteristic function, the density
function o must be identical to the Poisson kernel, i.e.,
Eq. (C1).

APPENDIX D: SOLUTION OF ADLER EQUATION
OVER A FINITE TIME INTERVAL

Here we will show that the kick map

(0 +irl)z +€#T
(o —iAl) 4+ ze T
with 0 = +/1 — A2 and T = tanh(A7o /2) under the conven-

tions /—1 =i and tanh(ix) = itan(x) is indeed a solution of
the Adler equation

¢ = A[r —sin(p — )] (D2)

with constant parameters A, A, and 8. With z = €, (D2) can
be written in a complex form

Ko az.(2) = (D1)

. . 1 iB % 1 —ip
z=Ii7A| =7+ A — —e Pz ). (D3)
2i 2

i
The parameters of the kick map can be directly taken from the
Adler equation, and the kick map can be easily cast into the
canonical form (1) of the M6bius map, where

r w0 F+IAl
o —iAl’ o —iAl”
Note that o and T" are either both real or both imaginary. The
complex conjugates of g and exp(iy) are therefore obtained
by just replacing i — —i in the formulas above. Without
loss of generality we can make a substitution z — zexp(if),
q — qgexp(if) and consider only 8 = 0. Marvel et al. [27]
have shown that for phase equations (D3), with arbitrary time
dependence of the parameters, the solution is given by a
Mbobius transform where the parameters evolve according to
the ordinary differential equations

SN
= —l _—— y
q 3 q 2‘]

g =é? (D4)

(D5)

. 1, 1
W=A<ZCI +)»—ZCI)~ (D6)

Thus, we just need to show that the same is true for the

parameters g and v and for our choice of I'(7).
The left-hand side of (D5) can be calculated as

ol 0?4(1-T?)
T (o —ial)? 07

(o —irl? "’
which matches the right-hand side
2 2

A 1 . 2 . . 1 2
—(o —iAlN) +1AF(0—1AF)—§F

q

~ o —on2\2
A 1 1 1
=—— ([ zo*+ A1 —-1?
(o —ixl)2\2 2 2
A 24 2
5 o°5(1 =T
- erea-r =220 ) g
(o —iAlN)? (o —iAlN)?
This proves the first identity (DS5). Similarly, we observe
d . 2l 01 -T7)
V= = ——— (D9)
dt (o —irT2) o2+ A2

and
20 21

A r 1 r
=ide" | m—— =+ A ———
2i o + il 2io —iAl
Al IT(o —iATD) +id(0? 4+ A’T?) — 1T (0 +iAT)
i(0? +A%T?)
i A% 4+ A202) — AI?
o2 + A2I2
2 2
oot =T7)
=M e
which proves the second identity (D6).
Unlike those of the standard parametrization of the Mobius
map (1) (Appendix B), the fixed points of the kick map (D1)

have a more direct relation to the parameters. The fixed point
equation

N 1
ie' Al =q¢"+ 12— —q

= iAe

(D10)

(@ +iAD)z+T

YT o —iaD) +4l (D1)

can be changed into the quadratic form z> — 1 — 2iAz =0
which is solved by

z=ilxy1 -2 =irto. (D12)

If |A] < 1, the fixed points of the kick map are located on
the unit circle at phases ¢ with sing = A and cos¢ = to.
If |A] > 1, the fixed points are on the imaginary axis inside
and outside the unit circle at i(A & +/A2 — 1). In both cases
the locations of the fixed points are independent of T, i.e., of
the kick map parameter At, which only controls the degree of
contraction, expansion, or rotation around the fixed points and
not their locations.

022206-10



COUPLED MOBIUS MAPS AS A TOOL TO MODEL ...

PHYSICAL REVIEW E 102, 022206 (2020)

APPENDIX E: COMPUTATIONAL EFFICIENCY
OF MOBIUS MAP MODELS

For a single iterated map, due to the complexity inherent
in the algebraic form of the map, a single step with the
Mobius map [Eq. (18)] is 2.5 times slower than the sine
map or, equivalently, than a Euler integration step of the
corresponding ODE system (21). However, when integrating
Adler equation, whose property is inherited by the equivalent
Mobius map, the time step T can be large and a significant
speedup can be achieved.

Nevertheless, for systems of globally or locally coupled
oscillators, the main bottleneck in terms of computational
efficiency is the calculation of the mean fields. This bottleneck
remains also under the application of Mobius maps. Euler
integration and Mdbius map each require one calculation of
the mean field in every step which takes about the same time.
This is confirmed by double precision Euler integration of the
Kuramoto-Sakaguchi model (27), as compared to simulations
with Mdbius map model (29). When Runge-Kutta integration
is used, which requires four evaluations of the mean field per
integration step, the method using Mdbius map is four times
faster, similar to Euler scheme.

However, while Euler scheme violates partial integrability
of the original globally coupled ODE dynamics, M&bius map
preserves such property [26]. Certainly, many synchronization
effects can also be observed in the integrations of ODEs
with large integration steps, even with correspondingly large
integration errors. The main distinction of Mobius map from
the integration of ODE:s is the invariance of the OA manifold.
When a more precise solution of the ODE system is required,
the time step usually needs to decrease by a factor of 10
or 100, which makes integrating ODE correspondingly much
slower compared to evolving the system using Mobius maps.

In fact, using Watanabe-Strogatz theory, we can combine
Mobius maps with a numerical integration of the reduced
quasi-mean-field equations, i.e., ODEs (D5) and (D6), for
the Mobius group parameters to obtain ODE solutions of the
full system to desired precision that conserve all constants of
motion (see Ref. [27] and a practical example in Ref. [50]),
but the necessary calculation of the mean field from the
constants of motion is computationally more involved than
an integration with regular numerical schemes because an
additional transformation from the constants to the phases is
needed at every integration step.
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