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Coalescence of holes in two-dimensional free-standing smectic films
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We investigate in free-standing smectic films coalescence of holes (circular regions with thickness smaller than
the surrounding film). This process can be considered as a two-dimensional analog of coalescence of bubbles in a
three-dimensional fluid. A high speed video camera was used to study the evolution of domains at different stages
of coalescence. Special attention was given to investigations of the dependence of the size of the bridge between
two holes at the initial stage of coalescence, which was considered in numerous theoretical works and bears
information on the coalescence mechanism. It is established that the scaling law is applicable for the description
of the transformation of bridges for holes of different radius R. We found that in the regime corresponding
to the experimental situation the length of the bridge H increases with the scaling law H/R = (t/τR )1/2. The
characteristic time τR determined from the scaling law is larger than the theoretical time, which can be connected
with dissipation of energy both in the film and inside the holes.
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I. INTRODUCTION

Coalescence of droplets and bubbles is a common phe-
nomenon widespread in nature and relevant for numerous
technical applications. In spite of its apparent simplicity the
description of coalescence is a nontrivial fundamentally im-
portant task. During coalescence a substantial transformation
of the particle geometry takes place, and different dynamical
regimes of the liquid flow can be realized. This is the rea-
son why the exact analytical solution of the problem about
the form of domains at different stages of coalescence was
obtained only for two cylinders in the viscous coalescence
regime [1–4]. Difficulties of numerical calculations are in par-
ticular due to a large number of material parameters, complex
geometry of domains, and dynamics of coalescence. Scaling
laws which proved to be useful in various fields of physics are
now widely used for the description of coalescence.

The most characteristic changes take place at the initial
stage of coalescence in the region of the bridge between
two droplets or bubbles. A large number of theoretical and
experimental studies are devoted to investigation of coales-
cence of droplets and the early time evolution of the bridge
radius rm [5–15]. The temporal transformation of the domain
depends on the magnitude of so-called Ohnesorge number
Oh = η/(ρRγ )1/2, where η and γ are the viscosity of the
liquid and the surface tension of the domain boundary, ρ is the
liquid density, and R is the initial radius of the droplet [13,14].
It was predicted that there exist viscous, when Oh � 1, and
inertial, when Oh � 1, regimes of coalescence. In some cases
a so-called “inertially limited viscous” regime is observed
[10–12]. The driving force is the Laplace pressure near the end
of the bridge p ∼ γ R/rm

2. In the inertial regime this pressure
competes with the inertial stress ρ(drm/dt )2. The tempo-
ral dependence of the bridge radius rm ∼ (γ R/ρ )1/4(t )1/2

[6,13]. Scaling rm by R and t by inertial-capillary time τi =
(ρR3/γ )1/2 [6,13] allows us to rewrite the equation in a simple
dimensionless form, rm/R ∼ (t/τi )1/2. The subscript i denotes

the inertial regime. Experimental investigations of droplets
confirmed the growth of the bridge as the square root of time
[12,14].

In the viscous regime the situation is more complicated
[7–9,13]. For the early stage the simplest dependence which
follows from scaling rm(t )/R = F (t/τv ) is the linear varia-
tion of rm(t )/R with time rm(t )/R ∼ t/τv . The subscript v

represents the viscous regime. A similar dependence [rm(t )
is proportional to time] was observed in a number of experi-
mental studies at the early stage of droplet coalescence [7,8].
Linear dependence was also found in the “inertial limited
viscous” regime [10–12]. Eggers et al. [5] predicted the
logarithmic correction to the linear dependence, that is, the
length of the bridge radius rm(t ) has to increase as rm(t )/R ∼
(t/τv )ln(t/τv ). Such behavior was observed in coalescence of
nematic domains on a water substrate [9]. So, dependence
of rm on time in the viscous regime is complicated. Two-
dimensional (2D) coalescence of islands [16–19] and oil
droplets [20] was investigated in free-standing smectic films
(FSSFs) [21]. FSSFs are formed by flat smectic layers parallel
to the surfaces which border with air. Islands are regions
with thickness larger than the film. FSSFs provide a unique
possibility to study coalescence in a quasi-two-dimensional
system. The analytical Hopper solution [1–4] was used for
analysis of island coalescence [16–18]. It was shown [18,20]
that experimental data for island and droplet coalescence can
be described by Hopper’s solution.

Theory and experiment show that complex behavior can be
realized for coalescence of bubbles in an outer fluid [22–24].
Paulsen et al. [22] considered the situation when the fluid
medium exists both outside and inside the bubble, but the
viscosity of outer and inner fluids ηout and ηin differ. For
ηout � ηin a crossover can be observed between the regimes
in which the main role is played by the inner and outer
fluid flow [22]. Recent simulations of bubble coalescence
[24] show that the length of the bridge can grow as the
square root of time both in the inertial and viscous regime
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FIG. 1. Free-standing smectic film with holes (dark circular re-
gions) whose thickness is smaller than the thickness of the film.
The arrow indicates a smectic island with thickness greater than the
thickness of the film. The horizontal size of the image is 450 μm.

but with different dependencies of the characteristic times τR

on material parameters.
The simplest 2D analogs of 3D bubbles are holes in FSSFs.

Holes are the regions of FSSFs whose thickness is smaller
than the thickness of the outer smectic film. In this paper
we present the experimental study of coalescence of holes
in thin 2D free-standing smectic films and analyze in detail
the behavior of coalescence using scaling theory. We show
that the length of the bridge 2H (t ) can be described in
the framework of the scaling law H (t )/R ∼ (t/τR)1/2 when
ηout ∼ ηin.

II. EXPERIMENTAL DETAILS

Experiments were conducted on smectic A (SmA) liquid
crystal 4-n-octylcyanobiphenyl (8CB, Kingston Chemicals).
This material forms the SmA phase in the temperature interval
21–33 °C. The long molecular axes in the SmA phase are
perpendicular to the plane of smectic layers. The procedure
employed to prepare FSSFs and holes in FSSFs was described
earlier [25–28]. We used two methods to obtain the holes
in the film. In the first method the film was prepared on a
rectangular frame with two moveable sides. After preparing
the film, its area was rapidly increased by shifting the move-
able sides of the frame; as a result, holes appeared in the
film. In the second method, holes were obtained by blowing
gently on the film with an air jet. The material of the film is
sheared and regions of different thickness (islands and holes)
can appear in the film. When the air jet is stopped, created
holes and islands remain in the film. The structure of holes
does not depend on the method of preparation. Relatively
small holes are obtained in our experiment (typical radii were
from about 50 to 140 μm). As a rule, when films are prepared
they have regions with different numbers of smectic layers
and holes of different size and thickness. Figure 1 shows a
typical smectic film with holes of different sizes (dark circular
regions). For further experiments we selected films with a

uniform thickness. The coalescence of holes with the same
thickness and approximately the same size was investigated.
The size and depth of the holes was determined before as
well as in the process of coalescence. We provide data for
pairs of holes with difference in sizes from about 5% to about
20%. Since the size of coalescing holes R1, R2 somewhat
differs, in our analysis we used the average value of the radius
R = [(R2

1 + R2
2)/2]1/2. Within the limits of such differences

in sizes, scaling behavior of coalescence does not differ. The
films were placed in a Linkam LTS120 heating stage which
allowed conducting optical measurements. In the experiments
we employed an Olympus BX51 optical microscope equipped
with an Avantes fiber spectrometer and a charge-coupled
device detector with the possibility to measure the spatial
distribution of the intensity of light reflected from the film.
Thickness of the films and the holes was determined from
the intensity of reflected nonpolarized light [21]. The exper-
iments reported in this work were performed on films with
thickness Nf = 10 smectic layers and holes with thickness
Nh = 8 layers. Dynamics of coalescence was recorded with
a high-speed Mikrotron EoSens video camera. The camera
can continuously record a sequence of images during about
two seconds to its internal memory. The start of the process of
saving the images to the computer hard disk can be triggered
after the beginning of coalescence. In such a way it was
possible to save images recorded before, during, and after
coalescence. In the measurements the operating regime of the
video camera was chosen to provide a suitable frame rate,
spatial resolution, and frame size at the same time. Typical
recording parameters were 2500 frames per second and frame
size 560×374 pixels. The used parameters enabled us to catch
all essential features of coalescence at different stages of the
process.

III. RESULTS AND DISCUSSION

After preparation of the sample the holes travel in the film
due to diffusion and weak air flow. Occasionally they can
come into contact. In such a state pairs of holes can exist for a
long time (about minutes) due to the existence of attractive
van der Waals forces and a potential barrier between the
holes. The time of start of coalescence is rather unpredictable.
Overcoming the barrier due to thermal fluctuations can take a
substantial time (about minutes).

Coalescence starts from the rupture of the barrier and fast
growth of the bridge between holes [Figs. 2(a) and 2(b)]. In a
3D system the driving force of coalescence of bubbles is the
surface tension. In our case an edge dislocation exists between
the hole and the film. The driving force for coalescence is the
dislocation tension γd which is balanced by viscous flow out-
side and inside the hole. Line dislocation tension is the analog
of the two-dimensional surface tension in the 3D system [17].
The tension between a thicker smectic film and thinner holes
can be written in the form γd = �b/Nf d [17], where b is the
number of smectic layers in the Burgers vector, b = Nf − Nh,
and � is the line tension of a dislocation with modulus of
Burgers vector equal to the smectic layer spacing d . It is
worth noting that the thickness of the holes in our experiment
is not much smaller than the thickness of the surrounding
film. So, coalescence dynamics is governed by the dissipation
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FIG. 2. Coalescence of two holes with thickness eight smectic
layers in a film with thickness ten layers. Photos were taken 2.6 ms
(b), 8.6 ms (c), 28.6 ms (d), 48.6 ms (e), and 198.6 ms (f) after start
of coalescence. The horizontal size of the images is 159 μm.

both in the surrounding film and in the holes. Coalescence
can be divided into several stages. Figure 2 shows images
taken before coalescence [two circles (a)], during coalescence
(b)–(e), and after coalescence [one circular domain (f)]. At the
first stage the main transformations are related to the quickly
growing bridge between two holes [Figs. 2(b) and 2(c)]. At
the following stage the whole domain is deformed. At the
final stage of coalescence we observe a slower relaxation of
the domain of nearly elliptical form towards a circle that has a
smaller length of the boundary with the film [Figs. 2(d)–2(f)].
The velocity of material flow at the initial stage in the region
of the bridge boundary is sufficiently larger than at the final
stage, when relaxation to the circular form takes place. Fast
transformation of the length and form of the bridge is due to
high local curvature of the bridge in the region of the contact
with the film and, as a consequence, large dislocation pressure
in this region. Figure 3 shows a typical temporal dependence
of the bridge half length (at the initial stage) and then the
smaller half size of the domain (at the later stage) for two
pairs of holes with different R. The speed of coalescence
decreases with increasing the size of the holes. According
to optical images before the start of real coalescence a finite
value H0 of about 10 μm exists (Fig. 3). Based on optical
observations we cannot state whether the holes contact in one
point or along the line about 2H0 in length. If the circular holes
contact in a point the distance between holes � increases as
H2/R. At H = 10 μm and R = 100 μm the distance between
holes � ≈ 1 μm which is comparable with the resolution of
our optical system. In order to minimize the influence of the
finite value of H0 on the analysis of results we further use the
experimental data at H > 1.5H0.

Now we analyze in detail the coalescence mechanism,
test the scaling law, and determine the function H (t )/R =
F (t/τR), where H (t ) is scaled by R and time t is scaled by

FIG. 3. The half length of the bridge H (t ) versus time for do-
mains with final radius Rf = 193 μm (�) and Rf = 107 μm (•).
Characteristic time of coalescence increases with increasing hole
size.

τR. The times τR were determined by fitting the experimental
data H (t )/R for pairs of coalescing holes by Hopper’s law
and the dependence H (t )/R = (t/τR)1/2. Figure 4 shows the
comparison of temporal dependence of experimental data
H (t ) with Hopper’s law (solid line) at the initial stage of
coalescence. The time of coalescence start t0 and τR were
fitting parameters. It is clear that Hopper’s law does not
describe the experimental dependence well. Figure 5(a) shows
the comparison of the same experimental data as in Fig. 4 with
(t/τR)1/2 dependence. For such scaling the experimental data
from different sets collapsed on the same curve and formed a
universal dependence for H/R < 0.7 [points in Fig. 5(a)]. The
solid curve is the dependence H (t )/R = (t/τR)1/2. In Fig. 5(b)
the results are given in the log-log scale, the straight line
corresponds to the power-law growth of the bridge with power
1/2. Agreement of the temporal dependence H (t ) with theory

FIG. 4. Comparison of temporal dependence of the experimental
data H (t )/R with Hopper’s law (solid curve). The radii of coalescing
holes are R1 = 57.4 μm, R2 = 47.5 μm (�); R1 = 77.5 μm, R2 =
73.5 μm (•); R1 = 108.7 μm, R2 = 98.6 μm (�); R1 = 148.4 μm,
R2 = 123.2 μm (�). Data (�, •) correspond to the data shown in
Fig. 3.
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FIG. 5. (a) Experimental data on the half length of the bridge
H (t ) scaled by the hole radius R. Time t was scaled by τR. The solid
curve is the dependence H (t )/R = (t/τR )1/2. (b) Log-log depen-
dence of H (t )/R on t/τR. The solid line is the power-law dependence
with exponent 1/2. Data were fitted by the dependence H (t )/R =
(t/τR )1/2 in the range H/R < 0.7. Symbols in Fig. 5 correspond to
the same experimental data as in Fig. 4.

is quite good [Figs. 5(a) and 5(b)]. The correspondence of data
from different experimental sets with the theoretical curve
shows the applicability of the scaling approach for description
of the temporal evolution of bridges. So, all domains coalesce
in a similar way. It is worth noting that the scaling dependence
is fulfilled up to large values of H (t )/R ∼ 0.7.

The dependence of τR on R determined from experimental
data H (t )/R and the model in which temporal expansion
of the bridge length is described by H (t )/R = (t/τR)1/2 is
presented in Fig. 6. The increase of τR with R (squares)
is described by the power law with power of about 1.4.
Characteristic relaxation times τR can be compared with the
theoretical time of the viscous regime τv = ηR/γ . For the 2D
geometry of FSSF the surface tension γ should be replaced by
γd = �b/Nf d . The dashed line in Fig. 6 shows the theoretical
dependence τ (R) obtained using the material parameters of
8CB [29–33]. The experimentally determined τR are larger
than theoretical values. We can explain the difference in
experimentally determined and calculated τ (Fig. 6) by the
influence of the viscosity of the material inside the holes
[22] and by the finite viscosity of air. During coalescence
the flow occurs both in the film and in the smectic material
inside the holes, in air outside the film which increases

FIG. 6. Dependence of the characteristic time τR on R. The
dashed line shows τR calculated from material parameters in accor-
dance with the simple scaling τv = ηR/γ .

the effective relaxation time. Eggers, Lister, and Stone [5]
studied analytically and numerically coalescence of liquid
droplets in an external fluid. In particular they found that if
the viscosity of the interior and exterior fluids is equal, the
speed of growth of the bridge radius decreases four times
with respect to coalescence in inviscid exterior. For our case
of the holes this means that the velocity of coalescence of
holes of viscous material has to decrease. This correlates with
our observations. Another reason for the difference in exper-
imentally determined and calculated τR (Fig. 6) is the finite
viscosity of air. The influence of air explains the decrease of
coalescence speed during coalescence of islands [17,18]. The
viscosity of air also decreases the mobility of inclusions at
their diffusion in FSSFs [34,35]. It was shown [34,35] that
mobility of inclusions in FSSFs depends on the coupling with
the surrounding air. The Saffman length lS = hη/2η′ (η and
η′ are the viscosity of the liquid crystal and air, and h is the
film thickness) determines the contribution of the surrounding
air to the reduction of mobility [34,35]. For our films Saffman
length is lS ≈ 45 μm, of the order or smaller than the size of
the holes. So the surrounding air can give a contribution to the
dynamics of holes.

τR characterize the early stage of coalescence. Using these
times, the experimental data at the early stage of coales-
cence can be fitted on the same dependence (Fig. 5). At
later times, exponential relaxation of the domain to the cir-
cular shape was found. We have to note that exponential
dependence ∼ exp(−t/τe) was found by us directly from
the experimental data H (t ) and for its determination there is
no need to use any model. The relaxation time τe increases
with increasing R. At present there is no theory explaining
the relaxation of holes to equilibrium shape at the final
stage of coalescence. We can only remind that according
to Hopper’s model [1–4] the relaxation of domains to the
equilibrium shape has to be exponential. Such behavior was
found for evolution of coalescing islands at the final relaxation
stage [18].

In our analysis the dimensionless prefactor B in the depen-
dence H (t )/R = B(t/τR)1/2 was taken to be 1. For different
regimes of coalescence the prefactor B was calculated as
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a function of Oh [24]. For R ∼ 102 μm and our value of
Oh ≈ 6 the prefactor in the viscous regime is Bv ≈ 0.8 [24].
According to calculations [24] the prefactor Bv depends on the
Ohnesorge number. However in our case decrease of Oh due
to increasing R leads only to a small change of τR [24]. Other
evaluations [22,23] also give the value of the prefactor of the
order of unity. So, the assumption Bv = 1 used in our analysis
is reasonable.

In summary, we performed experiments of coalescence
of holes in free-standing films. Coalescence of holes can
be regarded as a two-dimensional analog of 3D coalescence

of bubbles in liquid. Comparison of the experimental data
on the temporal transformation of bridges with the existing
theory have shown that (i) scaling laws are applicable for the
description of the peculiarities of coalescence of holes, and
(ii) the initial stage of coalescence occurs with a power-law
dependence of the bridge length H (t )/R ∼ (t/τR)1/2. Relax-
ation of domains to the equilibrium shape is exponential.
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