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Random walks on networks with stochastic resetting
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We study random walks with stochastic resetting to the initial position on arbitrary networks. We obtain
the stationary probability distribution as well as the mean and global first passage times, which allow us to
characterize the effect of resetting on the capacity of a random walker to reach a particular target or to explore
a finite network. We apply the results to rings, Cayley trees, and random and complex networks. Our formalism
holds for undirected networks and can be implemented from the spectral properties of the random walk without
resetting, providing a tool to analyze the search efficiency in different structures with the small-world property
or communities. In this way, we extend the study of resetting processes to the domain of networks.
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I. INTRODUCTION

When a stochastic process is occasionally reset, i.e., in-
terrupted and restarted from the initial state, its occupation
probability in the configuration space is strongly altered.
Interestingly, the mean time needed to reach a given target
state for the first time can often be minimized with respect
to the resetting rate [1-4]. Random search strategies can
thus be improved by resetting, a fact that finds applications
in statistical physics [5,6], computer science [7], enzymatic
reactions [8], or foraging ecology [9-11]. In recent years,
different types of resetting protocols have been considered
[12—15] on a variety of underlying processes, such as Brow-
nian motion [1,2,16], processes with a drift [17,18] or mod-
els of anomalous diffusion [19-22]. All these problems are
more conveniently studied in relatively simple search spaces,
mainly, the semi-infinite line, RP [23], bounded domains in
one dimension (1D) and in 2D [24-26], or on infinite regular
lattices [9,27,28].

Nevertheless, random walks and related dynamical pro-
cesses on more complex structures such as networks are at
the foundation of statistical physics [29-32] and of relevance
for a broad range of phenomena and applications [33,34].
Examples include data science [35,36], synchronization [37],
epidemic spreading [38,39], human mobility [40-42], ranking
and searching on the web [43-45], among others [46,47].
In particular, random walks on networks are relevant to
the understanding of contact networks between people [41],
which is crucial in problems of contact tracing in epidemics
such as the current coronavirus disease COVID-19 pandemic
[48]. Whereas lattice random walks have been explored for
decades [49-51], the study of local random walks on complex
networks is more recent and was introduced by Noh and
Rieger [31]. Network exploration by random walks is now
better understood [31,47,52], including nonlocal strategies
with long-range hops between distant nodes [53-59].

The mean first passage times (MFPT) of random walks
subject to resetting have been studied on small graphs or
particular social networks [60,61], but their properties on
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arbitrary networks remain little understood, despite their im-
portance. Figure 1 illustrates a dynamics defined by some
transition probabilities between adjacent nodes and a resetting
probability y to a particular node r. Three important features
of many complex and real-world networks are as follows:
their finiteness; the small-world effect, characterized by a
logarithmic growth of the diameter with the number of nodes
[62]; and the presence of communities, i.e., subsets of nodes
more densely connected to each other than to the other nodes
[63]. Both the network architecture and the choice of the
resetting node should impact significantly the MFPT to a
given target node, and more generally, the capacity of the
walker to explore the whole network.

In this contribution, we develop an extension to arbitrary
network topology of the diffusion problem with stochastic
resetting of Refs. [1,19]. We deduce general exact expressions
for the stationary probability distribution and the first passage
times. The analytical results can be expressed in terms of
the eigenvalues and eigenvectors of the transition matrix that
generates the random walk without resetting. The methods
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FIG. 1. A random walker with resetting can be illustrated as a
tourist visiting places in a street network. In the present model, the
possible movements from a node / are as follows: a random walk step
to an adjacent node (with probability 1 — y) or a relocation to a fixed
node r (the hotel) with probability y, from which the exploration of
the network is resumed.
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introduced here can be used to study the effects of resetting on
large networks. We apply our findings to regular lattices, trees,
random networks, and several well-known complex networks.

II. GENERAL THEORY

We study connected (single-component) networks of N
nodes labeled by i =1, ..., N, and of adjacency matrix A
whose elements are A;; = Aj;; = 1 if there is a link between
the nodes i and j, and A;; = Aj; = 0 otherwise. The links are
thus undirected and we also set A; = 0 to avoid self-loops.
The degree of the node i is denoted as k; = Z?[:I Aj;. On this
structure, we consider a random walker in discrete time and
starting at # = O from i. The walker performs att = 1,2, ...
two types of steps: (1) a jump to one of the neighbors of the
node currently occupied (all neighbors being equiprobable)
and (2) a resetting to a fixed node r. Actions (1) and (2) occur
with probability 1 — y and y, respectively.

A. Occupation probability

Without resetting (y = 0), the probability to hop to m from
I is w;—,; = Apn/k;. This random walk is described by the
transition matrix W with elements w;_,,,, for/,m=1,...,N
[31]. With the incorporation of resetting, the occupation prob-
ability follows the master equation

N
Pit+ 1 y) =1 —y) Y Pultir.y)wisj+ 8. (1)
=1

where P;;(t; r, y) denotes the probability to find the walker at
J at time ¢, given the initial position i, resetting node r and
resetting probability y (3,; denotes the Kronecker delta). The
first term on the right-hand side of Eq. (1) represents hops
between adjacent nodes whereas the second term describes
resetting to r. Let us define the transition probability matrix
M(r, y) with elements 7;,(r,y) =1 — y)wim + ¥ Srm-
Equation (1) takes the simpler form of a Markov chain

N

Pit+ 1 y) =Y Pult;r,y)mj(ny), ()
=1

where ZZ: 1 Ti—m(r, ¥) = 1. The matrix II(7, y) completely
entails the dynamics with resetting. As we are considering
connected undirected networks, the process defined by Eq. (2)
is able to reach all the nodes of the network if the resetting
probability y is <1. Like W, II(r, y) is a stochastic matrix:
Knowing its eigenvalues and eigenvectors allows the calcula-
tion of the occupation probability at any time, including the
stationary distribution, as well as the mean first passage time
to any node.

We first analyze how the eigenvalues and eigenvectors of
II(r, y) are related to those of W, which is recovered in
the limit y =0 and can be readily computed numerically
or analytically in some cases. Employing Dirac’s notation,
we denote the eigenvalues of the matrix W, which is not
symmetric in general, as A; (where A; = 1), and its right
and left eigenvectors as |¢;) and (@], respectively, for [ =
1,2,..., N. Similarly, the eigenvalues of II(r, y) are denoted
as &;(r, y) and its eigenvectors as |y;(r, ¥)) and (¥, (r, ).

Let us analyze the connection between the eigenvalues X,
and ¢&;(r, y). We may use the identity

@, y) =0 -y)W+y0(r), 3

where the elements of the matrix O(r) are ©;,,(r) = 6,,,.
Namely, ®(r) has entries 1 in the rth column and null entries
everywhere else. We obtain (see Appendix 1 for details)

1 for =1,
Glry)= {(1 —n for  1=2.3,. “)

This result reveals that the eigenvalues are independent of the
choice of the resetting node r. The left eigenvectors of II(r, y)
are further given by (see also Appendix 1 for details)

(rl@m) -

= s 5
(Y1 (ry)l = (1] + Z (1 i Giey ok )
whereas (¥ (r, )| = (¢ for [ =2,...,N. Similarly, the
right eigenvectors are given by |, (7, ¥)) = |¢1) and
Y (rlgn)

Vi (r, v)) = 1) — lp1),  (6)

1= (1 =y)r (rl)
for [ =2,...,N, where |r) denotes the vector with all
its components equal to O except the rth one, which
is equal to 1. With the left and right eigenvectors at
hand, one can use the spectral representation II(7,y) =
Sl G W Y)W ).

This spectral approach for discrete-time random walks is
also valid for continuous-time random walks (this case is
analyzed in Appendix 2). At unit hopping rate, the dynamics is
defined by the modified Laplacian £(r, y) = 1 — I(r, y) (1
denotes the N x N identity matrix) which has the same eigen-
vectors of II(r, y) and eigenvalues &,(r, y) =1 — &, (r, v).
Our findings for the spectral properties of £(r, y) coincide
with the general approach of Ref. [64] in the context of
classical and quantum transport with resetting.

In the discrete case, the occupation probability of the
process described by Eq. (2) is given by

Pijt;ir,y) = G, y)|j). (7
We deduce

Pyt y) = (i y) (W (s v)L)

N
+ ) 1A =y ) W L) )

=2

The first term in Eq. (8) defines the long-time, station-

ary distribution Pj°°(r, v) = (ily (r, V)Y (W1 (r, ¥)|j). By us-
ing Eq. (5) and |y (r, y)) = |¢1), we obtain

k L S Z (rdpn) (B1) ©)

PX(ry) =
et Kom (I=yn’

for

where we have used the identity (i|¢;)(¢1]j) = ZNkj -

m=1 %m
the equilibrium distribution of the usual random walk on
networks [31,47]. The second term of PJ‘?O(r, y) in Eq. (9)

corresponds to a nonequilibrium part, which is a consequence
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of the resetting dynamics [1]. One obtains the occupation
probability in terms of the spectral properties of W

N
Pi(t;ry) = PP(ry)+ Y (1= y)' A
1=2
(rlgn) (1)) } 10)

X |:(i|¢l)<figl|]'> AT 1=y

B. Mean first passage and return times
The expression for the MFPT to the target j starting from
i can be deduced from the general convolution property with
P;;(t;r, y) for Markov processes, see Appendix 1 ¢ or [30]. It
is given by

(Tij(r,y)) = [8 + RO (. y) —RD ()], (1D)

1
PX(r.y)

where
[0
RO(r.y) =) [Piltiry) —PF(rny)].  (12)
t=0

Using Eq. (10), one obtains in the case of resetting to the
origin, i.e., r = i (see Appendix 1 ¢):

(T () =
ijly _P;’O(i,)/)
UL Gl — G (dil)
. (13
Yo -apom P

Note that the case j = i corresponds to the mean first return
time to i, hence (T;(y)) is nonzero but equal to 1/P°(i, y), in
agreement with Kac’s lemma on mean recurrence times [65].
It is also useful to quantify the ability of a process to explore
the whole network. To this purpose, we define 7' (i, y) as the
global MFPT starting from node i,

N

1
5 2T, (14)

j=1

TG, y)=

The results in Egs. (4)—-(13) apply to random walks with
resetting on any finite, connected and undirected network.
The eigenvalues and eigenvectors of W may be obtained by
direct numerical calculation or analytically in particular cases.
We next explore the effects of resetting in different network
topologies.

III. RINGS

We start our discussion with the analysis of the finite ring,
i.e., the one-dimensional lattice with periodic boundary condi-
tion. In this case, W is a circulant matrix [66,67] with eigen-
values A; = cos [W] and eigenvectors with components

(iln) = _iM and <<l;l|]) — %eiw
v=1) for l =1, N. The stationary distribution (9) for a

(here i =

ring takes the form

. 1 Y (i) (@il))
PN =t LT
1 ]/ N e_iZ«'r(lfAl/)(if/)
N+N;l—(l—y)cos[2”(l D]
N
4 cos(¢; d;j)
v 15
N NZ I —(1—y)cos(¢y) (1)

=2

with ¢; = 2W”(l — 1), and where d;; is the distance between
i and j (note that cos[e;(i — j)] = cos(¢; d;;), see also
Ref. [54]). For the MFPT, Eq. (13) is recast as

jlb0) (1) = (il ) il )
3,,—{—2 /111{1 )/l)AII 1
(Ti(y)) = <
P, y)
8 | “ﬂ(lfl\l/)(ifj)
+ 5 — T
_ ij Zl 21 y)Cos[w]
P (i, y)

N

1 1 l—COS((pl dij)
= &+~ .
P,@(i,y)[ ]+le_;1—(1—)/)008(<p1)}

(16)

Figure 2 displays the analytical expressions in Eqs. (15) and
(16) for N =100, as a function of the distance d;;. These
quantities exhibit exponential behaviors.

In the limit N — oo, we recover the infinite one-
dimensional lattice, where ¢ = 2V”(l — 1) can be considered

as a continuous variable with dg = 27” The stationary distri-

bution PJ‘?O (i, y) in Eq. (15) for the infinite ring takes the form

2w
di;
PRy = e [ ) a7)
2z Jo 1—(1—y)cos(p)
To evaluate Eq. (17), we define the integral
1 [ 0
I(x,b):—/ D) g 0<b<l, x30
27 Jo 1 —bcos(0)
(18)
and, by using b = 775, we have
I(-x, b) = a2 + 1 /Zﬂ COS(xe)
27 Jo 14a?—2acos(®)
2
1
S LN - B (19)
(a2 — Da*
where we have used the identity 5- 0277 % 0 =

(a-—l)a‘ (see, e.g., Ref. [28]). Hence, using a = h + 1/ —1

IR e
2m Jo 1—bcos(®) 11—
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FIG. 2. Stationary distribution and MFPT for random walks with resetting on a ring with N = 100 nodes. (a) P{°(i, y ) as given by Eq. (15)
and (b) (T;;(y)) as given by Eq. (16), as a function of the distance d;; between the initial node i and the target node j for different values of y.

Combining this result with b = 1 — y in Eq. (17), we obtain

o [V [NE=pw 1T

In the limit of small resetting probability 0 < y < 1,/ ﬁ =

L 4+ 0(y*?), and log [YEEH ) = /2y 4 O(y*/?). Con-
sequently, the stationary distribution satisfies

for 0<y 1,

N7
L Y e=v2rdy 22)

P&, y) ~
which coincides with the exponential nonequilibrium steady
state of the one-dimensional Brownian motion with diffusion
coefficient 1/2 and resetting rate y [1]. We now specify our

results on the MFPT for an infinite ring. In the case N — oo,
Eq. (16) takes the form

27 1—cos(d;j @)
8ij + 2L 0 To(—y)cos@?®
(T () = A Al (23)
Pj (l1 V)

with P°(i, y) given by Eq. (21). In particular, if i = j, then
we obtain the mean first return time to the starting/resetting
point

(Ti(y)) 2y (24)
iV =5 = .
’ PG, y) y
On the other hand, if i # j, then
1 1 [? 1—cos(di; @)
(i) = oo—.—/ j
PG, y)2n Jo 11— —y)cos(p)
1 1 [ 1 1
PG, y)2m Jo 1—(1—y)cos(p) Y
(25)
. . . 1 2 1 1 y
Using the identity 5— f, mdq) =/
I[J2—py+171" 1 L,
(Ti(y)) = —[— —— for i#j.
Y -y Y
(26)

Combining the results in Egs. (24) and (26) gives

2—y . .
v J=1

(T()) = v _ (27)
’ JCEEEY -] j#i

In particular, in the limit of small resetting y < 1 andd;; > 0,
on obtains (7;;(y)) ~ %[e‘/ﬂ 4j — 1], which is nonmonotonic
with y. Solving 9(T;;(y))/dy = 0 we deduce the value of
y, pF o~ 1.26982/di2j, that minimizes the MFPT to a target at
distance d;; >> 1. These results also coincide with those of the
continuous limit [1].

IV. CAYLEY TREES

We now consider finite Cayley trees of coordination num-
ber z and composed of n shells (see Fig. 3). The nodes of
the last shell have degree 1, whereas the other nodes have
degree z. We display the MFPT (7;;(y)) as a function of y in
Fig. 3(a), where n = 7 and z = 3 (N = 382). The starting and
resetting position 7 is the central node. Keeping the distance
dij(=0,1,...,n)between i and the target j fixed, we see how
resetting modifies the MFPT in comparison with the normal
random walk (y = 0). The mean first return time (7;;(y)) (or
d;j = 0) decreases monotonically with y, whereas for each
positive distance there is a value y* for which (T;;(y™*)) is
minimum, namely, that optimizes the capacity to reach a target
at distance d;;. Figure 3(b) displays a similar behavior for the
global time T (i, y), see Eq. (14), in several Cayley trees of
varying n. Clearly, y* decreases with n.

The limit n» — oo can be solved analytically by using a
general relation between the survival probabilities of discrete-
time processes with and without resetting [19]. We recall
some basic results on the first passage properties of simple
random walks on Cayley trees, see e.g., Refs. [68,69], as
a preliminary step to further incorporate resetting. Let us
consider an infinite Cayley tree with coordination number z, a
random walk initially at the origin node 0, and a target node
at a distance d. We define the survival probability Q;O)(t) as
the probability that the walker has not reached the target site
after ¢ steps, in the absence of resetting. Due to translational
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FIG. 3. Random walks with stochastic resetting to the central node on Cayley trees with coordination number z = 3 and # shells. (a) MFPT
(T;;(y)) vs. y in a Cayley tree with n = 7 shells (N = 382 nodes). The results are presented as a family of curves defined by the distance d;;
(shown in the color bar) between the central node i and the target node j. (b) Global MFPT T (i, y) defined in Eq. (14) with 0 < y < 0.99 for
different Cayley trees with n shells. In each curve we include the number n and the circles indicate the minima for Cayley trees with different

numbers of shells.

invariance, we write the “backward” equation

1
0y (1) = Q;‘L(t — D+ - (28
which asserts that, after the first step (thus with ¢ — 1 steps to
g0), with probability 1/z, the walker can be one unit closer to
the target, or with probability (z — 1)/z, one unit further away.

The boundary and initial conditions are

0Vt)=0 and Q) (t=0)=1 (29)

We introduce the discrete Laplace transform Q&O)(s) =
3,809 (1), which from Eq. (29) must satisty O (s) = 0
and Q;OQO(S = 0) = 1. Transforming Eq. (28) gives, ford > 0,

~ z—1~ S ~
0V(s) = 1+5—0 () + EQE,O,)I(S)- (30)
We look for solutions of the form [2;0)(5) =a+7Y;. By
substitution we find a = 1/(1 —s) and that Y; obeys the

recursion relation

-1 s
Yoo =Y+ ZYd—l =0, (31)
which is easily solved as ¥; = Cjv{ + C,v4, with
72— —4(z—1)s?
vi(s) = ;
25z — 1)
(32)
2+ 22— 4z — 1)s?
va(s) = ,
2s(z—1)

and C, C, two constants. From Q;O)(t = 0) = 1, the condition
lim, .o 0 (s) — 1 must be fulﬁlled for all d > 0. Whereas
v >~ s/z — 0 at small s, v, >~ J(Z 5 —> 0%, which imposes

C, = 0. The second condition Q(O)(s)
choosing C; = —1/(1 — s5). We deduce

1 —[vi()]?
1—s

=0 is enforced by

0P (s) = (33)

The large-time behavior of ino)(t) is deduced from that of
éflo)(s) as s — 1. Noting that 1/(1 — s) is the Laplace trans-
form of 1 and that lim,_,; v{(s) < 1, we deduce from Eq. (33)
that lim, 0o 0\ (t) = 1 — (s = 1) or

o0Vt 11—z t — 0.

as (34)

Hence, the probability that the walker ever reaches the tar-
get is (z — 1)~ [68]. The MFPT is readily deduced from
the general relation (T;) = > .~ —0Qa(t) = Qq(s = 1), which,
from Eq. (33), is infinite.

When resetting is present, we can use the renewal approach
exposed in Ref. [19], allowing to derive the survival prob-
ability in the Laplace domain, Qd(s) as a function of this
quantity in the absence of resetting, Q y )(s). One notices that
Q,(t) can be decomposed as the sum of two contributions: (i)
Either the walker has never reset since ¢ = 0, which happens
with probability (1 — y)', or (ii) the last reset happened at a
time 1 < v < ¢, an eventuality that occurs with probability
y(1 — y)' 7. One obtains [19]

Qa(t) = (1 —y)yoP)

+ Yy =y) T u(r = DO — 7). (35)
=1

The second term asserts that the walker has survived the first
T — 1 time steps following the dynamics with resetting, as
well as the last + — 7 steps following the reset-free process.
Taking the discrete Laplace transform of Eq. (35) gives

OPLs(1 — )]
1—ysQP[s(1 — )]

Ou(s = 1) is deduced from Eq. (36) and

0u(s) = (36)

The MFPT (T,) =
Eq. (33)
(37)

1 —d
(Ty) = =i —y)™* —1],
14
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which is a finite quantity. Hence, with Eqs. (32)—(33), the
complete expression is

d

I 2(1— )@~ 1)
;) = — —1;. (38
H=y L—\/zz—4(1—y)2(z—1)} e

Itis easy to check that (T;) ~ [v;(1)™? — 1]/y — oocasy —
0 and that (T;) ~ z?/(1 — y)¢ = ocoasy — 1. Thus (T;) has
a minimum for some optimal value y*. The optimal resetting
probability is obtained from solving d(7y)/dy = 0 or

vi(l—y")

1—v(1 -y =dy*1— =, 39

vi(l—=y7) Y =y (39)

In the limit d > 1, one can neglect v; (1 — y*)? in Eq. (39) to
obtain

1/z-2
o~ — . 40
14 d( - ) (40)

Hence the optimal resetting rate tends to O at large d dif-
ferently than on regular lattices, where y* ~ 1/d? [1]. This
is due to the fact that random walks on Cayley trees are
effectively drifting away from their starting point [69] and
thus travel a distance d during a time of order d, instead of
d?. The MFPT at optimality is readily obtained by substituting
Eq. (40) into (38)

z2(z—1)¢

T/)~d
i z—2

(41)

This result can be interpreted as follows. The quantity Z(:—;)d
in Eq. (41) represents the total number of nodes located at

a distance d or smaller from the origin, that we denote as N;.
— _1\d
It stems from the equality N; = 1 + z Zzzé (z — F ~ =0

z—2
at large d. We deduce d ~ m'?zlf"l)

% NdlllNd
(T}) ~ ——.
In(z — 1)

and

(42)

Hence, the optimized MFPT grows slightly faster than linearly
with Ny, the minimal size of the subtree to be explored to
find the target. It is instructive to compare this time with the
average time (7"} it would take to find the target by using
a systematic search strategy, consisting in visiting only once
each site located at a distance d from the origin, without going
further than d. This systematic search is the best possible
strategy (if the searcher is informed that the target is located
at a distance d). The minimal total number of steps necessary
to visit all the sites at a distance d one by one is twice
the number of links L; of the Cayley tree with N; nodes.
This can be understood by noting that the walker needs to
cross a link once on its way to the boundary and once on
its way back toward the origin. Since on average, the target
will be found after visiting half of the nodes at a distance d,
(T™) = 2L,;/2 = L,. Noting that L; ~ N, for large Cayley
trees, we obtain

(1Y) ~ Ny. (43)

We hence come to the conclusion that the random walk with
optimized resetting will take only In N; (or d) times longer

than the best possible strategy
;) _ InNg
(Td(syst)> - ll’l(z — 1) ~

On regular D-dimensional lattices, this multiplicative factor is
much larger, of O(N ;/ D) [23]. Hence, searches with optimized
resetting are very efficient on Cayley trees, and possibly on
other large networks where the number of nodes increases
exponentially with the distance, which is the case of many
complex networks.

(44)

V. RANDOM AND COMPLEX NETWORKS

With the help of Egs. (9)—(14), we further analyze different
types of networks of relatively small size (N = 100) for clarity
in the visualizations.

Figure 4(a) displays the global time 7T (i, y) as a function
of y on a Barbell graph, i.e., a network model with two
well-defined communities composed of two fully connected
networks (of 45 nodes each) connected by a chain (of 10
nodes) [70]. Whereas network exploration depends remark-
ably little on the initial node for the simple random walk
(y =0), it becomes extremely sensitive to the position of
i as soon as resetting is switched on. A moderate resetting
probability can either increase or reduce 7' (i, y) by orders
of magnitude depending on the centrality C; of the starting
node. Network exploration becomes very efficient and can be
optimized at a nonzero resetting probability when one chooses
aresetting node of high centrality, that lies in-between the two
communities.

Figure 4(b) shows qualitatively similar results for a Watts-
Strogatz network [62] generated from a ring with nearest-
neighbor and next-nearest-neighbour links and a rewiring
probability of p = 0.01. The shortcuts break the translational
invariance of the ring geometry and the resetting nodes of
higher closeness centrality C;, those close to a shortcut, tend to
produce lower global MFPT, although the trend is less marked
than in the previous example.

The network in Fig. 4(c) is the giant component of an
Erdos-Rényi (ER) random network [71] with Poisson de-
gree distribution and average degree (k) = 2.72. Conversely,
Fig. 4(d) corresponds to a scale-free Barabdsi-Albert (BA)
network with power-law distributed node degrees, generated
with the preferential attachment rule [72]. As in the previous
cases, the more peripheral resetting nodes (in red) usually
cause a monotonous increase of the global MFPT with y,
whereas for the central nodes a minimum may exist. This
situation is similar to the one described for diffusion with
resetting in 1D bounded domains with reflective boundaries
[24]. These examples also illustrate that the degree k; of the
starting node plays a lesser role. The value of C; alone does
not determine the shape of the MFPT, as network exploration
is sensitive to the network architecture. For instance, when
the network diameter is small, as it is the case for ER and BA
networks, differences between the nodes tend to mitigate.

VI. CONCLUSIONS

We have explored a stochastic process on networks that
combines random walk steps to adjacent nodes and resetting
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FIG. 4. Global time in networks with N = 100 nodes: (a) Barbell, (b) Watts-Strogatz, (c) Erdos-Rényi, and (d) Barabdasi-Albert, where
each newly introduced node connects to m previous nodes (m = 1). We depict the global time 7 (i, ) as a function of y for all the nodes
i=1,...,N. To identify the effects of resetting, we colored each node i and its corresponding curve according to its closeness centrality

— N
C=gto
to the initial node. Our formalism analyzes the dynamics in
terms of the spectral representation of the transition matrix
that defines the random walk strategy without resetting. We
apply these results to characterize the dynamics on rings,
Cayley trees, and random networks, including scale-free and
small-world networks. In Cayley trees, and possibly in many
networks with few loops, the walk with an optimized resetting
probability perform nearly as well as the best possible search
strategy to find a target at a given distance. In a simple network
model with communities, the efficiency of searches under
reset can be increased or decreased by orders of magnitude,
depending on the centrality of the resetting node. These results
indicate that processes with resetting are promising strategies
for exploring complex networks. The methods introduced are
general and pave the way to further extensions of the study
of resetting processes, which may be useful to investigate the
structure of complex networks.
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APPENDIX

1. General properties
a. Eigenvalues and eigenvectors of I1(r, y)

We analyze the eigenvalues and eigenvectors of the matrix
O(ry)=0-y)W+y0(), (AD)

where r = 1, ..., N is the node to which resetting occurs with
probability 0 < y < 1. The elements £, m of the matrix @(r)

are Oy, (r) = §,,». We express the results in terms of the left
and right eigenvectors {{¢¢|}}_,, {|¢¢)})_, of the transition
matrix W with eigenvalues {X, }2/=1- We have W|p,) = A¢|oe)
and (¢¢|W = A¢{(¢¢| for £ =1, ..., N, where the set of eigen-
values is ordered in the form A = land 1 > A; > —1for/ =
2,3, ..., N. We define |i) as the vector whose components are
0 except the ith one, which is 1. In the following we denote as
{]i)}., the canonical base of RV.

With the right eigenvectors we define a matrix Z with
elements Z;; = (i|¢;). The matrix Z is invertible, and a new
set of vectors (¢;| is obtained by (Z~');; = (), then

N
Sij = (Z7'Ly; =Y _(GilO) (L)) = (Bilp))  (A2)
=1
and
N
1=2Z"=)"|¢)(del, (A3)
=1

where 1 is the N x N identity matrix. In addition, by nor-

malization of the probability, the matrix W is such that
1

S0, wine = 1, which implies that |¢;) o <1> By using
1

(Belpr) = SN, (Beli) (il¢h1) = 8,1 and considering the vector
(il¢1) = (r|¢1) = constant for r = 1, ..., N; we obtain

N

i On
D (uli) = =

i=1

(A4)

062147-7



RIASCOS, BOYER, HERRINGER, AND MATEOS

PHYSICAL REVIEW E 101, 062147 (2020)

Hence, from relations in Eqs. (A2)—(A4), we have

N N
O(r) =Y > ¢ ) Be|O) ) (Pl

(=1 m=1

N N N N

=D 33D e (Gelw) Wl O [v) (Vi) (G

=1 m=1 u=1 v=1

|¢€ ¢Z|u vr v|¢m><¢m|

Do) (Pelu)(rIpm) (Dl

I
M=
M=
P_ﬂz

=1 m=1 u=1
N N N
=2 > I¢0) [Z(éew)} (rl) (]
=1 m=1 u=1
N N 8“
= ) (P A5
;;w(rww ) (bl (AS)
Therefore,
X (i)
o) = . . A6
(r) m§<r|¢]>|¢1><¢| (A6)

In the following, we explore the right and left eigenvectors of
I(r, y), denoted as |y, (r, y)) and (Y (r, y)|, and satisfying
the relations

(@, e, y)) = S y)lde(r, v)),
(Welr, WIT(r, y) = Lo y)Pe(r, y)I,

for £=1,2,..., N, where the eigenvalues of II(r, y) are
&e(r, y). From the result in Eq. (A6), we see that O(r)|¢;) =
|¢1). Therefore, one sees that |y (7, y)) = |¢1), since

I(r, y)lg1) = [(1 — Y)W + yO()]l¢1)
= =p)l¢1) +rO)d:)

|¢m

=(1=y)l¢r) +yZ 1910 (Buld)
=(1-y)l¢r) +yZ >|¢1> ml
=1 =ple1) +vid) = |é1)
= (ry)) = a(r VI, v)), (A7)
where ¢ (r, y) = 1.
In a similar way, we see that (¢¢|®(r) =0 for £ =

2,3,..., N. As a consequence, we deduce that (¥, (r, y)| =
(pe| for =2,3,..., N, since

(BT (r, y) = (Pell(1 — )W + y O ()]
= (1 = y)he(del + v (de|Or)

rlPm)
é1)

= (1 — ¥ ¢£|+VZ (Bel) (@]

= (1= y)hef ¢e|+VZ r'¢”’> (Gl

= (1 = y)heldel = Se(r Y)W ).

This result shows that (¥ (r, y)| = (¢¢| and &, (r, y) = (1 —
)i for £ =2, 3,_...,N. Now we deduce the rest of the
eigenvectors. For (Y (r, ¥ )|, we use the ansatz

(A8)

N
Wil = @1+ an(Pul- (A9)

m=2

This choice is motivated by the structure of the matrix @(r) in
Eq. (A6). Here the goal is to deduce the values {an}_,. We
know that (yr; (r, ¥)|II(r, y) = (Y1 (r, y)|. Therefore

(Y1 (r, Y)HIL(r, )

N
= <<¢31| + Zam<¢3m|>[(1 — W +70()]
m=2

N

—(1—y>¢1|+y2

m=1

"")’” S (@l

+<1—y>2am (B

|+Z[

This requires a,, = Yy {ridm) (1 — y)a,, Ap. Therefore a,, =

Y )am mi|<q3m|~ (A10)

(rlgr)
Y (rlom)
=T, e - Hence, we have
(rldm) -
Wiyl = (1] +Z (@nl- (ALD)

(1 - y))\m <I‘|¢1>

Finally, we consider the eigenvectors [ (r, y)) for £
2,3,..., N. From Eq. (A6) we know that O(r)|¢y)
lor) 71é1), which motivates the ansatz

£=2,3,..., N.

G
[Ye(r, v)) = |de) + beldpr) for
(A12)

Since H(r’ V)HW(V’ V)> = (1 - y))"l“hf(r’ )’)>7 we have

G )W 1)) = [ — )W + yOM)I(Ide) + beldr))
— (L= nelge) + 7% 1)
(rl1)
+ (1= y)beldr) + ybelen)

== )/)M[I(ﬁzz) +

X (bg—i—

(=)

(rlee)

(rlps >)'¢'>}
Y i3

rlge) 1), therefore by =

(A13)

By identification, b, = T y)/\y (by +

rlor)
(rlge
_m r‘z . Then, for¢ =2,3,..., N
(rlde)
e y)) = o) — —— P16, (Ald)

1= (1= y)re (rlgn)
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In summary, for the transition matrix II(r, y ), we obtained the
set of right eigenvectors

[We(r, ) = o) =t (A15)
ey = y ;‘ 3
|¢[> 1= ¢1]/))~/ |¢1> = 2’ B AR)
and the left eigenvectors
_ e
et )l = | (Bl + X = (6 =1 Al
(¢l £=2,...,N,
with eigenvalues
1 for ¢=1,
GY)=Va_ym, for €=2.3,....n AID
b. Orthonormalization and completeness relation
Now we check the orthonormalization property

(Ue(r, Y)|¥m(r, ¥)) = 84w and the completeness relation
S0 W) (el = 1 satisfied by the eigenvectors of TI(r, )
in Egs. (A15) and (A16).

_We start with the completeness relation lev=1 [ e (r, ¥))
(Vre(r, y)| = 1, we have

N
PG IACED]

(=1

N
= [y DL+ Y 1We(r y)) (e y)
=2
(rlgm)

(1 o (rigyy 1Pl

= l¢h1) ¢1|+Z

m= 2

+§j|¢z><@|—§j Y0
= T (1= y)ie (rlgn)

N N
= [¢)(@1]+ D ¢ bl =Y 1de) (el = 1.

=2 (=1

Now, let us check that (¢ (7, ¥)|¥m (7, ¥)) = 8. We have the
following cases:

(i) Calculation of (Vi (r, Y)|¥1(r, ¥)):
(Ui (r, )l (r, )/)>

(A18)

(rlm)

m Al19

= (G1l¢1) +Z (1—y))» <|¢><¢ 1) (A19)
y (rlm)

=1 S = 1. A20

+n§1—(1—y>xm (rlgn) " (A20)

Wi, Ve, y))  for €=

(i1) Calculation of
2,3,...,N

(U1 (r WIPe(r, )

(rlém) -
[¢1|+y2 (1—)/))» (|¢><¢m|]
y o (e
) ['M T i) J

(r|m)
= ($1lé0 + Z =7 e
_ B Y (rlge) , -
« [<¢m|¢e> T <¢m|¢1>}
3 14 (rlde)
1—(1—y)re (rlgn)
Therefore
N
_ _ Y (r|dm)
(W )Ye(r y)) = due +}; =0 Gl
X [313,,1 - 4 <r|¢z>8mli|
I — (1 —y)he {rlp1)
3 4 (r|¢z>. (A21)
L= (1 —=y)re (rign)
However, since £ = 2, 3, ..., N, we have
_ _ 4 (rlge)
(Kﬁl(", V)|1W(ra )’)) - 1— (1 _ y))\‘[ (rld)l)
_ v o) o fore=2,3,...N. (A22)
L — (1= y)re (rlg1)

(iii) We have (Y, (r, Y)|¥1(r, y)) =0for£ =2,3,...,N
since:

(W, YW1 y)) = (e YIB1(1 ) = 81 = 0. (A23)

(iv) We have (Ye(r, Y|Ym(r, ¥)) = 8m for £,m=
2,3,...,N, since:
(Yo (r, YW (r, )
i ~ y (i) ]
= <¢z|[|¢m> O e
14 (r|Pm)
= S¢m — 8e1 = Sem,s A24
O TS 0 yi (rlg) 1 O (A
for £,m =2,3,...,N. The results presented in this section

prove that relations in Egs. (A15)—(A17) define the eigen-
values and eigenvectors of the transition matrix II(r, y) that
describes the dynamics with resetting to the node r. The
sets composed of the left and right eigenvectors form an
orthonormalized base, a result that allows us to deduce ana-
lytical expressions for different quantities of interest for the
dynamics of a random walker with resetting.

c. Stationary distribution and mean first passage time

In this part we present the general expressions for the
occupation probabilities and mean first passage times. We
center our discussion on the analysis of a Markovian process
defined by the transition matrix II(7, y), and then specify
the results for random walks with resetting on networks. The
occupation probability P;;(t; 7, y) can be expressed as [30,31]

- t/;r9 y)F;](t/9r’ y)s (AZS)

t
Pij(t;r,y) = 8i08ij + Y _ Pjjt
=0
where Fj;(t;r, y) is the probability of finding the process at
j for the first time after ¢ steps, starting from i. Using the

discrete Laplace transform f(s) = Y 7o) ¢~ £(t) in Eq. (A25)
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we have [31]

Py(sir,y) — 8
Pii(s;r,v)

The MFPT (T;;(r, y)), defined as the mean number of steps

taken to reach j for the first time, starting from i [30], can be
obtained through the series expansion of F;;(s; r, )

Fi(s;r,y) = (A26)

2

~ s
Fysiry) =1 =Tty + S{I500p) + .00 (A20)
where (Ti?(r, y)) is the second moment of F;;(¢;r, y) or the
ensemble average (over trajectories) of the squares of the
first passage time from i to j. In addition, the stationary

distribution PJ‘-’O(r, y) of the process is defined as

T
.1

P(ry) = lim — ;P,-,-(r;r, v o (A28)

which is assumed to be independent of the initial con-

dition and gives the probability to occupy j when ¢ —

oo. Now, given P;’O(r,y), let us define the moments

R (r.y) = Y 2 t" {P(t:r, y) — P¥(r, y)}. The expansion

of E j(s;r, y) in powers of s can be written as

y PRy &
Pysiry) = s YO 1YR G N a)
n=0

Substituting this result into Eq. (A26) and performing a series
expansion of F;;(s;r, y), we obtain, by identification

0 0
RO y) — R (r.y) + 8

(T(r, 7)) = 7)

(A30)

To further calculate P"O (r,y) and (T;;(r,y)), we need to
obtain P;;(t;r, y). We start with the matrlx form of the master
equation P(;r, y)= PO)II(r, y), where P@;r, y) is the
probability vector at time ¢. Using Dirac’s notation

Pij(t;r, y) = GITL(r, y)'[ ), (A31)
where {|m)}ﬁ=l represents the canonical base of RV, In terms

of the eigenvectors and eigenvalues of II(r, y), we have the
spectral representation

N
O(r,y) = Z Ce(r, YIIWe(r, Y)Y (e, ).

(=1

(A32)

The spectral form of the transition matrix in Eq. (A32) allows
us to obtain P;; (1)

N

Pi(tsry) =) [8e(r, ) i ) (Pe(r, v)Lj). (A33)

=1
Therefore, the stationary distribution Pfo(r, y)in Eq. (A28) is

T N

1
PGy =Jim 3 0% @l y ) (e ) (e, )

t=0 (=1

T
- [}E‘;o @ y))’}
t=0

=1

X (il Ye(r, I Wre(r, Y1)

= a(r, Y)Y (o ) (W (ry v)1))
= (i{ly1 (r, Y)W (r, Y1)

The property (i|11(r, y)) = const makes the stationary dis-
tribution P7*(r,y) independent of the initial position. In a

(A34)

similar way, by using the definition of Rg.))(r, y), we have

RY(ry) = Z( @ y) = PR y)

..
O

M= 1D

N
D L8 IV (e, ) (e (1, )1)

=2
= ;mw (r, Y (e(r, Y1)
T Ty TR Y
(A35)
Substitution of Eq. (A35) into (A30) yields
(Tij(r, VD) = 18 +Z [l )
j r

’

X (Yo (r, ) = Cilre(r y)) (Pre V)Ij)]}-

(A36)

We now use our previous findings, in Eqgs. (A15)—(A17),
that established a connection between the eigenvalues and
eigenvectors of the matrix II(7, y) and the matrix W for a
random walker without resetting. We obtain for the stationary
distribution in Eq. (A34)

PX(ry) = ({llyn (r, )Y (r, 1))

(rlgm)
= (il$1) [ Gilj) + vy Z (lr'? (%IJ)}
ey Y % (A37)

m=2
Here (i|¢1){¢1]j) is the stationary distribution of the random
walker without resetting. In the particular case of a stan-
dard random walker with transition probabilities w;_, ; = 2

ki’
(i) (11)) = s [31].

For the mean first passage time, we have, for{ =2,..., N,
({1 (r, Y ) (W (r, 1)
_ . . + - .
= [(l|¢z) TR—ry (V|¢e):|(¢e|J>
TN Y o
= (il¢e){Pel)) == (rlge) (delj).  (A33)
Therefore
(GIe(r, Y)Y (e (r, 1) = (ile(r, )Y (e (r, ¥)1J)
= (jle)(Pelj) — (ilde)(Pelj) €=2,...,N. (A39)

This expression is independent of the node r and of the
probability y. Substituting Eq. (A39) into (A36), we obtain
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(T3j(r, y)):
A . 1
ij\r,y)) = PJ‘?O(V, ¥) PJ‘?O(r, V)
5 XN: 190 (Gel) = lilg) @el) 400
— ==y

2. Continuous-time random walks

We now discuss the relation between the discrete-time
random walker with resetting defined in terms of the transi-
tion matrix II(r, y) and the continuous-time version of this
dynamics. Considering that each step in the discrete case
is performed with regular time increments Af, the master
equation becomes

N

pij(t + At;ry) = me(t;r, YT j(r, y).
=1

(A41)

For At small, we have p;;(t + At;r,y) =~ p;j(t;r,y)+
At—ap”g;r’y). Hence,

N
pijtsr,y) — D pietsr, v)mwes (1, v)
apijtsry) Kg:l ’

ot At

N
1
=~ E [8ej — me—s j(r, Y)1Dic (51, ¥).
=1

(A42)

Introducing the modified Laplacian operator L, y) with
elements L:ij(r, y) =0;; — mi j(r,¥), we have the master
equation

opijt;r,y) _

1 N
o — 5 2Pt Ly (). (Ad)

=1

In the following we redefine the time ¢ as ¢/Af, which is
equivalent to set At = 1 above, i.e., the hopping rate is unity.

In matrix form, ﬁ(r, y)=1—1I(r, y) and it is straight-
forward to see that the matrices II(r, y) and L(r, y) have
the same set of left and right eigenvectors {(,(r, ¥)[}V_,
and {|y,,(r, ¥)) Z:l. The eigenvalues of L(r, y) denoted as
{&n(r, Y)Y, satisfy

En(r,y)=1—2¢u(r,y) for

Once the spectral properties of £(r, y) are known, the occu-
pation probability p;;(t; r, ) to reach j at time ¢ starting from
i is given by

m=1,2,....,N. (Add)

N
pij(tr,y) = Zexp[—&t](ilw(n YN We(r, Y1) (A4S)

(=1

This expression allows us to deduce different quantities of
interest for the continuous-time random walker, such as the
average probability of return

N
1
po(t;r,y) = N 21 piit;r, y)
1=

1 N N )
= 2 D expl=&urlile(r. ¥ ) (G )l
i=1 (=1
1 & N
= 2 expl=&] Y (e )l (i r )
=1

i=1

|
= Z exp[—&.t] (A46)
=1

or the stationary distribution

p3(ry) = im pi;(tsr,y) = (Y (n )W (r p)li),
(A47)
which stems from the fact that &;(r, y) = 0 and &,,(r, y) > 0
form = 2,3, ..., N. The stationary distribution in Eq. (A47)
agrees with that of the discrete-time dynamics.

The results presented in this section reveal the connec-
tion between discrete and continuous random walkers. Our
findings for the spectral properties of the modified Laplacian
L, y) coincide with the general formalism introduced by
Rose et al. [64] in the context of classical and quantum
transport with resetting.
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