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Mpemba effect in driven granular Maxwell gases
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A Mpemba effect refers to the counterintuitive result that, when quenched to a low temperature, a system
at higher temperature may equilibrate faster than one at intermediate temperatures. This effect has recently
been demonstrated in driven granular gases, both for smooth as well as rough hard-sphere systems based on
a perturbative analysis. In this paper, we consider the inelastic driven Maxwell gas, a simplified model for
a granular gas, where the rate of collision is assumed to be independent of the relative velocity. Through
an exact analysis, we determine the conditions under which the Mpemba effect is present in this model. For
monodispersed gases, we show that the Mpemba effect is present only when the initial states are allowed to be
nonstationary, while for bidispersed gases, it is present for some steady-state initial states. We also demonstrate
the existence of the strong Mpemba effect for bidispersed Maxwell gas, wherein the system at higher temperature
relaxes to a final steady state at an exponentially faster rate leading to smaller equilibration time.
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I. INTRODUCTION

A classic lore associated with everyday experience is that
under certain conditions, hot water freezes faster than cold
water. Even though this intriguing effect has been known since
Aristotelian times [1,2], it has been named the Mpemba effect
after E. B. Mpemba, who was the first to study it systemat-
ically [3]. This out-of-equilibrium relaxation behavior is in
stark contrast to quasistatic relaxations, where systems with
different initial conditions evolve in time through equilibrium
states and therefore their temperatures never cross.

Several mechanisms were suggested to explain the
Mpemba effect in water. These include conceptually simple
mechanisms, as supercooling [4], convection [5], and evap-
oration [6], as well as more sophisticated explanations as the
anomalous relaxation of the hydrogen bond [7,8]. Others have
argued that the effect does not exist in water [9]. Regardless
of the true status of the effect in water, a similar effect was
experimentally observed in a wide range of physical systems
ranging from magnetic alloys [10] and clathrate hydrates [11]
to polylactides [12].

In addition to experiments, various numerical tools and
model systems were used to shed light on such anomalous
relaxations. To better understand the effect in water, detailed
molecular dynamic simulations were performed [7,13,14].
In these simulations, the system is made of up to several
thousand molecules, with pairwise interactions that model
the interactions between the water molecules. The initial
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configuration of the system is commonly sampled from the
Boltzmann distribution of the hot or warm temperature, and
the dynamic follows a standard molecular dynamic protocol
that corresponds to the cold temperature. A different numeri-
cal approach was applied on spin systems, for both ordered
[15] as well as glassy [16] models. Using a Monte Carlo
simulation, the value of some order parameters were tracked
during the relaxation process of systems that were sampled
from the equilibrium distribution of a hot and a warm tempera-
ture, and evolved under Markovian dynamics that corresponds
to a cold temperature. If, during the relaxation process the
corresponding order parameters of the hot and cold systems
intersect, then the Mpemba effect exists in the system.

On the analytic front, two different approaches were used
to address the Mpemba effect so far. In Refs. [17-19], the
Mpemba effect was defined and evaluated through the dis-
tance between probability distributions during the relaxation
process. To this end, the probability distribution describing the
system is initiated at the equilibrium (Boltzmann) distribution
of the hot or warm temperature. The system is then quenched
into an environment with a cold temperature, and thus the
probability distribution of the system evolves in time toward
the equilibrium of the cold temperature. By tracking the
distance, in probability space, between the time dependent
probability and the final equilibrium, the Mpemba effect can
be identified, and the exact conditions for its existence were
derived. Moreover, this framework naturally suggest a rich
class of related phenomena, including the inverse Mpemba
effect [17] where a cold system heats up faster than a warmer
system; the strong Mpemba effect [18] where a specific initial
temperature results in a jump in the relaxation rate; and non-
monotonic optimal heating protocols [15] where the optimal
heating protocol has a precooling stage.

©2020 American Physical Society
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A different theoretical framework was used in the con-
text of driven granular gases [20-22]. A granular gas is a
dilute composition of particles that move ballistically and
interact through momentum conserving binary inelastic col-
lisions. These dissipative systems approach a steady state
when externally driven to compensate for the kinetic energy
which is lost in the inter-particle collisions. For the driven
granular system with smooth monodispersed particles which
interact via binary collisions with a rate proportional to the
magnitude of the relative velocities of the colliding particles,
it was shown that the total energy of a system with a higher
initial energy attains the final low energy state before a
similar system with an intermediate initial energy [20]. The
effect was achieved by independently varying the deviation
of the velocity distribution from a Gaussian, characterized
by the coefficient of the second Sonine polynomial a;. In
this approach, the system was initiated in a nonstationary
distribution, and relaxed toward the corresponding steady
state (which is not an equilibrium distribution) associated with
the parameters of the system. The Mpemba effect then exists
in the system if a nonequilibrium system which is further
away from equilibrium, namely has more energy in its initial
state, equilibrates faster than an initial condition which is
closer to the equilibrium state. The Mpemba effect was also
demonstrated for a rough granular gas, where a much larger
range of initial energies result in anomalous relaxations [21]
as well as for a gas of viscoelastic particles [22]. In both the
rough and smooth granular gas, the velocity distribution at
all times was approximated by a Gaussian or Gaussian and
first order corrections, respectively, making the calculations
perturbative in nature.

Do the results in the various frameworks for different
systems correspond to the same effect? This is a key question,
for which the answer is yet unknown. In this manuscript, we
partially address a specific difference that plays an important
role in both the numerical and analytical results developed
so far—the initial condition of the system. In the Markovian
framework, the initial condition of the hot and warm systems
is an equilibrium distribution corresponding to the initial tem-
perature [17-19]. In contrast, in the granular gas approach the
initial distributions are not a steady state of the system for any
(effective) temperature but are rather transient distributions
with different amount of total energy. These distributions
relax toward the steady-state distribution by energy exchange
between the particles as well as with some bath [20,21]. A
similar difference in the initial conditions exists between the
various molecular dynamic simulations calculated for water
molecules: in [14] the system was initially sampled from
a hot or warm temperature and then quenched to a cold
environment, whereas in [13] the initial condition is not the
equilibrium distribution of any temperature, but rather an
altered distribution of the final temperature.

To address this specific difference between the two ap-
proaches, we consider the inelastic Maxwell model for granu-
lar gas in which the collision rates are assumed to be indepen-
dent of the relative velocity [23,24]. The model thus presents
a simpler system of granular gas keeping the essential physics
intact, while allowing for exact calculation. We investigate the
existence of the Mpemba effect for both monodispersed and
bidispersed systems. In Maxwell gases, the equations for the

relevant two-point correlations is known to form a closed set
of equations [25-27]. By analyzing these equations in detail,
we determine the parameter regime in which the Mpemba
effect can be seen in these systems. In particular, we show that
while transient initial conditions are required for the effect
to be present in monodispersed gas, the bidispersed system
shows the Mpemba effect for steady-state initial conditions.
This allows us to use the Markovian approach for the Mpemba
effect in driven granular gas, and therefore identify the exis-
tence of the strong effect in this system, where for a specific
initial steady state the relaxation rate is smaller than from any
other initial steady state.

The remainder of the paper is organized as follows. We
define the model in Sec. II. In Sec. III, we show that the
time evolution of the two-point velocity-velocity correlation
functions do not involve higher-order correlations and form a
closed set of equations. The time evolution of the two-point
correlations thus have exact solutions. In Sec. IV, we define
the Mpemba effect and demonstrate its existence in driven
monodispersed systems. Section V contains the detailed anal-
ysis for the existence of the Mpemba effect in bidispersed
granular systems. We also demonstrate the existence of the
inverse Mpemba effect and a stronger version of the Mpemba
effect in similar systems. Section VI contains the summary of
results and a discussion of their implications.

II. MODEL

In this paper, we analyze both monodispersed- as well as
bidispersed-driven inelastic Maxwell gases. We first define the
bidispersed gas, and then indicate the limits when it reduces
to a monodispersed gas. Consider N, particles of type A, each
of mass my, and Np particles of type B, each of mass mg.
Let N4 + Np = N. Each particle has a scalar velocity v;,
wherei =1, ..., N and k € {A, B}. These velocities evolve in
time through binary collisions and external driving. A pair of
particles of type k and [, where k, [ € {A, B}, collide with rate
At /N. The factor 1/N in the collision rates ensures that the
total rate of collisions between N[N — 1]/2 pairs of similar
type of particles and that between Ny Np pairs of different type
of particles are proportional to the system size N. During a
collision, momentum is conserved, but energy is dissipated.
Let v; x and v;; denote the precollision velocities and v; ,, v
denote the post-collision velocities. Then 7

’
Jl

/ my
Vi =Vik — (I +ry)————ix —vj1),
i,k i mk+ml 1 J

ey

my
v =via+ 0+ rkz)m(vi,k = V1),

where k, [ = A, B, ry; € [0, 1] is the coefficient of restitution
for the collision, and my and m; are the masses. There are
three coefficients of restitution: 744, rgg, and ryp depending
on whether the pair of colliding particles are of type AA, BB,
or AB. It is convenient to define

141y
2

o = , k.1 =A,B, (2)
where 1/2 < oy < 1.

In addition to collisions, the system evolves through ex-
ternal driving. We implement a driving scheme that drives
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the system to a steady state, and has been used in earlier
studies [25,26,28]. Each particle is driven at a rate A4. During
such an event, the velocity of the driven particle is modified
according to

Vi =—ToVik + M —l<ry<1, k=AB, (3)

where r,, € (—1, 1] is a parameter and 7y, is noise drawn from
a fixed distribution ¢ (1x). There is no compelling reason
for ¢y (nx) to be Gaussian. However, we restrict ourselves to
distributions with zero mean and finite second moment o}
given by

The physical motivations for the form of driving may be found
in Refs. [29,30]. Without loss of generality, in all the plots, we
set the driving rate A; = 1, so that time is measured in units
of )L;l.

In the model, the spatial degrees of freedom have been
neglected. This corresponds to the well-mixed limit where the
spatial correlations between particles are ignored. In addition,
we have assumed that the collision rates are independent of the
relative velocity of the colliding particles. This corresponds to
the so-called Maxwell limit.

Let P (v, t), where k = A, B, denote the probability that a
randomly chosen particle of type k has velocity v at time ¢. Its

o0
of = / dn n*¢x(n), k=A,B. (4)  time evolution is given by
o |
d )»kk(Nk 1)
Gpetw.n) = S [ dudvapion, 0P 08101 = e + g = 0
ANz Mk(Ne — 1
- % // dvidv,Pe(vy, )Py (v2, S[(1 — Xp)vy + Xpvs — v] — kk(Tk)Pk(v, 1)
AiNg
M b, + M[—Pkw, 0+ [ [ dndvgunpcon 0t +nc - v]] )
[
where derived in Refs. [25,27]. We summarize these derivations and
_ B if k=A then develop a solution that will be useful for demonstrating
k= { A’ k- B’ (6)  the Mpemba effect. Sections III A and I1I B contain the deriva-
’ - tion for monodispersed and bidispersed gases, respectively.
and
2 ) i
X, = auppty where 11 = my . k=AB. (7 A. Monodispersed Maxwell gas
my + mp We first discuss the case of monodispersed Maxwell gas.

with py € (0, 2) and oy is defined in Eq. (2).

The monodispersed Maxwell gas is obtained by taking the
limit Ny = N with (N — 1)/N — 1, Ng =0, rqa =r and
setting all other coefficients of restitution to zero. The rate of
interparticle collisions is denoted by A and the rate of driving
for the particles by A4. If P(v, t) denote the probability that a
randomly chosen particle has velocity v at time ¢ then its time
evolution, for a monodispersed gas is given by

d
EP(U, t) = —AP(v,t) — A4P(v,t)

Af/ dvidvaP(vy, t)P(va, 1)
X 8[(1 — a)vy + vy — v]

vy / / dndvi (NP (ur, 1)

x 8[=ryvr +n —v], (3
where
14+r
= 9
o 2 )

III. CALCULATION OF THE
TWO-POINT CORRELATIONS

In this section, we define the relevant two-point correla-
tion functions for both monodispersed and bidispersed gases.
The evolution equations for these correlation functions were

Consider the following two-point correlation functions:

N

1
E@) =5 > (vi0)

i=1

N
c) = N(N_ 5 EFIZH&, uv; @), (10)

where E(t) is the mean kinetic energy of a particle, and C(t)
is the equal time velocity-velocity correlation between a pair
of particles. In the steady state, the interparticle two-point
correlation function is known to be zero [26]. However, for
the purpose of demonstrating the Mpemba effect, we con-
sider nonzero correlations, which correspond to nonstationary
states. The time evolution of these correlation functions can
be obtained in a straightforward manner from Eq. (8) and can
be compactly represented in matrix form as [25]

dX(t)
=—RX(t)+D, (11)
dt

where X(1) = [E(t),C(t)]", D =[rs0?,0]", and R is

given by

Ae(l=r)+ra(1—r2) —re(1=1r?)
R= .
= P a1+ 1)

(12)

Note that while R;; and Ry, are positive, R, and R,; are
negative.
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Equation (11) for the correlation functions forms a closed
set of linear equations and does not involve higher-order
correlation functions. This allows for a complete solution.
Equation (11) can be solved exactly by linear decomposition
using the eigenvalues A of R:

_ Rii+Rp £/ (Rii — R»)? + 4Ry R
+= :

2 (13)

Here, the eigenvalues A, > 0 with A, > A_. The solution for
E(t) and C(¢) can then be obtained as

Et)=K.e ™' + K e + K,

(14)
Cit)=Lie ™ +L_e " + L,

where the coefficients Ky, K_, Ky, L, L_ and Ly are given in
Eq. (A1) of Appendix A.

B. Bidispersed Maxwell gas

For the case of bidispersed Maxwell gas, we can define
two-point correlation functions, E4 and Ep for the mean
kinetic energies of type A and B particles, and three two-
point velocity-velocity correlation functions C;;, where i, j €
(A, B):

1

Et) = 3 ;@ZA@)),
1 &

En(t) = 5 ;(vﬁgm),

Ny Np

1
Capt) = —— A (O p(1)),
45 (1) NANB;;W,A@)W,BO»
1 Ni N
Caat) = ———— (VA A1),
NA(z\fA—l);]A_Zl !
j#i
1 NB NB
Cpp(t) = ——— (vig()v;p()). (15)
1\@(1@—02?1 !
j#i

The time evolution for these correlation function can be
obtained from Eq. (5), as derived in Ref. [27] when only one
type of particle is driven. We generalize these calculations
to the case where both types of particles are driven. The
time evolution equations are linear and form a closed set of
equations as shown in Appendix (A 2).

In the steady state, in the thermodynamic limit, the in-
terparticle two-point correlation functions C;;, where i, j €
(A, B) are zero, as shown in Ref. [27]. If in the initial state,
these correlations are zero, then it remains zero for all times.
We will be only considering such initial states. Unlike the
monodispersed case, we will show that the Mpemba effect is
possible for initial states that are steady states. In that case, we
can ignore these correlations, and write the time evolution of
mean kinetic energies of A and B type particles, i.e., E4 and
Ep, respectively, in a compact form (see Appendix A 2 for

detailed calculations) as

dx()
o= RX(t) + D, (16)
where
(1) = [Ea(t), Ep®)]", (17)
D =[ri0}, ao?], (18)

and R is a 2 x 2 matrix, whose entries are given by

Ri1 = AapveXy — Aaadtaa(l — aan)va
— 2)‘ABVBXB — )\.d(l — ri))9

Ry = MapvpXZ,
(19)
Ro1 = AapvaXyi,

R22 = )“ABUAXAZ — )\.BB(YBB(l - O‘BB)”B

— ZAABUAXA — )\.d(l — Vi),

where v4 and vg are the fraction of A and B type particles,
respectively. We note that the linearity in the evolution equa-
tions [Egs. (11) and (16)] for the energy arises naturally for
Maxwell gases (both monodispersed and bidispersed) when
compared to the granular gas models studied earlier [20,21],
wherein the nonlinear evolution equation limits analytical
treatment unless linearized using perturbative methods [20].
Similar exact linear evolution equation has been analyzed in
the case of Markovian Mpemba effect [17] where the vector
denoting the probabilities of various states evolves according
to an equation similar to Eqgs. (11) and (16).

IV. THE MPEMBA EFFECT IN MONODISPERSED
MAXWELL GAS

In this section, we derive the conditions for the Mpemba
effect to be present in the monodispersed-driven Maxwell gas,
based on an analysis of Eq. (14) for the solution of E(¢) and
C(t). More precisely, we define the Mpemba effect as follows.
Consider two systems with two different granular tempera-
tures, or kinetic energies [the terms “granular temperature”
and “kinetic energies” are used interchangeably]. We let these
systems evolve to a steady state at the same final temperature,
that is lower than the initial temperatures. If the hotter system
cools faster (the energy-time plots show a crossing), then we
say that the system shows the Mpemba effect.

We now proceed to find out the criteria for the Mpemba
effect to be present in the monodispersed Maxwell gas. Con-
sider two systems labeled as P and Q. Let their initial condi-
tions be denoted by [E”(0), CP(0)] and [E€(0), C2(0)] with
EP(0) > E2(0). Both systems are then driven to a common
steady state. This is achieved when the systems P and Q are
driven with the same driving strength (o) which is chosen
such that the mean kinetic energy of the common steady state
is lower than the initial mean kinetic energies of P and Q,
while keeping all the other parameters of both the systems
constant.

If this system shows a Mpemba effect, then the trajectories
EP(t) and E9(¢) must cross each other, such that there is a
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time t = 7 at which

Ef(v) = E9(1). (20)
Substituting into Eq. (14), we obtain the relation
KPe ™™ 4 KPe™ T = Ke M7 4 Kl HT, 21)
whose solution is
L=

which in terms of the initial conditions reduce to

. 1 In |:R12AC — (- — RII)AE]’ 23)
Ar — Ao Ri;AC — (Ay — Ry ))AE
where
AE = E*(0) — E2(0), (24)
AC = CP(0) - CQ(O). (25)

For the Mpemba effect to be present, we require that T > 0.
Since A4 > A_, the argument of logarithm in Eq. (23) should
be greater than one. We immediately obtain the criterion

()\.+ — R]])AE < RleC. (26)

Note that R, < 0, and A, > Ry [see Eq. (12)]. Since AE >
0 by definition, we conclude that Eq. (26) can be satisfied only
if AC < 0, i.e., the two-point velocity-velocity correlation of
the hotter initial system C”(0) is sufficiently smaller than that
of the cooler counterpart C2(0). Note that if the two systems
P and Q were initially in a steady state, then in the thermody-
namic limit the correlations vanish, i.e., AC = O(1/N), and
the inequality in Eq. (26) cannot be satisfied. Thus, for the
Mpemba effect to be present in the monodispersed gas, the
initial condition of the cooler component cannot be a steady
state of the system.

In Fig. 1, we demonstrate the time evolution of the energies
of two systems with initial conditions that satisfy Eq. (26).

FIG. 1. The time evolution of the mean kinetic energy, E of
the monodispersed Maxwell gas for two systems P and Q with
initial conditions EF(0) =4, E2(0) =2, C’(0) =3 and C2(0) =
23, which satisfy the conditions for the Mpemba effect as described
in Eq. (26). The choice of the other parameters defining the system
are r = 0.5, r, = 0.5 and o = 1. P relaxes to the steady state faster
than Q, though its initial energy is larger. The time at which the
trajectories cross each other is T = 0.1334, as given by Eq. (23).

0 T T

-5 |- Mpemba effect absent

Mpemba effect present —|

230 | | | |
0 0.2 0.4 0.6 0.8 1
r

FIG. 2. The AE/AC-r phase diagram showing regions where
the Mpemba effect is observed for monodispersed Maxwell gas
(see Sec. IV), where r is the coefficient of restitution. All other
parameters are kept constant. The region below the critical line show
the Mpemba effect.

Though the initial energy of P is larger, it relaxes to the
steady state faster than Q. As predicted by Eq. (23), the two
relaxation trajectories cross at some finite time.

Keeping all other parameters fixed, and allowing only the
coefficient of restitution to vary, we can identify the region
of phase space (initial condition) where the Mpemba effect is
observable, based on Eq. (26). This is shown in Fig. 2. Clearly,
as r decreases to zero, the correlations need to be large for
the Mpemba effect to be present. On the other hand, that in
the near elastic limit » — 1, it is much easier to observe the
Mpemba effect, as the only requirement is that AC and AE
are anticorrelated. However, we note that even in this case,
nonzero correlations imply that the system is not in a steady
state.

V. THE MPEMBA EFFECT IN BIDISPERSED MAXWELL
GAS

In Sec. IV, we discussed the possibility of the Mpemba
effect in monodispersed gas. The Mpemba effect was only
present when the initial states where different from the steady
states at that corresponding temperature. We now generalize
the analysis to bidispersed gases, based on an analysis of
Eq. (16), and show the presence of the Mpemba effect even
when the initial states are restricted to steady states.

In a bidispersed gas, the temperatures of the two compo-
nents are generally different [see Appendix A 2]. We denote
them by E4 and Eg. We denote the total kinetic energy of the
system by E, where

Etol = EA + EB, (27)
and the difference in energies by Eg;f:
Egitt = Ep — Ep. (28)

We define the Mpemba effect in bidispersed gases similarly
to the definition in the monodispersed gases. To this end, we
consider two systems P and Q where E, of P is larger. Both P
and Q are initially in their steady states. We then quench both
systems to a lower temperature. The Mpemba effect is present
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in this case when the E\y trajectories of the two systems cross
each other.

We next consider separately the cases of one or both
components driven. The reason for this separation is that in
some experiments only one component is driven [31-36],
whereas in others both components are driven [37-42]. The
respective analysis may be found in Secs. V A and V B.

A. One component is driven

Consider a bidispersed-driven Maxwell gas where only
component A is driven with driving strength o. The time
evolution equation [see Eq. (16)] for the correlation functions
can be expressed in terms of Eyy and Egisr as

E
EO _ _ @) +D. (29)
dt
where
E(t) = [Ew(t), Eaier(t)]", (30)
D = [As02, rgo?]T, (31)

and x is a2 x 2 matrix with components xi1, X12, X21 and x2»
as given in Eq. (B2). The details of the calculation are shown
in Appendix B. Equation (29) can be solved exactly by linear
decomposition using the eigenvalues Ay of x:

Ae = MO+ x2) £ V0 — x2? +4xexal. (32)

It is straightforward to show that AL > 0 with A, > A_.
The solution for Ey(¢) and Eg;¢(2) is

Eo(t) = Kpe ™' + K_e™*" + Ky,
(33)
Eg(t) = Lye ™' + Le™" + Ly,

where the coefficients K, K_, Ky, L, L_ and L are as given
in Eq. (B4).

We now consider two systems labeled as P and
Q with different initial conditions [E[ (0), EX:(0)] and
[EZ(0), E2.(0)] where EL(0) > EZ(0). Both the systems
are quenched to a common steady state whose total energy
is smaller than the initial total energies of P and Q. This is
achieved when the systems P and Q are now driven with the
same driving strength (o) for the component A, while keeping
all the other parameters same for both the systems.

The Mpemba effect is present when the trajectories EL (1)
and Egt(t) cross each other at some finite time ¢ = 7 at which

Eq(1) = EQ(0). (34)
Substituting into Eq. (33), we obtain
KPe ™™ 4 KPe™ T = Ko7 4 Kl T, (35)

whose solution is
1 KP — k¢
= In| — * (36)
Ap—A | K2—KP
which in terms of the initial conditions reduce to

1 In |:X12AEdiff — (A — Xll)AEloti|
Ay — A X12AEgist — (g — x11)AE o |’

T = (37)

FIG. 3. The time evolution of the total energy, Ei(t) for two
systems P and Q of the bidispersed Maxwell gas where only one
component is driven with initial conditions: EF (0) = 22, EL0) =
14, EP(0) = 18 and EZ(0) = 4 such that EZ,(0) > EZ(0), which
satisfies the condition for the Mpemba effect as described in Eq. (39).
The choice of the other parameters defining the system are mp =
ZmA, FAA = TAap = F'pp = Iy = 05, Vg = 02, Vp = 0.8ando =1.P
relaxes to the steady state faster than Q, though its initial energy
is larger. The time at which the trajectories cross each other is

v = 0.807 as given by Eq. (37).

where

AEq = EL (0) — EZ(0), .
AEgs = E5y(0) — E2(0).

Following the same argument as for the case of monodis-
persed Maxwell gas in Sec. IV, Eq. (37) leads to the criterion
for the crossing of the two trajectories as

X12AEgir > (A — x11)AE. (39)

In Fig. 3, we consider such a situation where Eq. (39) is
satisfied. The trajectories cross at the point as predicted by
Eq. (37). It is clear that though P has larger initial energy, it
relaxes faster.

In Fig. 4, we identify the region of phase space (initial
condition) where the Mpemba effect is observable, based on
Eq. (39). In the figure, the variation with r4p is shown. The
region below the line in the phase diagram shows the Mpemba
effect whereas the other region does not show the effect.

In the above analysis, the systems P and Q have the
same parameters once the quench is done. However, in the
initial states, the parameters—reaction rates, coefficients of
restitution, driving strength—could be different for P and
Q. These parameters, though not explicitly mentioned, enter
through the initial values Ey, and Eg. As a result, one can
tune the parameters appropriately to obtain initial steady states
that satisfy the condition given by Eq. (39) and hence show the
Mpemba effect.

We now ask a more refined question. Let us suppose that
the systems P and Q have the same parameters throughout
(both initially, as well as after the quench) except for the
driving strength, which is different initially and the same
after the quench. Can the Mpemba effect be present in this
case, when only component A is driven? The condition for
the Mpemba effect to be present is the same as that derived
for the more general case [see Eq. (39)]. However, when all
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FIG. 4. The AE\./AEq4s—rap phase diagram showing regions
where the Mpemba effect is observed for the bidispersed Maxwell
gas, where only one component of the gas is driven (see Sec. V A)
and r4p is the coefficient of restitution. All other parameters are kept
constant. The choice of the other parameters defining the system
are my = 2mp, vy = vg = 0.5and ray = rpgp = r, = 0.5. The region
below the critical line shows the Mpemba effect whereas the region
on the other side of the critical line does not show the Mpemba effect.

parameters other than driving strength are kept identical, the
ratio AE/AEgg in the initial steady states has a simple
form:

14+ AapvaX3iQ

AEy
- =, (40)
AEgs 1 — AapvaX;Q

where Q is defined in Eq. (A13). Note that Q > 0 and
hence the ratio in Eq. (40) is always larger than one. On the
other hand, the ratio AEy/AEg¢ should always be less than
X12/(A4+ — x11) for one to observe the Mpemba effect and it
can be shown that the maximum value of the quantity is one.
Thus, Eq. (40) does not satisfy the required condition for the
existence of a Mpemba effect.

So far we have discussed the possibility of having the
Mpemba effect in a bidispersed Maxwell gas where only one
component is driven. We showed that, as compared to the
monodispersed gas, for initial states that correspond to steady
states, the bidispersed gas shows a Mpemba effect for a wide
range of parameters. However, when the two systems P and
Q are identical except for the driving strength, the Mpemba
effect is not possible for steady-state initial conditions. We
now generalize the calculations to a bidispersed gas where
both components are driven, and show that even for systems
that differ only by the driving strength, the Mpemba effect can
be observed.

B. Both components are driven

Next we consider a bidispersed Maxwell gas where both
the components of the gas are driven. Here, type A and B
particles of the bidispersed Maxwell gas are driven at the
same rate Ay but with different driving strengths o4 and op,
respectively. The time evolution of the quantities Ey and Egis
are given by Eq. (29) with the column matrix D of the form

D= [0} +02), ra(o}—o2)]". (41)

30.5
27

Etot /Eﬁnal

FIG. 5. The time evolution of the total energy, Ey(t) for two
systems P and Q of a bidispersed Maxwell gas where both com-
ponents are driven with initial steady-state conditions: E[ (0) =
150.4, EZ(0) = 132, EL;(0) = 75.2 and EZ.(0) = 30.5 such that
EF(0) > EZ (0), which satisfies the condition for the Mpemba effect
as described in Eq. (39). The choice of the other parameters defining
the system are mp = 10my, rag = rpgg =1, = 0.5, rap = 0.6, vy =
0.2,vp = 0.8, 04 = 2 and o = 1. P relaxes to the steady state faster
than Q, though its initial energy is larger. The time at which the
trajectories cross each other is T = 0.39 as given by Eq. (37).

The solutions for Ey (1) and Eg4(t) are obtained in a similar
way as in Eq. (33), but the coefficients K, K_, Ky, L, L_ and
Ly are now given by Eq. (B6).

Our main aim is to look for the existence of a Mpemba
effect by considering two systems with identical parameters,
except for the driving strengths. To this end, we consider two
such similar systems, P and Q, driven with different noise
strengths, thus attaining different initial steady states with
different initial total energies.

Let system P have higher initial total energy compared to
Q. Both systems are then driven to a common steady state with
a lower energy compared to the initial steady state of systems
P and Q. This is achieved when P and Q are driven with the
same driving strengths (o4 and o) for the components A and
B. The cross-over time 1 for the crossing of the trajectories of
EP (t) and Etgl (1) is obtained using Eq. (37), and the criterion
for the occurrence of the Mpemba effect is given by Eq. (39).
An example of such a crossing is shown in Fig. 5.

In Fig. 6, based on Eq. (39), we identify the region of
phase space (initial condition) where the Mpemba effect is
observable. In the figure, the variation with 745 is shown. If
the ratio AEy/AEgg falls in the region below (above) the
line in the phase diagram [see Fig. 6], then the system exhibits
(does not exhibit) the Mpemba effect. For steady-state initial
conditions, the ratio AE,/AEgs depends on parameters as
given by Eq. (C1). Note that the ratio AEy/AEqgis is also a
function of the driving strengths, o4 and op [see Eq. (C1)]. It
turns out that the driving strengths can be appropriately tuned
to access the entire region of phase space (initial condition) in
which the Mpemba effect is observable.

C. The inverse Mpemba effect

The inverse Mpemba effect refers to the phenomenon that,
when quenched to a high temperature, an initially colder
system heats faster than a system at intermediate temperature.
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FIG. 6. The AE\y/AEsx—rap phase diagram showing regions
where the Mpemba effect is observed for the bidispersed Maxwell
gas, where both components of the gas are driven (see Sec V B)
and r4p is the coefficient of restitution. All other parameters are kept
constant. The choice of the other parameters defining the system are
mp = 2my, vy = 0.2, v = 0.8, r, = 0.6 and ryy = rgg = 0.5. The
region below the critical line gives the set of initial steady states that
show the Mpemba effect whereas the region on the other side of the
critical line correspond to initial states that do not show the Mpemba
effect.

The analysis for showing the Mpemba effect in Sec. VB
can be generalized to show the inverse Mpemba effect in
the driven binary gas when both components are driven. We
prepare two systems P and Q in steady states such that the
total energy of P is larger than that of Q. Both systems are then
quenched, using suitable driving strengths for the individual
components of the bidispersed gas, to a common steady state
having a higher energy compared to the initial energies of
both P and Q. The cross-over time t for the crossing of the
trajectories of Etﬁt(t) and Eg[ () is obtained using Eq. (37) and
the criterion for the occurrence of the inverse Mpemba effect
is given by Eq. (39). An example of such a crossing is shown
in Fig. 7.

The accessible steady states of the system that satisfy the
condition for the inverse Mpemba effect turns out to be the
same as that for the direct Mpemba effect and can be obtained
using Eq. (Cl). Thus, Fig. 6 also illustrates that the valid
steady states of the system given by Eq. (C1) belongs to the
region of phase space (initial condition) given by Eq. (39)
where the inverse Mpemba effect is observable.

D. The strong Mpemba effect

We now explore the possibility of a strong Mpemba effect
in the binary Maxwell gas. The strong Mpemba effect refers
to the phenomenon wherein the system at higher temperature
relaxes to a final steady state exponentially faster, namely with
a larger exponential rate compared to other initial conditions.
Up to now, we had only considered the case where the
trajectories cross, which in general does not imply that the
decay rate at large times is different. The linear evolution
equation in Eq (16) allows certain set of initial conditions to
relax to the final steady state exponentially faster compared
to other initial states. The effect may be realized when the
coefficient (K_) associated with the slower relaxation rate in
the time evolution of total kinetic energy, Ei(¢) [see Eq. 33]

E tot /E ‘final

0.76

0.67

FIG. 7. The time evolution of the total energy, Ey(t) for two
systems P and Q of bidispersed Maxwell gas where both compo-
nents are driven with initial steady-state conditions: EF (0) = 150.4,
EZ(0) = 132, EF(0) = 75.2 and EZ;(0) = 30.5 such that EZ (0) >
EZ(0), which satisfies the condition for the inverse Mpemba effect as
described in Eq. (39). The choice of the other parameters defining the
system are mpg = 10my, raga = rgp =1y, = 0.5, rap = 0.6, v4 = 0.2,
vg = 0.8, 04 = 8 and o = 8. P relaxes to the steady state slower
than Q, though its initial energy is larger. The time at which the
trajectories cross each other is T = 0.39 as given by Eq. (37).

vanishes. In what follows, we would like to probe the system
of bidispersed gas with both type of particles driven to look
for the presence of the strong Mpemba effect.

Setting the coefficient K_ [given by Eq. (B6)] to zero, we
obtain

Ea(0) = —22 Eq(0) — ¢, 42)
Ay — X11
where
[z = s + 1008 — (a2 + Ay — x11)03]
c= . (43
A(Ay — x11)

For a system with all other parameters kept fixed, solution
of Eq. (42) in terms of E\(0) and Egi(0) provides the set
of initial states whose relaxation is exponentially faster than
the set of generic states. Note that the set of initial states that
satisfy Eq. (42) lie on a straight line.

Among these initial states one would like to determine the
ones which are steady states. Remember that the steady-state
ratio of Ey(0)/Eq4(0) for a system is given by

E(0)
Egit(0)

where f(o4, op) is given by Eq. (C2) and is only a function
of driving strengths (04 and op) as all other parameters are
kept constant. One observes that valid steady states with initial
energies, Ei(0) and Eg(0) that satisfy the condition for
the strong Mpemba effect [see Eq. (42)] can be obtained by
appropriately tuning the driving strengths o4 and op.

Thus, for a system of bidispersed Maxwell gas where
both components are driven, there exists steady-state initial
conditions which satisfy the condition given by Eq. (42) and
hence approach the final steady state exponentially faster
compared to any other similar system whose initial energies
lie slightly below or above the line. An example of the strong
Mpemba effect is shown in Fig. 8. The figure shows the

= f(oa, 0B), (44)
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FIG. 8. The time evolution of the total energy, Ey(t) for two
systems P and Q of bidispersed Maxwell gas, both components
are initially in steady states, with EF (0) = 47.8, E‘gl(O) =43.8,
EP:(0) = 45.6 and EZ.(0) = 39 such that E? (0) > EZ(0). These
initial values satisfy both the conditions for the Mpemba effect
as described in Eq. (39) as well as those for the strong Mpemba
effect (for system P) as described in Eq. (42). The choice of the
other parameters defining the system are mg = 10my4, raqa = 0.5,
rpp = 04, Fy = 06, Fap = 035, Vy = 02, Vp = 08, Oy = 2, and
op = 1. P equilibrates to the final state at an exponentially faster rate
compared to Q. Inset: The trajectories for P and Q cross at a time
v = (.73, as given by Eq. (37).

evolution of the total energy E as a function of time ¢ for two
bidispersed systems P and Q that have identical parameters
except for the initial driving strength after being quenched
to a lower temperature by changing the driving strength to
a common lower value. The initial state of the system P
is chosen in such a way that [E(0), Eqi(0)] satisfies the
condition for the strong Mpemba effect [Eq. (42)], and hence
evolves to the final state with a single faster relaxation rate.
On the other hand, in system @, the initial state does not
satisfy the strong Mpemba effect condition, thus it relaxes
differently, and asymptotically evolves with the slower rate.
Further, as the initial condition of the two systems P and Q
happen to satisfy the relation for the existence of the Mpemba
effect [Eq. (39)], the trajectory of the system P with higher
initial energy crosses that of Q with lower initial energy. The
crossing time t could be obtained using Eq. (37) which is
captured in the inset of the figure.

VI. CONCLUSION

In summary, through an exact analysis of the driven
monodispersed and bidispersed Maxwell gases, we derived
the conditions under which the Mpemba effect, the inverse
Mpemba, and the strong Mpemba effect can be observed. In
Maxwell gas, the rate of collision between particles is inde-
pendent of the relative velocity. In addition, the well-mixed
limit is assumed such that spatial correlations are ignored. The
equations for the two-point correlations close among them-
selves resulting in a coupled set of linear equations allowing
for an exact solution. This linearity happens to be natural
to the model and thus does not require any approximations
that have been employed in models where the collision rates
are velocity dependent. To demonstrate the existence of the

Mpemba effect, we determine the conditions under which
a hotter system relaxes faster than a cooler system when
quenched to a temperature lower than both. For the case of
monodispersed Maxwell gas, we showed that the Mpemba
effect is possible only if the initial states do not correspond to
steady states. On the other hand, for bidispersed Maxwell gas,
there is a range of parameters for which the Mpemba effect
exists, even when the states from which the quench is done
are restricted to valid steady states. In a similar framework,
we also demonstrated the existence of the inverse Mpemba
effect where a system is heated instead of cooled, i.e., a system
at a lower initial temperature relaxes to a high temperature
state faster than another system with an intermediate initial
temperature. We also showed the existence of a stronger
version of the Mpemba effect, where a system equilibrates to
a final steady state at an exponentially faster rate.

The exact analysis allows us to identify the reason behind
the Mpemba effect in these systems. First, we note that,
though the system evolves stochastically, the evolution of
the history-averaged correlation functions is deterministic.
The evolution equations are first order differential equations,
therefore two trajectories in the correlation functions-time
phase space cannot intersect. However, for the monodispersed
gas, the state of the system is defined by two quantities:
energy and interparticle correlation function. In this three
dimensional space (third dimension being time), two trajec-
tories cannot cross. Nevertheless, when projected onto the
lower dimensional energy-time plane, trajectories may cross,
leading to the Mpemba effect. If the initial states correspond
to steady states, then the interparticle correlations are exactly
zero and remain zero during time evolution, constraining the
correlation function-time plane to be two dimensional. Thus,
a necessary condition for the Mpemba effect to be observed
is a nonzero interparticle correlations, or alternatively non-
stationary initial states. On the other hand, for bidispersed
gases, there are two kinetic energies and three interparticle
correlation functions. Since the energy-time dimensions are
themselves three dimensional, it is possible to observe the
Mpemba effect when the correlations are set to zero, as in a
true steady state. Note that for the present study, we have cho-
sen intersection of total energy as an indicator of the Mpemba
effect. This is a natural choice, as this is the quantity that is
easiest to track in an experiment. It is possible to characterise
the state of the system by more macroscopic quantities. For
example, by temperature 7 and second Sonine coefficient,
a, in the expansion of velocity distribution function around
Gaussian, as studied for the case of granular systems of hard
sphere particles [20].

Our results are analogous to those found in the perturbative
treatment of the most realistic granular systems [20,21]. In
these calculations, the Mpemba effect can be seen in monodis-
persed systems when the initial conditions do not correspond
to any steady state, but rather to some transient states that are
close to the final steady state. This is achieved by choosing
appropriate initial velocity distribution functions for the two
systems. For the case of rough granular gas, calculations
were carried out by considering states with Gaussian velocity
distribution at all times which may not hold good for nonequi-
librium systems. In contrast, the analysis in the present work
does not make any assumption regarding the nature of velocity
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distribution in the steady state of the granular system. There-
fore, extending the calculations of Refs. [20,21] to smooth
bidispersed gas would be a promising area for future study.
One can also search for exponentially faster relaxation proto-
cols in these systems as studied in Refs. [15,18]. In addition,
the results in this paper, particularly the case of bidispersed
Maxwell gas where both components are driven, suggest that
driven binary gases are a good candidate for observation of
the Mpemba effect in granular experiments.

Further, in the aim of demonstrating the existence of the
Mpemba effect in Maxwell gases, we have assumed that
energies evolve monotonically, by not explicitly accounting
for the possibility that when a hot system is quenched to
a lower temperature, the temperature could drop below the
final temperature. To include scenarios with nonmonotonic

J

evolution of energy into the present framework, one may
have to look at the behavior of the absolute values of the
coefficients K_ [17]. This extended case may be addressed in
future, to the present and other models of granular gases. One
may also look at the relation between the existence of such
non monotonic relaxation and the strong Mpemba effect, as
the presence of nonmonotonicity indicate a change in sign of
the coefficient K_.
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APPENDIX A: TIME EVOLUTION FOR TWO-POINT CORRELATIONS

In this Appendix, we solve for the time evolution equations of two-point correlations as defined in Secs. III A and III B for
the case of monodispersed and bidispersed Maxwell granular gas, respectively.

1. Monodispersed gas

For the monodispersed gas, the time evolution of mean kinetic energy, E(¢), and the two-point velocity-velocity correlation
function, C(¢), are given as in Eq. (14). The coefficients K, K_, Ky, L, L_ and Ly in Eq. (14) are given by

1 (A-—Ru), , 1 Ay —Ru).
Ky = " (A= = Ri)ZE1(0)— Ri2%2(0) — o Mo K_ = " —(A+ = Ri)X1(0) + Ri222(0)+ — . MO
L + B
I[A_—R Ay —R 1A =R~ —R Ay —Rip)(A- —R
Ky = — n_ 24 1]:|kd02, Lo:—[( + 11)( ”)—( hs 1) ll):|)\d027
YL A+ A Y Riahy Riph_
I[(Ay —Ri1))(A_ —R Ay —Rip))(A- —R
L, = L[ G = RuX 1) 5 (0) = (hs — Ry )Ey(0) — Ot = Ri1 ngwﬂ’
vl Ri» Riphy
I[—(Ay —Ri1)(A_ —R Ay —Rip)(A_ —R
L -1 (A4 —Ru)( ]1)21(0)+(A_—R11)22(0)+( +— Ri)( ll)kd02:|,
yL R12 R12)¥—

2. Bidispersed gas

For the case of bidispersed Maxwell gas, the two-point correlations are defined as in Eq. (15). First, we consider the general
case where both components of the gas are driven. The results can be extended for one component-driven bidispersed gas. We
can write for the time evolution of the two-point correlations using Eq. (5) in a compact matrix form as

dX(t)
dt

where

%(1) = [Ea(t), Ep(t), Cap(1), Can(t), Cop(1)]",

D = [h402, %403,0,0,0]",

where k = A, B and the matrix R is given by

[Rop — Ria — R3p — Ry Rap
Ros Ryp — Rip —R3a
R= R s R
= 2N, 4 2Nj
R
NAlfl 0
R
B 0 Ny

= RX(t)+D, (A2)
(A3)
(A4)
—2Ry5 + R3p 2R 4 0 ]
—2Ro4 + R3a 0 —Rip
4R4+R35—R34 R3p Ri3p Rsp Rsp
Heete S S 7 o (AS)
R3p R — Ryp — 8L 0
Rip 0 135391 — Rsp |
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The constants Ry, Rk, Rk, R4, Ry are given by

Ak (1 — o )(Ng — 1) AN X2
Ry = , Ry =—7+—,
N N
2R>; AapXaX
Ry =—=, R,= M’
Xk N
Rd = )\.d(l - rz).

w

(A6)

In the steady state, in the thermodynamic limit, the interparticle two-point correlation functions C;;, where i, j € (A, B) are
zero, as shown in Ref. [27]. If in the initial state, these correlations are zero, then it remains zero for all times. We will be only
considering such initial states. In that case, we can ignore these correlations, and write for the time evolution of mean kinetic
energies E4 and Ejp as

dEA(t)
c;t = Ex(1)[AapvsXg — *aactaa(1l — aan)va — 2hapvpXp — Aa(1 — 1) ] + Eg(®)(AapveXs) + raoy,
dEp(1) 2 2 2 2
T Ea(t)(ApvaX?) + Eg(0)[2apvaX; — Apsapp(l — apg)vg — 2hagvaXa — ra(1 = ry)] + Aaoj. (AT)

It can be written in a compact form as in Eq. (16). To obtain the steady-state values, we set the time derivative of Eq. (A7) to
zero. The steady-state values for E4 and Ep are given by

—)»dqf[ — )\,d(l — }”120) — ZAABVAXA + )\.ABVAXvA2 — )\BBVB(l — OlBB)OlBB] + )\,AB)udUBXlgo‘g

Ey = - , (A8)
£y — MpravaXiod — haof| — ha(1 = r2) — 20apvpXp + AapveXF — Aaava(l — aan)oua | ’ (A9
F
where
F = —23avpXiXg + [ — ha(1 = 1) — 2hapvpXp + AagvpXy — Aaava(l — aan)atas ]
x [ = xa(1 = 73) = 2hapvaXa + AapvaXs — Apgvp(l — agp)ops]- (A10)

One can do similar calculations to solve for the steady-state mean kinetic energies, for the case where only one component
(say A) is driven with driving strength (o) and at a rate (1,). In that case, the mean kinetic energies of the components are given
by

2

)»dO'
Ea= 2 2y2 2 0 (All)
)»d(l - rw) + 2vadp004a(1 — ) + AapveXp(2 — Xg) — X; X5vav)s5Q
Ep = ExdapvaX; Q, (A12)
where
1
Q0 (A13)

T (2 — XA)Xavarap + 2apprppvp(l — app)’

APPENDIX B: TIME EVOLUTION OF E; AND Eg: BIDISPERSED MAXWELL GAS

In this Appendix, we solve for the time evolution of the quantities Ey,; and Eg;¢ for the case of bidispersed Maxwell gas. We
consider two cases: when only one component of the gas is driven and another case when both the components of the gas are
driven as described in Secs. B 1 and B 2, respectively.

1. One component is driven

We consider a bidispersed Maxwell gas where only one component, say A, is driven with a rate, A; and with a driving strength,
o. Using the definitions of E;; and Egifr as given in Egs. (27) and (28), respectively, we can write for the time evolution of these
quantities following Eq. (16) as

dElot 2

pra X11Ewo + x12Edgitr + Aq0 7,
(BD)

d Eqifr 2

o x21Ewot + x22Edgitr + Ag0 7,
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where

X111 =—

Ri1 +Ri2+Roi + R

2 9

Rii — R+ Ry — Ry

X2 = — 5 ,

(B2)

Ri1 +Ri2 — Ry — R»

X21 = — s
2

Rit —Ri2 — Ry + Ry

X2 = — ) .

Equation (B1) can be represented in a compact matrix form as in Eq. (29). The solution for the time evolution of E, and Eg;

are given by

E(t) =Kie ™" + K_e ™" + K,

(B3)
Eg(t) = Lye ™' + L_e™™' + Ly,
where the coefficients K, , K_, Ky, L, L_, and L are given by
[ X1z —A-+ x1n1)
Ky = —| (=A_ + x1DE(0) + x12Eqin(0) — 22" 2002 |,
YL At
1 X2 — A+ + x11)
K_ = " Ay — X1)E0t(0) — x12E4i(0) + +M02 ,
1T —(A_ — — (AL — 1] Ay — A — Ay — A —
K = & Xx12 — ( xi)  xiz — (g Xll)i|kd02’ Lo — _[( + = x1)( xi) (= xu)( Xll)il)\d(rz’
vL At Ao 4 X12A4 X12A—
1T (= xiD— = xi1) Ay — x10D)A- = x11)
Ly =—|-*= Et(0) + iy — x11)Eain(0) — ~—+ rao? |,
vL X12 X12A+
L[y = xiD(- = x11) Ay = 1) = x11)
L=—|—+2A E(0) = (= — x1D)Eqitr(0) + 21 Lo |,
vL X12 X12A_
Yy =Xy —A_. (B4)

2. Both components are driven

Here, we consider a bidispersed Maxwell gas where both the components, A and B, are driven with driving strengths o4 and
op, respectively. One can follow the calculations for the case of one component-driven bidispersed gas (see Sec. B 1) and write
the time evolution of Ey, and Egs in a compact representation as in Eq. (29) but the column matrix D takes the form

D =

The solution for Ey(¢) and Eg;s(2) are given by

2 2

A (o5 — o (BS)

[ (03 + 05), )"

Eq. (B3) with the coefficients K, K_, Ky, L+, L_ and Ly in Eq. (B3) given by

L

1 Ad 2 2
K, = 1 (A~ = x1)E0(0) + x12E4isr(0) — A_[(XIZ — (= = xiog — (xi2 + (= — x1)oz] ¢+
+
1 Ad 2 2
K_ = " (A4 = x11)Ei0t(0) — x12Eair(0) + A—[(Xu — (¢ — x1)og — (2 + g — xa))ogz | ¢
I% )»_d{ (x12 — (A= — x11))0F — (x12 + k= — x11))oj O = Oy — X103 — (x12 + (A — x11))07
'y AL A
1 Ay — A — A
Ly = —{ _ O 20O = XD e 0) 4 Gy = 10Ea(©) =~ [0y — x1)C — x1) (0 aé)]},
14 X12 Ay X12
1Ay — A — A
L = —{( s X0 X g 0) = G — 10 Ean©) + — [y — x10)( — x1) (0 _a;)]},
12 X12 A_X12
_ _ _ > (L1
Ly = 2y |:()»+ x1D— — x11)(o4 GB)<A+ L)]
)/ = )\.+ — )\._.

(B6)
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APPENDIX C: STEADY-STATE EXPRESSION FOR AEy/AE 4t

In this Appendix, we calculate the steady-state expression for the ratio AE\,/AEg for a bidispersed Maxwell gas where
both the components, A and B are driven at a rate A, and with driving strengths o4 and op, respectively. The quantities AEy
and AEgg are defined as in Eq. (38). Using the results for the steady-state mean kinetic energies for components A and B [see

Egs. (A8) and (A9)], one can calculate the ratio AE\y/AEg; as

rahalvsXi[ (o) = (o) T+ waxi[() = ()]}

— )\d[ — )\d(l — ri) — 2)\ABVAXA + )\ABVAXZ — ABBVBO[BB(I - (XBB)][(O’}{))2 - (O‘AQ)z]

AEtot .~ }‘d[ — )»d(l — ri) — ZXABVBXB + )\.ABVBX; — )»AAUAOIAA(I — (XAA)][(O‘g)z - (O’Ig)z] (Cl)
Aarr dagha{vsX3[(oF)" = (0f)"] = mX3[(eX)" - (22)]) |
— )‘«d[ — )‘«d(l - I"i) — ZA,ABVAXA + )LABVAX/% — )‘«BBVB(XBB(I — OlBB)][(O':)Z - (0_‘3)2]
+ Aa[ = ha(1 = 75) — 20apvEX5 + AapvsXg — Aaavacaa(l — WAA)][(O}I;)Z - (GBQ)Z]
One can also obtain the ratio of E(0)/E4i(0) for a system (P) only using Eq. (C1) as
)\.ABA.d[UBXBZ(O'g)Z + UAXX (O’f)z]
— Ma[ = ra(1 = 1)) — 22apvaXa + 2apvaX;i — Agpvpasp(l — agp)] (05)2
E;Igt = )\d[ — )\d(l — 7'5}) — 2)"ABVBXB + )\ABUBXBZ — )\AAUAO[AA(l - O[AA)] (0,11;)2 (C2)

Efx  Aapha [veX5 (of )2 — vaXg (o4 )2]

— )"d[ — )\,d(l — }"5)) — ZA,ABVAXA + )\ABVAXAZ — )\,BBvBaBB(l — O[BB)] (O'/f)2

+ )»d[ — )»d(l — ri) — 2AavpXp + )LABVBXE — daavaoa(l — O[AA)] (O'g)z
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