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Plasticity in amorphous solids is mediated by localized quadrupolar instabilities, but the mechanism by which
an amorphous solid eventually fails or melts is debated. In this work we argue that these phenomena can be
investigated in the model problem of an elastic continuum with quadrupolar defects, at finite temperature.
This problem is posed and the collective behavior of the defects is analytically investigated. Using both
renormalization group and field-theoretic techniques, it is found that the model has a yielding/melting transition

of spinodal type.
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I. INTRODUCTION

The accepted paradigm for relaxation and flow of an amor-
phous solid is that of a thermally vibrating elastic medium
punctuated by instability [1-4]. The former can be considered
as a continuum, with discreteness relegated to heterogeneity
of density, elastic moduli, or pre-stress and an ultraviolet
cutoff that corresponds to the underlying particle scale. It
is often lamented that for amorphous materials, there is
no simple equivalent to dislocations and disclinations that
govern the melting of a crystal. However, it is now well
established that flow of amorphous solids is mediated by
localized quadrupolar instabilities of Eshelby type [5], and it
has been argued that relaxation of a supercooled liquid can
also be understood in this framework [6—12]. The role of
alternative mechanisms of relaxation, and the precise relation
between structural heterogeneity and the location of incipient
instabilities is still debated [13—17], but meanwhile the impor-
tance of localized instabilities as excitations of an otherwise
elastic medium is clear. Numerically, localized forcing has
been used as a probe of glass properties [18,19]. However, the
collective behavior of many localized quadrupolar instabilities
has hardly been analytically investigated. Crucial first steps
were performed in [20,21], where it was shown that in the
presence of external shear stress, it is energetically favorable
to align quadrupoles collinearly. This was interpreted as a
precursor to the formation of macroscopic shear bands.

In Ref. [20], and in some subsequent works [22,23], the
elastic self-energy of the quadrupoles was neglected, while
in Ref. [21] it appears in a calculation of the yield strain
for a line of quadrupoles. In this paper we show that this
self-energy plays a crucial role in the collective behavior, even
in the absence of external stress. Using methods developed
by Kosterlitz, Thouless, Halperin, Nelson, and Young for the
theory of 2D melting [24-27], we compute the renormaliza-
tion of elastic interactions by a small density of quadrupolar
defects in a two-dimensional elastic continuum. We will show
that interactions can reduce the self-energy to such an extent

2470-0045/2020/101(4)/043002(16)

043002-1

that a shear stiffness can vanish, thus signaling a phase transi-
tion. Under external stress, we interpret this transition as the
yielding of an amorphous solid, while in the absence of stress
it corresponds to melting. The transitions are predicted to be
continuously related, although yielding is much more abrupt
than melting.

This paper is organized as follows. First, we discuss el-
ementary excitations of an amorphous solid in general and
argue that these excitations will have a nontrivial renormal-
ization. Then, we pose the equilibrium problem of a col-
lection of quadrupolar defects in an elastic continuum. The
corresponding partition function is then analyzed, first by a
renormalization group method, and then by field-theoretic
methods. Both techniques lead to the conclusion that such
a solid will have a melting/yielding transition of spinodal
type. We then outline how our results can be applied to out-
of-equilibrium and athermal amorphous solids, and discuss
prospects for future work.

Our tensor notation is such that all contractions are explic-
itly indicated. We alternatively use index-free notation, when
appropriate, and indices when necessary, with the Einstein
convention. The identity tensor is denoted 5. We make use
of the antisymmetric tensor, € = —€p; = 1, €1; = €3 = 0.

II. ELEMENTARY EXCITATIONS

We consider amorphous solids that can be treated as low-
temperature continua. Since a solid must break translational
symmetry, we are tacitly assuming that the stress field has
long-range correlations [28,29], which are indeed easily ac-
counted for in the framework [30]. We work in a dual de-
scription developed by Kleinert that uses stress as the fun-
damental variable [31]. In two dimensions, the stress tensor
can be written in terms of a scalar gauge field, the Airy stress
function v, as oy = €;j€9;0Y. Any configuration of v/ (7)
identically describes stress fields in mechanical equilibrium,
called inherent states. The curvature of v (7) determines the
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stress.! Since the continuum is an idealization of a collection
of discrete particles, the ¥ field can be punctured at any point,
creating defects. What type of defects are permitted? While
one might imagine that ¥ could be multivalued, in fact, an
explicit construction at the particle scale shows that the v field
is continuous at the smallest scale at which it can be defined
[33]; at most it can have point singularities, living in the voids
at the particle scale. Their form can be motivated physically.

Indeed, since any elementary excitation taking one inherent
state to another must preserve force and torque balance, the
most basic excitation is the stress response to a dipole of
forces, that is a pair of equal and opposite forces + f at a
separation s £, which respects both constraints. In the far-
field limit s/r <« 1 the change in ¥ due to imposed external
forces + f at s is [34]

D(#;t,0) = agt logr — at cos(2¢p — 26) + ﬁ(rsz/rz),
ey

where ap=3 —v)/(@4n),a=(1 +v)/(4n), F=r(cos ¢, sin
¢),f=f(cos@, sinf), T :f-§ is the dipole moment of
the excitation, and v is Poisson’s ratio.” In the taxonomy
of Ref. [23], the first term in Eq. (1) is monopolar, and the
second term is quadrupolar. As pointed out in Ref. [23], such
a force dipole is actually not a local excitation. Indeed, if the
locus of the defect is removed by creating a void, then the
material cannot relax to a strain-free configuration; this is due
to the monopolar term in Eq. (1). It is easily seen that if we
add a second force dipole at an angle of 7 /2 with respect
to the original, and with opposite sign, then the monopolar
terms cancel, while the quadrupolar terms add. This force
quadrupole is a local excitation, and can thus be produced
physically by localized instabilities. The Eshelby inclusion
procedure [5] can be considered as an explicit physical real-
ization of quadrupolar instability, but the far-field behavior is
universal. In our treatment we will consider the quadrupoles
as having a core radius a; its initial value is arbitrary so long
as a 2 s, and eventually will be renormalized away.

Note that in treating the solid as an elastic continuum, we
assume the validity of linear elasticity up to a wave number
cutoff A, associated to the inverse of a particle length scale.
Self-consistency requires that the defect core size is larger
than this length scale. Fits of quadrupolar instabilities to the
Eshelby inclusion procedure for a Lennard-Jones glass in-
ferred a core involving approximately 20 particles [21], indeed
much larger than the size of a single particle. However, as
the jamming point is approached, continuum elasticity breaks
down [35]; we thus need to assume that our solid is deep in
the jammed phase. This is discussed further in the conclusion.

Consider two quadrupoles 7; and 7, at a distance 7, as
shown in Fig. 1(a). They have an elastic interaction energy
(23]

2a) 1112
U = ——2 COS(ZG] + 202 - 4¢)’ (2)
wor

!'See Ref. [32] for a discussion of gauge freedoms.
2The Poisson ratio is related to the Lamé modulus by A =
2uv/[1 — (d — 1)v] in d dimensions [31].

(a) (b)

FIG. 1. Airy stress function for two elastic quadrupoles (a) and
a single quadrupole with the same dipole moment (b). The fields are
comparable beyond a distance r & 2s, where s is their separation.

where u is the shear modulus. They also have self-energies of
the form

ct?
E=—-—, 3)
na

where the coupling constant ¢ depends on the regularization
at the core scale. The interaction energy is minimized when
¢ = (7 + 6, + 6,)/2 and the quadrupoles are close together,
r = 2a. For simplicity, let t; = 7, = t. At large distances,
the minimal-energy state of the quadrupoles behaves as a
renormalized quadrupole of moment t" = 2t and core radius
a = 2a. We can define a renormalized self energy by E' =
%(El + E, + U), where the factor of 1/2 ensures that the
energy is invariant in the absence of interactions. This relation
implies a renormalization of the coupling ¢ via

t? , 1172 az
T _k :-——[2c—?], @)

or ¢’ = ¢ — ap /4, assuming that v and px remain invariant. The
elastic interaction reduces the coupling, opening the possibil-
ity that under repeated renormalization there is a nontrivial
fixed point, implying scale invariance, or for the self-coupling
to vanish, implying macroscopic instability. This is true even
in the absence of external stress, which further favors the
quadrupoles to coalign and thus behave as composite objects
[20,21].

In this simple argument we are ignoring the distribution
of 7 and fluctuations in 7, external stress, renormalization of
u and v, and deviations of the composite object from a true
quadrupole. Most importantly, the microscopic self-energy
is clearly dependent on details at the core scale. For these
reasons, in the next section we elevate this computation to
a renormalization group analysis where microscopic details
can be forgotten. We will find, eventually, that generically
the self-coupling vanishes at large enough scale and implies
instability of spinodal type.

III. RENORMALIZATION

A quadrupole is a bound state of a dilatant dipole (r > 0)
and a compressive dipole (r < 0). We introduce the tensorial
dipole moment %, with units of stressxvolume. For a single
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FIG. 2. Airy stress function for a configuration of several
quadrupolar defects. The equilibrium theory considers all such con-
figurations, along with their phonon-mediated interactions.

force dipole T = f s it takes the form

1 [1 + cos 26

T=-1 .
sin 26

sin 260
7 } &)

1 —-cos26 |’

while for a quadrupole the isotropic component is absent.’?
Introducing also a spatial coupling matrix,

sin 2¢
— Cos 2¢>:| ’ ©)

Ay | COS2¢
P@) = |:sin2¢

the expression T cos(2¢ —260) in Eq. (1) can be written as

t : P = 1;;P,j, which is linear in the charge and therefore be-

haves well under renormalization. This indicates that tensorial

charges are the correct level of description [7], so we promote

the theory to one of general symmetric tensorial charges .
The elastic energy [31]

Vv
H = a/dzr[aija,-j — H-_Uaiiajji| (7)

depends on the total stress 0;; = 3;; + o) + o} decomposed
into a constant component, defects, and transverse phonons.4
The relationship between & and the expected stress (&) is
nontrivial and will be discussed below. The defects take the
form

= (V X Vx);j Y D(F = Fai T, 0a). (®)

a=1

where the double-curl operator is (V x Vx);; =(é€-VV.
&");j = €ix€j199; and D is as in Eq. (1). Figure 2 shows an
example of the Airy stress function for several quadrupolar
defects, thatis ), D(F — 74} Ta, Oa).

As shown in Appendix A, the transverse phonons can
be integrated out to obtain the effective Hamiltonian of the

3For a quadrupole, the second dipole has its force vector rotated by
T / 2 and its separatlon vector rotated by —m /2. Hence, T = f S+é-
fs €= 2fs — 18, where we used thatf X 5.

“Beginning from the standard representation in terms of displace-
ments, the stress tensor is introduced by a Hubbard-Stratonovich
transformation, and the longitudinal phonons are integrated out when
the field equation V - & = 0 is imposed [31].

defects:

n

Fab)
_ a_b ljkl( ab
H, = E it — 5 —

a,b=1,ab

ZV" ) O

where 7, = ¥, — 7. The defects have a long-range phonon-
mediated interaction. We find

Coi = V118181 + 27028i;Put + v PijPu

[A]lfszka]l + 2)»123,1( i+ )»221')”( i1+ (k < l)]
(10)

in terms of P(F) introduced above. The y;; and A;; are func-
tions of rA with a constant part and a fluctuating part, where
A is the UV cutoff for the phonons. For simplicity, in this
work we keep only the constant part, thus giving a scale-free
1/ 2 interaction between defects, as used in most elastoplastic
models [3]. In this case we have

v = 8ax/n, (1D
vi2 = 6(ao — a2)/ . (12)
while the remaining couplings are obtained from

29, =0, (13)

o _ . Lo
1= +4'}/227 (14)
My =+3vp, (15)

o 1

Y1 2 V22 (16)

The local potential has the form

VO(ti)) = u ' [(ao/a2)P8i; — Fijlvij

1
+ Z_llz[klosijakl + kgaikﬁjl]fijfkl, a7n

where p = a,, is the pressure and ¢;; = &;; — pd;; is the
deviatoric stress. The couplings kO and kO are not well con-
strained in a continuum theory but are expected to behave as
k? o< 1/ with an &(1) coefficient; see Appendix A.
Equation (9) applies for any set of defects of the form given
in Eq. (1). We consider that we have n’ = 2n force dipoles
strictly paired into quadrupoles as above. Then the partition
function for the defects is
/ e Pt , (18)
r h 471 Tn

wheref [ d*ri/a? and [, = [dx], [d], [dT] Jolt/T]
in terms of the core radius a and charactenstlc dlpole moment
7.. The measure factor w[7] is used to enforce the correct
form of the charge 7: w[%] = §(T\ + Ty)7. eliminates the
monopolar degree of freedom. Notice that the scale 7, controls
the fugacity of defects. We consider it as a parameter set by
the quenching process from the melt.

We aim to compute Z, or at least to extract the phase dia-
gram that it describes. We will use the renormalization group
in the manner of Jos€ et al. [36]: we consider the interaction
between two fixed charges at separation r and compute its
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renormalization by a test charge, which is integrated over.
By considering an appropriate class of theories, the resulting
RG equation can be transformed into an RG flow that can be
iterated.

The class of theories specified by the form of interactions
must be closed under the RG. It will be sufficient to consider

H =3 ,V(t)+ 3z Utas . Fap) with

. A b S 2
URa, T, Tab) = 7570 Cijit (Fab) [ Tapys (19)

where C;j;(7) is of the form of Eq. (10), without the super-
scripts. The charges have quadratic self-interactions

V(%) = hpti + j& ;T

1
+ Z_aZ[kl(Sij(Skl + ka8 j11Ti T - (20)

In the interest of future work, this class of theories allows
both dipoles and quadrupoles. The parameters 4, k;, v, and
y12 are not relevant for quadrupoles and eventually will be
ignored.

The RG computation is explained in Appendix B. We
find that the RG is indeed closed if (i) we take the far-field
limit, r >> a, and (ii) the self-energy is much larger than
the interaction energy. The latter condition is equivalent to a
standard small-fugacity condition. In the case of an external
shear stress, we only include the most relevant anisotropic
terms, namely those affecting / and j.

The computation implies that dipole moments scale as T ~
a, up to anomalous corrections, in agreement with the simple
argument presented previously; this generalizes to T ~ a?/? in
d dimensions.

The final result for the running in = loga is

1
(@*p/t.)dh =21 Z, (J/n +2A + ZMZ)(TI/TC)’ (21

(@5 /103, = TZeynlac/wo), (22)
ik = A(Yl — %XYZ), (23)
Oky = Ay (%T[Yz + 167‘[Y3>, 24)
dhyn =AYy + 2mAx vy, (25)
012 = AYs + 2w A X ynvi2, (26)
dyn = 2mAX Y5, 27)

O A1 = 2mAX Yo A1l (28)
drip = 2nAXYnri2, (29)

0 hop = 2mAX YA, (30)

where A = —BZ,1,/(8a?), and the Y; are functions of the
Aij, vij» and x, given in Appendix B. The stresses scale as
o ~ 1./a*, as expected from dimensional analysis. In fact,
all the terms in parentheses in Eqgs. (21) and (22) scale as
a®, hence the flow is homogeneous, which implies that the
initial value of a is forgotten and the universality hypothesis
is verified. A key role is played by the single-defect partition

function Z; = [, e #V®), which controls the dipole-moment
scales and fluctuations appearing as 7, a,, 7, and x above.
This depends on the measure for the defects, which can be
more general than described above.

Before specializing to the case of quadrupoles, let us note
that the linear Egs. (13)—(16) satisfied by the initial values of
the couplings are all preserved by the RG flow. The evolution
therefore takes place in a proper subset of the coupling space.

First, we look for fixed points. Assuming A # 0 and x #
0 as we will check later, the flow equation for y,, requires
that y»; = 0. This then implies that all the other interactions
are stationary, and only y;, can be nonzero. Stationarity of
k, requires either x = —1, which holds for quadrupoles, or
y12 = . In either case the fixed point is noninteracting. The
defect partition function in this case is

1 " Q
Zni =Z;</zr) = exp (Ezf) (31)
n>0 " r

where 2 is the area of the system, and we ignore any steric
constraints on the defects. The mean number of defects is
1 dlogZ Q
- “malogt. a2t

(32)

where (-) denotes an average over the Boltzmann distribution,
m is the exponent in fr ~ 7™ (for quadrupoles m = 2), and
the second relation holds only for Eq. (31). In this approx-
imation, Z; is the average number of defects in a region of
area a’.

Since the only fixed point is noninteracting, this suggests
that the model is trivial. However, by analyzing the RG flow,
we will see that this fixed point is not necessarily reached.
Instead, at large enough scale there is a regime where some
fluctuations diverge, signaling a proliferation of quadrupoles.

IV. RENORMALIZATION OF ELASTIC QUADRUPOLES

For quadrupoles as we consider here, the couplings
h, ki, y11, and y;» play no role. We have

7(a/t)? wiie
— e

Z, = o, 33
255 2 (33)

where ?2 = %{y"i ;@ j- This fixes the dipole-moment scales and
fluctuations defined as

1 1
(Tij)e = §T15ij + Zaza’,-j/i 34
5 1
(r7), = 7+, (35)
1

(TijTij)e = Z"-’z(l +3x), (36)

where (), is an expectation over a single defect:
(o (), =27 /e*ﬁWfW(f). (37)

For quadrupoles 71 =0, x = —1, and

a; = —23/2jd’5 [k, (38)
T, = —2d’(ky + Ba’ j75%)/ (BK3). (39)
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FIG. 3. Stress vs. strain curves for various values of x from 107>
(top) to 10~'/2 (bottom) in the independent defect theory. The curves
are dashed beyond the local maximum, which we interpret as a yield
stress.

Consider first the noninteracting limit. The total free energy
per unit area is
1

—F =

1 Z,
Q 2

O—:E_W’

(40)

where € = ﬁ[?— ﬁg tr(o)] is a strain tensor. The first

term in F comes from the contribution of & to the elastic
energy. In the absence of defects, this is the only component
of stress with a nonzero expectation value; hence o is the
constant component of elastic stress, and (6) — o is then the
plastic stress. The latter can be computed from

1 0F 1/, Vs .
——=—(6 - —38u©)), (41)
Qoo 2u I+v
leading to
1 MAN
o’ = (o) o) =257 1 — R 2 ) (42)
2 ky

This gives the total shear stress as a function of the elastic
shear strain € = o /. Introducing the strain scale

e = (Bu’aj* [kp)™", 43)
this relation is plotted in Fig. 3 for various values of

22
_ 2ra”jou (44)
prels

from 107> (top) to 10772 (bottom). Evidently once the strain
is large enough, the stress begins to decrease with strain; we
interpret the local maximum as a yield stress, and consider the
theory to only be reliable for smaller strain. This phenomenon
occurs because as strain is increased, more quadrupoles are
excited, and each quadrupole counters the applied stress. It is
a finite-temperature analog of the yielding scenario discussed
in Refs. [20,21]. Quantitatively, the yield strain scales as €y,
with a logarithmic correction from «:

€2~ 612 log (ef/(xef)) ~ 612 log(1/k),

2 k<L (45

The sharpness of the transition is controlled by «. Comparing
with the expression for Z; [Eq. (33)], we see that « is pro-
portional to the defect density at zero strain. As this density

ko

VTSN 11114
S,

Y22

FIG. 4. Projection of renormalization group flow onto (2, k»)
space, or equivalently, complete flow for & = 0. There is a line
of independent-defect fixed points along y», = 0. Only trajectories
beginning in the shaded region (X > 0 and y,, > 0) end there;
otherwise, trajectories tend to the line k, = O where fluctuations
diverge.

increases, the transition becomes more smoothed out. This
agrees with findings in Refs. [37,38].

Let us now see how interactions complicate this picture.
First, we notice that for quadrupoles the k, evolution equation
reduces to 0;ky = —ST”Ayzzz, which implies that 4k, — Sy, is
constant. Introduce the important constant

X = 4Kk — 5p5). (46)

Using Eq. (11) we have X = 4(k9 — 10az/1). We choose
units with bare values a = u = 1 and fix v = 2/5. The results
then depend on X, on the temperature /3’1, the shear stress
o, and the dipole-moment scale 7. Since 7. sets the fugacity
scale, it controls the defect density, and should be considered
as a parameter set by the quench. At a qualitative level,
lowering the temperature is similar to increasing ..

Consider first the case & = 0. The RG flow in the (y22, k2)
plane is shown in Fig. 4. For X > 0 and y», > 0 the flow tends
toward y», = 0, which is a line of independent-defect fixed
points; we call this the stable phase. Otherwise, the flow ends
at k; = 0. In the latter case the fugacity Z, diverges, hence this
corresponds to a proliferation of quadrupoles. These regimes
are separated by the critical line X = 0 ending at the origin.

When & > 0, the same picture is obtained (Fig. 5). In the
stable phase, j — 0, while in the unstable phase, j tends to
a nonuniversal constant, depending on its initial value. The
fixed point in (j, k») space is the line of fixed points shown in
Fig. 4.

In practice, these asymptotic behaviors are not always
reached, because the RG flow is very slow. Consider o = 0,
for which

(v22)?

0 = -20C;, ————,
rn 2 Gym + X7

47

with C; = 2n%a*/ (58 tcz). This can be integrated to

0 =

X2 ] X V2
22

5, |:
208 — )| 14 | = E g P2 — . )
a0z ) Byl ]2 %y
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FIG. 5. Renormalization group flow in (j, k,) space for (a)
X <0 and (b) X > 0. The basin of attraction of the fixed point
manifold is shaded. Here 8 =1, 7. = 10,0 = 0.1 and the shown
regionis |j| < 1,0 <k < 1.

where we recall that + = loga. There are three regimes: for
large enough yx. ¥ — y22 < 41X|/5. we have vl — yn ~
log a, independent of the sign of X. Instead for smaller y»,,
this sign matters: for X < 0 y», tends to a constant at a finite
scale, while for X > 0 we find first a nontrivial power law
Va2 vsy ~ a~*/X | and eventually y» ~ 1/logt, these latter
regimes being well-separated only for very small |X|.

These results imply that there is a length scale £ below
which all couplings evolve only logarithmically, and the sys-
tem is stable. Above this length, either the system remains
stable (X > 0) and the couplings can show nontrivial power-
law behavior, or the system is ultimately unstable (X < 0) and
fluctuations diverge. The critical length can be obtained by
setting k; = 0 in Eq. (48), for X < 0. We find

£~ ad/o (49)

to leading order in X; this result then is also valid for X > 0
to leading order. Since £ is exponential in the parameters, it
can be astronomically large, in which case only the (transient)
stable regime would be seen. In particular, for a system of
linear size L, if & > L, then only the transient regime will
be seen, and neither will the fixed-point be reached, nor will
fluctuations diverge. For & < L, however, these two regimes
will be distinguished.

When o > 0, the phenomenology is similar. First we con-
sider the unstable regime X < 0. Again there is a length &
such that k, — 0 at larger scales. In Fig. 6 we show contours
of log& as a function of o and 1/7., up to a maximum of
£ = ¢!, (Here Bua®> = 1.) We can also study the transition
at fixed 7, while g varies. In Fig. 7 we show contours of log &
at fixed 7, = 50 and varying §. At small enough temperatures
and small enough stress, the length £ is exponentially large,
so again the transition is avoided.

When X > 0, then & is still relevant: below this scale,
the RG flow is logarithmic, while above, there is a regime
of power-law behavior before the fixed point is approached.
To see this, we note that when Ba”j*52/k, < 1, we have
vn/ )/202 =(j/ jo)ﬁ. Anomalous behavior of y», thus carries
over to j.

The corrections to & at finite o can be obtained from the
RG equations. For simplicity we set X = 0 and neglect the

log(¢)

-1
10
10 10 107
1/7.
FIG. 6. Contours of logarithm of length scale & as a function

of o and 1/7., up to a maximum of log& = 100. The length £ is
exponentially large in the region closest to the origin.

flow of j. Then

/g dk k
logé/a~ é/ — ek
0

G k+1

kg 1 = + ek (50)
~ = R — . e s € €1,

Cz 612 !

where g = Ba’j*c>. For € < ¢ this reduces to Eq. (49) as
expected. We can obtain a yield strain by finding when § = L.
This leads to

2 C
2 G |:1—k—§10gL/a+-~-i|. (51)
2

Comparing with Eq. (45) we see that interactions between
defects have shifted the yield strain to a smaller value. This is

log(¢)

10°

1 .

10

107 10° 10
1/

FIG. 7. Contours of logarithm of length scale £ as a function

of & and 1/8, up to a maximum of log& = 100. The length £ is
exponentially large in the region closest to the origin.

1

043002-6



RENORMALIZATION OF ELASTIC QUADRUPOLES IN ...

PHYSICAL REVIEW E 101, 043002 (2020)

consistent with expectations from the simple renormalization
argument.

Note that all of these results rest on the weak-fugacity
assumption Z; < 1. This implies € < €| and, ato =0, 8 >
a*/ (kzrf).

To summarize this section, we find that there is a critical
length & such that couplings are only weakly scale-dependent
on smaller scales. If the system scale L < &, then the solid
is stable. When L > &, the behavior depends on the relative
strength of the bare self-energy and interactions, represented
by X Eq. (46). When X > 0, corresponding to a large self-
energy, the solid flows toward a fixed point with noninteract-
ing defects. At scales larger than &, there is a regime in which
couplings have anomalous power-law behavior, although this
is only predicted near the limits of validity of the theory,
i.e., when k; is small. Instead when X < 0, corresponding
to a moderate self-energy, the solid is ultimately unstable
and k, — 0. This corresponds to a divergence of fluctuations,
and we interpret this spinodal transition as a yielding or
melting transition, depending on the control parameter. These
transitions are smoothly related, as shown in Figs. 6 and 7.

However, since the weak-fugacity assumption of the RG
calculation breaks down as the transition is approached, this
transition may in fact disappear in a more complete theory,
and in particular we cannot reliably extract information near
the predicted transition. To confirm and extend the above
results, we therefore proceed to a field-theoretic formulation,
in which the defects are identically summed over.

V. DUAL-FIELD THEORY

Following standard techniques, a defect model can be
transformed into a dual field theory with a complex inter-
action, often with remarkable integrability properties. For
example, the XY model maps onto the integrable sine-Gordon
field theory, and the vector Coulomb gas to an extension
thereof [39,40]. In this section we derive the novel field theory
corresponding to Eqgs. (19) and (20).

The interaction 18,C;jui (Fap) /12, can be written as

Ciin (7 1 .
Ly = r;;.rkh]M =0 -, (52)
rab rub
where v = 19[1, cos(26,), sin(26,)] and
A a cos(2¢) o sin(2¢)
E = |a@cos(2p) B+ ycos(dep) ysin(4¢) |,
& sin(2¢) y sin(4¢) B — y cos(4¢)
(53)
where ¢ is the polar angle of 7,;, and
1
A=yn+in+ Z)»zz, (54)
1
B=i1+ 5722, (55)
a =2\, (56)
a =2y +2A, (57
1
Yy =An+ Fr2 (58)

Matrices of the form Eq. (53) belong to a matrix algebra,
as shown in Ref. [7]. Separating the interaction into the
contributions from dilatant (4) and compressive (—) dipoles,
we have

> =), %ZZﬁi-E(nb)-ﬁi

a,b=1,a#b a,b=l,a#b ab +

n
Uy (o s BN
= > ot {E(rammw a(raw]- i

a,b=1,ab ab & — —a
(59

where in the last step we assume that dipoles are strictly
bound into quadrupoles, as above.> For the initial values of
the couplings, A =0, and the @ and & terms vanish from
neutrality, thus for the quadrupolar system only the lower-
right 2 x 2 block of E is relevant, namely,

y sin(4¢)

72\ ysin(4g) B—ycos(4¢)>' (60)

R 1
) (B +y cos(4¢)
In Fourier space F is

b(gq) + y cos(46)
y sin(40)

y sin(460)
b(q) —y cos(49))’ ©1)

with b(q) = 2Blog(q/A) < 0 and 6 the polar angle of 4.

For B > 0 as we find, ¥ (@) is positive-definite for —b(q) >
|y|. This inequality is violated in the UV regime, since
b(A) = 0. We will need to split the interaction into separate
positive-definite and negative-definite parts, corresponding to
stabilizing and destabilizing interactions, respectively. To this
end we consider an augmented operator F (§) = F(§) + nk»3,
where 7 is a parameter to be chosen such that F' is positive-
definite at all g. This requires that

= (

ly|
LA 62
> (62)

Introducing the density

w(F) = Z t%(cos(26,), sin(26,))8 (¥ — 7,), (63)

the dual field theory is derived by a standard method, ex-
plained in Appendix C. It is given in terms of two vec-
tor fields £ and €, with a physical interpretation as plas-
tic strain; they appear as a vector because we have intro-
duced a Voigt-like representation of the tensorial interaction
in Eq. (52) above. € admits a straightforward interpreta-
tion: It has the same statistics as —€y + nk,(w — wg), where
Wy and €, are constant background defect densities, to be
fixed momentarily. , instead, couples to an imaginary field
and is less transparent. The field theory has the nonlocal

5In a more general theory, we could consider a system composed of
independent dilatant and compressive dipoles, with overall neutrality.
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action

1 - x -
S = Eﬂf/,;“(?)?’l(?—?’) G

€(F)* + 28(F) - 60
+h / [ 21k,

0 ok (r)2:|

(64)

0-C(F) —

where €o=Blog(R/a)ivy + nkyiby + j&, &EF)=il () + &(F),
= (na*)/(21?Bky), ¢ = Ba’/(2ky), and & = T (cos26,,
sin 29 ). The appearance of log(R/a) in € is due to the in-
frared divergence of £ when acting on constants: [d 2VE®F —
7') - ibg = Blog(R/a)wy, for an asymptotically large domain
of radius R. It is implicitly assumed that any steric constraints
on the defects are captured by a Debye cutoff A = 27 /a in
the field theory. Note that the form of the onsite potential et
directly results from the Boltzmann measure on the defects.
The background density iy is chosen such that Z =0is
a solution to the classical equation. This leads to €, = —¢&j +
nkyibg, and when & = 0 we find iy = 0 while for & £ 0 we
have Wy = —pjo /(BlogR/a), with
ZyBlogR/a

. ecjzﬁz(pfl)z(l —p).
2

(65)
This has a unique solution which for large systems is p =

1 — ky/(ZoBlogR/a) + €(1/1log* R/a). The classical value
for the partition function is then

= exp (Q%—l—ﬁ(&?/logm—i—---) (66)

and the Hessian is

o [FIF) 0O YA TS S
J’L”(r)—( 0 8AF_1)+C[£O’O'+C8](_1. _1>8(r),

(67)
where 8F(7) = 8(F)nk»8, €=2j%(p —1)>c* and C =

220 /[Ba*(1 — n)Jes "7 017,
To one-loop order we have [41]

Zy = Zc|F |7\ I8F |71 2|27 12

=Zc exp{—%Trlog[(lg 827>%:|} (68)

Z la / @q_ W)
X Zcexp|—= ——1o

C €Xp 3 (27 ) gWwiq
for an operator W (g). For simplicity we consider only o = 0.
Then after some work

(69)

W(§) = [1 — mcCb(q)]* — (mcyC)*. (70)

Stability requires that log W (§) is always real and has at most
integrable singularities. The most dangerous wave number is
q = A for which we require

mlaty

TTT (71)

ky >nyZy =

Consistent with the RG analysis, the field theory breaks down
when the self-energy is too small. Comparing with Eq. (49)
we see that this can be written k/y2, > 5/(21log& /a). This
should be compared with the condition to be in the stable
phase determined above, i.e., X > 0, which can be written
k>/y2 > 5/4. The latter condition determined from the RG
analysis is more stringent, apparently reflecting the logarith-
mic enhancement of fluctuations under renormalization.

Of course, this condition only reflects the stability to small
fluctuations. The action has a term e = ¢~ g+ee’ g2icC€,
which contains potentially dangerous large fluctuations from
€. It is shown in Appendix C that when k; is large enough,
the € field can be eliminated and the stability of the theory
guaranteed (although the field remains imaginary). This holds
for kp/y > m, which corresponds to the condition X > 0, up
to a numerical factor.

We thus find a well-defined dual field theory when k; >
myZy, which is definitely stable for k; > wy. When & # 0
it has an imaginary field, thus not strictly behaving as a
statistical field theory.

Finally, since the operator F is local in Fourier space, the
spectrum of # can be explicitly determined. The eigenvec-
tors ¢,(7) are anisotropic and quasi-localized and decay as

1/r2.

VI. ATHERMAL AND OUT-OF-EQUILIBRIUM SYSTEMS

The scenario described above holds when the stress tensor
is sampled by a Boltzmann measure with Hamiltonian Eq. (7).
One hypothetical experimental realization of this is a defected
crystal in which all dislocations are strictly bound in pairs
with equal and opposite Burger’s vectors, in the special case
where the separation s between dislocations is fixed. From
the KTHNY Hamiltonian it is straightforward to compute the
interaction between two such pairs, which at distances r > s
takes the form of Eq. (9), as a function of the Burger’s vectors
and the separation vectors.

We are not aware of any such crystal. However, by a
reinterpretation of the theory, we expect the above scenario
to hold for glasses, out of equilibrium.

Indeed, in this case measurements still occur in some
ensemble specified by boundary conditions and experimental
protocol. If stress is controlled, then this is the stress ensemble
[30,32,42], which in its field-theoretic version was argued to
require only terms to Gaussian order [30,32], in the generic
case. For isotropic materials, one then finds an effective action
exactly of the form SH with H as in Eq. (7), but with effective
couplings with no a priori relationship to elastic moduli or
temperature.

For example, such an ensemble can be derived by
considering harmonic vibrations around an arbitrary inherent
state, specified by its stress field. After integrating out the
phonons, the vibrational entropy of the state gives again
Eq. (7), with couplings % =g, ﬁ = 1 in the notation of
Ref. [32]. The coefficients g and 1 both behave as 1/(D?1.?) in
d dimensions, where D is a length scale needed to regularize

%See the Supplemental Material in Ref. [32].
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the measure; it has a natural interpretation as the particle
size, up to & (1) constants. Equivalently, we can consider the
effective inverse temperature as B o< 1/(D% ). If the system
has only repulsive forces, then n will be renormalized to
n o< 1/(D'p) [30].

A natural hypothesis for the measure for glasses is then to
combine contributions from the vibrational entropy and from
the energy at the glass transition temperature. Regardless of
these speculations, the hypothesis of an effective tempera-
ture has been explicitly tested in previous work on glasses
[43-45].7 It was found that an effective temperature Ty
indeed controls the behavior under shear, and in particular that
at any true temperature 7', Tei tends to a constant at vanishing
strain rate. This is consistent with Ty being tied to a shear
modulus, as we suggest.

VII. DISCUSSION

It has been argued on general grounds that stress fluctu-
ations in amorphous solids are governed by a distribution
of Boltzmann type, with effective parameters [30,32,42].
Standard renormalization arguments imply that in its field-
theoretic formulation, only terms to quadratic order are
needed; the effective Hamiltonian is then equivalent to Eq. (7).
Predictions for long-range stress correlations naturally fol-
lowed from this theory, in excellent agreement with available
data. This, however, presents a puzzle: since the theory is
Gaussian in the gauge field, it is at bottom a noninteract-
ing theory. But real amorphous solids yield under sufficient
applied stress, and they can also liquify under heating. A
noninteracting theory cannot support any phase transitions.
What then is the missing ingredient in the theory, which
controls the onset of these transitions?

We have shown here that localized excitations can fulfill
this role. Indeed, by including them in the field theory, a
transition appears, which we interpret as yielding if induced
by stress, or melting if induced by temperature. This transition
is fundamentally one of strong coupling, hence the behavior
very near the transition is inaccessible with the present pertur-
bative method, and indeed may disappear in a more general
treatment. However, renormalization group and field-theoretic
calculations are in approximate agreement concerning its lo-
cation. Moreover, since the onset of instability is so abrupt, the
present theory is valid until close to the predicted transition.
So long as the fugacity Z; is small, the defects are only a
small perturbation to the free energy. We thus explain why the
Gaussian theory correctly predicts stress correlations in such a
large range of parameters, and yet will eventually break down
at the yielding/melting transition.

The renormalization group method sheds some light on
the organization of states within the stable solid phase. For
example, the RG shows that the characteristic dipole-moment
scale T varies with scale a as T ~ a in 2D, generalizing to
T ~a%? in d dimensions. This exponent defines a fractal
dimension, reminiscent of the fractal dimension of plasticity
avalanches in amorphous solids. The latter has been studied
both in steady-state yielding, where it is close to 1 in 2D and

"For applications to granular matter, see the discussion in Ref. [30].

close to 3/2 in 3D [46—49], and in the quasi-elastic regime at
small strain, where it is significantly smaller [50,51]. Since the
present theory applies in the stable solid, why the prediction
d/2 is close to, but distinct from, the steady-state yielding
result remains to be clarified. Marginal stability, known to
be present in many amorphous solids, is likely playing a role
[46,47,52—61]. This could be investigated by simulating the
dynamics of the present model, while the quantum formalism
may be useful for an analytical treatment [62].

We found that yielding is a transition of spinodal type.
Recent works indeed present evidence that yielding is of this
form [63,64], but the tools employed in these works are ag-
nostic regarding the microscopic mechanism. Consistent with
[20,21], we have shown that localized quadrupolar defects
will generally renormalize to create large-scale instability. In
our model, the defects are treated on the same footing as the
phonons; their magnitude and orientation are dynamical. It
is very important to see what happens when some properties
of the defects are considered quenched [65], since disorder
necessarily controls dynamics of plasticity.

We found that the transition demarks a stable phase around
the origin in (o, 1/7., 1/8) space (Figs. 6 and 7). The tran-
sition varies continuously with these parameters, but is more
abrupt when induced by stress than by temperature. As the
zero-strain defect density increases, the yielding transition
becomes smoothed out, as found in Refs. [37,38]. We also
find that the abrupt transition can disappear entirely when the
bare self-energy is large enough, consistent with the transi-
tion between brittle and ductile failure recently discussed in
Refs. [37,38].

More precisely, the renormalization group calculation in-
dicates that there is a length scale & beyond which the system
can be unstable, if £ is smaller than the system size L. This
scale depends exponentially on parameters [Eq. (50)] and
can thus be astronomically large. This sensitive dependence
on parameters corresponds precisely to a weak, logarithmic,
system-size dependence of the yield strain [Eq. (51)]. Such
a logarithmic dependence can be seen in Fig. 8 of Ref. [63].
It is currently unclear whether £ is related to the correlation
length of solid domains derived in Ref. [66], which diverges
proportional to the relaxation time as the glass transition is
approached from the liquid side.

We have not discussed what happens in the yielded phase.
Since each quadrupole can be considered a bound state of a di-
latant and compressive dipole, and the transition corresponds
to a proliferation of quadrupoles, as yielding is approached it
becomes entropically unfavourable for the dipoles to remain
strictly bound in pairs; this opens the possibility for collective
excitations involving multiple pairs of dipoles. Taken to the
limit, this would give a neutral plasma of dilatant (z > 0)
and compressive (t < 0) force dipoles. It is possible that this
unbinding is related to the increasing avalanche size and soft-
ening of the pseudo-gap observed as yielding is approached in
elastoplastic models [47].

We have focused on amorphous solids deep in the jammed
phase, where a continuum approach with defects is appro-
priate. It has been shown in Ref. [59] that as the jamming
transition is approached, the quasi-localized modes have a
growing core, and become the anomalous modes associated
to the jamming point [35,67,68]. This suggests that a full
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treatment of the unjamming point in the present framework
may require a more sophisticated description of mode cores
than is accounted for by self-energies.

Finally, it would be useful to extend this theory to three
dimensions. An analog of the Airy stress function exists but
in this case the theory has a bona-fide gauge freedom [30].
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APPENDIX A: DERIVATION OF THE DEFECT ENERGY

In a planar elastic continuum, the response in stress to a
point force f at 7, can be written in terms of the Airy stress
function v (7). In a complex notation with f = f; +ify, 20 =
ro.x + irg,y the result is (p. 268 in Ref. [34])

—zf cf
¥(z f,20) = m log 6z + m
x [6z1logéz — 6z] 4+ c.c., (A1)

where 6z =z —2z9, ¢ = (A+3u)/(A+ n), and c.c. means

complex conjugate. We now consider a pair of forces £ f

applied to 7 F §, where § f , in order to preserve both force
and torque balance. The response is

D(z; f,20,50) =¥ (2 f, 20 —8) + ¥ (z5—f, 20 +5), (A2)

with s = 5o + iso . Expanding this in s we find

D(z: f, 20, S0) = log |z — 2o/

TC
27 (1+c¢)
2
cos(26 — 26y) + ﬁ(ﬁlz )
(A3)

__r
m(l+c)

where f = |fle®, z = |z|e®, and T = f - 5. The first term is
monopolar while the second is quadrupolar. It is convenient to
adopt the notation of [23]; see Table 1 therein. We write

D(F; f, 20, 50) = —Yo(F — Fo; M) — Yo(F — 70; Q),  (A4)

where

. —YM
Yo(F, M) = log |r| (AS)
and
Y
Vo (7, 0) = —W 0 (A6)

are canonical monopolar and quadrupolar defects, respec-
tively. Here M is the scalar monopolar charge,

A cos(26y) sin(26p)
0= Q(sin(zeo) - cos(290)> (A7)

is the tensor quadrupolar charge, and Y =2(1 +v)u is
Young’s modulus. We define an elastic energy functional as

1
Elo!, 0% = — G / Aijuio o, (A8)

with Ajju = (1 +v)8udj — v(S,j(Sk, The total stress field &
is decomposed into 6=0+6"+ Zu 6, , where ? is a
constant stress, 67 are the transverse phonons, and 6 is the
a'" defect. The latter two components are written in terms
of Airy scalar fields using the double-curl operator (V x
VX),’j = (é . V),(é . V)J = eikakejlal,i.e.,6P =V xVx Iﬂ
and 6? = V x V x D,. The energy is then

Elo,0] =E + E[o" oP]—i—ZE 5P, 6P] + 2E[7, 67

a ’ (l

+2 Z E[c.6P]+2 Z E[6",6P]

+Y E[62.6 (A9)

a#b

We have E = 1Q5 : € where € = ﬁ[?— HLUS tr(@)] is a
strain tensor. The constant component of stress o is orthog-
onal to the phonons and E[o, 67] = 0. Using results from
Table 2 in Ref. [23] we have

1.
2E[7,60] = 2M 5 — 4Qa o (A10)
and
2E AD7AD = Ma,\ MAa D Papla
[a b] 27‘[r§b[ Op +MpQl : Tupfap
+ 16 r2 0.0p i 28wt apfaptas — Fap & Fapl,

(A11)

where 7y, = 7y — Fp, Pap = Tap/|7ap|, and we recall that we are
using a notation in which all tensor contractions are explicitly
indicated, c.g., QQ . ;’\'S;’\' = Q,-‘,»leriSjkrl.

The interaction energy between a defect and another stress
field 6¥ =V x V x ¢ can be written as E = 1 [ ¢¥Kg in
terms of the defect curvature Ks, which for a monopole
and quadrupole is —2MV?8(F — Fy) and 10 : VVS(F — Fy),
respectively [23]. The phonon-defect interaction energy is
then

2E[6” = 2/1,0(r)|: M V28(F —T,)

+ZQ“ : VV&(?—?a)} (A12)

ig-T, 2 1—»—» A
—Zw 171 2¢*My = 247 : Qu | (A13)
ZWT:AS
q

= Y [wsdq: A5+ v) qg: &),

geBZy

(A14)
(A15)

defining a tensorial operator A, and then writing the sum over
BZy, the half of the first Brillouin zone in the upper-half
plane.

The phonon self interaction has the form

f[(l +V)(@-V)E-V)Y):
(€ - V) - V)¥) —v(VY)]

E[o?, of

(A16)

043002-10



RENORMALIZATION OF ELASTIC QUADRUPOLES IN ...

PHYSICAL REVIEW E 101, 043002 (2020)

- % f[(l +V)(VVY : VYY) — (V)2

(A17)
=555 Z[(l + VGGV : GGV — va*Ya¥—g
(A18)
=5 Zq Vv (A19)
1 o, ot
— > 4"V (A20)
YQ GeBZy e

In the interest of future work we will change Y to ¥ to
distinguish it from the Young’s modulus appearing elsewhere.
We can now integrate out the phonons:

/ @w efﬂE[aP,o”]efﬂi > Elo",0P]

=l_[f

d*y; e ~ et VeV BV GGA-pu] G3AC

geBZy
(A21)
Y Q2 N P
=] 5 P BYQ 4444 ASAY ] (A22)
geBZy q a,b
ocexp | S Y KaKy Y 44gg e |, (A23)
a,b q
where K, = 2M,8 — —Qa We need to evaluate
L1 -
L) = o 4i4iqrqr e (A24)

q

= 11 (N[8;j8r + dixb1j + 8 ji] + L(r)#;7;FFy
+ L(r)[FiF 6k + FiFy8 i + Fifidj1 + FiFidi
+ Fifi8i + P Fy8i41, (A25)

where the second form follows since J;j; depends only on 7,
is symmetric in all indices, and is invariant under a spatial
reflection. In d dimensions we have

1
ik = Y €T = 1(d” +2d) + L + 13(2d +4), (A26)

q
1 -
bl = S Z(g 29T = L(d+2)+ b + L(d +5),
q
(A27)
1
pib il = < 3 (@ 77" =3 + b+ 6l,  (A28)
and one can compute
A A 2 1 n n
KKy o I = _E(MaQb + MpQ,) : il + (d +4)I5]
+ £0.0, : [LiFFF + 21, A +4L78F]  (A29)
+4AM Mpld(d +2)], + L, + 2(d + 2)15], (A30)

where A;j; = 8ixdj;. We now restrict to d =2 with an
isotropic Brillouin zone 0 < ¢ < A, and evaluate the sums in
the continuum. For r = 0 we have

L(F=0)=A%*/(327), hL(F=0)=5LF=0)=0,

(A31)

while for r # 0 we have

L #0) = gZm[1 =208 N(rA) = 3rAL (rA)],

(A32)

L(F #0) = 48(rA) i (r A,
(A33)

L(r#0)= lr [ 2 —2Jo(rA) 4+ 8(rA) "1 (rA)
—i—grAJl(rA)]. (A34)

Introduce a spatial-coupling matrix
A= | COS2¢ sin 2¢

PF) = |:sin 2¢p —cos 2¢i|’ (A35)

where ¢ is the polar angle of 7. Then Q : ## = %Q : P. Alto-
gether the effective Hamiltonian for the defects is

H= Z [2Matr§— %Qa 1o +E[6°,67]

—27 32M? A36
37 [4Q + H (A36)
s
|: 5 M, Oy + M0, : E
+2———=0,0, : [2PP —# 3 ] — 4TR.K, = 1|,
16772

where r = r,, everywhere and P=P@Fy) everywhere. We
note that the phonons induce a destabilizing self-interaction
between the defects. This must be compensated by the defect
self-energy E[67, 6], which requires regularization. A naive
estimation obtained by replacing §(7) by 1/(wa?), where a
is a core size, yields terms of the same form as the phonon-
mediated self-interaction, but with the opposite, stabilizing,
sign. Physically the resultant self-energy must be positive,
but its magnitude then depends sensitively on aA, i.e., the
core size compared to the UV cutoff for the phonons. Since
this quantity is not well constrained, we simply lump together
these terms into

16 1
EX' = 2a2[ _ <k1 + 2I<2>M2+ —ky 0 }

where a is a microscopic length scale and the k; have units of
inverse shear modulus; this particular form is chosen for later
convenience. We expect k; o« 1/ with (1) coefficients.

(A38)
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7.[2(7‘)
-=2/(7r?) | 0f

6| —I3(r)
—-——1/(27r?)

20 40 60 80 100 0 20 40 60 80 100
(a) r (b) r

FIG. 8. Comparison of functions /(r) and I3(r) with simplified scale-free forms, L(r)= 2/(7r?) and Lr)y=—1 /(2w r?), respectively.
Here we have taken A = 1 so that the smallest r is 27r. Note that /; is obtained from /,(r) = —I3(r) — L(r)/8 for r > 0.

In the main text we adopt the notation of a tensorial dipole Note that the functions I; have secular components o< 1/r2,
moment, and components that fluctuate on the scale »A. For simplicity,
. l . 1 + cos 20 sin 26 B 2_ w5+ 2o in this yvork we consider the scale-'free fgrm in which the
=3 sin 20 1—cos20 |~ & i< fluctuating components are neglected; see Fig. 8. Future work

(A39) will critically examine this simplification.

and rewrite the interaction as a quadratic form in 7.

|
APPENDIX B: DERIVATION OF RENORMALIZATION GROUP FLOW

We consider two fixed charges, £ and %', and see how their interaction, including their self-interaction, is renormalized by
excited charges. The role of fugacity is played by the single-defect partition function Z; = ft e PV(®_ At leading order in Z,
we just consider one excited charge. Let 7' = 7 — 5 where § is the vector from £ to £’. We perform the computation where each
charge has a hard core of radius a. The renormalized interaction between the external charges, including self-interactions, is

e BV OBV (@) =BGty /5
&r | —BCl Ty /7 = BCL Tyt /(0 2
1+2Z, fgz a_zr(e ik TiTk T o= Pl T Th >f,, + ﬁ(Zt)]
2

1+ Z; [o S (1o + 0(22)

where the integration domain is Q = {r > a, ¥’ > a}. The denominator ensures that the interaction is not renormalized when the
excited charge does not interact with the fixed charges. Then

- e—ﬂvm—ﬁv&’)e—ﬁa/uujrk’z/sz[ ; (BI)

V@) +V(E )+ %Ukmﬂkl =VH+VvE )+ Cukﬂufk; I / FF 2" + OZ7), (B2)
where
I(?, ;g/’ ;[x//) — e—/SCi’jklt,-/r,’(’I/r ﬂC”k,r"/t,’c’l/(r )2 l, (B3)

where the superscript r indicates that P depends on 7, and where we suppress dependence on £ and #’.
Following Refs. [26,36], we can organize Eq. (B2) into a renormalization group transformation by splitting €2 into the shells
a<r<baanda < r < ba and the remainder Q(b) = {r > ba, ' > ba}. Multiplying through by a®/t> we can write

- - a TiT e 7T, ba y, ot A
T+ @)+ G = V) + V@) + @ T - ﬂrz / e A
Z.a> [P rdr — Z.a d*r Y
- ,B_Tffa /(1( Ner — ﬁ_ff/s‘z(b)?mr ST e, (B4)
where ¥ = (a/7.)*¥,V = (a/7.)*V. The self-interaction is quadratic in £ and can be written
V@) =4y By ”;;"’ (BS)
(@)= oty + B (B6)

C

We see that the left-hand-side of Eq. (B4) will be invariant under a scaling transformation in which all lengths transform as
¢ — £/b and all dipole moments transform as T — t/b*, provided <7, %, and € are themselves invariant.
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Z. (b)a(b)? For
y(;';b)zw I _’_’f”7
Br.(b)? b b

)> , (B7)
.’r‘//
where we explicitly indicate here the dependence on £ and #'. If

I (7 1) = L (F;b), (B8)

E‘lf‘l)
|

then we can make a change of variables 7 to b7 in the final term in Eq. (B4), bringing the integration domain back
to 2(1). This term then has the original form but with modified couplings Z;(b), a(b), t.(b), a(b) and modified variables
T(b) =t(1)/b*, 2'(b) =T’ (1)/b .

We see then that the renormalized couplings will satisfy the invariance equation

jla(d), Z: (D), 7(b), A(b), B(b), C(D)] = jla(1), Z: (1), ©.(1), A(1), B(1), C(1)] (B9)
and similarly for 4 and %, provided the couplings renormalize as
~ ~ 2 i / ba d ba d
V@ 1)+ VE, D)+ =0 ()2 —/ r—;/f(m)—/ r—;/ﬂ(§+7;1)
s Tc a a P a a 7
- _ a(b)? 7 (b)7y, (D)
=V(@®b),b)+V(E'(b),b)+ —=C (D) ———— B10
(01, )+ VE 1), )+ 5 Clu )=k (B10)
In the limit » — 17 we obtain
vE)  v@E 200Gy ;T
DS S B [ rann) - [5G+, B11)
dloga 0dloga s?dloga t? ; 5

where we used the fact that . transforms the same as £ and #’. This equation must hold for all admissible s, £, and £’; if solutions
exist, then the model is renormalizable to &'(Z;).
In analogy with results for 2D melting [26,27] the change in free energy is
apr) 1

—=Qz7% + 0(Z3), B12
dloga 2 e (’) ( )

where €2 is the system volume and z is the coordination number, whose precise value will not be important.
To compute the right-hand side of Eq. (B11), we need to expand

"

) " N2
](;7’ 7” f”) — efﬂcyrjklfijfl/!//’ eflgcijktfiljftil/(”) —1

:B r " IB r o 132 r ”\2 132 r AY
=72 ikt Tij T — _(r/)z iji TijThe T ﬁ(cijklrijfkl) + 2(r’_)4( ijszijsz)
2
r Vel ro_n
}”2(}’/)2 Cijkl 7"l'j‘L—klcpqrsquTrs +e (B13)

where the neglected terms will be small if the self-energy is much larger than the interaction energy. Taking the expectation over

" we find

I Bt ., Bt . ,
UFE 7,2 = _r_2Ci_,'k17ij<TZ1>/Tl - Wcijklti/jw;d)/fl
1 2 Cirjkl Tij Cir]ikl Ti/j (T;c/lf/r/s> C[qustpq C;/qrsr;q

+ 5,3 ‘Ez( e + e o P + P +- (B14)

where 1, = (t"). The desired invariance property Eq. (B8) will be satisfied if
bt (b)Z: (b) = ti(1)Z: (1), (B15)
b’ 12(b)Ze (b) = (1) Z(1). (B16)

This leads to s = 1.
There are three types of terms to consider. The first is
. , . 1 b4 A

L = /:(Ci)jkltij'f/é)fw =27 tr(r)(y“ +2i1 + Z)»22> + ghrnt: 6/o. (B17)

Note that in [ there is another term obtained by integrating the same function around 7 = § + a7’; this result will be smaller by
a factor of a?/s?, so we neglect it.
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The second type of term is
Iz = /:Cirjkl TiJ'C;qrs TP’{ <T;c,l T/r/s>f” (B 1 8)

1
= g2t [ (Gl + 2ACuChy + 01a) ®19)

where in the final line we ignore corrections with a tensorial dependence on ¢, which correspond to the generation of anisotropic
elasticity. After tedious algebra we find

L = torati8ud Y + ZijixYa + 87 x (858 + 8481)Ys + O(ar)), (B20)

where the Y; are as in the main text, and

bid
Zikpr = fP;(P;q = Z[_(Sikqu + Bip(skr + Sir(skp]- (BZI)
Finally, we have terms of the form
13 = fcirjkl TijC;;]r.vT;Jq<TerZv>f/' (Bzz)
1 .
= §‘C2‘Eijr/pq[8r38kl + 2x8j481s + O@)Aijua [Chyp + -+ |, (B23)
with
1
Ajju = ﬁcjrjk] =27y [)’11 + 2 + Z)»zzi| + voZiji. (B24)
After more algebra we find
1l |
I = §Tat) §5ij5k1Y4 + 8Py Ys + nyzsz,‘-‘jk,], (B25)
and there is a related term
, M1
I = 3Tt 780k Ya + PéjYs + nyzsz,‘-}kl]- (B26)
Assembling terms we find
/3 2 ﬁZ
f (I(a?, 7', 2"))er = —Shll+ O(d®/sH)] + Sabll+ O(a*/s)] + saah (B27)

and there will be another set of terms related by £ <> /. Comparing with V (£) and ijkl this term has the correct form in order
for Eq. (B11) to be satisfied, hence the model is renormalizable under the chosen scaling ansatz. Matching up the couplings, we
find the RG equations reported in the main text, where the ¥; are

1 2 1 1 1
Y, = 8n<k” + Zkzz + )/11) +8ﬂx()/12] + —)/,22> + 47 x (ki1har + A%,) + 167 <)/11?»11 + -yiiin + —)/11)»22>, (B28)

4 2 4
Yy =401+ x")DQ2hiz + v12)” + v55 — 1643, + 8ynhi + 2ynha, (B29)
1
;=23 + EA%Z + 13, (B30)
1 1 1
Yo =4m |41+ x) )/11+2)»11+Z)»22 —SXY2 )/11+)L11+Z?»22 , (B31)
1 1
Ys =2m |:4(1 + X)()/ll + 2011 + Z)wzz) - §X7/22:|()/12 +2A12). (B32)

One check on the above computations is to see that a quadrupolar theory remains quadrupolar. Indeed, for a theory of
quadrupoles y; and y;, play no role, since they appear multiplied by 7; = 0. This implies that for quadrupoles, these couplings
cannot appear in the B-functions of y»;, A1, A2, and A,;. Once the quadrupole constraint y = —1 is applied, this is indeed the
case.
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APPENDIX C: DERIVATION OF DUAL FIELD THEORY

To sum over the defects, we need to first separate them using a Hubbard-Stratonovich transformation. Convergence of the
associated Gaussian integral requires that we have either a positive-definite or negative-definite operator for all g. Since the

original operator £ is not positive-definite at all ¢, we split the interaction into an augmented operator ¥ = F + §F and the
remainder —§F . The deformation 6F (§) = nk; is a self-energy. We are thus shifting part of the self-energy term from directly
acting on the defects to act instead on the new field introduced through the transformation. To be positive-definite, we need
—2nBlog(g/A,) + nky > m|y| for all gq. For B > 0 as we will assume, the most dangerous wavenumber is ¢ = A, where this
reduces ton > m|y|/ks.

The defects are separated using two Hubbard-Stratonovich transformations, in bra-ket notation

¢~ 3 Bw—wolFlw—wo) a/@g o~ ABEIF1E) B w—wo) (1)

o3 BwISF|w) /% o SBIIBFNIE) Bl ) (C2)

leading to
1
7 = E —n'/ / _ﬂHz" (C3)

— ezﬂWOIFIwo) Z / / (w—wo |Flw—wp) —ﬂ(w\ﬁlwg)e+%ﬂ(w|6F|w)e—ﬂ >, VOEY (C4)
n!

o<|F|_'/2|8F|_'/ZZ// 9¢ / Pe' Z / f ﬁ(w|i§+e’—l~:wo>e—ﬂZaVO(f")’ (C5)

where [ 9¢ = [ D¢ e FEIF 10 =iflw0) and [" @’ = [ Pe’ e 2P BFI) Then

7 & |I7"|_1/2|6F|_1/2Zé/ D¢ / 170% Z_'</4_2/d2w eﬂw.(z‘f(?)—ﬁwo)e—ﬁj&.w—zulzﬁkzwz) i (C6)
n!'\J, 4t

wiprprrz [ [fge 3 L(EE [ n @)
2/3](2‘52 ’
o |F71216F |2, / 7 / 7€' exp <Zo f eﬁ"zwz/@"”), (C8)
where Z) = erBwolFlwo) 5 — o (cos 26, sin 20, ), 5(?) =il(F)+ €' (F) — Blog(R/a)wy — nkywy — jo, and Zy=

(a*)/ (2t k2).
It is convenient to define €y = Blog(R/a)i, + nkyWo + j&, make a shift €’ = € + &, and define

Z. = Zée%ﬁ@o\sl’_llgo)_ (C9)

Assembling terms we then arrive at the nonlocal action shown in the main text.

As mentioned in the main text, the € field can be eliminated in one regime. Indeed, since (w|8F |w) = nky Y, tuz /a?, this term
is just a self-energy. Instead of introducing e, it can be incorporated into the defect self-energy, giving a total term exp(— % Bl —
nw?k,/a®) in the w integral. Convergence of this integral requires that 1 — 5 > 0. Since we must have n > 7wy /k», the former
condition can be satisfied when k, > my, which corresponds approximately to the stable regime when X > 0, discussed with
respect to the RG. Therefore, in this regime, the € field is unnecessary.
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