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Surface wrinkles are commonly observed in soft polymer nanofibers produced in electrospinning. This paper
studies the conditions of circumferential wrinkling in polymer nanofibers under axial stretching. A nonlinear
continuum mechanics model is formulated to take into account the combined effects of surface energy and
nonlinear elasticity of the nanofibers on wrinkling initiation, in which the soft nanofibers are treated as
incompressible, isotropically hyperelastic neo-Hookean solid. The critical condition to trigger circumferential
wrinkling is determined and its dependencies upon the surface energy, mechanical properties, and geometries
of the nanofibers are examined. In the limiting case of spontaneous circumferential wrinkling, the theoretical
minimum radius of soft nanofibers producible in electrospinning is determined, which is related closely to the
intrinsic length ly = y /E of the polymer (y: the surface energy; E: a measure of the elastic modulus), and
compared with that of spontaneous longitudinal wrinkling in polymer nanofibers. The present study provides a
rational understanding of surface wrinkling in polymer nanofibers and a technical approach for actively tuning
the surface morphologies of polymer nanofibers for applications, e.g., high-grade filtration, oil-water separation,

tissue scaffolding, etc.

DOI: 10.1103/PhysRevE.102.013001

I. INTRODUCTION

With development of electrospinning and solution and melt
blowing techniques, ultrathin continuous polymer fibers with
diameters in the range of a few microns down to nanometers
can be produced in a low-cost and well scalable way [1-4].
Due to their high surface area to volume ratio, improved
tensile strength, and tailorable surface morphology and mi-
crostructures, electrospun continuous nanofibers of natural
and synthetic polymers and polymer-derived carbon, silicon,
metals, metal oxides, ceramics, etc., have been considered as
a new class of nanostructured materials for broad structural
and multifunctional applications under intensive investiga-
tions. These unique properties of nanofibrous materials result
mainly from their size effects in their mechanical, physical,
and chemical properties. So far, electrospun nanofibrous ma-
terials have been considered as the important constituents
in various emerging applications such as protective clothing
and wound dressing [5-7]; ultrafine gas and liquid filtration
[8—12]; nanofiber-reinforced composites [13—19]; biodegrad-
able tissue scaffolds [20-23]; drug delivery [24-28]; and
energy harvesting, conversion, and storage [29—-35], among
others. This has triggered rapidly expanding research on
the electrospinning process and electrospinability of various
polymer solutions [36—43], mechanical characterization of
nanofibers and nanofiber membranes (e.g., elastic modulus,
tensile strength, plasticity, etc.) [44-55], and modeling of
the mechanical behaviors of nanofibers and fiber networks
[56-64], etc.

In a typical electrospinning process as illustrated in Fig. 1,
a polymer solution is fed into a capillary tube to form a droplet
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at the capillary tip. Under the action of a high-voltage direct
current (dc) electrostatic field, the droplet deforms into a Tay-
lor cone [4,36,65,66]. Once the electrostatic force overcomes
the surface tension of the Taylor cone, the droplet is ejected
and elongated into an electrospinning jet. After a variety of
jet instabilities [4,36,66—69], solvent evaporation [70,71], and
polymer solidification, the drying jet is finally collected as a
nonwoven nanofiber mat on the collector. The entire process
of electrospinning is a multiphysics process involving elec-
trohydrodynamics, heat and mass transfer, phase separation,
polymer solidification, etc. The fast solvent evaporation from
the tiny jet may unavoidably induce the radial gradient in
the material properties, microstructures (e.g., polymer chain
orientation), and residual stresses and strains in the resulting
fiber cross section though experimental evidence is still lack-
ing at this time. In the electrospinning process, production of
continuous nanofibers with controllable surface morphology
is a desirable technological strategy to realize many promising
applications of nanofibers such as gas and liquid filtration and
tissue scaffolding. Typically, a dilute polymer solution made
from a soft polymer dissolved in a highly volatile organic
solvent will lead to porous and wrinkled surfaces due to fast
drying induced polymer-solvent phase separation and nonuni-
form residual strains across the fiber section. Figure 2 shows
the electron scanning microscopy (SEM) micrographs of
circumferential surface wrinkles on electrospun polystyrene
(PS) nanofibers produced by electrospinning a 10 wtii%
PS-dimethylformamide (DMF) solution. To date, substantial
experimental and modeling approaches have been made to
understand and control the surface wrinkling in electrospun
nanofibers.

Theoretically, Wu et al. [61] and Wu [62] formulated a
nonlinear elasticity model to explore the physical mechanisms
governing the longitudinal wrinkling in soft nanofibers under
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FIG. 1. Schematic electrospinning process.

axial stretching, which was discovered in single-nanofiber
tension tests [54,55]. The main contribution of these works
is that surface energy as a unique physical parameter of
nanostructured materials was introduced in wrinkling analysis
of soft nanofibers and discovery of spontaneous wrinkling
of soft nanofibers when the fiber radius is below a certain
value. Such a threshold fiber radius is a function with respect
to the surface energy and elastic properties of the nanofibers
and is independent of the electrospinning process and process
parameters. Due to the unique spontaneous wrinkling at small
fiber radii, electrospinning is unable to fabricate continuous
nanofibers below a certain fiber radius because of jet-beading
instability. In parallel, Mora et al. [72] and Taffetani and
Ciarletta [73] conducted an experimental study to show the
Rayleigh-Plateau instability in slender gel cylinders and for-
mulated the first-principle models to address their observa-
tions by means of linear perturbations within the framework of
small deformations. The critical condition [72] to trigger such
a longitudinal surface instability (beading) was determined as
y = 6p, where v, u, and p are the surface tension, shear
modulus, and initial radius of the gel cylinder, respectively.

FIG. 2. SEM micrographs of circumferential wrinkles on PS
nanofibers prepared by electrospinning a 10 wt% PS-DMF solution.

This critical condition is similar to one to evoke spontaneous
longitudinal rippling in soft nanofibers under axial stretching
[61,62] though the latter were based on a hyperelastic solid
model for rubbery polymeric materials. Furthermore, Taffe-
tani and Ciarletta [74] and Ciarletta et al. [75] formulated
a systematic nonlinear elastic framework to investigate the
effect of capillary energy on beading instability in soft cylin-
drical gels, a phenomenon similar to longitudinal rippling
in soft nanofibers under axial stretching [61]. Sophisticated
linear and nonlinear instability analyses were conducted in
these studies while the effect of axial stretching as a common
physical condition in practice was excluded in these studies;
thus it is difficult to apply these theoretical results to guide
practical applications in materials science and other engineer-
ing fields such as nanofiber fabrication, single-fiber tensile
test, etc. In addition, by using the finite element method, Pai
et al. [76] and Ahmadi and Wu [77] conducted systematic
simulations of nanofiber wrinkling to identify the correlation
of critical strain to the corresponding circumferential wrinkle
mode of core-shell nanofibers at varying fiber geometries and
elastic properties as observed in experiments. The simulation
results can be utilized for active wrinkling control for desired
surface morphologies in fiber fabrication and applications.
Yet, these models did not take into account the effects of sur-
face energy on the wrinkling behavior of these soft polymer
fibers.

In the practice of electrospinning, circumferential wrin-
kling is commonly observed in soft electrospun nanofibers.
Yet, no theoretical modeling study has been reported yet in
the literature on exploring the rational mechanisms of such
surface instability in electrospun nanofibers, such as the effect
of surface energy and the threshold fiber diameter to trigger
spontaneous circumferential wrinkling. Therefore, this paper
aims to explore the critical condition to trigger circumferential
wrinkling in polymer nanofibers under axial stretching. After
a brief introduction above, the rest of the paper is arranged as
follows. Section II formulates the nonlinear elasticity model
to take into account the nonlinear elasticity, surface energy,
and axial stretch of the soft nanofibers. As a simple approach
to understanding the surface instability, the soft nanofibers
are treated as an incompressible, isotropic, hyperelastic neo-
Hookean solid, and the wrinkling condition is obtained via
mathematical perturbation on the basis of the first principle of
the nanofiber system. Section III conducts detailed numerical
scaling analysis to demonstrate the correlation of critical
axial stretch to the corresponding circumferential wrinkle
mode. The threshold fiber radius to trigger the spontaneous
circumferential wrinkling is determined in the limiting case
of zero axial stretch. In consequence, concluding remarks of
the present study are made in Sec. I'V.

II. MODEL DEVELOPMENT

Consider a soft polymer nanofiber at its undisturbed
stretch-free state as a thin, perfectly circular cylinder with the
initial radius Ry. As mentioned above, the fast solvent evap-
oration in a thin polymer-solution jet during electrospinning
may unavoidably induce the radial gradients of the material
properties, microstructures, and residual stresses and strains
in the nanofiber cross section. However, it is reasonable to

013001-2



CIRCUMFERENTIAL WRINKLING OF POLYMER ...

PHYSICAL REVIEW E 102, 013001 (2020)

e a®
Ty .t
fernsnnnnc®

FIG. 3. Coordinate systems of the undisturbed stretch-free con-
figuration (R, ®, Z), prestretched configuration (r, 6, z) without
wrinkles, and current configuration (7, §, %) with circumferential
wrinkles.

consider these gradients as the secondary effects and as-
sume the soft polymeric material of the fiber as an incom-
pressible, isotropic, hyperelastic neo-Hookean solid. For the
convenience of the discussion hereafter, three configurations
are introduced to define the motion of a material point inside
the fiber as shown in Fig. 3:

(1) Undisturbed stretch-free configuration (with surface
tension ignored) (R, ©, Z);

(2) Prestretched configuration (with surface tension)
(r,0,2);

(3) Current configuration (with circumferential wrinkles)
(7,0,72).

In the following, the critical condition to trigger circumfer-
ential wrinkling is to be determined via linear perturbation of
the elastic solution to the prestretched state of the soft polymer
nanofiber in the current configuration.

A. Thin soft polymer nanofiber under axial prestretching

In the prestretched configuration, the soft polymer
nanofiber is assumed under action of uniform axial stretch-
ing, and the solution to an axisymmetric deformation of the
nanofiber can be expressed as [58,61]

r=xMR OSR<Ry, 6=0 (0<0<2n),
2=MZ (=00 < Z < +00), (D

where A and A3 are the transverse and longitudinal stretches,
respectively. The above deformation has the deformation
gradient

or or or
9R  Ro© aZ M0 0

_ | e ree  roe | _

F=|%% ®e 9z|=|0 M 0] 2
az 3z 3z 0 0 X

aR R0® Z

Material incompressibility of the polymer fiber gives the
geometrical constraint of A; and X3:

A = 1. (3)

With the above deformations, the corresponding left
Cauchy-Green tensor B is

A0 0
B=FF =0 1 0| 4)
0 0 A3

The three principal scalar invariants of B are
L=20+2=22"4+23, h=2k+1r;% L=1
(&)

In the present case, the soft nanofiber is treated as an
incompressible, isotropic, hyperelastic neo-Hookean solid. Its
constitutive relationship can be expressed in terms of Cauchy
stress tensor T versus the left Cauchy-Green tensor B as

T = —pl 4+ 2¢|B, (6)

where p is the unknown hydrostatic pressure to be determined,
and c; is a material constant. The stress tensor (6) can be
further expressed in terms of stress components:

T =Too = —p + 2133 = —p+2c125", ©)
T,. = —p + 2123, ®)

In terms of cylindrical coordinates, equilibrium equations
of the axisymmetric fiber under uniform axial tension are

aTrr + Trr - T09

=0, 10
ar r (10)
9The
2% _, 11
Y. (11)
0T,
£ =0. (12)
0z

In the above, two traction boundary conditions (BCs) are
triggered at the fiber surface and along the fiber axis. In ad-
dition, surface tension produces a uniform radial compressive
stress at the fiber surface as

T, =-L, (13)

o

where y (N/m) is surface tension (surface energy) of the
amorphous polymeric material and is assumed to be inde-
pendent of the axial stretch and fiber radius, and ry is the
fiber radius after deformation in the current configuration.
Moreover, force equilibrium along the fiber axis can be cast
as

o
P= 27[/ rT.dr +2mryy, (14)
0

where P is the resultant of the external axial tensile force. By
solving (10)—(12) under traction conditions (13) and (14), the
axial stress of the soft polymer nanofiber can be determined

as
o P 2 1 l()
—=——=2(-—)+—, 15)

Cy Trycy A3 o
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where [y = y /c; is the intrinsic length of the polymeric mate-
rial. Equation (15) can be further arranged as a function of the
undisturbed radius of a stretch-free fiber (with surface tension
1gnored) by applying the deformation relation ry = ARy =
ROA

ALY FURL I PN (16)
_——=— = 33— —5 _——
C ﬂR%C] )\% RQ «/)\3
It can be concluded from the above derivations that under
uniaxial tensile stress and surface tension, a soft nanofiber
is in the triaxial stress state, and its three principal stress
components at a material point are independent of the radial
position of the fiber. Similar derivations have been considered

in our previous studies of longitudinal wrinkling and wave
propagation in soft polymer nanofibers [61,62].

B. Circumferential wrinkling of a soft polymer nanofiber
under axial stretching

Now let us consider the circumferential wrinkling de-
formation of a soft polymer nanofiber under uniform axial
stretching as a small disturbance superimposed onto the elas-
tic solution to the prestretched nanofiber as determined in
Sec. IT A. After the wrinkling initiation on the nanofiber, a
simple approach is to assume the coordinates of a material
point in the current configuration as

=[A1 + f(®)R (0 < R < Ro),
é=®+g(®) 0 <0 < 271),
Z=213Z (—00 < Z £ +00), (17)

where f(®) and g(®) are two small unknown disturbance
functions satisfying BCs (13) and (14). It needs to be men-
tioned that the choice of (17) belongs to one of the simplest
possible incremental solutions of the present surface instabil-
ity problem to avoid lengthy mathematical derivations based
on more general assumption of the possible displacement
solutions as commonly used in nonlinear analysis of elastic
instability [74,75] while it can lead to practical, physically
meaningful solutions. Thus, the corresponding deformation
gradient matrix F and left Cauchy-Green tensor B are

M+f fe 0
F=| 0 u+NHU0+ge) 0], (18
0 0 A3
G+ fP+f  m+HA+ge)fo 0
(M‘i‘f)(l-i-g@)f@ M+ A +ge)* 0|,
0 23
(19)

where fg and gg are derivatives of f(®) and g(®) with respect
to ©. _
The scalar invariants of B above are

L=+ +f5+0+P(+g0)+23, (20

= {00+ N+ 3+ 0a+ (0 +ge) + 23]
— o+ D+ ) = Loa+ P+ go)*
— M+ ) (1 +ge) fo— 343, (21)

L=230q+ ' +ge). (22)

Material incompressibility of the polymer nanofiber in this
state is

det(B) = 1, (23)
which results in
AOa+ )P0 +ge) = 1. (24)

The strain energy density for an incompressible, isotropic,
hyperelastic neo-Hookean solid is

e =l —3), (25)

where /; is the first principal invariant of B, and p is the shear
modulus of the neo-Hookean solid as given in (6). Hence, the
potential energy functional IT of the soft polymer nanofiber
under uniaxial axial stretching and surface tension has the
form

= f// eidédfder//y 72+ fgdédz—/Pd(z—Z),
(26)

which can be expressed in terms of the coordinates defined in
the configuration of the undisturbed stretch-free fiber as

1 4
H:—RZZ/ed®+RZ/ d® —PZ(; — 1),
27 Jo 0 oM+ f =D

27)

where the higher-order terms in the second integral of the
surface energy have been ignored. By substituting (20)—(25)
into (27), applying the functional variation on (27), evoking
the material incompressibility (3), and finally ignoring the
higher-order terms, a standard second-order linear ordinary
differential equation (ODE) of constant coefficients can be
obtained as

Ropry’” foo — Ro (zw”z = k%)f +y22=0. (28

0

Equation (28) indicates that the condition to trigger cir-
cumferential wrinkling on a soft polymer nanofiber under
uniform axial stretching is governed by the material elasticity,
surface energy, initial fiber radius, and axial stretch of the
nanofiber. Furthermore, Eq. (28) can be recast as

Afeeo +Bf +C =0, (29)

where coefficients A, B, and C can be related to the material
elasticity, surface energy, applied prestretch, and fiber geome-
try (radius):

A= Roury”, (30)

B = —R() <4/,L)\%/2 - Rl)\%>, (31)
0
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FIG. 4. Variation of the dimensionless axial stress of prestretched soft nanofibers with respect to the axial stretch A3 at four initial fiber
radii and four intrinsic lengths (R, and /, = 50, 200, 500, and 1000 nm, respectively).

C=yin" (32)

Surface wrinkling on a soft polymer nanofiber can be
determined by seeking periodic solutions to homogeneous
equation (29) as

Afee +Bf =0.

Consider a periodic solution to (33) along the circumfer-
ence with respect to ® as

f(©) = Agexp(ik©®),

(33)

(34)

where A is the complex amplitude of surface disturbance,
and k is the wave number of the wrinkles. Consequently,
by substituting (34) into (33) the wave number k can be

determined as
k=,/B/A,

which is a positive number to ensure a physically meaning-
ful circumferential wrinkle on the fiber surface. Therefore,
the condition of surface wrinkling on soft rubbery polymer
nanofibers is

(35)

B/A > 0, (36)

which can be expressed in terms of material properties p and
y, geometry Ry, and longitudinal stretch A3 as

Ro Y

<
2

(37

Relation (37) elucidates the scaling properties among ini-
tial fiber radius, material properties, and axial stretch for
circumferential wrinkling of soft polymer nanofibers under
axial stretching.

III. NUMERICAL EXAMPLES AND DISCUSSIONS
A. Axial stress of prestretched soft polymer nanofibers

In the cases of the intrinsic length taking Iy = 50, 200,
500, and 1000 nm and the initial fiber radius taking Ry = 50,
100, 200, 500, and 1000 nm, respectively, Eq. (16) predicts
the dimensionless axial tensile stress o /u as shown in Fig. 4.
By common sense, the axial stress increases with increasing
axial stretch. In addition, Fig. 4 also indicates that [y has
increasing influence on the stress variation with increasing
amplitude of [y, which demonstrates the strong size effect in
soft rubbery nanofibers. In the particular case of /p = 1000
as shown in Fig. 4(d), the soft nanofiber with the diameter of
50 nm exhibits longitudinal elastic instability.

B. Critical condition of circumferential wrinkling in soft
polymer nanofibers

Equation (36) indicates that the critical condition of surface
wrinkling is B = 0, which results in the critical axial stretch

as
R\ 2

= (420) (38)
lo
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FIG. 5. Variation of the critical axial stretch A; with respect to
varying fiber radius R at four different intrinsic lengths (/y = 50, 200,
500, and 1000 nm, respectively) based on relation (40).

Yet, it needs to be mentioned that this critical stretch A3
only corresponds to k = 0, i.e., a mathematical critical condi-
tion for surface instability (wrinkling). For those physically
meaningful wave numbers k£ > 0, k = 1 corresponds to a
circular cross-sectional configuration; k = 2 corresponds to
an elliptic cross-sectional configuration. Thus, it is reasonable
to assume that the critical stretch A3 is the one that triggers
the first physically meaningful wrinkle mode with k = 2,
ie.,

k=+/BJA=2. (39)

Plugging (30) and (31) into (40) results in

Ro\ %>
A3:4< ) , (40)

Iy

which is 4!/3 & 1.5874 times the one predicted by relation
(38).

Figure 5 illustrates the critical axial stretch A3 based on re-
lation (40) with increasing initial fiber radius R at four intrin-
sic lengths of /p = 50, 200, 500, and 1000 nm, respectively.
Given the value of Ry, the critical axial stretch A3 decreases
rapidly with increasing [y; i.e., the size effect is significant
enough in the critical axial stretch A3 to trigger circumferential
wrinkling. More noticeably, at the small nanofiber sizes a
large intrinsic length [y may evoke spontaneous wrinkling; i.e.,
surface circumferential wrinkling may be directly evoked by
surface energy without axial stretching and even under axial
compression (A3 < 1).

C. Critical radii for circumferential wrinkling in soft
polymer nanofibers

Relation (40) can further determine the critical fiber radius
R¢ to trigger circumferential wrinkling (k = 2) at the stretch-
free condition, i.e., A3 = 1, such that

|4

Re = —.
¢ 8C1

(41)

Relation (41) indicates that circumferential wrinkling of
soft polymer nanofibers may happen without applying any

axial tensile stretch, i.e., spontaneous circumferential wrin-
kling, if the initial fiber radius is smaller than the critical fiber
radius R¢ as also shown in Fig. 5. This critical fiber radius
Rc depends only on the surface energy and elastic properties
of the soft nanofibers, and is irrelevant to the material and
process parameters adopted in an electrospinning process.
In addition, by comparison with R¢ to trigger spontaneous
longitudinal wrinkling in soft nanofibers as studied by Wu
[61] and Wu et al. [62], i.e., Rc = (y/ur)/12 after converting
into the current neo-Hookean material model, it is found
that Rc to trigger spontaneous circumferential wrinkling is
1.5 times that to trigger spontaneous longitudinal wrinkling.
This demonstrates that spontaneous circumferential wrinkling
occurs earlier than spontaneous longitudinal wrinkling in
electrospun nanofibers as the electrospinning jet is shrinking
from a larger size to a smaller one and wrinkling, satisfying
the critical condition at which a large fiber radius first occurs.
Thus, spontaneous circumferential wrinkles can be observed
more often in electrospun soft nanofibers, which has been
broadly validated in electrospinning experiments with one
sample as shown in Fig. 1.

D. Wave number (wrinkle mode) for circumferential wrinkling
in soft polymer nanofibers

Substitution of Egs. (30) and (31) into (35) leads to the
wave number k (wrinkle mode) of a soft nanofiber as

I
k= [—44+ 2332 (42)

Figure 6 shows the numerical scaling analysis of the depen-
dencies of the wave number k upon the axial stretch A3 at four
initial fiber radii Ry and four intrinsic lengths /o as adopted
in Sec. IT A, respectively. Herein, wave numbers k = 1 and 2
correspond to the circular and elliptical nanofiber cross sec-
tions, respectively. The physically meaningful wrinkle modes
can be considered for those with wave numbers k > 2.

Figure 6 shows variations of the wave number k (wrinkle
mode) of soft nanofibers with respect to varying axial stretch
A3 at four different initial fiber radii Ry and four intrinsic
lengths [y, respectively. Given the values of Ry and Iy, k
increases in a slightly nonlinear feature with increasing As.
In addition, at a fixed value of A3, k increases with either in-
creasing / or decreasing Ry, i.e., the smaller the soft nanofiber
radii, the more the circumferential surface wrinkles appear.
Figure 6 also indicates that axial stretching can be utilized to
tune the circumferential wrinkling in soft nanofibers and then
rationally modify the surface morphology and specific surface
area of the soft nanofibers for promising applications in gas
and liquid filtration, water-oil separation, biological tissue
scaffolding, etc. In principle, surface morphology can be
actively altered to optimize the surface wetting performance
of nanofiber mats [11] according to the Wenzel and the Cassie
and Baxter models for patterned superhydrophobic surfaces
[78-80].

Nevertheless, substantial experimental data are still desired
for surface energy, mechanical properties, and drying induced
residual strains across the electrospun polymer nanofibers.
Thus, quantitative model validation is still pending at this
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FIG. 6. Variation of the wave number k (wrinkle mode) of soft nanofibers with respect to varying axial stretch A3 at four different initial
fiber radii R, and four intrinsic lengths /y (R and [, = 50, 200, 500, and 1000 nm, respectively).

stage though the present model is able to qualitatively predict
the existence of circumferential wrinkling and to indicate
the crucial role of surface energy in dominating the surface
wrinkling phenomenon in electrospun polymer nanofibers.
Additional model refinements and validation are expected
once sufficient experimental data of soft polymer nanofibers
are available.

IV. CONCLUDING REMARKS

In this study, the mechanism of circumferential surface
wrinkling of soft polymer nanofibers under axial stretching
has been explored via forming a simple one-dimensional
(1D) nonlinear elastic model. During the process, the pos-
sible processing-induced radial gradients of the mechanical
properties in the fiber cross section were ignored, and the
material of the soft polymer nanofibers was assumed to be
a homogeneous, isotropic, hyperelastic neo-Hookean solid.
The governing ODE for circumferential wrinkling has been

determined. The critical axial stretch to trigger circumfer-
ential wrinkling and the critical initial fiber radius to evoke
spontaneous circumferential wrinkling have been extracted in
explicit expressions. Detailed numerical scaling analysis has
been performed to illustrate the dependencies of critical axial
stretch and critical fiber radius upon the material properties
and geometries of the soft nanofibers. The present study
provides the rational basis of the circumferential wrinkling
phenomenon commonly observed in soft polymer nanofibers
produced by electrospinning. The study also demonstrates a
potential technique to actively tune the surface morphology
of soft polymer nanofibers via axial stretching to induce
circumferential wrinkling.
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