
PHYSICAL REVIEW E 101, 062705 (2020)

Mechanogeometry of nanowrinkling in cholesteric liquid crystal surfaces
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Biological plywoods are multifunctional fibrous composites materials, ubiquitous in nature. The chiral fibrous
organization is found in chitin (insects), cellulosics (plants), and collagen I (cornea and bone of mammals) and
is a solid analog of that of cholesteric liquid crystals. The surface and interfaces of plywoods are distinguished
by hierarchical topographies and nanowrinkling. In this paper, we present a theory to model the emergence of
these surfaces and interfaces using liquid crystal-based shape equations that directly connect material properties
with geometric wrinkling. The model applies to liquid crystal precursors of the plywood solid analoges.
We focus on wrinkling geometry, wrinkling mechanics, and the mechanogeometry relationships that underlie
multifunctionality ubiquitous in biological surfaces. Scaling wrinkling laws that connect mechanical pressures
and stresses to folding and bending are formulated and quantified. A synthesis of the connections between
mechanics and geometry is achieved using the topology of stress curves and curvature of the wrinkles. Taken
together the results show that anchoring is a versatile surface morphing mechanism with a rich surface bending
stress field, two ingredients behind many potential multifunctionalities.
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I. INTRODUCTION

Cholesteric liquid crystalline phase can be widely found
throughout nature [1–4]. A distinguishing difference between
cholesteric liquid crystals (CLCs) and other liquid crystal [5]
is that CLCs are macroscopically (μm-range) chiral with a
spatially periodic structure, which ensures the existence of
some unique properties such as optical [6] and tribological
[7] response. The cholesteric material is characterized by the
orientation of the helix vector, the handedness (+/−), and
the pitch (periodicity) length P0 [3]. The pitch P0 dependence
on chemical and electromagnetic fields is the source of rich
sensor and actuator capabilities. In this work we focus on
the interaction of the orientation structure of cholesteric helix
with the geometry of a free surface and seek to elucidate
the coupling mechanisms between elastic pressures generated
from surface orientation gradients and surface wrinkling ge-
ometry. Since cholesterics have periodic structures one finds
periodic wrinkling, but as we show in this work the observed
geometric periodicity depends on the anisotropy of the surface
tension, generally known as anchoring [8–10]. In particular in
this paper we explore how symmetry breaking from higher-
order harmonics in the anisotropic surface tension creates
more complex wrinkling than a single sinusoidal profile.

To describe wrinkling in anisotropic soft matter surfaces
we use the capillary vector methodology. The capillary vector
method is widely used in crystalline and hard matter, which,
after modification, can also be applied to soft matter materials
and processes such as the analysis of Rayleigh fiber insta-
bilities in liquid crystals [13], triple lines [14], wetting, and
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more [10]. In this paper, we extend this method to predict
wrinkling patterns found in CLC-free surfaces, given a certain
unit vector director field n, which characterizes the main
average molecular orientation. The Cahn-Hoffman capillary
vector [15,16] � := ∇(rγ ) is defined by the gradient of
the product between the magnitude of position vector r and
surface energy γ , and is the core element of this paper. The
Cahn-Hoffman capillary vector method yields analogies and
direct correspondences in many fields and processes. For ex-
ample, the Maxwell-Lamé equation [17] in optical-elasticity
research has the same form as Eq. (28) in this paper, which
is related to the principal surface stresses. On large spatial
scales, we find that geological pattern formation is described
by ad hoc geometric relations [18], that emerge naturally in
the Cahn-Hoffman capillary vector method formulated here.

Figure 1 is a schematic explaining the wrinkling geometry
and mechanical quantities associated with folding. Given
a periodic director field n(x), we can observe an undulat-
ing surface profile h(x), whose intrinsic geometry can be
described by its curvature κ . The disclination defects [19]
(red λ+ points) separate the CLC into two regions: distorted
surface region above which surface wrinkling occurs, and
bulk region where n(x) is the director field corresponding to
a cholesteric liquid crystal with pitch P0. Since the surface
tension is anisotropic, the Cahn-Hoffman capillary vector �

describing the capillarity and surface is a 2D planar (no
torsion is considered) surface vector acting on a surface
with outward unit normal k and unit tangent vector t. The
surface stress vector normal to � is Tv . The surface is flat
along direction k × t with vanishing Gaussian curvature. The
geometric frame (t, k) defines a unit square area (gray) and
the mechanical frame (�, Tv ) defines another square area
(blue) and the connection between geometry and mechanics,
which is a central topic in this paper, is the rotation-dilation
Jacobian matrix that transforms (t, k) into (�, Tv ).
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FIG. 1. Schematic of surface wrinkling of a cholesteric liquid
crystal; surface relief [h(x)], geometric frame (t, k), surface cur-
vature (κ), surface mechanical fields (�, Tv ); t is the unit surface
tangent vector, k is the outward unit normal, � is the capillary
vector, and Tv is the surface stress vector. Far from the interface,
the cholesteric helix unit vector H = δ̂x is horizontal and the director
field is a pure twist: n(x) = (0, ny, nz ); n · H = 0. In the interfacial
region the helical director field uncoils n(x) = (nx, ny, 0) into a
planar splay-bend director field and n · δ̂z = 0. The surface and
bulk region are separated by an array of low-energy nonsingular λ+

disclination lines [11,12]. The chirality of the bulk director is trans-
ferred to the surface director in terms of spatial gradient information.
The surface curvature is periodic and the period is equal to half
the cholesteric pitch P0/2. Capillary vector � generalizes the surface
tension under anisotropy. A counterclockwise rotation of � gives
the stress vector Tv . The orthonormal geometrical frame (t, k) is
related to the orthogonal mechanical frame (�, Tv ) by a dilation-
rotation transformation, as shown in this paper.

In our previous work [11,12] we first explored wrinkling
in CLC surfaces with a simple quadratic anisotropic surface
tension known as the Rapini-Papoular model [20]. The key
mechanism for wrinkling is based on the fact that energy
is minimized with a specific relative angle between the di-
rector field n and the unit surface normal k, or equivalently
(n · k). If the surface director orientation changes n(x) since
CLC are spatially periodic, then the surface energy is then
minimized by geometric distortions k(x), that seek to keep
the optimal (lowest energy) relative angle between t and n.
Subsequently, inspired by actual surface material properties
of liquid crystals, we found that a more complex surface
pattern can be described including a higher-order quartic
term (n · k)4 in the Rapini-Papoular equation [11,12]. This
previous work [11,12] showed that to describe experimentally
observed two-scale wrinkling, anchoring mechanisms are suf-
ficient and that membrane-anchoring models [21] that also
predict two-scale wrinkling are not always necessary. The
latter class of membrane-LC models have two intrinsic length
scales (membrane scale and helix pitch) whose ratio defines a
folding number; increasing the folding number increases the

number of wrinkling length scales, leading to predictions in
agreement with the structure of the queen of the night tulip.
These membrane-liquid crystal models rely on compressive
stress loading to create wrinkling, while the purely anchoring
models considered in this paper fold the surface to reduce
surface tension.

The formal calculation of wrinkling geometry is based on
the solution of the shape equation that essentially balances the
capillary pressures with the bulk stress jump [10]. When the
latter is zero, the curvature is the ratio of the driving capil-
lary pressure divided by a resistance coefficient. The driving
pressure for wrinkling is the director pressure which is unique
to liquid crystal surfaces since it originates in surface director
gradients ∇sn. The origin and underlying nature of this unique
but less recognized pressure can be elucidated by using me-
chanical conservation principles such as least action methods,
as done in this paper. The wrinkling formation process is
characterized by the surface geometry and the surface stress
field. The surface geometry includes the surface relief h(x)
and more importantly its first four moments, including skew-
ness and kurtosis [22]. Of special interest to this present paper
is predict and compare higher-order surface relief moments
generated from soft matter elastic instabilities with those of
hard materials obtained from abrasion, laser treatments and
more [23–25]. Geometric analysis on its own does not shed
light on mechanical driving forces and interfacial stresses. Of
particular importance to this present paper is to know and
assess the principal stresses that drive wrinkling and construct
an atlas of complex Lamé curves [26] that synthesize the
action of the stresses involved. For isotropic surfaces one
expects a stress circle, for low order anisotropic surfaces one
would expect elliptical Lamé stress curves, but for higher-
order anisotropy, stress curve intersections are inevitable and
reveal the nature of the underlying forces. Last, integrating
geometry and mechanics, as done in other systems under the
name of geometromechanics, provides the direct link between
surface curvature and principal stresses and encapsulates in
one diagram why and how wrinkling emerges.

Based on the above observations and facts, the main objec-
tives of this paper are: (1) Derive complementary Maxwell-
Lamé and least action method that lead to the shape equation,
highlighting the essential nature of the driving director capil-
lary pressure and its dependence on quadratic and quartic an-
choring energies. (2) Characterize the full statistical geometry
of wrinkling, including skewness and kurtosis as a function
of anchoring, emphasizing connections with hard material
surfaces. (3) Present an atlas of Lamé principal stress curves
as a function of anchoring, to highlight the mechanical forces
behind wrinkling. (4) Present an integrated mechanogeometry
characterization in terms of curvature and surface stress ratio,
that augments the understanding obtained from just solving
the shape equation.

In this paper, we use the following assumptions: (1) The
CLC surface is an infinite 1D manifold where the Gaussian
curvature vanishes (parabolic surfaces). This means we study
a periodic planar 2D space curve instead of a 2D surface.
The invariance in third dimension is commonly found in
nature [27,28]. (2) The model is time-independent and fo-
cuses on equilibrium patterns and not on transients that may
include convective, Marangoni [29,30] or back flows (energy
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FIG. 2. Organization and flow of information in this paper. App. denotes Appendix. Geo. denotes geometry, and Mech. denotes mechanics.

minimization analysis is included); an energy minimization
is included. (3) The surface director field n(x) is known a
priory and based on our previous work and experimental
data [31]. (4) Bulk elasticity, known as the elastic correction
is negligible as shown previously and corresponds to the
“easy shape” condition that emerges under zero net capillary
pressures. Phenomena and materials inconsistent with these
assumptions are not described in this work and are beyond
the scope of this paper. The main focus of this paper is on
anchoring energies up to quartic order, but few generalizations
to six order anchoring are presented when they shed important
insights.

This paper is organized as follow (see Fig. 2 for specific
details). In Sec. II, we derive the governing equation that
controls the shape of the surface. Then the shape equation will
be discussed in terms of three different but complementary
models: (1) the capillary pressure model, (2) the Maxwell-
Lamé capillary vector model, and (3) the least action model.
Each of them provides complementary insights, specially on
the driving force (director pressure) and principal stresses;
we note that these three models are consistent and equivalent
and their solutions predict the same wrinkling. At the end
of Sec. II, a linear model is formulated and solved to ap-
proximate wrinkling patterns with less numerical computation
but with high accuracy, revealing parametric dependence and
scaling laws. In Sec. III, we evaluate the statistical geom-
etry of the patterns, including skewness and kurtosis as a
function of anchoring [12]. Section IV presents a mechanical
characterization in terms of principal stress components and
Lamé curves. Section V presents the mechanogeometry in
terms of curvature and principal stress ratio which is an
efficient method to explain and quantify wrinkling geometry.
A mechanogeometry transformation matrix containing the
information of both geometry and mechanics is also analyzed
in the end of this section. Section V also serves as a bridge
between Secs. III and IV. Section VI presents the conclusions.
Complete mathematical derivations and proofs and supporting
information are included in the Appendices (App. in Fig. 2).
We emphasize that under the conditions of this study, wrin-
kling emerges if and only if the geometric distortions reduce

energy as compared with a pure flat geometry with the same
director field. In Appendix A, we prove that the total surface
energy density does decrease by forming wrinkling patterns.

The main contribution of this paper is that it explains and
characterizes nanowrinkling using geometry, mechanics, and
the intrinsic connection between these two descriptions. It
also encourages potential applications. For example, one of
the key points in tissue engineering is to control the growth
of cells on a biocompatible scaffold. The growth of cells
is shown to be dependent on the geometry of the scaffolds
[32]. If we want to control tissue growth, then we need
to characterize the stress field along the scaffold surface,
which is difficult to measure. However, various techniques
such as electron microscopy can be used to measure the
surface profile, which, in this paper, is shown to be related to
the stress field, through the mechanogeometry couplings.
The natural biocompatibility of biological plywood allows it
to be applied in tissue engineering in the future and is also a
main contribution of this paper.

II. GOVERNING EQUATIONS

A. Governing equation

The generalized Rapini-Papoular equation [33,34] de-
scribes the interfacial energy γ by either Legendre polynomi-
als γ = ∑

j μ2 j cos2 j θ , Fourier series γ = ∑
j μ2 j cos 2 jθ ,

or Jacobi elliptic function γ = W
2 sn2(θ, c), where 0 � c � 1

is the modulus of the elliptic function. We will show later that
higher-order harmonics will introduce new wavelengths rather
than creating new wrinkling phenomena. Hence, we will use
the following Legendre polynomial form, which is consistent
with the original paper [33]:

γ = γ0 +
∞∑
j=1

μ2 j (n · k)2 j, (1)

where γ0 is the isotropic surface energy and μ2i (i =
1, 2, . . . , j) are the anchoring coefficients influenced by fac-
tors such as temperature, surfactants, and more. As mentioned
above, n is the director vector, k is the surface outward unit
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normal, and P0 is the helix pitch. The parameters of the
model are integrated into a vector V = [μ P0] such that μ =
[μ2 μ4 . . . μ2n] ∈ �2n and P0 ∈ P , where � is the space
spanned by independent variables μ2, μ4 . . . μ2n with di-
mension n used for convenience, and P is also introduced
for convenience. Hence, the parametric space is �2n ⊕ P ∼=
Rn+1. The order of the wrinkling model is defined by the
maximum 2n, with n = 1 denoted quadratic and n = 2 the
quartic model. As mentioned above, higher-order models with
lower symmetry have the potential to create more complex
wrinkling, but no extensive data appears to be available for
higher-order coefficients. In this paper we mainly focus on
the quartic (n = 2) model where the anchoring coefficient
vector is μ = [μ2 μ4], but generalized results are provided
when available or when revealing novel results. The symmetry
properties of surface wrinkles in terms of the signs of P0 and
μ = [μ2 μ4] was discussed previously [11,12].

For completeness we first very briefly presents the bulk
elasticity, which becomes nonnegligible in surface wrinkling
under very short pitches, as in blue phases not considered
here. The Oseen-Frank bulk elastic energy density fg(n,∇n)
for a CLC surface reads [35]

2 fg = K1(∇ · n)2 + K2(n · ∇ × n − q)2 + K3(n × ∇ × n)2

+ (K2 + K4)[tr(∇n)2 − (∇ · n)2], (2)

where Ki(i = 1, 2, 3) are the splay, twist, and bend elastic
constants, while K4 is the saddle-splay elastic constant. The
one-constant approximation is commonly used in the litera-
ture for low molar mass liquid crystals [35], which allows
to set K1 = K2 = K3 = K while K4 = 0, and in this paper
allows us to obtain analytical solutions that capture the origin
of nanowrinkling in cholesteric surfaces with an uncoiled
director field. If q = 0, then fg can be written simply by

2 fg = K[(∇ · n)2 + (n · ∇ × n)2 + (n × ∇ × n)2︸ ︷︷ ︸
(∇×n)2

+ tr(∇n)2 − (∇ · n)2︸ ︷︷ ︸
∇·[(n·∇)n−n(∇·n)]

]

= K‖∇n‖2. (3)

The gradient interfacial free-energy density γg is computed
by using geometric tensor g := (n · ∇)n − n(∇ · n) as [36]

γg = 1
2 (K2 + K4)k · g. (4)

As mentioned above, the Cahn-Hoffman capillary vector
[15,16] is defined by � := ∇(rγ ), where r is the magnitude
of position vector r. � describes the thermodynamics of an
interface, which can be decomposed along vector k and t such
that normal capillary vector �⊥ = �⊥k and tangent capillary
vector �‖ = �‖t. Notice that d (rγ ) = ∇(rγ ) · dr so we have

rdγ + γ dr = � · d (rk) = r� · dk + � · kdr. (5)

Equation (5) yields, for the quartic model, two components,

�⊥ = γ k = γ0k + [μ2 + μ4(nn : kk)](nn : kk)k, (6)

�‖ = Is · ∂γ

∂k
= [2μ2 + 4μ4(nn : kk)](nn : kt)t, (7)

where Is = I − kk is the surface dyadic and I the unit dyadic.
We note that if μ2 appears in the normal vector in Eq. (6) then
2μ2 appears in the tangential vector in Eq. (7) and the same
for μ4. This multiplicative effect affects wrinkling. Also the
quartic anchoring in Eqs. (6) and (7) is modulated by (nn :
kk), introducing nonlinearity into the quartic coefficient.

The interfacial static force balance requires that the follow-
ing equation holds on CLC/air interface [29,37,38]:

−k · (Ta − Tb) = ∇s · Ts, (8)

where Ta/b represent the total stress tensor in the air (a) and in
the bulk (b) of CLC phase. ∇s = Is · ∇ is the surface gradient
operator and Ts is the interface stress tensor. Ta/b are given by

Ta = −paI, (9)

Tb = −(pb − fg)I + TE , (10)

where pa/b are the hydrostatic pressures. The Ericksen stress
tensor TE is given by

TE = − ∂ fg

∂∇n
· (∇n)ᵀ. (11)

The projection of Eq. (8) along k yields the well-known
shape equation

(pa − pb) + fg + kk :

[
− ∂ fg

∂∇n
· (∇n)ᵀ

]
︸ ︷︷ ︸

Stress Jump, SJ

= ∇s · Ts · k︸ ︷︷ ︸
−pc

,

(12)
where stress jump (SJ) is the total normal stress jump, and pc

is the capillary pressure. Assume pa − pb = 0 and denote the
rest of the term on the left-hand side as the elastic correction.
We next show that for the case at hand we can safely neglect
SJ. Recall the interfacial torque balance equation [36,39]

−h + k · ∂ fg

∂∇n
= λsn, (13)

where λs is the Lagrangian multiplier and h is the surface
molecular field composed by two parts,

h = −∂γan

∂n︸ ︷︷ ︸
han

−∂γg

∂n
+ ∇s ·

(
∂γg

∂∇sn

)
︸ ︷︷ ︸

hg

, (14)

where han is the anisotropic component and hg is related to
the gradient. Multiply by (∇n)ᵀ on both sides of Eq. (13).
The torque balance equation can be rewritten as

−h · (∇n)ᵀ + k · TE = 0, (15)

which implies that surface director torque is balanced by the
bulk stress force. Thus, we can compute kk : TE by hk :
(∇n)ᵀ,

hk : (∇n)ᵀ =
[
−∂γan

∂n
− ∂γg

∂n
+ ∇s ·

(
∂γg

∂∇sn

)]
· (∇n)ᵀ · k,

(16)
which in our case vanishes (see Appendix A). The remaining
contribution to SJ contributes less than 2% to the shape
equation and is not significant if P0 is greater than 1 μm [20].
Thus the shape Eq. (12) reduces to a vanishing total capillary
pressure pc = 0.
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We parametrize the relevant vector fields as follows: n =
[cos qx sin qx], t = [sin φ − cos φ] and k = [cos φ sin φ],
where the rectangular coordinate frame (x, y) is fixed. The
adopted planar surface director field n(x) is discussed in our
previous work and suggested by actual experiments. Here
q = 2π/P0 is the wave vector and the actual director angle
qx is linear in x. Nonlinear director fields lead to tangen-
tially graded wrinkling, explored previously for the quadratic
model [40].

B. Capillary pressure model

Here we briefly present the standard shape Eq. (12) in
terms of the capillary pressures using the capillary vector
Eqs. (6) and (7) and its special relation with the surface
stress tensor Ts (see Appendix B) [41]. For our cylindrical
surface (Is = tt) the relation between stress tensor Ts and
Cahn-Hoffman capillary vector � is

Ts = � · (ktt − ttk) = �⊥tt︸︷︷︸
TN

−�‖tk︸ ︷︷ ︸
TB

, (17)

where TN is the normal stress component and TB is the
bending stress component. Bending stresses are characteristic
of LC surfaces and interfaces due to anchoring and reflect
the fact that the surface energy can be changed through area
rotations [10]. The sign of TB is opposite to that of �⊥
because bending stress is positive when creating negative
curvature while �⊥ is along the outward unit normal k. The
stress vector Tv acting on the surface edge is

Tv = t · Ts = �⊥t − �‖k = � · R, (18)

where R is the rotation matrix corresponding to an counter-
clockwise π/2 rotation along the b = t × k direction such
that R = tk − kt. If we replace Eq. (12) with Eq. (17), then
shape equation in the language of capillary pressures reads
[36]

pc = ∇s · � = ∂�⊥
∂k

: ∇sk︸ ︷︷ ︸
dilation

+ ∂�‖
∂k

: ∇sk︸ ︷︷ ︸
rotation

+ ∂�‖
∂n

: ∇sn︸ ︷︷ ︸
director

,

(19)

where (∂n�⊥ : ∇sn) vanishes since γ is a function of (n · k).
Equation (19) shows that there are three distinct capillary
pressures. The first term on the right-hand side characterizes
the capillary pressure due to area change denoted by dilation
pressure Pdil, which is the standard Laplace pressure. The
second term is the rotation pressure Prot due to area rotation
relative to a given director field. In crystal surfaces this
pressure is denoted by Herring’s pressure. The last term is the
director capillary pressure Pdir, which is the driving force that
causes wrinkling patterns and is generated by surface director
gradients and is unique to liquid crystals [10].

Expanding Eq. (19) we obtain a nonlinear first-order ODE
for the surface normal angle φ,

κ

sin φ
= dφ

dx
= 1

sin φ

FDr

FRs
, (20)

where κ is the surface curvature defined by dφ/ds and s is the
arc-length. In Eq. (20) the driving force FDr and resistance FRs

are expressed in the quartic model by

FDr = 2[μ2 + 2μ4(nn : kk)]

(
n ⊗ ∂n

∂s
: tk

)

+ 2[μ2 + 6μ4(nn : kk)]

(
n ⊗ ∂n

∂s
: kt

)
, (21)

FRs = γ0 + μ2[2(nn : tt) − (nn : kk)]

+ 3μ4(nn : kk)[4(nn : tt) − (nn : kk)]. (22)

The boundary condition for the first-order ODE Eq. (20) is
φ|x=0 = π/2. Also notice that nn : tt + nn : kk = 1 so n · t
and n · k are not independent in the case of the planar splay-
bend surface director field studied here. Equation (20) implies
that surface curvature κ is measured by the quotient between
FDr and FRs. It can be verified that∫ P0

0

FDr

FRs
ds = 0, (23)

guaranteed by Gauss-Bonnet theorem. Finally, surface relief
h can be computed by

h(s) = −
∫ s

0
cot φ(x) dx. (24)

We note that to convert h(s) to h(x) or any other function x(s)
we just use dx = ds sin φ.

C. Capillary vector model

Defining b = t × k, a Frenet-Serret frame can be con-
structed,

d

ds

⎡
⎣ t

k
b

⎤
⎦ =

⎡
⎣ 0 κ 0
−κ 0 τ

0 −τ 0

⎤
⎦

⎡
⎣ t

k
b

⎤
⎦, (25)

where τ represents torsion which is 0 in this paper as we only
consider planar curves. Next we apply Frenet-Serret frame
and rewrite Eq. (19) as follows:

∇s · � =
[(

∂�‖
∂s

− κ�⊥

)
t +

(
∂�⊥
∂s

+ κ�‖

)
k
]

· t. (26)

Using the relative angle θ = φ − qx, there is an alternating
structure,

∂�⊥
∂θ

+ �‖ = 0, (27)

which relates the principal stress components (�‖, �⊥). Since
the magnitude of �⊥ is γ , we are able to link surface energy
with surface curvature by a single expression,

ϒ(γ ) = κ, where ϒ(γ ) = − 1

γ

∂

∂s

(
∂γ

∂θ

)
. (28)

Equation (28) is the general shape equation. It is a general
form not only because γ is not explicitly expressed but also
shares common structure with Maxwell-Lamé equation in the
study of optical-elasticity [17]. If we denote  = ds/dθ , then
 is just a coordinate transformation and Eq. (28) is a second-
order ordinary differential equation. In Sturm-Liouville form
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it reads

d

ds

(
dγ

ds

)
+ κ−1γ = 0. (29)

Comparing the two versions of the shape Eqs. (19) and (28)
we can see that the capillary pressure model highlights the
role of director pressure Pdir [Eq. (19)] and the Maxwell-Lamé
model [Eqs. (26) and (27)] highlights the principal stresses.
Finally, Eq. (29) shows the Laplacian ∇2 in arc-length space
of the surface energy γ is proportional to the capillary dila-
tion pressure κγ and hence periodicity in γ is connected to
periodicity in κ .

D. Least action model

Last, we recast the shape equation into a least action
model by identifying the wrinkling Hamiltonian. Consider the
following functional SL reaching extremum:

SL =
∫

L ds =
∫ [

1

2

(
dγ

ds

)2

− 1

2
κ−1γ 2 + £(s)

]
ds.

(30)

The Legendre transformation of L is

H = dγ

ds

∂L
∂
( dγ

ds

) − L
(

γ ,
dγ

ds
, s

)

= 1

2

(
dγ

ds

)2

+ 1

2
κ−1γ 2 − £(s). (31)

Equation (31) can be considered as the energy of this system.
Comparing Eq. (31) with the standard equation of a driven
pendulum, we found that dγ /ds is the wrinkling velocity
of the surface, and κ−1 represents its modulus. We then
consider H as the wrinkling Hamiltonian of a CLC surface.
It can be verified that its corresponding wrinkling Lagrangian
L satisfies the Euler-Lagrange equation. Then shape Eq. (29)
is simply generated by a variation δSL = 0. Each component
of H represents important aspects of wrinkling. The velocity
dγ /ds tells us how fast the energy changes along s, and κ

reflects how curved the surface is, while  is just a coordinate
transformation so that the first two terms of H have the
same dimension. κ−1γ 2 corresponds to a potential energy
stored by the surface. In addition, £(s) corresponds to the
driving force. It can be verified numerically that £(s) is just
the scaled director pressure Pdir [see Eq. (19)]. The least
action model of cholesteric wrinkling shows that anisotropic
capillary phenomena can be projected into a pendulum-like
equation, as done in isotropic systems.

E. Linear model

Linearization leads to solvable shape equations that yield
explicit formulas for geometry, mechanics, and mechano-
geometry relationships. It turns out that the capillary vector
[Eqs. (6) and (7)], the capillary pressure model (Sec. II B), and
the capillary vector model (Sec. II C) can be independently
linearized giving complementary computational tools and in-
sights. We use an upper tilde to denote linearized quantity and
a star subscript for a quantity which is scaled by γ0. Here we

focus on the quartic model γ = γ0 + μ2(n · k)2 + μ4(n · k)4

for concreteness.

1. Linear model via Monge parametrization

Consider an almost-flat surface, naturally there is a trivial
solution where � is a constant solution to equation ∇s · � =
0. Without loss of generality we can choose � = γ0δ̂y which
indicates that at x = s = 0 the capillary vector [Eqs. (6) and
(7)] is along the y axis. Using a Monge parametrization of the
surface r = [x, h(x)], the tangent unit vector t in the linear
regime is

t ≈ [1 ∇‖h]. (32)

Multiply t on both sides of � = γ0δ̂y,

�‖ · t + �⊥ · t = γ0δ̂y · t,

(2μ2 + 4μ4nn : kk)(nn : kt) = γ0∇‖h. (33)

Integrating on both sides with respect to x gives a balance
between anchoring [see Eq. (7)] and capillarity,

(μ2 + μ4nn : kk)(nn : kk) = qγ0h. (34)

Replacing φ = π/2 in Eq. (34) we find the explicit equation
for the surface relief h̃,

h̃ = 1

q
(μ2∗ sin2 qx + μ4∗ sin4 qx). (35)

Equation (35) shows the remarkable result that capillary en-
ergy γ0qh is equivalent to the anchoring energy of the initial
flat profile μ2(n · δ̂y)2 + μ4(n · δ̂y)4 [see Eq. (1)], that is

γ̃∗ − 1 = qh̃. (36)

This equation allows direct calculation of all geometric and
mechanical quantities of interest and shows that the energy
landscape (left-hand side) is imprinted onto the surface relief
landscape (right-hand side). Also we note from Eq. (36) that
since anchoring coefficients are usually at most 10% of the
isotropic tension, the wrinkling generated by a micron-range
pitch P0 is in the nanoscale [11,12].

2. Constrained linear shape equation model

We can also linearize Eq. (20) by assuming that the surface
unit normal angle is fixed at φ = π/2, yielding

κ̃

2q
= 1

2q

F̃Dr

F̃Rs
≈ 1

2q

F̃Dr

γ0

= μ2∗ cos 2qx + 2μ4∗(3 sin2 qx cos2 qx − sin4 qx).

(37)

Integrating the equation twice with respect to x we find∫ (∫
κ̃ dx

)
dx = h̃ + constant. (38)

It can be easily verified that the surface relief we obtained
from the equation above is exactly the same as that derived
from Monge parametrization [Eq. (36)]. The value of this
direct linearization is that reveals the exact relation between
curvature κ and the director pressure FDr [see Eq. (20)] and
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emphasize the point that wrinkling is driven by this unique
capillary pressure.

3. Linear general shape equation model

Examination of the general shape Eq. (28) shows that
Eq. (36) is inevitable.

If we assume that φ = π/2, then dθ = −qds and dx = ds.
Replacing them into Eq. (28) and letting γ = γ0 on the left-
hand side we have

− d2

ds2

(
γ̃

q

)
= − d2

ds2
(h̃γ0), (39)

which implies that γ̃ /q = h̃γ0 + C1s + C2 where C1 and C2

are constants. Implementing boundary condition then we ver-
ify Eq. (36), which is found to be the universal property valid
for any anchoring model.

All three methods above yield the same result while
they are derived from different approaches: (1) Monge
parametrization emerges purely from geometry; (2) linear
shape equation model is derived only by linearizing a shape
ODE, an equation reflecting mechanics; and (3) the general
shape equation model is an equation links mechanics and
geometry. Hence, we have established that the mechanics and
geometry of wrinkling in cholesteric surfaces are naturally
linked.

III. WRINKLING GEOMETRY

A. Wrinkling phase diagram and symmetry relations

An important aspect of wrinkling geometry is how it reflect
the symmetry properties of the linearized shape equations
Eqs. (36), (38), and (39). This will help answer the ques-
tions of how the surface relief h(x) profile changes when
changing the handedness of the CLC or sign of P0 and
when changing the signs of the anchoring coefficients, since
they are not fixed by thermodynamics. We recall that the
parameters are V = [μ P0]. We have previously shown that
the wrinkling geometry shows central symmetry in space �2n

with respect to its origin point [12]. The key idea is that for
a parametric vector V ∈ �2n ⊕ P within the linear region,
surface relief can be seen as a map taking the value of vector
μ = [μ2 μ4 μ6 . . .] and P0 onto an output pattern. It can be
verified that h̃ is multilinear to μ. However, the jth term in
h̃ is (μ2 j sin2 j qx)/q, where the wave vector q affects both
magnitude as well as periodicity. Hence, the magnitude of h̃
as well as its statistical properties scaled by P0 such as mean
value or standard deviation are linear to all the inputs.

A direct application of this result is the surface profile
symmetry relations:

γ̃∗(μ, P0) − 1

q
= h̃(μ, P0) = h̃(−μ,−P0)

= − h̃(−μ, P0) = −h̃(μ,−P0).

For example, changing the signs of all anchoring coeffi-
cients and pitch will leave the surface profile intact. How-
ever, a pitch inversion will reverse the profile. This could
be important in applications when controlling the flatness or
peak sharpness present in h(x) is important. Changing the
sign of cholesteric pitch P0 only results in a mirror reflection

FIG. 3. Wrinkling phase diagram as a function of anchoring
coefficients. The top semicircle shows the surface profile h(x) and
the bottom semicircle shows the surface tension profiles γ (x). The
resonance line R is μ2∗ + μ4∗ = 0 and the critical line C is μ2∗ +
2μ4∗ = 0 (see text). At the resonance line R the quartic and quadratic
harmonics is a maximum. The sectors within the C and μ4∗ lines
display two waves, and the rest of the sectors only one wave.
According to Eq. (36) the surface tension γ is proportional to the
surface relief h(x) and hence essentially the same; thus we show h(x)
on the top semicircle and γ on the bottom semi-circle. The symmetry
of the h(x) profiles (or the γ profiles) follow the graphical equations
in Sec. III A.

and will not cause any phase shift. The phase shift is only
dependent on the ratio μ2/μ4, and is independent of the
helicity P0. Next we evaluate the surface roughness behavior
as a function of anchoring coefficients; whenever tractable
we present general results for μ = [μ2 μ4 μ6 . . .] but for
specificity we concentrate on the quartic anchoring model
μ = [μ2 μ4]. Figure 3 shows the wrinkling phase diagram for
the quartic model in terms of the two anchoring coefficients.
The figure shows the patterns of surface relief profile (upper
plane) and energy profile (lower plane with gray shading area)
when fixing P0 as a constant. The circle is μ2

2∗ + μ4
4∗ = C2

where C ∈ R+. The resonance line R is μ2∗ + μ4∗ = 0 and
the critical line C is C is μ2∗ + 2μ4∗ = 0. Figure 3 verifies the
correspondence between h(x) and γ (x) [see Eq. (36)], as well
as the central symmetry shown in the �4 space. The colors
in Fig. 3 serve to categorize different regions in �4 where
we adapted from previous discussion [12]. The anchoring
space is divided into 6 sectors according to the emergence of
double wrinkling or single wrinkling, by the vertical μ2 = 0
line, the oblique resonance line R, and the oblique critical
line C. Double wrinkling occurs in (a) the first sector of the
second quadrant (i.e., between the vertical μ2 = 0 line and the
oblique critical line C; blue profiles), and in (b) the first sector
of the fourth quadrant (i.e., between the vertical μ2 = 0 line
and the oblique C critical line; red profiles). In terms of signs
(+−) of the anchoring coefficients, double wrinkling only
occurs in the (−+) and (+−) sectors of the phase diagram in
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TABLE I. Statistics of surface geometry.

Parameter Symbols Definition Description

Mean m M[1, 0] Average value of h(x)
Arithmetic Mean Ra M|1, m|a Average deviation with absolute value accumulated
Variance σ 2 M[2, m] Deviation of h(x) with respect to m
Skewness Rsk M[3, m]/σ 3 Measure of the asymmetry
Kurtosis Rku M[4, m]/σ 4 Measure of the tailedness

aDefined as 1
P0

∫ P0
0 |h(x) − m| dx, where the square bracket in Eq. (42) is replaced with an absolute value.

Fig. 3. Hence, richer double wrinkling is relatively abundant
in the anchoring space. Also note that the resonance line R de-
notes maximal interaction between the harmonics and results
in single wrinkling. Figure 3 also indicates that in the (−+)
mode peaks are up and valleys are down, while in the (+−)
mode the reverse is true. This important effect is captured by
the third moment of the surface height distribution (skewness)
discussed below. An inversion h → −h results an inversion of
the surface profile while maintaining the space above as air
and the space below as liquid crystal. Finally, we see that that
signed ratio of the anchoring coefficients is the main variable
controlling wrinkling while Eq. (35) indicates that μ controls
the amplitude only. An important close similarity is the shape
and curvedness of surfaces [42] with the former given by a
curvature ratio, and the latter by the sum of curvature squares.
The preferred tilt angle is related to the ratio of anchoring
coefficients θs = arccos

√−r [r = μ2/(2μ4)], corresponding
to a local minimum in the energy profile ∂θγ |θs = 0. It also
implies that there are no complicated wrinkling patterns on the
first and third quadrants as they do in the second and fourth
quadrants in Fig. 3, since

√−r is not defined for r > 0 and
∂θγ = 0 gives trivial solution.

B. Moments characterization of surface geometry

A detailed characterization of surface geometry requires
specification of the moments of the surface relief M[n, m]
with respect to the mean m. We note that the common base line
of the surface relief is fixed and defined by the given director
filed at s = 0 (n = δ̂x ) and is equal to h(s = 0) = 0 for all
cases. We start with the quantities that appear in calculating
the moments that characterize wrinkling. The Mclaurin series
of (1 − x)−1/2 is

1√
1 − x

=
∞∑

n=0

(2n − 1)!!

2nn!
xn =

∞∑
n=0

1√
π

�(n + 1
2 )

�(n + 1)
xn, (40)

where � is the gamma function. Let the nth coefficient of xn

be bn, and denote dimensionless series {bn}. Most common
values are b1 = 1/2, b2 = 3/8, b3 = 5/16, and b4 = 35/128.
Next we establish the important relation of the bn to sine
integrals that appear when integrating h and its powers (i.e.,
computing the moments). In the following computations, we
always assume P0 = 1μm unless otherwise stated. We find
that the nth (n is even) moment of sin qx satisfies the following
identity (consult Appendix C):∫ P0

0
sinn(qx) dx = P0bn/2. (41)

The statistical parameters to describe surface profile are
summarized to Table I, where we use standard notation [22].
In Table I, we define M[n, m] as the nth moment of h(x) − m
in �4 computed by (see Appendix C)

M[n, m] := 1

P0

∫ P0

0
[h(x) − m]n dx

=̃
n∑

i=0

(
n

i

)
(−m̃)n−i

i∑
j=0

(
i

j

)
μ

j
2∗μ

i− j
4∗ b2i− j . (42)

This formula reveals the central role bn and also the signs of
the anchoring coefficients for odd moments that control up-to-
down h-profile features.

1. Mean and deviation

The mean m represents average line and σ 2 captures the
deviation of surface from the mean value. Both σ and Ra
describe the deviation from average line (see Table I). In
Eq. (24) we dropped the constant while integrating, which
defined automatically the straight line parallel to the x axis
and passing through the point p where director field np =
[1 0]ᵀ as the baseline (from the boundary condition we
defined). Then m is an invariant and is irrelevant to how the
surface is characterized. Using linear theory, in quartic model
m̃ becomes

m̃ = 1

q
(b1μ2∗ + b2μ4∗), (43)

while σ̃ reduces to

σ̃ 2 = 1

q2

[(
b2 − b2

1

)
μ2

2∗ + 2(b3 − b1b2)μ2∗μ4∗

+ (
b4 − b2

2

)
μ2

4∗
]
. (44)

Figure 4 shows the numerical solutions (colors correspond
to numerical values given in the side bar) of the mean m and
arithmetic mean Ra in the parametric plane, obtained from
Eqs. (20), (24), and (42). We can observe that the mean value
almost vanishes along the resonance line R. In addition, due to
the symmetry of �4, any two points symmetric with respect
to the origin should have the same magnitude but opposite
sign of m. For the arithmetic mean Ra, the minimum value
occurs along R, and closer to the origin of �4, a darker color
appears in the Ra plot, which corresponds to the fact that
weak anchoring gives weak deviation. An important technical
application of Ra is to categorize roughness with a grade
number N since a high Ra implies a very rough surface. Grade
number N1 correspond to a 0.025 μm roughness and N4 to
0.2 μm [22,43]. Roughness grade numbers N1 to N4, in our
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FIG. 4. Mean value m (a) and arithmetic mean Ra (b) as a function of two dimensionless anchoring coefficients. See Table I and
Appendix C for definitions and details. The following discussion refers to Fig. 5, where we fix the magnitude of μ as a constant to discuss
the contributions of μ2 and μ4 to the statistical properties of the surface. The mean vanishes close to the resonance line and the maximum
is along a line normal to this line. The arithmetic mean is a minimum along the resonance line and increases normal to this line. The labels
N1–N4 denote characteristic roughness values used to characterize rough surfaces, with N1 having low and N4 high roughness. The location
of N1–N4 in the anchoring diagram shows the practical applicability of anchoring.

soft matter material, are shown in Fig. 4(b) by assuming the
scale of the magnitude of P0μ2∗ is 1mm. We can see that
surface roughness grade number is distributed perpendicular
to R; since N1 corresponds to 0.025 μm and N4 to 0.2 μm
we see that anchoring is compatible with industrial roughness
values for reasonable pitch P0 scales [22].

We can shed more light into the specific trends shown in
Fig. 4 by analyzing Eq. (42) in conjunction with the wrinkling
geometry of the anchoring phase diagram (Fig. 3). According
to Eq. (43) The mean value m can be set to zero by forcing
b1μ2∗ = −b2μ4∗, while according to Eq. (44) the standard
deviation σ can be arbitrarily close to zero, which corresponds
to a flat surface. Hence, we choose two parameters along a
closed circle (see Fig. 5): μ2

2∗ + μ2
4∗ = C2. We seek to find the

extreme values of mean and deviation along this characteristic
circle. Figure 4 shows that the line along which m vanishes is
perpendicular to the line where m reaches extremum. Also the
line along which σ reaches maximum is a mirror symmetry
of the line where σ reaches a minimum with respect to μ4∗/C
line.

Since b j = b j−1(1 − 1
2 j ), so b j contributes less and less

as j increases. The monotonic decrease of series {bn} is
the reason why m = 0 requires |μ4| > |μ2|. The numerical
solution given by Fig. 4 (see color intensity grading and Ni
labels) matches our discussion that m essentially vanishes
along R. This important results establishes that the maxima
in m corresponds to a (++) mode and the maxima in σ to a
(++) and (−−) modes.

As expected, we can generalize the extrema characteriza-
tion to higher-order �2n anchoring models. Consider a special
but realistic condition when each anchoring coefficient μ2i

is proportional to bi such that μ2i∗ = αbi (α is a nonzero
constant); as noted below Eq. (44) the coefficients decrease

with “i,” and hence we are assuming that the anchoring
coefficients also decrease with “i.” Then m̃ = αS/q, where
S = ∑n

i=1 b
2
i and anchoring coefficients are restricted on an

FIG. 5. Extremum values distribution for m and σ restricted by
μ2

2∗ + μ2
4∗ = C2 within �4 space, with number next to each line rep-

resenting its slope. The mini-max lines crisscrossing the anchoring
phase diagram show the versatility of anchoring as a wrinkling force.
The radial lines also show that essential wrinkling qualities depend
on the ratio of the anchoring coefficients (azimuthal angle in this
diagram) and not on C (sum of anchoring amplitudes square or radial
direction in this diagram).
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FIG. 6. Computed skewness Rsk (a) and kurtosis Rku (b) surfaces as a function of the two anchoring coefficients. Representative surface
profiles with different skewness (c) and kurtosis (d). Skewness as a function of kurtosis (e), as the anchoring coefficients change, showing
mirror symmetry.

n sphere
∑n

i=1 μ2
2i∗ = C2 where C is a positive constant.

It can be verified that this special condition is exactly the
solution giving the extremum m̃. And the constant can be
computed by α = −C/

√
S (proof is given by Appendix D).

The Borsuk-Ulam [44] theorem requires that a vanishing
m must exist, corresponding to an (n − 1) dimensional hy-
perplane

∑n
i=1 biμ2i = 0, which is perpendicular to the line

represented by this special condition. This important result
indicates vanishing m for any anchoring order model. We note
that since the director field is fixed at n(x = 0) = δ̂x, the zero
mean can not be shifted away.

2. Skewness and kurtosis

The third-order moment, normalized skewness Rsk quan-
tifies the asymmetry of the surface profile, while the fourth-
order moment, normalized kurtosis Rku intuitively describes
the thickness of the tail of the surface profile distribution.
Figure 6 shows the numerical computations using Eqs. (20),
(24), and (42) with P0 = 1 μm. The geometric meaning of Rsk
is given by the h profiles in Fig. 6(c). The positive or negative
sign of Rsk represents two asymmetric patterns shown in the
figure, where positive skewness indicates a surface with tall
peaks and negative skewness indicates a surface with deep
valleys. The magnitude of Rsk measures the magnitude of this
asymmetry. Figure 6(a) shows that Rsk vanishes along R, and
almost vanishes in the first quadrant and third quadrant. We
can observe that Rsk > 0 in the second quadrant and Rsk < 0
in the fourth quadrant of �4.

Figure 6(b) shows the kurtosis surface with intersecting
double folds, converging along R. We can also observe
that Rku �= 0 except at μ = 0, where the surface is flat. In
Fig. 6(d), we can see that the geometric meaning of Rku is
how much the small tails contribute to the total wave pattern.

Rku reaches its minimum along R, also in the first and third
quadrant.

This can be explained since wrinkling waves are identical
along R and show no difference in the first and third quadrant.
Rku displays rotational symmetry in the second and fourth
quadrant, hence we only need to analyze the second quadrant.
Small tails contribute the most when the surface relief occur
in the vicinity of R but not exactly along R. The essential
features of the intersecting double folds are as follows. There-
fore, if we track Rku along a 1/4 circle parametrized by μ2

2∗ +
μ2

4∗ = C2 where C is a positive constant from μ2∗ = −C to
μ2∗ = 0, then we should expect Rku to increase initially due
to the emergence of small tails, then decreases until the circle
reaches μ2∗ = −√

2C/2 since waves are identical along R,
exhibiting a local minimum in kurtosis. If we then continue
to move along the 1/4 circle until reaching μ2∗ = 0 from R,
then the process is reversed and we find an increasing and then
decreasing Rku. Considering now the Rsk plot [Fig. 6(a)], we
find that the magnitude of Rsk shows the same trends as that
of Rku. These insights reveal that the vicinity of the resonance
line exhibit higher magnitudes in kurtosis and skewness which
affect functionalities such as friction.

Kurtosis Rku as a function of skewness Rsk is shown
in Fig. 6(e). The symmetric petal pattern corresponds to a
bifolium [45], another classical planar curve associated with
biological forms. The importance of this plot is that it re-
veals the versatility of anchoring-driven wrinkling. Using hard
materials and respective processes only specific areas of the
kurtosis-skewness plane are achievable [46].

Kurtosis is always below 3 (so-called Gaussian profile),
indicating a gradually changing surface curvature. The petal
pattern is an intrinsic plot, and it does not depend on μ

or P0. Given a certain μ and P0, we can locate a point in
Rsk-Rku plot. Points are denser around the bottom point
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shown in Fig. 6, implying that most of the points in �4 are
surrounding the minimum Rsk (or Rku), corresponding to the
fact that most regions in �4 yield a one-wavelength pattern
(two waves within one period). As for the applications, the
Rsk-Rku plot plays an important role in surface science and
industry. For example, it is possible to lower static friction
coefficients by increasing high Rku while remaining positive
Rsk [47]. Rsk-Rku plot is also used to measure the roughness
of biological surface topography [48].

IV. WRINKLING MECHANICS

In this section, we characterize wrinkling mechanics using
the capillary pressure and the capillary vector �. It will be
shown that the mechanical information content in the capillary
pressures can be expressed in polar coordinates and that the
stress state can be quantized by winding numbers Wp of gen-
eralized Lamé stress curves, which is an intuitive method to
complement the Mohr’s circle in mechanical analysis defined
by

∑
i T 2

i /σ 2
i = 1, where Ti is the stress vector and σi the

stress.

A. Capillary pressure

The mechanics behind surface wrinkling is the cancella-
tion between dilation pressure, rotation pressure and director
pressure, as shown in Eq. (19). These pressures play different
roles in surface wrinkling and are expressed by

Pdil = −κ[1 + μ2∗(nn : kk) + μ4∗(nn : kk)2],

Prot = −κ[2μ2∗(nn : tt − nn : kk)

+ 4μ4∗(nn : kk)(3nn : tt − nn : kk)],

Pdir = 2[μ2∗ + 2μ4∗(nn : kk)]

(
n ⊗ ∂n

∂s
: tk

)

+ 2[μ2∗ + 6μ4∗(nn : kk)]

(
n ⊗ ∂n

∂s
: kt

)
. (45)

The dilation pressure Pdil represents the area dilation effect,
which is related to the expansion or shrinkage of surface
area (Laplace pressure). The rotation pressure Prot represents
a small rotation of surface area, whose contribution to the
surface wrinkling is brought by tangential component �‖
(also known as Herring’s pressure). They are two pressures
related to the surface hence they both have an explicit κ term
in their equations. The director pressure Pdir is introduced
by director surface gradients, so it does not contain direct
geometric curvature information. As mentioned above, the
director pressure is the driving force that causes wrinkling
patterns in this model.

Figure 7 shows polar plots Pdil, Pdir, and Prot as a function
of the relative angle between the unit normal and the director
θ = φ − qx. Pdil and Pdir dominate the magnitude, and Prot is
the small difference between them. The reason is that dilation
effect is to the first order proportional to the curvature κ times
γ0; while the rotation effect under small wrinkling conditions
is proportional to κ times γan and since γ0 � γan, Pdil � Prot.
Hence, Pdil ≈ −Pdir if we neglect rotation pressure, which
implies that dilation pressure and director pressure are always
out-of-phase. Another important identity is that the direction

FIG. 7. Capillary pressures visualized in polar plot where rota-
tion angle θ = φ − qx. Blue, red, and magenta paths represent dila-
tion (a), director (b), and rotation (c) pressures, respectively. (μ2∗ =
−0.002 and μ4∗ = +0.0015). (d) Shows the three pressures (here
we compute the real value instead of absolute value) in a single polar
coordinate system where 0 is the ring close to the magenta curve. It
also shows how the total capillary pressure vanishes [Eq. (19)].

of rotation pressure is only dependent to the direction of helix
pitch, i.e., sgn(Prot ) = −sgn(P0). This relation can be found
by Eq. (53).

B. Capillary vector and complex plane curve

1. Complex capillary vector β

Figure 1 and Eq. (18) show that stresses and the capillary
vector are related by a simple π/2 rotation, suggesting the
usefulness of using complex analysis, as done here. According
to Eq. (17) (consult Appendix B) the eigenvalues of the sur-
face stress tensor are �⊥ and −�‖. The three tensor invariants
are

I1 = trTs = �⊥ − �‖,

I2 = 1
2

[
(trTs)2 − (

trT2
s

)] = −�⊥�‖, (46)

I3 = detTs = I2.

Equation (46) implies that any scalar function depending
on capillary vectors is independent from rotations of the
coordinate system. Define a dimensionless complex capillary
number β as

β = �‖∗ + �⊥∗i. (47)

As we show below, β is the core concept whose topology
serves as the bridge between geometry and mechanics. If we
are moving toward the positive x direction along the arc-length
s, then �‖ stays in the tangent space. This is the reason why
we assign �‖ to the real part of β. The complex capillary
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number also has a matrix form B,

B = �‖∗I + �⊥∗R, (48)

where I is the identity matrix and R is the rotation matrix
that appears in Eq. (18). The diagonalization of B contains
its complex conjugate

DiagB =
[
β̄ 0
0 β

]
. (49)

We can easily link β, B, �, and Ts by

BB† = ββ̄I = �2I = (
trT2

s

)
I. (50)

Hence, the ratio B/� is a special unitary matrix∈ SU(2),
while in Eq. (48), both I and R are special orthogonal ma-
trices ∈SO(2). Later we will show that B provides the same
information as the mechanogeometry transformation matrix Y
introduced in Sec. V B 3, that transforms the geometric frame
(t, k) into the mechanical frame (�, Tv ), shown in Fig. 1.

According to classical mechanics of 2D surfaces with
2D stress components, the typical Lamé stress curve is an
elliptical closed curve [26]. In our model with 2D stresses we
will show that the elliptical Lamé stress curves of classical
mechanics may become Limaçon (cardioidlike) curves [45]
according to the degree of surface wrinkling. For example, for
a quartic anchoring model, plotting for an anchoring condition
along the resonance curve gives an ellipse, but plotting these
quantities for a condition of double wrinkling produces a
closes curve with an intersection (see middle row of Fig. 11).
Here we wish to establish a classification scheme based on
winding number Wp for these generalized Lamé stress curves
that provides a direct connection with geometry.

To first show the genesis of Limaçon stress curves, we
consider a special simple case of a quartic model with μ2 = 0,
and the Lamé stress curve obtained by observation is[

�2
‖

μ2
4

+ 16(�⊥ − γ0)2

μ2
4

]2

= 4

[
4(�⊥ − γ0)

μ4

]3

, (51)

which is an equation consistent with a Limaçon curve [45] and
that we can compute numerically by using Eqs. (6), (7), and
(20) for arbitrary anchoring constants.

Since β represents a Limaçon stress curve in the complex
plane it has a winding number Wp. The winding number Wp of
a stress loop C with respect to a point p in the complex plane
C1 is defined as

Wp = 1

2π i

∮
C

1

z − p
dz, (52)

whose geometric meaning is the number of net loops around
a point. This number can help us to identify the total waves of
h(x) within one period. Wp varies according to the position of
p. We use Wp to refer to the possible maximum Wp a loop can
have due to the variation of Wp.

In general, β describes s a closed loop pattern with a certain
winding number in parametric space �2n. The more nonvan-
ishing anchoring coefficients there are, the more complicated
pattern β exhibits. Particularly, β degenerates to a simple
Lamé’s stress ellipse in �2 space.

The Limaçon curve defines the stress states as the sur-
face wrinkles. Importantly, when the surface profile changes

TABLE II. Three points where �‖ = 0 (or bending stress).

No. Reβ Imβ

1 0 1
2 0 1 + μ2∗ + μ4∗
3 0 1 − rμ2∗ + r2μ4∗a

ar is the anchoring ratio defined by μ2
2μ4

.

slope (+−) or (−+) the bending stress [Eq. (17)] or real
component of β vanishes. The Limaçon curve β shows that
in �4 has three critical points where dReβ

dImβ
= 0, and they are

summarized by Table II. Table II shows that zero bending
stress corresponds to different normal (extensional) stresses,
creating complex stress conditions along the surface.

Figure 8 shows the maximum winding number as a func-
tion of the anchoring model order. The maximum winding
number Wp is linearly related to the highest anchoring term
in Eq. (1). β is expected to have a maximum winding number
of n, and minimum winding number of 1 in �2n space (neglect
flat surface condition). For example, for n = 2, Wp = 1 has a
simple stress ellipse with two bending stress extrema, while
for Wp = 2, the extrema are shown in Table II. In partial
summary, in contrast to plotting pressure and stress spatial
profiles, we condensed all mechanical information in polar
pressure plots (Fig. 7) and in quantized winding numbers of
stress curves as functions of only the anchoring order model
(Fig. 8).

β does not admit a classical feature since σi is not a
constant, which changes from point to point. So T 2

1 /σ 2
1 +

T 2
2 /σ 2

2 = 1 in the frame {T1, T2} is actually not an ellipse. This
feature is unique to the anchoring-generated surface stresses
and hence the simple ellipse of classical materials becomes
closed planar curves sometimes with intersections.

FIG. 8. Maximum winding number Wp as a function of the high-
est anchoring model order n and Limaçon curves. Wp = 0 represents
a single point in β plot and further a flat surface. All the possible
patterns are limited between a flat surface and red line. For example,
for the quartic model, the possible winding numbers of the stress
loops are 1 and 2, which corresponds to single and double wrinkling
in Fig. 3.
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FIG. 9. High winding number stress loops in the anchoring space
for the sextic anchoring model (n = 3). Front view and back view of
a subspace (+ − +) within �6 where Wp = 3 is possible; the signs
corresponds to the three anchoring coefficients of the n = 3 model.
Wp = 3 can only be found in the region sandwiched in the middle
of S and X. The Limaçon stress curves for Wp = 1, 2, 3 are shown
on the right back view figure. The figure was computed using the
intersections of S, I, and X (see text and Appendix E).

2. Winding number landscapes in higher-order models

Here we generalize winding number results for n = 3.
From Fig. 8, it is possible to have Wp = 2 in �4 and Wp = 3
in �6. If we write μ = [μ2 μ4 μ6], then the components of
μ span a 3D space, which is the parametric space �6. For
simplicity, we use an ordered triplet (± ± ±) to represent
the sign of each anchoring coefficient. We found that only
(+ − +) and (− + −) quadrants allow us to have Wp = 3. �6

also shows central symmetry, so we only need to evaluate the
(+ − +) quadrant, shown in Fig. 9, together with the relevant
planes quoted below.

The following surfaces serve as characteristic surfaces such
that they are the boundaries to categorize different wrinkling
regions of �6:

X : μ2
4 = 3μ2μ6,

I : −3μ6 = μ4,

S : −3μ6 = μ2 + 2μ4.

In Fig. 9, only the region between S and X allows Wp = 3.
We can observe from Fig. 9 that in the region where Wp = 3,
there exists one loop that is way more bigger than the other
two. That loop is so big such that it is impossible to adjust
μ to force three loops overlap. This phenomenon actually
implies that we can never get 6 identical waves within one
period in �6. The details of this derivation are in Appendix E.
This important result on generalized models shows that higher
harmonics can at most create only hierarchical effects, such as
small ripples on larger scales wrinkling.

In summary, from the property of cholesteric liquid crystals
and shape equation, we can expect a periodic structure shown
in the surface profile. If we have a point at position x, then
we should expect that the point at x + P0 should have the
same mechanical behavior. This is why β is a closed curve. A
closed curve provides the opportunity to measure how many
“loops” there are. The “loops” are the nontrivial information
given by the curve. It shows that from x to x + P0, a number
of “detours” are taken. The “detours” represent the wrinkling

patterns. From an elasticity point of view, the wrinkling
patterns decrease the total energy.

V. MECHANOGEOMETRY OF WRINKLING

In this section we synthesize the relationships between
mechanics (capillary pressures, capillary vectors, winding
numbers) and geometry (surface relief, curvature) using meth-
ods that lead to scaling relations and invariant that indicates
surface property.

A. Capillary pressures-geometry relation

We find that linearized capillary pressures [see Eq. (45)]
are dependent on curvature according to the following rela-
tions:

P̃dil = −κ̃, P̃rot = − κ̃2

q
, and P̃dir = κ̃ + κ̃2

q
. (53)

If we plot the three capillary pressures as a function of curva-
ture, then Eq. (53) indicates that there exist three parameter-
free universal curves. In each plot, μ2 and μ4 only affect the
arc-length of these curves (starting and end points). Only the
arc-length of Pdil-κ curve is linear while the others are not.
Generally, the span of curvature is dependent to anchoring
coefficients, and ideally linear to 1/P0. This finding has an in-
tuitive explanation. Consider the situation where P0 is doubled
while maintaining the same anchoring condition, the span
of curvature should reduce to half. A numerical validation
and details of discussion of Eq. (53) are given by previous
work [12]. Equation (53) encapsulates the symmetry relations
shown in Sec. III A. If we change the sign of the chirality (q),
then the only way to accommodate this change is through a
mirror symmetry along the x axis. As mentioned above, chiral
dopants control surface relief features such as skewness.

From Fig. 7, we can observe that winding number Wp and
the absolute value of dilation pressure |Pdil| are linked by:
number of petal lobes = 4 × Wp. This relation can be easily
found through Pdil = κγ .

B. Capillary vectors-geometry relation

The wrinkling geometry and wrinkling mechanics are
strongly connected. To reveal that link, we will first give a de-
tailed explanation of how mechanics and geometry are linked
for a special nontrivial condition where we only have one non-
vanishing anchoring coefficient μ2. Then we generalize the
conclusion to n nonvanishing anchoring coefficients’ model.
In the end of this subsection, a mechanogeometry transforma-
tion matrix will serve as a summary to the mechanogeometry
relation.

1. Special condition: Quartic model with μ4 = 0

If μ4 = 0 in the quartic model, then we obtain the quadratic
model and the surface pattern is a single-wavelength sinu-
soidal profile (see Fig. 3). The director pressure expression
[Eq. (45)] is a contraction of symmetric tensors:

Pdir = μ2∗

(
n ⊗ ∂n

∂s
+ ∂n

∂s
⊗ n

)
: (tk + kt). (54)
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Equation (54) indicates that the driving force is symmetric,
hence a symmetric structure with vanishing skewness, Rsk =
0 should be generated. Under this condition, β degenerates to
a Lamé ellipse and satisfies

(
Imβ − C0

1
2μ2∗

)2

+
(

Reβ

μ2∗

)2

= 1, (55)

where C0 = 1 + 1
2μ2∗. There is an analogy to a linear force

field with central point C0i. A linear force field acting on β

obeys orbital equation (parametrized by t)

d2β

dt2
= −(β − C0i), (56)

whose solution β = 3
4μ2∗eit + 1

4μ2∗e−it + C0i is equivalent
to Eq. (55). This analogy implies that C0 can be seen as a
center in the system. This important linear force field analogy
encourages us to consider β in the general case as a linear
combination of different components, based on the principle
of superposition.

Another identity under the condition of μ4 = 0 that has
been found is that surface normal angle φ can be written
analytically as a function of �‖ only by (see Appendix F for
derivation)

φ+ = π

2
+ 2 arcsin

�‖
μ2

− 2(2 + μ2∗)√
1 + μ2∗

× arctan

[
1√

1 + μ2∗
tan

(
1

2
arcsin

�‖
μ2

)]

or φ− = π

2
− 2 arcsin

�‖
μ2

− 2(2 + μ2∗)√
1 + μ2∗

× arctan

[
1√

1 + μ2∗
cot

(
1

2
arcsin

�‖
μ2

)]
, (57)

where φ+ applies when γ>γ0 and φ− applies when γ < γ0.
Equation (57) clearly demonstrates that as the normal angle
oscillates back and forth around π/2, the bending stress
oscillates around zero. The normal stress is not the source of
oscillation.

2. Higher-order anchoring models

Similar analysis applies when μ4 �= 0 (two loops in the
β curve) in quartic model too. In Fig. 13, μ2 and μ4 in-
duce two separate β loops such that the net effect of β2

and β4 is a Limaçon curve. The physical demonstration of
the superposition principle is the two-wavelength surface
profile. The average effect, represented by their mean value
μ̂∗ = 1

2 (μ2∗ + μ4∗), always induces a loop with Wp = 1 such
that

1

2π i

∮
�

1

β − μ̂∗
dβ = 1. (58)

Generally, if the surface energy satisfies Eq. (1), then β is
a summation of n sub-β such that β = ∑n

j=1 β2 j where each

FIG. 10. The first and second quadrant of �4. R is the resonance
line while C is the critical line. (1) to (8) are eight points chosen
for further discussion in Figs. 11 and 12 to relate geometry [h(x)],
mechanics (imaginary part of β as a function of its real R part),
and mechanogeometry [curvature κ as a function of stress ratio
u = Re(β )/Im(β )].

β2 j is a closed path described by

(Reβ2 j )
2 = (2 jμ2 j∗)2

(
Imβ2 j

μ2 j∗

)2− 1
j

×
[

1 −
(

Imβ2 j

μ2 j∗

) 1
j

]
,

(59)

where Imβ2 j takes the value between 0 and μ2 j∗. Another
important parameter to measure is the portion of each com-
ponent in β, since it is a basic geometric property and our
following discussion is based on admitting β as the core
concept. We define u = Re(β )/Im(β ). It can be verified that u
links capillary vector and surface energy by � = γ

√
1 + u2.

We choose u to represent mechanics. First, it is a real scalar
instead of a complex number β or vector �. The main
consideration is that we are expected to discuss the topology
of the figure, indicating the relationship between mechanics
and geometry. Hence, the absolute value of h is less important
than its curvature. Similarly, u, which erased the magnitude
effect brought by isotropic tension γ0, is a better parameter to
represent mechanics. Notice that there is a natural invariant
point in κ-u plot where κ = 2qμ2∗ and u = 0.

We use eight representative points whose locations are
given by Fig. 10 to evaluate mechanogeometry relations. We
compare h-x pattern (left lower inset), the winding pattern of
β in C1 (middle inset shown as imaginary “i” versus real R
components of β) and κ-u (right inset) in R2. They repre-
sent geometry, mechanics, and mechanogeometry relations,
respectively. Numerical results are shown in Fig. 11. The
numbers 1–8 correspond to anchoring conditions shown in
Fig. 10.

To avoid ambiguities, the following content are discussed
within one period only, unless otherwise specified. Firstly,
both β and κ-u are closed curves, corresponding to the fact
that surface relief pattern is periodic. Another conclusion we
draw is that the number of wavelengths in the h-x profile
is exactly the winding number Wp of β and κ-u loops.
A generalized proposition holds: the number of peaks (or
valleys) equals 2 × Wp. We may find a contradiction that
condition (5) (lying along the resonance line R) does not
match this proposition from observing Fig. 11 at first glance,
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FIG. 11. The comparison of h-x (geometry), β (mechanics), and κ-u (mechanogeometry relationship), for eight (1–8) conditions identified
in Fig. 10. In (1–4) the left column is h, the middle is β, and on the right we find κ-u; the same applies to (5–8). In (4) we see that double
wrinkling corresponds to inner loops (crossings) in stress and curvatures-stress loops.

since the number of winding for β and κ-u is 1, instead of two
corresponding to four peaks in h-x profile. Nevertheless, even
if this contradiction seems true, then we just need to modify
the proposition to: Wp of β : [0, 1] → C is half of the peaks in
the surface relief. If we move along s on the h-x profile, then
β actually rotates twice under condition Eq. (5) by Eq. (52).
The two crossings overlap since they are identical. These two
identical crossings is the reason why four peaks are identical
along R in �4.

Points (3) and (7) demonstrate another special condition.
What we observed from β and κ-u paths is that those paths
have an apparent sharp point (actually it is smooth). It reminds
us that the two plateau area (actually not flat) shown in h-x
profile too. It can be verified that this sharp point in β or κ-u
paths corresponds to the two plateau areas in h-x profile. If
we observe β from Eqs. (2) to (4), then Eq. (3) is exactly the
point when the emergence of a crossing starts to appear from a
smooth path. If we observe h-x in the same way, then we find
that Eq. (3) is exactly the point when h-x starts to generate
another small wrinkling structure.

If we are moving along R, then h-x, β, and κ-u should only
change magnitudes rather than topology. This is demonstrated
by Fig. 12. An interesting phenomenon is that there is an in-
variant point for β while for κ-u the path changes proportional

FIG. 12. Magnitudes of surface profile h(x) (left), Lamé stress
curve β (middle) and curvature-stress ratio loop κ-u (right) and how
they change along the resonance line R while maintaining their
topology (3 × μRed = 2 × μGreen = μBlue). Moving radially in the
anchoring diagram (Fig. 10) only changes amplitudes. This figure
only shows half the period P0/2.

with respect to its central point. The invariant point in β is
Reβ = 0 and Imβ = 1 as discussed in Table II. But for u, the
invariant has been erased.

We can extend our discussion to arrive at a general result.
Recall that h̃ = ∑n

j=1 h̃2 j where h̃2 j = 1
q μ2 j∗ sin2 j qx, and

β = ∑n
j=1 β2 j . A surface relief can be seen as a superposition

of subrelief h̃2 j , where each one is dependent on μ2 j∗. Simi-
larly, β can be seen as the summation of sub-β β2 j . We bring
another structure to the h profile and β topology each time
we add another nonvanishing anchoring coefficient μ2 j∗. Each
pattern of surface relief has an inverse pattern (just switch the
sign of μ or P0, as shown in Sec. III A) and they add pointwise
to flat surface (where μ = 0). For β, we assign a direction to
the path such we define the positive direction to be the trend
of the movement of (�‖,�⊥) when x is increasing in h(x).
We also assign the starting point as the point where x = 0
(β = i at this point). If we switch the sign of μ or P0, then
we will not reverse the direction of β. However, we reverse
the velocity to this point. The reversed β and the original one
can add to zero too (where μ = 0, see the bottom left figure of
Fig. 14).

We use a quartic model in Fig. 13 to demonstrate this fact.
The surface pattern and β in �4 can be seen as a direct super-
position of that in �2, and that brought by μ4. Previously we
have shown that a two-wavelength pattern can only be found
in certain area in the second and fourth quadrant (see Fig. 3).
Now we can explain this phenomenon easily with Fig. 13.
In those two quadrants, μ2 and μ4 have the opposite sign.
They assign opposite starting velocity to the β2 and β4 path
with same starting point (β = i at this point). Hence, the net
result is when two starting points glued together and satisfy
the algebra such that the imaginary part and real part are
added separately. Figure 14 shows a summary of stress loops
superposition and the resulting Limaçons, corresponding to
five conditions of Fig. 10. The underlying phenomena are:

Condition (2), |μ4∗| < | 1
2μ2∗|: The magnitude of μ4 is

too small to generate another loop. Wp still remains at 1 due
to μ2∗;
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FIG. 13. A sketch explaining how h(x) and β can be seen as a
direct superposition of their components in quartic model. Here, red
point represents the center introduced by each anchoring coefficient.
Black point represents the starting point, which is also the point
where β2 and β4 are glued together.

Condition (3), |μ4∗| = | 1
2μ2∗|: This condition correspond-

ing to critical line, β4 generated by μ4∗ is larger, and is the
critical point across which β exhibits a jump from Wp = 1 to
Wp = 2;

Condition (4), | 1
2μ2∗| < |μ4∗| < |μ2∗|: The effect of μ4∗

becomes greater enough to generate another loop, thus Wp =
2. And this small loop corresponds to μ4∗;

Condition (5), |μ4∗| = |μ2∗|: The small loop created by
μ4∗ increases and now is able to overlap with the big loop
generated by μ2∗, so Wp = 2;

FIG. 14. Stress loop superposition and resulting Limaçon curves.
A summary of how five conditions of β2 and β4 in the second
quadrant of �4. The number on the right represents its corresponding
position in Fig. 10. And the black point on the loop represents
the starting point, which is the first invariant point in Table II, and
the point where β2 and β4 are glued together. The subfigure on the
bottom left represents how the π rotation symmetric point (fourth
quadrant) behave.

Condition (6), |μ4∗| > |μ2∗|: The effect brought by μ4 is
so large such that the role between μ2∗ and μ4∗ exchanges.
If we fix the invariant point in μ2∗, then to increase the μ4∗
loop, the final result must be the case shown as condition (6)
in Fig. 14, where the starting point now moved to the smaller
loop. Hence, if we observe conditions (4) and (6), then the
only difference is where the starting point is, so the surface
profiles h(x) for conditions (4) and (5) are just a phase shift
apart.

In the first and third quadrant, μ2 and μ4 assign same
starting points to β paths, therefore the net effect is just
a larger Lamé curve instead of creating a two-wavelength
surface pattern. The third and fourth quadrant are symmetric
to the first and second quadrant, thus can be analyzed by
similar way. In the bottom left subfigure of Fig. 14, we can see
that the symmetric point on the fourth quadrant with respect to
that on the second quadrant corresponds to a β curve which is
also a π rotation with respect to that of the second quadrant,
while maintaining the same winding number. What is more,
winding number does not change its sign when we are moving
on �4, and this will be explained in Appendix E.

A more mathematical statement, that confirms the numeri-
cal results of Fig. 11, is that from the Abelian group of surface
patterns h(x) (geometry) with operation + to the Abelian
group of complex capillary vector parameter β (mechanics)
with directed loop addition, there is a map Y (h → β ) which
preserves group structure. This map Y (h → β ) is called a
homomorphism, and is the fundamental mechanogeometry
relation of this paper.

In partial summary, we established a link between the
topology of the Lamé stress curves and the geometric surface
relief and used superposition principles to explain the genera-
tion of double wrinkling by taking into account the circulation
direction in the stress loops. The mathematical homeomor-
phism result finds direct applications when assigning stress
fields to wrinkled surfaces.

3. Matrix representation of mechanogeometry relation

Rotation matrix R(a) transforms a vector counterclockwise
by angle of a and can be expressed by

R(a) =
[

cos a sin a
− sin a cos a

]
. (60)

The special rotation matrix R = tk − kt we introduced in
Eq. (18) is just R( π

2 ). Then k = t · R and Tv = � · R. The
mechanical frame (�, Tv ) and geometric frame (t, k) can be
integrated as

[� Tv] = −[t k] ·
[
∂θγ γ

−γ ∂θγ

]
︸ ︷︷ ︸

Y

, (61)

where the Jacobian transformation matrix Y contains the in-
formation of both mechanics (γ ) and geometry (∂θ ). [t k] rep-
resents pure geometry, and [� Tv] represents pure mechanics.
Hence, Y is a matrix representation of this mechanogeometry
relation. An observation from Eqs. (60) and (61) yields the
following identity:

Y = γ
√

1 + u2R(arccotu) = �R(arccotu). (62)
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This relation can be shown in Fig. 1. The area spun by Tv

and � is just a rotation of the area spun by k and t scaled
by � with angle arccotu. Matrix R(a) ∈ SO(2) and can be
represented by

DiagR(a)=
[

cos a − i sin a 0
0 cos a + i sin a

]
=

[
eia 0
0 eia

]
,

(63)

which reminds us the matrix form B in Eq. (49) by observing
the similarity between Eqs. (49) and (63). Hence, Y can also
be decomposed in the similar way of B,

Y = ∂θγ I + γ R. (64)

Comparing the decomposition of Y with Eq. (48), we found
that Y + B = 2γ R. The eigenvalues of Y is simply

λ± = γ
√

1 + u2︸ ︷︷ ︸
stretch

· [cos(arccotu) ± i sin(arccotu)]︸ ︷︷ ︸
rotation

, (65)

with eigenvectors

Vλ+ = [i 1]t and Vλ− = [−i 1]t, (66)

where t is any nonvanishing real constant. � is the Pfaffian
of Y. Y transforms geometry to mechanics, so Y−1 reverses
this process. To ensure Y−1 exists, we need detY �= 0, which
always holds due to γ > 0 and u � 0.

In partial summary, we show that a simple nonsingular
rotation-dilation Jacobian transformation matrix [Eq. (64)] in-
corporates the geometry and mechanics relations. In practice,
fast matrix solvers can be used for any anchoring model order
to find stresses from geometry and vice versa. After all the
variables defined as before, we can finally summarize our
main results to the following diagram:

where ≈ connecting two parameters represent that they are
equivalent within the linear region.

VI. CONCLUSIONS

This paper presents a comprehensive formulation, analysis,
and characterization of surface wrinkling in cholesteric liquid
crystals, as precursors of the ubiquitous biological plywoods
found in nature. The central focus of the paper is to estab-
lish all the possible links between wrinkling geometry and
mechanical stresses methods that emphasize scaling laws,
topological invariants, and parameter-free generic features of

geometry and mechanics. Details of the mathematical foun-
dations were shifted to the appendices and whenever possible
contact with real applications were made. For wrinkling to
occur, the surface tension must be anisotropic, and generic
anchoring models of increasing order were considered.

The shape equations for wrinkled cholesteric surfaces were
developed using capillary pressure [Eq. (19)], capillary vector
[Eq. (29)], and least action [Eq. (31)] models. They all con-
verge to the same equation by emphasize different aspects of
wrinkling, such as the fundamental role of director capillary
pressure in causing wrinkling. Also the pendulum analogy
(Sec. II D) common in capillary models is shown to exist
in this anisotropic surfaces. Using linearization (Sec. II E),
we find important insights to wrinkling geometry, geometric
symmetry and chirality. Importantly we show how a change in
the sign of the cholesteric pitch changes the surfaces. Since the
motivation of the work is to eventually correlate geometry to
optical, tribological, wetting, and cell growth functionalities,
we characterized the moments of the surface geometry, in
particular the arithmetic mean, kurtosis, and skewness, and
obtained anchoring parameters relations that maximize or
minimize these functions. In particular, for a quartic anchoring
model we found that the applications important kurtosis-
skewness curve is a universal parameter-free bifolium, whose
extrema can be found by tuning anchoring (Fig. 6).

The wrinkling mechanics was characterized by polar cap-
illary pressure plots that unequivocally show that dilation
pressure is essentially balanced the driving director pressure.
Also we establish a connection with classical Lamé stress
curves for materials with 2D stresses. Introducing a complex
capillary number whose real component is the negative of the
bending stress and whose imaginary component is the normal
(dilation) stress we find that our anchoring-driven wrinkling
generates Limaçon stress loops that generalize the simpler
Lamé ellipses. The topological charge of this stress loop in
terms of a winding number is found in terms of any anchoring
model (Fig. 8). Equally important the maximum winding
numbers reflects the bending stress landscape, since the higher
it is the more sign changes we find in this important stress
component. Finally, synthesis all results in Fig. 11, establish-
ing the connections between surface relief, Lamé stress loops,
and curvature-stress ratio Limaçons. The mechanogeometry
connections is shown to be a rotation-dilation Jacobian matrix
whose spectral decomposition involve stress information.

Finally, we synthesize the geometry, mechanics, mechano-
geometry relations into a flow-chart that reveals their inter-
connections. At the center we find the surface tension γ

and capillary vector � and from these we valuate pressures,
stresses, and curvature. Reflecting the various shape equation
formulations we can find curvature κ in two different ways.
Finally, the surface relief h is found from curvature or in the
linear approximation from anisotropic tension.

Taken together these results provide a comprehensive pic-
ture of surface wrinkling by anchoring mechanisms that can in
the future be extended to two-wave-vector wrinkling, nematic
and smectic liquid crystals, bulk elasticity corrections, tran-
sient emerging pattern formation, and active liquid crystals
and chiral mass transfer [49–53].
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APPENDIX A: ENERGY REDUCTION BY WRINKLING

In this Appendix, we will use an efficient geometric
method to prove that wrinkling reduces surface energy. Let
us simplify our discussion by assuming that μ4∗ = 0. Surface
energy density for a specific wrinkling pattern is

Ew

γ0
=

(∫ P0

0

1

sin φ
dx

)−1 ∫ P0

0
[1 + μ2∗(n · k)2]

1

sin φ
dx.

(A1)
Flat surface under the same anchoring condition is

E f

γ0
= 1

P0

∫ P0

0
[1 + μ2∗(n · δ̂y)2] dx, (A2)

where δ̂y is the unit vector along y axis (perpendicular to x
axis). Rearranging Eqs. (A1) and (A2). To prove Ew < E f ,
we just need to show∫ P0

0
μ2∗(n · δ̂y)2 dx >

∫ P0

0
μ2∗(n · k)2 1

sin φ
dx, (A3)

since the following inequality already holds:(∫ P0

0

1

sin φ
dx

)−1

<
1

P0
. (A4)

Our question simplifies to prove Eq. (A3) holds ∀μ2∗ ∈
R+. First, if μ2∗ < 0, then we only need to prove∫ P0

0
(n · δ̂y)2 dx <

∫ P0

0
(n · k)2 dx, (A5)

since ∫ P0

0
(n · k)2 dx <

∫ P0

0
(n · k)2 1

sin φ
dx. (A6)

Notice that n, k, and δ̂y are unit vectors. The volume form
vol2 = √

det(G)dx ∧ dy, where G is the metric tensor. Since
a × b = ∗(a ∧ b), where ∗ is the Hodge star operator, so we
can use cross product to represent an area in R3. Equation
(A5) can be transformed to

P0 −
∫ P0

0
(n × δ̂y)2 dx < P0 −

∫ P0

0
(n × k)2 dx. (A7)

We just need to show that (n × δ̂y)2 > (n × k)2 is true for
every position on surface.

From Fig. 15 we can see that ‖n × δ̂y‖ > ‖n × k‖ since
h2 > h1, where h2 is the height of ‖n × δ̂y‖ and h1 is the height
of ‖n × δ̂y‖.

For μ2∗ > 0, to prove Eq. (A3), we only need to show∫ P0

0
(n · δ̂y)2 dx >

∫ P0

0

(
n · k

sin φ

)2

dx, (A8)

FIG. 15. Surface profile when μ2 < 0.

since ∫ P0

0

(
n · k

sin φ

)2

dx >

∫ P0

0
(n · k)2 1

sin φ
dx. (A9)

Similarly, Eq. (A8) can be transformed to

P0 −
∫ P0

0
(n × δ̂y)2 dx

> P0

∫ P0

0

1

sin2 φ
dx −

∫ P0

0

(
n × k

sin φ

)2

dx. (A10)

Rearrange the inequality above such that

0 > P0

(
1 −

∫ P0

0

1

sin2 φ
dx

)

>

∫ P0

0
(n × δ̂y)2 dx −

∫ P0

0

(
n × k

sin φ

)2

dx. (A11)

Thus, we only need to show that∫ P0

0

(
n × −k

sin φ

)2

dx >

∫ P0

0
(n × −δ̂y)2 dx. (A12)

The negative sign here is to reverse the direction of each
vector. In Fig. 16, we define point D1 to be the reflection of
point B with respect to point O such that OB · OD1 = 1, then
we define point D2 such that OD2 = OD1. Hence, we find that−−→
OD2 is exactly −k/ sin φ and

−→
OC is −δ̂y.

Draw a similar figure as we did in Fig. 15, the new figure
under this condition is shown as Fig. 17. Hence, ‖ − k ×
n/ sin φ‖ > ‖ − δ̂y × n‖ due to h2 > h1. Also notice that in
Figs. 15 and 17, sometimes n can be stuck in the middle of k
and δ̂y. However, in weak wrinkling k ≈ δ̂y. There is almost
no contribution to the integral in Eq. (A3) under this condition.
In summary, we have proved that for both cases when μ2 > 0
and μ2 < 0, Ew < E f . And when μ2 = 0, Ew = E f , which
is the trivial case where the surface is completely flat. The
condition under which μ4 �= 0 can be analyzed by the same
way, then we can linearly add them up to conclude that
wrinkling reduces energy.

In partial summary, the static formulation used in
this paper always generates solutions that decrease total
energy.

Here we explain why Eq. (16) vanishes. For cholesteric
liquid crystal where q �= 0 the function fg(n,∇n) is greater
than 0 for any n ∈ S2, and ∇n ∈ GL(3) if and only if

062705-18



MECHANOGEOMETRY OF NANOWRINKLING IN … PHYSICAL REVIEW E 101, 062705 (2020)

FIG. 16. Surface vector sketch when μ2 > 0.

K2 + K4 = 0 [54]. Hence, γg = 1
2 (K2 + K4)k · g = 0, we only

need to evaluate the first term of h, where

hk : (∇n)ᵀ = (I − nn) ·
⎛
⎝ ∞∑

j=1

2 jμ2 j (n · k)2 j−1

⎞
⎠k : (∇n)ᵀ

=
⎛
⎝ ∞∑

j=1

2 jμ2 j (n · k)2 j

⎞
⎠kk : (∇n)ᵀ, (A13)

we just need to show kk : (∇n)ᵀ → 0. Then Eq. (16) natu-
rally vanishes. First, according to the assumed director field,
ny is only a function related to x, so δ̂yδ̂y : (∇n)ᵀ = 0:

kk = kk|δ̂y
+ ∂kk

∂k

∣∣∣∣
δ̂y

· (k − δ̂y) + O(2)

= δ̂yδ̂y + (Iδ̂y + δ̂yI) · (k − δ̂y) + O(2).

Therefore,

kk : (∇n)ᵀ = (Iδ̂y + δ̂yI) · (k − δ̂y) : (∇n)ᵀ ∼ cos φ. (A14)

FIG. 17. Surface profile when μ2 > 0.

Now we can evaluate cos φ

−cos φ

sin φ
= dh

dx
=

n∑
j=1

2 jμ2 j∗ sin2 j−1 qx cos qx

=
n∑

j=1

jμ2 j∗ sin2 j−2 qx sin 2qx (A15)

and find the following bounds:

−
n∑

j=1

jμ2 j∗ � −cos φ

sin φ
�

n∑
j=1

jμ2 j∗, (A16)

since μ2 j∗ are very close to 0, so cos φ → 0.

APPENDIX B: STRESS TENSOR

In this Appendix, we will derive the formula of stress
tensor Ts that appears in Eq. (18).

A small displacement u gives a small change of the energy
δF,

δF =
∫

TB : (∇su)ᵀ d�, (B1)

where � represents area. The variation of energy can also be
expressed in terms of the energy change

δF =
∫

Is · dγ

dk
δk d�

=
∫

Is · dγ

dk
[−k · (∇su)ᵀ] d�. (B2)

Compare these two expressions and we can obtain

TB = −Is · dγ

dk
⊗ k, (B3)

while the tension is
TN = γ Is. (B4)

Hence, stress tensor is written as

Ts = γ Is − Is · dγ

dk
⊗ k. (B5)

APPENDIX C: GEOMETRIC CHARACTERIZATION

This Appendix is to derive Eqs. (41) and (42), along with
proofs to some conclusions in Sec. III.

To derive Eq. (41), let us denote

In =
∫

sinn x dx, (C1)

integrating In by part gives us

In =
∫

sinn−1 x d (− cos x)

= − cos x sinn−1 x +
∫

cos2 x(n − 1) sinn−2 x dx

= − cos x sinn−1 x + (n − 1)
∫

(1 − sin2 x) sinn−2 x dx

= − cos x sinn−1 x + (n − 1)
∫

sinn−2 x dx

−(n − 1)
∫

sinn x dx︸ ︷︷ ︸
In

. (C2)
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Combine term In so we can obtain

In =
∫

sinn x dx = −1

n
cos x sinn−1 x

+
(

1 − 1

n

) ∫
sinn−2 x dx. (C3)

Compute the proper integral and replace x with qx. Also notice
that cos(qP0) = cos 0 and sin(qP0) = sin 0. Assume n is an
even number:∫ P0

0
sinn(qx) dx = − 1

qn
cos(qx) sinn−1(qx)

∣∣∣∣P0

0

+
(

1 − 1

n

) ∫ P0

0
sinn−2(qx) dx

=
(

1 − 1

n

) ∫ P0

0
sinn−2(qx) dx

= P0

n/2∏
i=1

(
1 − 1

2i

)
. (C4)

Notice that the last term is equivalent to

n/2∏
i=1

(
1 − 1

2i

)
=

(
2 × n

2 − 1
)
!!

2
n
2
(

n
2

)
!

= 1√
π

�
(

n
2 + 1

2

)
�

(
n
2 + 1

) . (C5)

Therefore, we can easily find that∫ P0

0
sinn(qx) dx = P0b n

2
. (C6)

Now we are able to compute M̃[n]

M̃[n] = 1

P0

n∑
i=0

(
n

i

)
(−m̃)n−i

∫ P0

0
h̃(x)(i) dx

= 1

P0

n∑
i=0

(
n

i

)
(−m̃)n−i

×
∫ P0

0
(μ2∗ sin2 qx + μ4∗ sin4 qx)i dx

= 1

P0

n∑
i=0

(
n

i

)
(−m̃)n−i

×
i∑

j=0

(
i

j

)
μ

j
2∗μ

i− j
4∗

∫ P0

0
sin2(2i− j) dx

=
n∑

i=0

(
n

i

)
(−m̃)n−i

×
i∑

j=0

(
i

j

)
μ

j
2∗μ

i− j
4∗

2i− j∏
t=1

(
1 − 1

2t

)
. (C7)

Now we can find the extreme values of m and σ

in the quartic model if forcing a restriction μ2
2∗ + μ2

4∗ =
C2. m̃ = (b1μ2∗ + b2μ4∗)/q, we can construct Lm and Lσ

by

Lm = 1

q
(b1μ2∗ + b2μ4∗) − λm

(
μ2

2∗ + μ2
4∗ − C2

)
,

Lσ = 1

q2

[(
b2 − b2

1

)
μ2

2∗ + 2(b3 − b1b2)μ2∗μ4∗

+ (
b4 − b2

2

)
μ2

4∗
] − λσ

(
μ2

2∗ + μ2
4∗ − C2

)
. (C8)

The following equation must satisfy at those extrema

∂Lm

∂μ2∗
= ∂Lm

∂μ4∗
= ∂Lm

∂λm
= ∂Lσ

∂μ2∗
= ∂Lσ

∂μ4∗
= ∂Lσ

∂λσ

= 0. (C9)

Hence, we can solve that when m reaches extremum

μ4∗ = b2

b1
μ2∗ = 3

4
μ2∗. (C10)

And when σ reaches extremum

μ4∗ = ±
√(

b2 − b2
1

)(
b4 − b2

2

)μ2∗ = ±
√

16

17
μ2∗. (C11)

We can show that in �2n model, the line along which
m reaching extremum is perpendicular to the hyperplane
where m vanishes. The Lagrangian Lm = ∑n

i=1 biμ2i∗/q −
λm

∑n
i=1(μ2

2i∗). The partial derivative of Lm with respect to
μ2i∗ gives us bi − 2λmμ2∗ = 0. Any line inside the hyperplane∑n

i=1 biμ2i∗/q = 0 can be given too. We take the inner prod-
uct between them,

a

2λm
[b1 b2 . . . bn] · b

[
μ2∗ μ4∗ . . .

∑n−1
i=1 biμ2i∗

bn

]
= 0,

(C12)

where a and b are just two nonzero parameters. Hence, this
hyperplane is perpendicular to the line where m vanishes.

Now we can discuss the upper limit of σ . A vector μ ∈
�2n whose ith component is μ2i∗, and a vector with same
dimension SI whose ith component is sin2i qx together form
the components of σ 2:

σ 2 = 1

q2P0

∫ P0

0
(μ · SI)2dx −

[
1

qP0

∫ P0

0
(μ · SI)dx

]2

. (C13)

Notice that the second term can be integrated directly, which
becomes P0

∑n
i=1 biμ2i∗, while the first term can be simplified

by using Cauchy-Schwarz inequality:

(qσ )2 � 1

P0

∫ P0

0
|μ|2|SI|2dx −

(
n∑

i=1

biμ2i∗

)2

=
(

n∑
i=1

b2i

)(
n∑
i

μ2
2i∗

)
−

(
n∑

i=1

biμ2i∗

)2

. (C14)

The two sides are equal if and only if μ and SI are linearly
dependent, which is impossible since SI is not a constant
vector. Hence, we obtained the upper limit of the standard
deviation for a given anchoring model.

APPENDIX D: EXTREMA OF MEAN
ROUGHNESS (SEC. III B 1)

In this Appendix we analyze extrema in the mean rough-
ness of the surface relief under the assumption that the
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anchoring coefficients decrease according to the reasonable
assumption μ2i∗ = αbi where α is a positive number.

First, we show that series {bn} and {b2
n} diverge. To

prove that, we are encouraged to find the two boundaries by
Gautschi’s inequality [55] by observing 0 < bn < 1:

1

n
>

[
�

(
n + 1

2

)
�(n + 1)

]2

>
1

n + 1
. (D1)

Let f : [1,∞) → R+ and f (n) = b2
n. Process the integral test

such that∫ ∞

1
f (n) dn = lim

t→∞

∫ t

1

1

π

(
�

(
n + 1

2

)
�(n + 1)

)2

dn

>
1

π
lim

t→∞

∫ t

1

1

n + 1
dn

= 1

π
lim

t→∞ ln(n + 1)|t1 → ∞. (D2)

Hence, series {b2
n} diverges. It can be verified that {bn} di-

verges too. Now move to the condition when μ2i∗ = αbi.
To find the extreme value of m̃ = μ · �b/q, we can write its
Lagrange function La by

La = μ · �b − λ(μ · μ − C2), (D3)

whose bordered Hessian matrix H (denote g = μ · μ) is

H(La) =
[

0 −∇μg

−∇μgᵀ ∇μ∇μLa

]
. (D4)

This matrix can be decomposed into H(La) = HA · HB, where

HA =
[

I −∇μg(∇μ∇μLa)−1

0 I

]
,

HB =
[−∇μg(∇μ∇μLa)−1∇μgᵀ 0

∇μgᵀ ∇μ∇μLa

]
. (D5)

Hence, the determinant can be computed by Schur’s formula,

detH = −det(∇μ∇μLa) · det[∇μg(∇μ∇μLa)−1∇μgᵀ], (D6)

using the fact that ∇μ∇μLa is invertible due to

−∇μg = −2μ, ∇μ∇μLa = −2λI. (D7)

The original bordered Hessian matrix has the following form:

H(La) = −2

⎡
⎢⎢⎢⎢⎣

0 μ2∗ μ4∗ . . . μ2n

μ2∗ λ 0 . . . 0
μ4∗ 0 λ . . . 0

...
...

...
. . .

...
μ2n∗ 0 0 . . . λ

⎤
⎥⎥⎥⎥⎦. (D8)

Denote the left-upper ( j + 1) × ( j + 1) submatrix of H by
jH, whose determinant can be computed by Eq. (D6):

−1

2
det jH = −μ · 1

λ
I j× j · μᵀ = −1

λ
μ · μ. (D9)

Another requirement we have is that [∇μLa ∇λLa] = 0, where
we can solve for Lagrangian multiplier

λ = ±
√

S

2C
, μ2i = ± C√

S
bi, (D10)

where S is the summation of series {b2
n}. If λ takes the negative

value in Eq. (D10), then det jH < 0 for every j. Therefore,
the extreme value defined by Eq. (D10) when both λ and μ2i

are negative is a local minimum. So the symmetric point with
respect to the origin gives the local maximum.

APPENDIX E: LANDSCAPE OF WINDING NUMBERS
IN SEXTIC ANCHORING MODEL

In this Appendix, we will find the winding number Wp

distribution in �6, defined by the sextic anchoring model,
discussed in Sec. IV B 2. The question is how prevalent or
how scarce are parametric conditions that yield a high winding
number of 3. In the quartic model the answer was relatively
easy but for n = 3, the proliferation of polynomial roots
creates challenges that require extensive analysis.

Winding number equals half of the number of waves
of h, which corresponds to the distinct zeros inside
the interval θ ∈ [−3π/2, π/2] of the polynomial P[n] =∑n/2

i=1 2iμ2i cos2i−1 θ sin θ .
If μ4 and higher-order terms vanish, then θ =

−3π/2,−π,−π/2, π/2 are four trivial solutions, which
corresponds to the one-wave pattern along μ4 = 0. And it
is the fundamental reason why there are at least two waves
within one period. If μ4 does not vanish, then there are two
other nontrivial solutions. Let μ6 �= 0, then our problem is
simplified to find all the roots of the following equation:

μ2 + 2μ4 cos2 θ + 3μ6 cos4 θ = 0, (E1)

whose number of maximum root is eight (four available values
for cos θ by quartic equation, and each cos θ value allows
two possible θ ). There are 12 roots in total including trivial
solutions, corresponding to three-wavelength pattern profile.
The general solution of Eq. (E1) is

cos2 θ =
−μ4 ±

√
μ2

4 − 3μ2μ6

3μ6
. (E2)

If we want to have the most wavelength patterns, then we
need to make sure that μ2

4 > 3μ2μ6. If μ2
4 = 3μ2μ6 and at

the same time 0 < − μ4

3μ6
< 1, then we have two-wavelength

pattern; otherwise, we only have a one-wavelength pattern.
Define this special surface as X. We already find the trivial
roots when cos θ = 0 and 1. Since �6 has central symmetry,
we just need to evaluate three conditions.

1. sgn(μ)=(−,+, ±)

(i) If μ6 > 0, then

μ4 < ±
√

μ2
4 − 3μ2μ6 < μ4 + 3μ6, (E3)

where ± can only take + since μ4 > 0. Hence, we lose four
roots. We can only have at most eight roots including trivial
zeros, giving a two-wavelength pattern. After simplification
we find that

μ6 > − 1
3 (μ2 + 2μ4) and μ6 > 0. (E4)

(ii) If μ6 < 0, then

μ4 > ±
√

μ2
4 − 3μ2μ6 > μ4 + 3μ6, (E5)
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where ± can take both + and −. Hence, we discuss both
conditions.

(iia) Keep + in ±. We can solve this inequality and denote
the solution as W −+−

2+3 :(
μ6 < − 1

3μ4
) ∪ {(

μ6 > − 1
3μ4

) ∩ [
μ6 > − 1

3 (μ2 + 2μ4)
]}

.

(iib) Keep − in ±. We first need to ensure that μ4 >

−
√

μ2
4 − 3μ2μ6, which is already true. On the other side we

denote the solution as W −+−
3 :[

μ6 < − 1
3 (μ2 + 2μ4)

] ∩ (
μ6 < − 1

3μ4
)
.

It is possible to keep both + and − in ± sign shown in
Eq. (E2) by restricting μ within W −+−

2+3 ∩ W −+−
3 = W −+−

3 .
Under this condition, we are able to obtain a three-wavelength
pattern. And a two-wavelength pattern is obtained within
W −+−

2+3 \W −+−
3 . We see another two important surfaces: I :

μ6 = − 1
3μ4 and S : μ6 = − 1

3 (μ2 + 2μ4). S is shown in
both conditions (i) and (ii), which ensures Eq. (E1) to have
real roots since on this surface we have√

μ2
4 − 3μ2μ6 = |μ2 + μ4|. (E6)

Notice that Eq. (E2) looses four roots if μ2 + μ4 = 0, which
is exactly the resonance line R in �4.

S is the 2D version of critical line C in �6, since

dh

dθ
= −2 sin3 θ cos θ [sin2 θ (μ2 + 2μ4) + μ2], (E7)

and h shows a plateau area when θ → 0(qx → π
2 ). In addi-

tion, we should notice that the projection of S on μ2 − μ4

plane is exactly C.
we are also interested in finding the 2D version of reso-

nance line R, where six waves are identical. Resonance line
requires

h

(
θ + π

3

)
= h(θ ), (E8)

which reduces to∑
j=1,2,3

μ2 j

(2i)2 j

[(
e

iπ
3 eiθ − e− iπ

3 e−iθ
)2 j − (eiθ − e−iθ )2 j

] = 0.

(E9)

Equation (E9) should hold true for every θ , from which we
can conclude that there is no resonance surface (or line) in
�6. Hence, we cannot have six identical waves in μ6 model.
However,∑

j=1,2

μ2 j

(2i)2 j

[(
e

iπ
2 eiθ − e− iπ

2 e−iθ
)2 j − (eiθ − e−iθ )2 j

] = 0

(E10)
reduces to

(μ2 + μ4)(sin2 θ − cos2 θ ) = 0. (E11)

Hence, μ2 + μ4 is the resonance line R in �4.
In summary, we conclude that there are three conditions

when μ2 < 0 and μ4 > 0 where we get two-wavelength
patterns. They are: (i) μ2

4 = 3μ2μ6 and 0 < − μ4

3μ6
< 1; (ii)

if μ6 > 0, then μ2
4 > 3μ2μ6 and μ6 > − 1

3 (μ2 + 2μ4); (iii)
if μ6 < 0, then μ2

4 > 3μ2μ6 and μ6 < − 1
3 (μ2 + 2μ4) and

μ6 < − 1
3μ4.

2. sgn(μ)=(+,−, ±)

First ensure that μ2
4 > 3μ2μ6.

(i) If μ6 > 0, then in Eq. (E3) we cannot eliminate any
condition. Keep + then we have μ6 > − 1

3 (μ2 + 2μ4) and
μ6 > − 1

3μ4. Keep − then we have μ6 > − 1
3μ4 or μ6 <

− 1
3μ4 and μ6 < − 1

3 (μ2 + 2μ4). Denote the following region
as W +−+

2+3 :(
μ6 > − 1

3μ4
) ∪ {(

μ6 < − 1
3μ4

) ∩ [
μ6 < − 1

3 (μ2 + 2μ4)
]}

.

It is possible to have a three-wavelength pattern under
the following condition, whose region being represented is
denoted by W +−+

3 :[
μ6 > − 1

3 (μ2 + 2μ4)
] ∩ (

μ6 > − 1
3μ4

)
.

Under the condition of μ2
4 > 3μ2μ6 (and μ2 > 0, μ4 < 0),

W +−+
2+3 \W +−+

3 gives a two-wavelength pattern, and W +−+
3

gives a three-wavelength pattern.
(ii) If μ6 < 0, then in Eq. (E5) we can eliminate the

condition of + since μ4 < 0. So we can at most get a two-
wavelength pattern. Solve for this inequality we find μ6 <

− 1
3 (μ2 + 2μ4).
In summary, we can observe this central symmetry be-

tween sgn(μ) = (+,−,±) and sgn(μ) = (−,+,±). The
only difference between W +−+

2+3 and W −+−
2+3 , W +−+

3 and W −+−
3

is the direction of inequality sign.

3. sgn(μ)=(+,+, −)

Due to the existence of μ6, it is also possible to obtain a
two-wavelength pattern if both μ2 and μ4 have the same sign.
Assume they are both positive. Then μ6 can only be negative,
and we have Eq. (E5), where + is neglected since −3μ2μ6 >

0. Solving for this inequality we have μ6 < − 1
3 (μ2 + 2μ4).

4. Parametric space �6

Line S ∩ I is written as

S ∩ I : μ = t
[
1,−1, 1

3

]
. (E12)

The intersection between S and X is

S ∩ X : μ = t
[
1,−1, 1

3

]
. (E13)

Hence, S ∩ I = S ∩ X := r, which implies that S is the
tangent plane of X. Also notice that the projection of r on �4

is exactly R.
Therefore, X, S, and I divide the small cube into six

subregions as shown in Fig. 18. They are shown as black
(X), blue (S), and green (I) surfaces in Figs. 18 and 19. The
distribution of Wp under (+ + +) and (− + +) are given in
Fig. 18, while that under (+ − +) and (− − +) are provided
by both front view and back view in Fig. 19. Let us look
at Fig. 18 first, Wp can only be 1 under (+ + +). Similarly,
Wp = 1 under (− − −) too. Wp = 1 only occurs in the small
tetrahedron bounded by the cross-section between S and
small cube under (− + +).

Let us evaluate the distribution of Wp under (− − +) in
Fig. 19. Wp can only be 1 or 2 under this condition. We can
observe that S is the boundary between the regions where
Wp = 1 and Wp = 2, while I does not affect Wp.
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FIG. 18. The upper space of parametric space �6 is composed
by four small cubes showing on the right.

The distribution of Wp becomes very complicated under
(+ − +) shown in Fig. 19. It can be proven that S, I and
X intersect in the same line r, whose projection onto �4 is
exactly R, the resonance line in �4. Hence, S is the tangent
plane to X and the tangent line is r. Therefore, X, S and I

separate the small cube (+ − +) to six regions. The region
between X and S forces Wp = 3 and that below S (2 small
regions) requires Wp = 2. When μ lies in the rest three regions
one can only observe a winding pattern with Wp = 1.

We can see that under all the conditions S is the bound-
ary across which Wp jumps between two continuous natural
number. It serves as a 2D version of critical line C in �4. This
analogy becomes clearer when we notice that C = S ∩ �4.
Although the projection of r onto �4 is R. There is no
resonance surface (line) in �6.

The reason that the winding number never changes its sign
after a π rotation is that Wp, whose computation depends on
(�‖,�⊥), does not change sign after reversing the direction
of V = [μ P0]. For example, the sign of the winding number
of a simple Jordan curve can be computed by

sgn(Wp) = (t∨ ∧ k∨) ◦
(

�‖
|�‖|

∧ �⊥
|�⊥|

)
(E14)

remains intact with the transformation μ → −μ or P0 →
−P0, where ∨ represents the covector, ∧ is the exterior product

FIG. 19. Font view and back view of winding number Wp distri-
bution of β under (+ − +) and (− − +) conditions.

and ◦ represents function composition. The verification is
straightforward:

Ξ‖ ∧ Ξ⊥(µ, P0) Ξ‖ ∧ Ξ⊥(−µ, P0)

Ξ‖ ∧ Ξ⊥(µ,−P0) Ξ‖ ∧ Ξ⊥(−µ,−P0)

−Λ2n

−P −P
−Λ2n

where four quantities stated above are totally identical since
the negative sign canceled naturally due to the invariance of
(t∨ ∧ k∨). There is also an intuitive explanation. �‖ ∧ �⊥
defined the direction (before scaling to unit) of mechanical
frame, while t ∧ k indicates the direction of geometric frame.
Therefore, The invariance of sgn(Wp) actually implies that
the transformation between geometric frame and mechanical
frame preserves the direction and is independent to the posi-
tion on the surface.

In summary, this Appendix shows that in the sextic model
one find high winding numbers in the (+ − +) and (− + −)
anchoring conditions.

APPENDIX F: φ − �‖ RELATION

This Appendix is to derive the explicit formula to
evaluate surface normal angle φ as a function of �‖
when μ4 = 0, given in Eq. (57). From Eq. (55), we can
solve �⊥:

�⊥ = C0 ± 1

2

√
μ2

2 − �2
‖. (F1)

From Eq. (26), we can solve that φ is expressed by

φ = π

2
+

∫ x

0

1

�⊥
∂x�‖ dx︸ ︷︷ ︸

I1

. (F2)

Now replace �⊥ and evaluate I+
1 and I−

1 for the + or − sign
in Eq. (F1):

I+
1 =

∫ �‖

0

1

C + 1
2

√
μ2

2 − �2
‖

d�‖ = 2
∫ arcsin

�‖
μ2

0
d�

− 2
∫ arcsin

�‖
μ2

0

1

1 + k cos �
d�︸ ︷︷ ︸

I+
2

, (F3)

where k = μ2

2C and � = arcsin �‖
μ2

. Evaluate I+
2 and replace

v = tan �
2 , further replace t = v

√
1−k
1+k .

I+
2 =

∫ tan( 1
2 arcsin

�‖
μ2

)

0

1

1 + k
(

1−v2

1+v2

) · 2

1 + v2
dv

= 2

1 + k

∫ tan( 1
2 arcsin

�‖
μ2

)

0

1(
1−k
1+k

)
v2 + 1

dv
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= 2

1 + k

∫ √
1−k
1+k tan( 1

2 arcsin
�‖
μ2

)

0

1

t2 + 1
dt · 1√

1−k
1+k

= 2√
1 − k2

arctan

[√
1 − k

1 + k
tan

(
1

2
arcsin

�‖
μ2

)]
. (F4)

Therefore, combine all the results and replace k with μ2

2C , so
we get

φ+ = π

2
+ 2 arcsin

�‖
μ2

− 2(2 + μ2∗)√
1 + μ2∗

× arctan

[
1√

1 + μ2∗
tan

(
1

2
arcsin

�‖
μ2

)]
. (F5)

Now we evaluate I−
1 :

I−
1 =

∫ �‖

0

1

C − 1
2

√
μ2

2 − �2
‖

d�‖ = −2
∫ arcsin

�‖
μ2

0
d�

+ 2
∫ arcsin

�‖
μ2

0

1

1 − k cos �
d�︸ ︷︷ ︸

I−
2

. (F6)

Replace α = � + π such that

I−
2 =

∫ arcsin
�‖
μ2

+π

0

1

1 + k cos α
dα. (F7)

Equation (F7) allows us to transform I−
2 to be the same as I+

2 ,
we can use the result directly:

I−
2 = − 2√

1 − k2
arctan

[√
1 − k

1 + k
cot

(
1

2
arcsin

�‖
μ2

)]
.

(F8)

Hence, corresponding φ− can be computed by

φ− = π

2
− 2 arcsin

�‖
μ2

− 2(2 + μ2∗)√
1 + μ2∗

× arctan

[
1√

1 + μ2∗
cot

(
1

2
arcsin

�‖
μ2

)]
.

(F9)
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