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We study the correlations between avalanches in the depinning dynamics of elastic interfaces driven on a
random substrate. In the mean-field theory (the Brownian force model), it is known that the avalanches are
uncorrelated. Here we obtain a simple field theory which describes the first deviations from this uncorrelated
behavior in a € = d. — d expansion below the upper critical dimension d, of the model. We apply it to calculate
the correlations between (i) avalanche sizes (ii) avalanche dynamics in two successive avalanches, or more
generally, in two avalanches separated by a uniform displacement W of the interface. For (i) we obtain the
correlations of the total sizes, of the local sizes, and of the total sizes with given seeds (starting points). For
(ii) we obtain the correlations of the velocities, of the durations, and of the avalanche shapes. In general we find
that the avalanches are anticorrelated, the occurrence of a larger avalanche making more likely the occurrence of
a smaller one, and vice versa. Examining the universality of our results leads us to conjecture several exact scaling
relations for the critical exponents that characterize the different distributions of correlations. The avalanche size
predictions are confronted to numerical simulations for a d = 1 interface with short range elasticity. They are also
compared to our recent related work on static avalanches (shocks). Finally we show that the naive extrapolation
of our result into the thermally activated creep regime at finite temperature predicts strong positive correlations

between the forward motion events, as recently observed in numerical simulations.
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I. INTRODUCTION

The motion of elastic interfaces slowly driven in a random
medium is not smooth but proceeds via jumps extending over
a broad range of space and time scale [1,2]. This avalanche
motion is ubiquitous in a number of experimental systems
such as magnetic domain walls [3,4], fluid contact lines [5,6],
earthquakes [7,8], cracks [9-11], or imbibition fronts [12],
often modeled as elastic interfaces. Theoretically, the statics
and the dynamics of elastic interfaces has been studied using
the functional renormalization group (FRG) [13-24]. The
FRG has then been extended to study avalanches, either in
the statics (the so-called shocks) [25,26] or near the depinning
transition [27-33].

An important question is to quantify the temporal and
spatial correlations between successive avalanches. It is well
known that in the case of earthquakes strong temporal corre-
lations are observed, called aftershocks [34]. It was believed
that in the context of elastic interfaces models, correlations be-
tween avalanches arise only if one includes additional mecha-
nisms in the interface dynamics, such as relaxation processes
[35,36] or memory effects [37]. In a recent work [38] we
have studied correlations between “static avalanches.” These
are defined by considering the lowest energy configuration
(i.e., the ground state) of an elastic interface at equilibrium
in presence of both a quenched random potential (which
models the random substrate), and an external quadratic po-
tential centered at some position w. One then finds that, as
a function of this parameter w, the ground state experiences
abrupt reorganizations, called shocks or static avalanches.
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In Ref. [38] the correlations of the sizes and locations of
these shocks were studied. There is no dynamics involved
there; one is just probing the structure of the manifold of
equilibrium states. In the dynamics by contrast, the interface is
driven, and its stationary state is different from the equilibrium
one. The avalanches which occur in this stationary state are
of a different nature, they exhibit irreversible behavior (and
hysteresis) and it remains to study their correlations.

In this paper we study the correlations between avalanches
in the depinning dynamics of elastic interfaces driven on a
random substrate. The starting point is the mean-field the-
ory, valid in space dimension d > d., known as the Brow-
nian force model (BFM) [26-28,39,40], a multidimensional
generalization of the celebrated Alessandro-Beatrice-Bertotti-
Montorsi (ABBM) model [41]. In the BFM, the avalanches
are strictly uncorrelated [39]. Here we obtain a simple field
theory, based on the FRG, which describes the first deviations
from this uncorrelated behavior in a € = d. — d expansion
below the upper critical dimension of the model [which de-
pends on the range of the elastic interaction, d. = 4 for short-
range (SR) elasticity and d. = 2 for usual long-range (LR)
elasticity]. The elastic model and the avalanche observables
are defined in Sec. II. Section III contains a summary of the
main results, which can be read independently of the details
of the derivation. The field theory is described in Sec. IV and
Appendix C, together with a discussion of the physical origin
of the correlations.

We apply our theory to calculate the correlations of two
successive avalanches, loosely meaning two avalanches which
occur within the same dynamical forward evolution of the
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interface in a given pinning landscape. It is convenient to study
two avalanches separated by a given displacement W of the
center of mass of the interface. For W = 0 this describes
immediately successive avalanches. We study two types of
information: (i) the correlations of the avalanche sizes, in
Sec. V, and (ii) the correlations in the dynamics within each
avalanche, in Sec. VII. More precisely for (i) we obtain the
correlation between the total sizes, the local sizes, and the total
size of avalanches with given seeds (i.e., given the position
of their starting points). We show that the first two results
are equal to this order in the expansion, i.e., to O(¢), to the
ones obtained in the statics [38] for random field disorder
(differences are expected to the next order). These results are
derived here in a much simpler fashion. The third one, the
correlation of the total sizes as the distance between the seeds
is varied, was not considered in Ref. [38]. Some of these
analytical predictions are confronted, in Sec. VI, to numerical
simulations for a d = 1 interface with short range elasticity.
For the dynamics (ii) we obtain the correlations of the veloc-
ities, of the avalanche durations, and of the avalanche shapes,
i.e., of the velocity as a function of time at fixed duration.
For the latter, a deviation from the famous parabola shape is
demonstrated in the correlation. Examining the universal limit
of our results, we obtain some nontrivial (and presumably
exact, i.e., valid beyond the ¢ expansion) conjectures for a
variety of critical exponents that characterize the correlations.

We find that in the depinning dynamics the avalanches are
anticorrelated, the occurrence of a larger avalanche (in size,
in total velocity etc.) making more likely the occurrence of
a smaller one, and vice versa. The same was observed in
the statics (i.e., for correlations between shocks) for random
field disorder, while both positive and negative correlations
could occur for random bond disorder depending on W. In the
Conclusion we discuss qualitatively some possible extension
at finite temperature which indicates instead the occurrence of
positive correlations in the creep regime.

II. MODEL AND OBSERVABLES
A. Model

We focus on a d-dimensional elastic interface whose po-
sition at point x € R? and time ¢ € R, is denoted u(x, t) € R.
The origin of time is arbitrary and negative times can be used
to specify, e.g., the preparation of the system (see below). The
position field satisfies the following overdamped equation of
motion with bare friction coefficient 7:!

ndu(x, t) = Viux, t) — m*[u(x, ) — w(x, 1)]
+ F(u(x, 1), x). (1)

The random pinning force F(u, x) is chosen Gaussian with
correlator

Fu, OF (W, x) =8 (x — x)Ap(u — ), (2)

where A,(u) denotes the bare correlator, assumed to be a
symmetric short-range function. Here we have restricted to
elastic interfaces with short-range elasticity and the elastic

"We use interchangeably 1 or 9,u to denote partial derivatives with
respect to time.
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FIG. 1. The quasistatic process u(x;w) for an elastic interface
slowly driven in a disordered environment exhibits jumps called
avalanches as a function of w (the position of the driving well).
Here an avalanche occurred at w = 0 and another one at w = W
[many others also occurred in between since u(x;0") # u(x, W™)].
The goal of this article is to study the correlations between these two
avalanches, in particular the correlations between the total jumps (the
areas of the two avalanches) or between the local jumps S (x;) and
S>(x,) indicated on the figure.

coefficient [the coefficient in front of the Laplacian in Eq. (1)]
has been set to unity by a choice of units. The interface is
driven by a parabolic well of stiffness m? following some
driving protocol w(x, t). We restrict to monotonous driving
w(x,t) > 0 which leads to only forward motion u(x,¢) > 0
and to the so-called Middleton attractor. The lateral extension
of the interface is noted L > 0 and we assume periodic
boundary conditions, although this will be unimportant as
long as L >> 1/m, the scale over which the interface motion is
correlated. Our theory extends to other types of elasticity and
more general microscopic disorder as in Ref. [38] but here we
focus on this setting for the sake of simplicity.

Our aim is to study the avalanches that occur in the so-
called quasistatic limit. There are two main protocols that are
largely equivalent.

(1) In the first protocol the interface driving is w(x, t) = vt
and we are interested in the stationary state [42] in the limit
v = 0% where the motion of the interface is intermittent. The
avalanches are defined by the rapid motion #(x, ) > v that
occur in between quiescence periods [of duration of order
1/ (L?%v)]. The avalanches can be indexed by the time at which
they occur and their starting point (x;,#;) and we can ask
about the correlations of these avalanches. Equivalently the
process u(x; w) = lim,_ o u(x,t = w/v) exhibits jumps as a
function of w that are the avalanches. This process is called
the quasistatic process and our goal is to study correlations
between different given avalanches as a function of W, the
distance along u between two given avalanches, or equiva-
lently T = W/v, the time interval between the two avalanches
(see Fig. 1). Note that for W > 0 many other avalanches have
usually occurred between the two avalanches under study.

(2) In the second protocol we prepare the system in the
same stationary state, stop the driving at w = 0, and wait
for the interface to stop. It is thereby prepared with u(x, t =
0) = 0 in the so-called Middleton attractor [42]. Then we
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apply a kick at r =0, w(x, ) = Sw(x)d(r), either (i) local
Sw(x) = dw 8% (x) or (i) uniform Sw(x) = dw. This produces
some interface motion, that we call an avalanche. Choosing
uniform kicks of vanishing size w ensures that the interface
stops at the position u(x; dw) previously defined in the first
protocol in the limit v — 0. To study the correlation between
avalanches, we apply a series of such kicks, waiting each time
for the interface to stop before applying the next kick. After
n > 1 kicks the driving is now at w = ndw and the position
of the interface is u(x; w).

For the sake of simplicity we use in this paper the language
of the second protocol and more often consider uniform kicks
(although the dependence in the positions of the avalanche
starting points, the seeds, will be investigated using a local
kick; see below). We derive results using the functional renor-
malization group and these will be accurate and universal in
the limit of small m (with still L 3> 1/m), in an expansion
in € =4 —d around the upper-critical dimension d,. = 4
of the model. We thus restrict ourselves to d < 4, although
equivalent results for d = 4 could be obtained.

B. Observables

We focus on the correlations between two avalanches, the
first occurring after a uniform kick of size w; at w = 0 and
the second occurring after a uniform kick of size Sw, at w =
W.If W > 0 potentially many avalanches have also occurred
in between. We start by considering the full velocity field
inside an avalanche. It is convenient to adopt the following
representation. We define two copies of the velocity field
shifted in time u;(x, t;) and u,(x, 7,) where 7; and 7, denote
the time since the beginning of respectively the first and
second avalanche (i.e., the first and the second kick, recalling
that, according to the second protocol described above there
has been many kicks in between to move the interface from
w=0tow=W).

1. Velocity fields during avalanches and their associated densities

We consider a general observable of the form (i.e., the
generating function of the velocity field)

G[\] = efd"xdt}x(x,t)u(x,t). (3)

Decomposing the source field A(x, ) as done above for the
velocity, this can be rewritten

GlAl = Gl ha] = e e, )

where here and below we denote foreachi =1, 2

+00
)\,,‘ . l:t,‘ = /ddx[ d‘[,')\,i(x, r[)it,-(x, ‘E,'), (5)
0

where the source field A; (respectively A;) is only nonvanish-
ing in the first (respectively the second) avalanche.

The generating function G[A] depends on the size of the
kicks dw; and can be expanded as follows:

G[)\'lv )\2] =1+ Z (Swi/Duip[ui](eli'iﬁ _ 1)

i=1,2

+aw,6w2/D[m,uz]pw[ul,uz](e“”l — 1

% (e)hz.uz -+ 0(8w12, Sw%) (6)

This is obtained by decomposing the process into events
where either an avalanche occurs & > 0 or does not occur
it = 0.2 The terms of order 8w, account for the contribution to
G coming from events where an avalanche occurred at w = 0
or w = W, while the term of order Sw 3w, accounts for the
contribution to G where avalanches occurred at both positions.
Here the factors p[«;] denote the (equal by stationarity of the
protocol considered here) functional densities of the instan-
taneous velocity field taking the configuration i;(x, ) during
the corresponding avalanche (and f Dii; denotes a functional
integral). It is normalized as f Diyplit;] = po where py ~ L?¢
is the total density of avalanches per unit of driving dw.
Similarly pw [it;, u>] is the joint density, i.e., it is proportional
to the number of events where two avalanches occurred at
w = 0 and w = W with velocity fields «;(x, ). A more de-
tailed discussion of the formula (6) is given in Appendix B. If
avalanches were independent, as is the case for the mean-field
BFM (where they form a Levy jump process [26,39]) one
would have py 1, i1z] = plug]pli2]. The present theory goes
beyond the independent avalanche process, and allows us to
compute the connected joint density,

pwlin, ] = pw i, ] — plin]pliz], (7

which vanishes in the mean-field theory.

2. Total and local avalanche size

The theory presented in this paper allows us to study
any correlation between the two velocity fields in the two
avalanches. In this paper, to make calculations and results
explicit, we will first focus on the total and local size of the
two avalanches (the velocities being studied later in Sec. VII).
The local size of avalanche i = 1, 2 is defined as the total
displacement of the interface at a given point (see Fig. 1),

400
Si(x) = / driui(x, v;), ()
0
and the total size is given by

S; = / d?xS;(x), )

that is, the area spanned by the avalanche.

The densities for these quantities can be obtained by con-
sidering the generating function (4) for source fields chosen as
Ai(x, T) = A;, for the total size, and as A;(x, T) = 1,89 (x — x;)
for the local sizes S(x;). Expanding in powers of §w; gives, for
the total size,

+00
Glirodal =14 - bui [ dsipsHE> =1 (10)
i=12 0

+00 +00
+8w18w2/ dS1/ dS>pw (81, S2)
0 0

x (€5 — 1) — 1) + 0(swi, sw3), (11)

’Here by an avalanche we mean a motion it = O(1). For Sw > 0 in
the BFM there is always an avalanche, however most of them are of
vanishing sizes and velocities as Sw — 0.
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where p(S) is the single avalanche total size density (per unit
w) normalized as f0+°° dSSp(S) =1 and pw (81, Sy) is the
joint density of the total sizes S;, S, in the two avalanches.
We also define the connected joint density as

P (S1, 82) = pw (81, 52) — p(S1)p(S2), 12)

which vanishes in mean-field theory (the BFM) and, as we
show below, is O(¢) where € = d. — d, near the upper critical
dimension d. = 4. Similarly, for the local size we have the
same expansion (10) with §; — S;(x;) and the corresponding
densities p(S;(x;)) and pw (S1(x1), S2(x2)). In Sec. V C we will
also study the total size of avalanches conditioned on starting
at a given point. The associated densities are defined in the
same way.

III. SUMMARY OF MAIN RESULTS

We give here a sample of the results obtained below, with
a short discussion, and refer to the corresponding sections
below for detailed derivations and analysis.

Let us recall that the mass m in the equation of motion
(1) provides an upper cutoff S,, for the total sizes of the
avalanches, such that the size distribution decays fast with
S beyond S ~ S,,. This cutoff is visible if the system length
L > L, = 1/m, where L,, is the cutoff length in the internal
direction. The typical displacement in the direction of motion
of the largest avalanches is then u ~ m™%, where ¢ is the
roughness exponent at depinning, which leads to S, ~ m=4~¢
at small m.

The first set of results concerns the correlations between
the total sizes S; and S, of two avalanches separated by W
in the direction of motion (see Fig. 1). We obtain that the
dimensionless normalized covariance is given by

S5 A

_ AN (Wm?)
(82 mtLd

(mL)*

) 13)

where (S) is the mean size of a single avalanche. This result
is exact, where the function A(u) denotes the renormalized
disorder correlator defined below in Eq. (25). In the limit
m — 0, the dimensionless function A(u) converges to a fixed
point, which can be calculated in a d = 4 — € expansion, see
(26), or alternatively, measured in a numerical simulation,
as we obtain for d =1 in Fig. 4 below. The comparison
is plotted in Fig. 2. One thus finds that the distance W
in the direction of motion over which correlations extend
scales naturally as W ~ m~¢. Since A”(u) > 0 (see Fig. 5
below), the avalanche sizes are anticorrelated as can be seen
in Fig. 2. A larger avalanche is more likely to be followed,
up to that distance m~¢, by smaller ones, and vice versa.
Equation (13) quantifies that result. Note that the result for
successive avalanches (meaning, occurring immediately after)
can be obtained setting W = 0% in that formula. Of course
these will usually not occur in the same region of space, hence
the factor 1/ (mL)? in Eq. (13). More detailed results are given
below, such as higher joint size cumulants in Eqgs. (44) and
(49), and the connected joint density pf, (Si, S2), defined in
Eq. (12) above, in Egs. (45)—(48). In particular we arrive at

(S1 Sy
(Sy?
200 . - 1000
-0.02 - '

-0.04

FIG. 2. Comparison between the measurement of (S,5)j, (blue
dots) and our prediction (13) (exact result). The blue dots cor-
responds to direct measurements of the correlations between
avalanches, each dot corresponding to an average over avalanches
for a given W. The dispersion of the cloud of dots gives an estimate
of the accuracy of the measurement.

the conjecture, for small avalanches (much smaller than §,,),

P (S1, $2) ~ Tt=2-— (14)

Srsy’
with 7, = 1/2 in mean field.

It is important to obtain also spatial information about
avalanche correlations. There are two main types of observ-
ables. Either one measures the local jump S(x) at a given point
x, for a uniform driving of the interface (as above). Or one
performs a kick at some local position x and measures the
total size of the resulting avalanche (which thus has a seed
in x). One can then correlate this information in two distinct
avalanches. The first result obtains the correlations between
the local sizes of the same two avalanches, S;(x;) and S>(x»),
at two different points. Our leading order result, extended to
d = 1, reads

(S1(x1)S2(x2))yy
(S(x))?2
i - A(LW)(I +mlxy —xi el (15)

The second observable is the joint connected moment when
the two seeds are separated by x = x, — x; (in dimensionless
units),

(S182) pgr = — A" (W)™ Pr P2 K 4y (x); (16)

see below for precise definitions. More results about the
spatial dependence of the size correlations are obtained in
Secs. VB and V C.

Some of the above results for the size correlation bear
similarities with the one obtained in Ref. [38] for the “static
avalanches” (the dependence on the position of the seeds was
not discussed there). Let us point out however that the re-
sults are different. Indeed the renormalized disorder correlator
A(W) which enters all formulas flows to different fixed points
in the statics and in the driven dynamics. In particular, while
positive correlations do occur for short range disorder in the
statics, they do not occur in the dynamics (i.e., at depinning),
and only anticorrelations occur.
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The second set of results obtained in this paper concern
purely dynamical observables which do not have any analog
in the static avalanches. Let us mention some of them. One
finds that the connected density correlation between the total
velocities 1; = f d%x u(x, t;), i = 1,2 in two avalanches, de-
fined in Eq. (7), is given by

d . .
P (it 1) = ——— AW o (2 Ve (22 ).
m4v252 1/ tm Um 2/ tm Um

a7)

where v,, = S,/ 7, is the velocity of large avalanches of sizes
Sms Tm their typical time scale of duration, and the function
r;(u) is given by

d (—t + e — l)et—e’u/(e’—l)
dt (¢ — 1)

r () = (18)

As above, this is the leading order result within thed =4 — €
expansion, which can be extrapolated to d < 4. Similarly one
can ask about the correlation of the durations 7} and 7> of two
avalanches. We find that they are described by

Ld
s A W) 50 (T 5). (19)

m-m

ow (T, Tr) =

where the function d(7") is given by

T (T —2)+ T +2]
(el —1)3

d(T) = (20)

a result valid for a spatially uniform driving.

Again one may ask about the spatial structure, for a driving
with seeds separated by x. The Fourier transform in x of the
connected density correlation takes the form for any d,

oyt (T, Ty) =

1/z 1
(T, T» )% Ga (qu " T /Z)’

aj_ = l—i(4—d—2§), 21)
2z

where G, is a scaling function calculated within the epsilon
expansion in Sec. VII A. Finally in Sec. VII B the correlation
of the shapes at fixed duration of the two avalanches is
calculated. For small avalanches, we find that, to leading
order in the epsilon expansion, the correlation between the
celebrated parabolic shape of small avalanches vanishes, i.e.,
the O(T\T>) term, however there is a correlation to the order
O(T3T).

The main message of this section and of our results is
that the correlations between observables in the successive
avalanches near the depinning of an elastic interface do exist,
and are not at all negligible. The calculation shows that they
arise mostly from the large avalanches (at the level of the
large avalanche cutoff, here §,,, controlled by the mass m),
although there is also some amount of correlations for the
small avalanches, characterized by some nontrivial power law
exponents and universal scaling functions.

We now turn to the derivation of these results.

IV. DYNAMICAL FIELD THEORY FOR VELOCITY FIELD
CORRELATIONS IN TWO AVALANCHES

We now present the dynamical field theory which allows
us to calculate the densities previously introduced to leading
order in the € = d, — d expansion. We also comment on the
physical origin of the correlations.

A. Field theory

We now go back to consider the generating function
G[A1, 2] in Eq. (4) for general sources. Our main result,
justified in Appendix C, is that, to lowest order in an ex-
pansion around mean field (i.e., independent avalanches), the
generating function which only measures the dynamics during
the two avalanches separated by W (see the Introduction) can
be written as a functional average,

Gl 22] = /D[ﬁl, ), i, ur]
x @Limtalhrttitm® 8wy [ dxi(r t=0)] =Sl iy ]
(22)
over the following dynamical action:

Slity, iy, iy, 2] = Sgpmlity, ]+ Sermlita, t2] + A" (W)

d . N
X /d X/ it (x, T)iiza (x, T2)
71,75>0

x 1y (x, 7)o (x, 7). (23)

Here Sppm is the dynamical action associated to the BFM
model,

Sgrmlit, 1] = /dde i(x, T)(dy — V> +m*)u(x, T)
>0

-0 f a(x, 7)%u(x, r)], (24)
>0

following a uniform kick dw at time 7 =0. Here o =
—A’(0%) > 0 and here and below A(w) denotes the renor-
malized disorder correlator defined from the two point corre-
lation function of the position of the center of mass, u(w) =
L™ [d%u(x,t = w/v), as

Alw —w) = m*Lu(w) — wllu(@) —w'], (25)

which is implicitly a function of m and reproduces the bare
disorder correlator in the limit of large m, i.e., Ap(w) =
lim,,_, + o A(w). Here we focus on the universal m — 0 limit,
where A(w) has been shown [18,23] to take the scaling form

A(w) = Agm > A(wm?®), Ay_s = 872,

A¥(01) = %e + 0(e?) (26)

with Ay =2¢7'792/T(3 — 4). Here A(w) converges as
m — 0 to the FRG fixed point A*(w), which is uniformly
of order O(¢) and solution of the FRG fixed point equation,
where ¢ = 1€ + 0(€?) is the roughness exponent, with ¢; =
1/3 for interface depinning. Note that the depinning fixed
point has one undetermined, nonuniversal constant «, i.e., one
can write A*(w) = k>A*(w/«), however A*/(0%) is fully
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universal, given in Eq. (26). The corresponding form for
long-range elasticity can be found in Ref. [38]. To lowest
order in € the model is thus equivalent to two BFM models
with a single inclusion (at some fixed t, 7o) of the vertex
A”(W) in Eq. (23) [see also (29) below, the result being later
summed over all 7y, 7;]. Diagrammatically it is represented by
two trees (the two BFM’s) joined (i.e., correlated) by a single
vertex A”(W), as in Fig. 106 of [38] (the same diagram holds
for the dynamics, with time running upward).

The above theory allows us to calculate exactly the corre-
lations of the velocity field at order O(§w;8w,) and to order
O(e¢) in the stationary setting defined in the Introduction.
Expanding Eq. (22) in powers of Sw;, Sw, and comparing
with Eq. (6), identifying the terms, we obtain the Laplace
transform of the single avalanche velocity field density in
terms of the correlation of the response field as

fDmp[m][e*"”‘ _1

= m? f Dlity, 1] f dxity (x, Q)¢ = Sermlininl = (27)

as well as the joint density of velocity fields in the two
avalanches, as

/D[ul’ il owlit, )€™ — 1)(e*™ — 1)

=m' f Dliiy, i1y, itz itr] / dxyity (x1, 0) f dxaii> (x2, 0)
% er=1~2 )\i"'-ii_s[ﬂl»’;llﬂbi‘z]. (28)

We now make these results more explicit by focusing on
simpler observables, namely the joint densities and corre-
lations of the total sizes S;,S», as well as the local sizes
S1(x), S2(y) of the two avalanches.

Remark 1. To be more precise, we stress that the above
theory is devised to calculate the O(¢) result for the connected
correlations between two avalanches. For the velocity field
statistics inside a single avalanche it only leads to the mean-
field result, i.e., O(¢°). To obtain the O(¢) correction to the
latter, one needs to add other terms [involving A”(0)] in the
action as was done in Ref. [28] (see also Appendix C). This
is not our purpose here, and one should remember that only
the results that we obtain for the connected correlations (the
sole purpose of this paper) between avalanches are exact up to
order O(€).

Remark 2. The above setup and results can be eas-
ily generalized to study correlations between avalanches
that are conditioned on starting at any given posi-
tion (called the “seed”) along the interface. Replacing
fdxlitl(xl, O) deQﬁz(XQ, 0) — ﬁl(xl , 0)17{2()62, 0) in Eq. (28)
for given x| and x, fixed indeed selects the avalanches that
have started at x = x; at w = 0 and at x = xp at w = W. The
easiest way to see this is to slightly modify our protocol by
triggering the avalanches at w = 0 and w = W by local kicks
Sw;(x) = 8%(x — x;)8w; of vanishing size w;. Such kicks can
indeed only trigger avalanches with seeds x| and x,. One then
easily generalizes (10) to this case; see also Appendix B. This
is used in Sec. V C. We refer the reader to [31,33] for more
details about this seed centering procedure in the field theory.

Remark 3. One can study truly successive avalanches by
simply considering the limit W = 0. The present theory ap-
plies as long as the second avalanche starts well after the first
one is finished. It would be interesting to study overlapping
avalanches, but this goes beyond this paper (see discussion in
Appendix B).

B. Origin of correlations

Before we go further here let us comment here on the
physical origin of the correlations. The correlations originate
from the fact that the time derivatives of the pinning forces
0., F (u;(x, t;)), which enter the equation of motion for the
velocity, are correlated, their covariance being

al’]F(ul(-xv rl)’ x)asz(uz(-x/s ‘52)1 x/)
= 0r, 0r, Aluy (x, T1) — t2(x, T2) + W18 (x — ')
~ —iy (x, T (x, )A" (W) (x — x). (29)

This is because two displacement fields in the two avalanches
see the same static random pinning force landscape. This
landscape is correlated in the direction of the motion, and
the correlation, at fixed value of u;(x, t1) — uy(x, 72), extends
to an arbitrary time difference [we recall that 7; are counted
from the beginning times T; of each avalanche, e.g., hence
u(x, ;) = ulx,t =T;+ 1;), where T, — T{ ~ W/v is a very
large time].

One could object, however, that the SR correlator of the
bare (i.e., microscopic) model, A,(w), has correlations only
on short distance w ~ ry, leading to correlations of the dis-
placements only within the (small and fixed) Larkin volume.
However, the renormalized correlator A(w), which includes
the effect of the interplay of elasticity and disorder at all
scales, is correlated on the much larger distance w ~ m™¢. It
is this renormalized correlator that must be used here. It is pos-
sible to prove this fact [and also justify thatitis o = —A’(0")
which must be used in the BFM] by consideration of the
effective action of the theory. Some steps in that direction are
provided in Appendix C. Physically, correlations live on the
scale w ~ m~¢ because this is the scale of the displacement
of the interface during avalanches. In the dynamics we always
find that the correlations are negative. It can be seen already
from the negative correlation of the forces in Eq. (29) [since
A"(W) > 0 near the depinning fixed point and the velocities
are positive]. One finds that if one avalanche occurred and the
interface moved on a distance m~¢, the driving has to “catch
up” with this scale w ~ m™* in order for the interface to forget
that this avalanche has already occurred.

V. ANALYTICAL RESULTS: CORRELATIONS OF THE
AVALANCHE SIZES, TOTAL AND LOCAL

A. Joint density of total sizes

We first consider the total sizes of the avalanches defined
in Eq. (9).

1. Expressions for Laplace transform

Following the same steps as in the previous section, ex-
panding (22) in powers of dwy, dw, in the special case of
constant sources A;(x, T) = A;, and comparing with (10) we
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obtain the Laplace transform of p(S) as

f ds, p(SES — 1]

=m2/Dﬂ1Du1 /dxﬁl(x, 0)
% eM fdxfowo dflﬂl(x,fl)—SBFM[ﬁl,ill]’ (30)

a formula similar to (27), and the Laplace transform of
pw(S1, S2) as

[ dsiaspwisisnes - e~ 1
=m* / Dii; Diy; / Dii, Dit / dxiiiy(x1, 0)
% /dXZﬁz(xLO)ezi=l_2A;fd"xf&'mdriili(x,ri)—S[ﬁl,L'q,ﬁz.itz]’
3D
a formula similar to (28). We now compute explicitly the

right-hand side (rhs) of these equations.

2. Review of the calculation of p(S)

The rhs of (30) can be obtained from a standard calculation
within the BFM. The main observation is that the field i,
in the exponential on the rhs of (30) appears only linearly
[28]. Hence integrating over it leads to a delta function which
constrains ii(x, t) to be a solution of the so-called instanton
equation equation [28], in the present case given by

ix,t) =i, —-mli+oi’=—x, (32)
which is

=

Z(ASy), Z(A) = %(1 —v1-=4%), (@33

m2S,,

where S, = -% is the typical scale of the largest avalanches in
the BFM. This leads to

/ dSip(SDIES — 1] = SLL"Z@HA), (34)

m
which leads to the total size density

d

L A A —s/4
p(S)ZS—TO(S/Sm), p(s) = . (35)

1
——e¢
2. /ms3/?
which is the classic result for the BFM [exact in our
setting at order O(e)]. Note that f0+oo dssp(s) =1 and

f0+°° dss*p(s) = 2.

3. Calculation of pw(S1, S2)

The rhs of (31) can be obtained from a modification of the
previous calculation. The difficulty is the term proportional to
A"(W)it iy in the action S in Eq. (23). It can be decoupled
by the following calculational trick. We introduce formal
centered Gaussian noise fields &;(x, t) as

e_A”(W)fddxff|~f2>0 ity (x, 7)) (x, T2 )ity (x, 71 )i (X, T1)

= <eZi:1,zfdd" 0+o<: dfiéi(x)ﬁi(xxTi)ui(xsfi)) (36)
é’

where by definition
(E@E (X)) = —(1 = 8)A" W) (x —x').  (37)

For a given noise &;(x), the velocity fields now appear linearly
and one can integrate over them (as in the BFM). This, for
each realization of the noise &, constrains the response fields
it;(x,1) to obey two decoupled instanton equations, whose
solutions are time independent but space inhomogeneous,
it;(x, 1) = it;(x), where it;(x) for i = 1, 2 are solutions of

(V2 — m?)ii;(x) + oity(x)* = —&@)ii;(x) — k. (38)

The solutions of these equations are coupled because the
noises & and &, are not independent, and correlated as in
Eq. (37). From these solutions, and from (31), one obtains the
Laplace transform of the joint density as

/dSldSZIOW(Sl, S)HleMS — 1][e*% — 1]

=m4/ddx1/ddxz(%(xl)ftz(xz))s- (39)

Being interested in computing pw (S;, S2) in first order in
A"(W) [which is itself O(e)] implies that we only need to
solve perturbatively (38) to first order in £. To this order the
solutions can be written as

l

1
() = i) + i} (x), & =-——Z(Suh).  (40)
m-S,,

and in Fourier space

1 Z(S,,A;)
m2S,, q* + m? — 2m2Z(S,\;)

i (q) = &i(q), (4D

leading to our main result for the connected joint density,
deldSZ,oﬁV(Sl, S)[MS — 1[e"% — 1]

LY Z(Suh) Z(Smh2)
mS2 1= 2Z(Suh1) 1 = 2Z(Suha)’

=—A"(W) (42)

where the part proportional to @i cancels in the connected

density.

The formula (42) is formally identical to the result Eq. (71)
in Ref. [38] for the statics. This shows that the present theory
reproduces the results of (42) in a much simpler fashion.
However, one must stress that the renormalized correlator
A(W) is different in the dynamics from its value, e.g., for
random bond statics, leading to a numerically different result.

By expanding (42) in powers of A; one obtains the integer
moments over py, which we denote (...)y,. Similarly the
averages over the single avalanche density p are denoted as
(...).> We give here two explicit formulas, which are tested
in the numerics in Sec. VI below. First one finds

(180 _ A"W)

(5)2 == miLd ’ (43)

3Since below we only consider the moment ratio the
global normalization drops out and we can define (---)j, =
deIdSZ e p‘fv(Sl, Sz) and ( . ) = de .. ,O(S)
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which is in fact an exact result, and can be seen to follow from
the definition (25) of the renormalized disorder correlator. The
proof is identical to the statics case, to which we refer [Eq. (8)
and Secs. IIT F. and IV E in Ref. [38]]. Another result is
(SiSelly _ (Si83hy _ _ AOW) )
(S2(S) — (SAS)  TomtLd T

which holds only to order O(¢). Note that to the order that we
calculate here (575,)5, = (S153)¢, and more generally, at this
order the correlation between the two avalanches is symmetric
(which is likely not to hold to higher orders in the € expansion
contrary to the statics).

As in Ref. [38], (42) can be inverse Laplace transformed,
and leads to the complete O(e) result for the connected
density,

. A"(W) 815, 2
Pw(S1,82) = —W@P(Sl)/?(sz) + 0(e%), (45)

which again, is formally identical to (10) in Ref. [38]. We
recall the definition

|A'(0F)] (%)
Sp=—F—="2 46
m g 205) (46)
valid beyond mean field. We can rewrite the connected density
in the form
1 L™ W S S5
w@SLS) = ——-FFil oo ) @7
Py (51:82) = (frr d(Wm 5 Sm> @7)

where F, is a universal function, with

A“’A*//(w)e—(é‘l-‘ré‘z)/‘1

167'[4/816"2

correcting the sign misprint in (13), (89), and (90) of
[38], where the prefactor is given by (26), and fully uni-
versal at w =0, ie., A¥(0T) = %e and A, = 872. The

J

Falw, s1,8) ~ — + 0(€?), (48)

scale W,, >~ km™* contains one nonuniversal amplitude, re-
lated however to S,, = —A/(0%)/m* = —A; A" (0 )m=4—¢ ~
Agke/T=2¢;m™ ¢ [see formula (90) and below in
Ref. [38]] which can be independently measured from (46),
allowing us to determine «.

Finally, note that for any real pi, p2, q1,q2 > —1/2 with
p1+ p2 = q1 + q» we predict the following dimensionless
ratio:

P2,
STl

(49)

B. Joint density of local sizes
1. Dimensionless units

In order to lighten notations and calculations, from now on
we switch to dimensionless units. We introduce the character-
istic scales of avalanches. The lateral extension 1/m, total size
S, = o /m*, duration 1, = n/m?, velocity v, = m?S, /T
We rescale space and time as x — x/m, t — t,,¢. The fields
are rescaled as u — m?S,u, it — vy, i — mzl 1. Avalanche
local and total sizes are rescaled accordingfi/ as S(x) —
m?S,S(x), S — S,,S. We also use that the renormalized disor-
der correlator A takes a scaling form A(W) = m =2 A(mfW)
with ¢ the roughness exponent of the interface. We rescale
the distance between avalanches as W — m~*W. This is
equivalent to setting n = m = o = 1 in the above theory with
also the replacement A”(W) — A”(W). We will reintroduce
the full dimensions explicitly for some results, which can be
done easily using Appendix A.

2. Expressions for Laplace transforms

To study correlations between avalanche local sizes S;(x;)
and S(xy), see Fig. 1, we now do as in Sec. VA but
using source fields A;(x, 71) = M8%(x —x1) and M (x, o) =
288 (x — xp). Expanding (22) in powers of dw;, w, in the
special case of these sources we obtain the Laplace transform
of p(S1(x1)) as [a formula similar to (27)]

/ dS1(x1)p(S1 (xS — 1] = f Diiy Diiy / dxity (x, Q)¢ Jo ™ dmin e~ Sarli. i, (50)

and of pw (S;(x1), S2(x»)) as [a formula similar to (28)]

/dsl (x1)dS2(x2)pw (S1(x1), Sa(x2))[e™512) — 1][e%202) — 1]

- /DalDul/DﬁzD’;‘Z/.dylﬁ1(y1,0)/dy2122(y2,O)ezf:l.zkffomdff”f(xf’ff)—s[f‘l*”"’72’”2]. (51)

We now compute explicitly the rhs of these equations following the same procedure as in the previous section.

3. Review of the calculation of p(S(x))

As in Sec. V A, it can be seen that u; only appears linearly in the exponential in the rhs of (50). Integrating over it creates
a Dirac delta functional and constrains the response field i; as ii;(x, t;) = #i;(x;) with it;(x;) the solution of the following space

inhomogeneous instanton equation:

(V2 = )i (x) + (@1;(x))* = =287 (x — x7). (52)
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The Laplace transform of p(S(x;)) is then computed as, using (50),

/ dS() (G5 — 1] = / e i (x). (53)

As discussed in Refs. [25,28,40] the solution #;(x) can be exactly obtained ind = 1 as
6(1 — 22)e bl
(142 + (1 — z)e kP’

fi(x) = i) (x) == 54)

where z;();) is one of the solutions of
A=3z(1-27). (55)
The right solution satisfies the following properties: it is defined for A; €] — 00, 2/ V3 [, decreases from z;(—00) = 00 to z. =
zi(2/+/3) = 1/+/3, and approaches 1 as A; approaches 0. It is possible to perform the Laplace inversion leading to [25,28,40]
2 28

p(S(x;) = So) = N_SOKI/S(E) (56)

4. Calculation of pw (S1(x1), S2(x2))

To compute pw (S1(x1), S2(x2)) we follow the same steps as in Sec. V A 3 and linearize in the #; fields the argument of the
exponential in the rhs of (51) by reintroducing the formal Gaussian fields &;(x). This leads to the expression

f dS1(x1)dS2(x2) pw (S1(x1), S2(x2)) [ 5101 — 1][*2502) — 1] = < f ddylddy2a1<yl)a2(yz>> : (57)
Y1.y2 3

in terms of the solution of the following space inhomogeneous instanton equation:
(V2 = D) + &i(x)* = =&t (x) — 287 (x — x;). (58)
Again to obtain the result at order O(¢) it is sufficient to solve perturbatively (58) to first order in £. This leads to
fi(x) = @} (x) + f d’y Gi(x, )EWE; () + 0(E), (59)
where ﬁ?(x) is the solution of (52), which in d = 1 is given in (54). We have introduced the propagators G;(x, y) satisfying the
following equations:
[Vi—1+2i)®)]Gi(x,y) = =8 (x — y). (60)
Inserting this formal solution in Eq. (94) and using the noise correlations (37), we finally obtain the Laplace transform of the

connected density for the local size as

/ d Sy (x1)dS2(x2) ply (S1(x1), S2(x2)) 510D — [][?252() — 1] (61)

— _A"wW) / d'z, / 'z, f 4Gy (21, )Gz NI E(Y). 62)

Again, it can be seen that this result reproduces the equivalent results obtained for shocks in the static. This is most easily seen
by comparing this expression with the expression (D16) in Appendix D of [38].

From these expressions one easily obtains by expanding in A; a few integer moments of the connected distribution (see [38]).
Here we only give the explicit result for the first moment in d = 1 that will be compared with numerical simulations in Sec. VI.
One easily obtains from (55) that z;(X;)) = 1 — é)»,- + O(Aiz). Then from (54) one obtains it;(x) = %e"x’)‘f‘ + 0()\?). From (60)
one obtains G;(x,y) = %e"x’y‘ + O()\) and thus we obtain from (61) that

N 1 .
(Sl(xl)Sz(X2)>€V =41 — A”(W)/dzldzldyﬁe*m7,V|*|12*y|*|)'*xl‘*U*Xﬂ
AW iy AW ,
=— i )fdye*b*x"*‘Hzl = ——i )(1 + o — xp el (63)
Reintroducing the units and normalizing, one gets
(S1(x1)S2(x2))y S A'W) —m—x
W =get —m (1 + mlxy — xy e, (64)

a result that reproduces the result (112) of [38].
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C. Joint density of total sizes for given positions of the seeds
1. Seed centering and Laplace transform

The explicit results we have obtained up to now are formally equivalent to the results obtained for shocks in the statics [38],
rederived in the dynamics in a much simpler fashion using our general result (22)—(24). We now obtain results relevant for
the dynamics and not considered in Ref. [38], by looking at the correlations between the total size S; and S, of avalanches
occurring at a distance W and having seeds x; and x, (see Fig. 3). By “seed” we mean the first point of the interface that moves
when the avalanche starts. This concept is much more natural in the dynamics than in the statics. We now introduce p*(S) and
02 (S1, S2), the total size density for an avalanche that starts at x and the total size density for avalanches that start at x; at
w = 0 and at x, at w = W. By translational invariance along the internal direction we have

1 —x
,OX(S)=EP(S), Pw 2 (S1,82) = py (S, $2), (65)

with the normalization

1
[ o559 = Zoowsi s (66)

Our theory predicts that the Laplace transform of these densities are obtained as in Eqgs. (30) and (31) but with the response
fields in front of the exponential not integrated over but restricted at x; or x, (see the remark in Sec. IV for a justification). More
precisely we get

/ dsip" (S — 1] = / Dity Dy iy (xy, 0)¢ | 4 o™ dmvin (=Sl in] (67)

and
/ dSidSrpy (81, S — 1][e — 1] = / Diiy Dy f Dty Diyfiy (x1, 0)iia (xa, )i 47 dr(xer) =Sl i
(68)

2. Calculation of the densities

Proceeding as in Sec. V A, it is easily seen that the seed centering procedure does not affect the instanton equations satisfied
by the response fields and, as mentioned above, the only modification that is necessary is to keep track of the spatial dependence
of the solutions of the instanton equation at x = x; and x = x,. More precisely, from (67) one easily obtains the trivial result
or(S) = le p(S) and from (68) one obtains

/ dS1dS> 0 (S1, ST — 11[e*5 — 1] = (iiy (x))iia (x2))e ,

with i1;(x;) still given by the solutions of the instanton equation (38) of Sec. V A, a result that should be compared to (42). Using
the perturbative solution (41) in adimensional units we obtain the Laplace transform of the connected density oy, " (S}, $2) =
oy (81, 82) — p 1 (S1)p™(S,) exactly at order O(€) as

Z(A1) Z(A2)
1—2Z() +q* 1 —2Z(h) + ¢*

This can be explicitly computed and we obtain the following exact result [O(¢)] for this Laplace transform:

" dlq ..
C\Xp—X 1S YON _ " iq(x1—x2)
/dSlngpW TS S = 1[e7 — 1] = = A" (W )/ We(“' "

/ dS1dS,p5> 70 (81, So)[eSt — 1[5 — 1] = —A"(W)Z(A)Z()I(1 = 2Z(h1), 1 — 2Z(A2), |x1 — x2]),

I(a, b, x) / - - L (T(a.x) — T(b.x)
a,b,x) = = a,x)— , X)),
Q) (a+¢*)b+q*) b—a
- 1
I(a,x) = —a(d_z)/4x(2_d)/2K(d_2)/2(\/Ex). (69)

Q2 )i/

This is an exact expression but not easy to inverse Laplace transform to obtain the density. For that purpose it is more
convenient to work in Fourier space, defining pgv (S1,8) = f d? xe'® py, (81, S2). We obtain for the connected part

P (S1,82) = = A" W)py(S)Y,(S2), (70)
where we have introduced the function v, (S) defined as
N NS 2JVS
Vo(S) = S +4)3 (1 - T”q%“/“Erfc(%_)), )
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T2 T T

FIG. 3. In Sec. VC we calculate the correlations between the
total sizes S; and S, of two avalanches separated by a distance W
along u, with seeds (i.e., starting points) at x; and x;.

with p(S) still given by (35), and whose Laplace transform is
Z()
1 —2Z(A) 4+ ¢2°

We give here a few of the lowest order moments of the
function v, (S):

f dS(e™ — Dy, (S) = (72)

1
/ Yy (S)dS = 3.

/I/Iq(S)SdS = qu’ (73)
2o 23+
/‘/"’(S)S B=arer

The zeroth order moment allows us, for example, to calculate
from (70) the connected total density of avalanches with seeds
X1 and X2,

(W, x3 —x1) 1= /dsldszpﬁ}xrxl (S1,82)

AW
- i Vsl —x). (T4

The form of the result shows that the drop in density of an
avalanche at w = W caused by the occurrence of an avalanche
at w = 0 with seed x; is only felt at microscopic distances.
This is not so surprising since the vast majority of avalanches
are of microscopic sizes [the density p*(§) is not normalizable
at small S]. By contrast, the first joint moment [obtained
from the second identity in Eq. (73)] is dominated by large
avalanches and reads
(5152150 = [ 4510525152051, 52)

— _A//(W)z—l—d/27T—d/2x2—d/2K(d74)/2(‘x). (75)

Integrating this result over x leads to the exact relation

L’zd(SlSz)a, = —ANL(XV). This suggests that the above result

may be quite accurate since it integrates to an exact result.
Surprisingly, the full x dependence of this first joint moment

is identical to the one of the correlation of the local sizes
when the driving is uniform; see Eq. (112) in Ref. [38]. This
surprising result does not hold for higher order moments as
can easily be seen by comparing the formulas.

3. Universality and the massless limit

We now address in more depth the issue of universality and
of the massless limit. In Sec. V A 3 we obtained a universal
scaling form (47) for py;, (S1, S2). This form however involves
two features which makes it not fully universal: (i) First it
depends explicitly on m and S,,, i.e., it is universal (i.e., inde-
pendent of small scale details) within the model of the driving
parabolic well, which provides a large scale cutoff. One can
ask if it is possible to obtain results for avalanche correlations
which would be independent of the details of large scale cutoff
(which we call full universality). (ii) The second feature is
that oy, (S1, S2) is proportional to (mL)?, i.e., the number of
independent regions along the interface. This makes sense
since avalanches are expected to be correlated only if they are
separated within a distance x ~ 1/m along the interface.

In the above calculation of py;* (S, S») the factor (mL)? is
absent, since the separation of the seeds, x, is fixed. In Fourier
space we now expect, restoring units,

. 1 q w Sl Sz
G481, 8) = —F4l =, —, —, —= |, 76
Py (S1,82) st d(m WS, Sm) (76)

where F is a universal function. From our result (70) we see
that, restoring units, with w = W/W,, one has the expansion
around the upper critical dimension

Falg, w, s1,52) = —m™ A (W)Y, (s1)¥,(52) + O(e?)
= —Ag A (W)Y (s1)¥y(s2) + O(€?), (77)

where all factors are universal using the fixed point (26) [apart
from a single nonuniversal scale; see discussion below (48)].

Let us now discuss the behavior of (76) in the region
g>m, S; LSy, WKW, where we hope to find a fully
universal behavior. It is equivalent to take m — 0 and consider
the massless limit. It turns out that consideration of this limit,
upon some hypothesis, leads to a host of information, i.e.,
determination of some critical exponents.

Let us first recall the analysis of the massless limit for
the single avalanche size density, p(S), and its connection
to the Narayan-Fisher conjecture [15,16]. The massless limit
of the starting equation of motion for the interface, Eq. (1), is
obtained by defining f(x,t) = m*w(x, t), the applied force.
One can then take m — 0 at fixed f(x, ) and the equation
remains well defined. Then one must define densities per unit
force, denoted everywhere with a subscript f, rather than per
unit w as we did until now. They simply differ by the factor
m?, e.g.,

o’ (S) = m™2p(S). (78)

It is easy to see in the result for the BFM (35) that the
massless limit of p/(S) is well defined (i.e., all factors of m
cancel), leading to

4 1

o Ragzsn Y

ol (8) = lim m=2p(S) =
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which is the fully universal part of the density corresponding
to small avalanches § <« S,,. It turns out that this extends
beyond mean field. Indeed, for any d one has, via simple
dimensional analysis,

d

L
/5.

m

p(S) = r(s) ~s—0 8", (80)
where t is the avalanche size exponent. For of(S) =
lim,,,—.o m~2p(S) to be finite, we see that we need m 25?2 to
be finite in the limit m — 0, and using S, ~ m~“*%) this is
equivalent to
2
T =1TNF = 2 d+ é’ (81)

This relation was tested to one loop in Ref. [28], and is rather
natural since we do expect that a universal massless limit
exists (a massless field theory). We will thus generally assume
that densities per unit force do exist in the limit m — 0. This
led in Ref. [29] to predictions for a number of other avalanche
exponents, and we call it the generalized NF conjecture.

Consider now the massless limit of the joint size density to
which we apply similar arguments. We note from (71) that

S
m”ﬁwm<§>=%wmwmfﬁ (82)

m—0
2 2
1 4 q
_ Lt gterfe L
i qec(z)

q2

— 1 4y — 1
= 3/ T ouh= 2\/_2+0( ) (83)

where ¥ (g) is the massless scaling form of ,(S). Thus our
result to O(e) for the joint density per unit force has a well
defined m — 0 limit

Pf‘}q’f(sh S2)

Y(g) =

= lim m~ oy (1, 52)

A'W) 1
(2 ) 451/0) Py g($2/0) ) + O,

S15,
(84)

Note that as m — 0, A"(W) = AmA"(Wmt) =~
AgA*"(0F) + O(€?) if W is kept fixed as m — 0. Hence the
dependence in W disappears in that limit since there can be
avalanches of arbitrary sizes; all avalanches can be considered
as successive (i.e., W = 01).

More generally, we surmise that this massless limit exist in
any dimension. Scaling arguments and dimensional analysis
then lead to the scaling form*

o

d+4
L'v‘[»fS S,) = o l, Sl/(dJrf) 2 Sl/(dJr{)
IOW ( 1s 2) (S1S2)Tt’1fd( q 1 ) 6] 2 )7
1/ 4—d-2¢
1
==12—-—F), 85
K 2< d+¢ > .

“Note that an additional dependence in gW /¢ cannot be ruled out,
although it does not seem to appear to O(¢) (see remark above). Thus,
to be fully consistent, in Eq. (85) we have in mind here W = 0%, i.e.,
successive avalanches.

where rcl is a correlation exponent, f; is a fully universal func-

tion, and the scale £, is nonfully universal.’> For the parabolic
well model it equals £, = lim,,_,om~'S,1/@+%) [hence it can
be measured independently using (46)], as easily seen by
studying the possible m — 0 limit of the scaling function F;
in Eq. (76).

We see that for d =4 — € and ¢ = O(¢) the form (85)
reproduces (84) with £, = o ~'/* and

fa(qr, q2) = AN (0" )Y (g1)¥ (g2) + O(€?)

1672¢
), (86)

where ¥ (g) is given in Eq. (83).
Let us now study the g = O limit, i.e., the uniform driving
studied in Sec. V A 3. For a fixed m > 0 one has

05 (S1, 82) = L4 p=°(81, 51)

Ld d N
= g A (W)mp(sl/s WIP(S2/Sm)
(87)

using (76), (77), and, from (71), that ,_o(s) = ,?)(s)%. It
coincides with (45) upon using (35). Its m — 0 limit reads
Py (S1,82) = m™*pfy (1, 52)
AL AP (01) 1
o 16nS/sY

+ O(e?),
(88)

Note that this result cannot be obtained from taking the
g — 0 limit of (84) since ¥ (g) ~ ¢*> as ¢ — 0. Hence there
is a noncommutation of limits m — 0 and ¢ — O.

It is reasonable to surmise that in any dimension, as
m — 0°

= —(mL)"

Py (S1,82) ~ (mLY!

1
STST (89)
with 7, = 1/2 in mean field, i.e., for d = d. = 4 here, the
factor (mL)? being the number of independent regions. One
can obtain this factor by considering the ¢ — 0 limit of the
massless result on one hand, and the ¢ = 0 massive result at
small m on the other, and requiring matching upon setting
g = m. This determines the ¢ — 0 behavior of the scaling
function f; as

fi (qsl/(dJré“) qsl/(dJré“)) ~,0q (SlS )(1/2)ld/(d+§“)l (90)

so that, substituting g = m in (85), we indeed obtain

d qu 1
P (S1.82) = LT pG =" (81, 83) ~ (L) -,
STST
24+d
=212 1)
d+¢

3¢, has dimension (x!/u)!/@*®) where x and u are lengths in
internal and displacement directions respectively.

50One cannot exclude an additional factor g,(S;/S,) (not present to
this order) which we ignore here for simplicity (it does not affect the
discussion of the critical exponent 7. defined here for §; ~ S,).
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FIG. 4. The renormalized disorder second cumulant measured in
the simulations (blue dots) and its polynomial fit (red line).

where the exponent 7, is thus fully determined, via this
generalized NF argument (recovering 7. = 1/2 in the mean
field ford =4, ¢ = 0).

VI. NUMERICS

In this section we compare some of our results with the
simulation of a d =1 elastic interface with short-ranged
elasticity in a short-ranged correlated disordered landscape.

A. Protocol

To perform numerical simulations we choose a Gaussian
disorder F(u,x) with a correlator F(u, x)F (u/,x') = §(x —
A — u') with Ag(u) = odue™ /%" with Su the micro-
scopic correlation length of the disorder. As explained in
[33], this can be realized by taking F(u, x) as a collection
(indexed by x) of independent Ornstein-Uhlenbeck processes
(in the direction u). More precisely the model we study can be
defined as, for any driving protocol w(x, ),

ndu(x, t) = Viu(x, t) — m*[u(x, 1) — w(x, 1)]
+ F(u(x, 1), x),

3F (u, x) = V20 E (u, x) — iF(u,x) (92)

—A'(wW)
0.0035
0.0030
0.0025
0.0020
0.0015
0.0010
0.0005

N W
400 600 1000

()

200 800

with &(u, x) a unit centered two dimensional Gaussian white
noise, & (u, x)€(/, x') = 8(u — u')8(x — x'). The advantage of
this setup is that one can directly obtain an autonomous
equation for the velocity field u(x, ¢): the above model is
equivalent to

ni(x, 1) = VZix, 1) + m*[w(t) — ulx, t)] + 8, F(x, 1),

1(x, t
8;F(x,t):‘/ZJu(x,t)X(x,t)—u(;c ). 1), (93)
u
with  x(x,7) a centered Gaussian white noise
X, Dx(x, 1) =8 x —x)8(t —¢') and we have the

equality in law F(x, t) ~ F(x, u(x, 1)).

We take as initial conditions ut(x, 7 = 0) = F(x,t =0) =0
and then apply a sequence of kicks of size w = 1, which
amounts at setting u(x,t) = %5 w at the beginning of each
kick and wait for the interface to stop before applying the
next kick. The motion of the interface between each kick is
measured by integrating the velocity field in between two
kicks and this defines for each kick an avalanche S,. The
avalanche at the nth kick is said to have been triggered
at w = néw. We wait for the system to reach a stationary
state before measuring anything. Averages are obtained using
50 independent “experiences,” each experience consisting in
2 x 10° kicks, and we have thus simulated 10® avalanches.
Correlations between avalanches are measured for avalanches
inside a window of 1000 successive kicks.

In the results reported here we have taken an interface
of lateral extension L = 1024 with periodic boundary con-
ditions, discretized with 1024 points. The parameters are
chosen as m = 20/L ~ 0.02. The kicks are of size dw =1
and the microscopic disorder correlation length is taken as
du = 58w = 5. The discretization in time is handled using an
algorithm similar to the one introduced in Ref. [43] and we
take a time step 6¢ = 0.025.

B. Results
1. Renormalized disorder correlator

Central to our results is the measurement of the
renormalized disorder second cumulant A(w —w') =
Lim*Tu(w) — w][u(w’) — w'] where u(w) is the position
of the interface in the end of the w/§w-th kick. The plot of

A" (w)
12 x 1078}
10 x1076}
8 x 1076}
6 x1076f
4 x1078F
2 x1078f

400 600 800 1 000W

(b)

200

FIG. 5. First (a) and second (b) derivative of the renormalized disorder second cumulant as obtained using the polynomial fit of the

measured renormalized disorder second cumulant.
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FIG. 6. Comparison between the measurement of
%((5155)&, + (Ssz)ﬁv) (blue dots) and our prediction (44) [order
O(e) result]. The blue dots correspond to direct measurements of
the correlations between avalanches, each dot corresponding to an
average over avalanches for a given W. The dispersion of the cloud
of dots gives an estimate of the accuracy of the measurement.

A(w) is presented in Fig. 4. To obtain a good measurement
of the derivative A’(w) and A”(w) we fitted A(w) with a
polynomial of order 7 and differentiated directly the fitted
polynomial. A plot of A’(w) and A”(w) is also given in
Fig. 5.

2. Total avalanche sizes correlations

The measurement of (S15,)};, was shown in Sec. III, in
Fig. 2. We show in Fig. 6 the comparison between the
measurements of %((SlS%)%, + (525,)%,). Both are compared
with our predictions (43) and (44). The analytical result for
(S152), 1s exact and the agreement is, as expected, perfect.
The analytical result for 1 ((S57)§, + (S7S2)§,) is only a O(e)
approximation and appears to overestimate the correlations.

3. Local avalanche sizes correlations

We show in Fig. 7 the comparison between the measure-
ments of (S1052,)7y and our prediction (64). Despite the fact
that (64) is only valid up to order O(¢) (here € = 3), it is clear
that it is a very good approximation. Also it seems that our

result tends to slightly underestimate the correlations between

(a)

avalanches at short distance and overestimate the correlations
at large distance.

VII. ANALYTICAL RESULTS: DYNAMICAL
CORRELATIONS

A. Correlations of the total velocities in an avalanche,
and of the avalanche durations

In this section we study the correlation of the global
velocities (center of mass velocities) in the two avalanches.
As a by-product we also obtain the correlation between the
avalanche durations. Let us define the total (areal) veloci-
ties in the two avalanches, which we denote u; = u(¢1) =
fddxul(x, t) and 1wy = (1) = fddxul(x, ;). The time is
counted from the kick in each avalanche, i.e., each avalanche
starts at t; = 0.

Similar methods as in Sec. V B give, for the joint density
Py 2 (i, ) at fixed positions of the seeds xi, x2,

[ dindicpiy= G ispte i ~ e~ 1

= (i1 (x1, 0)ila (x2, 0))e,

where ii;(x, t) are the solutions of the time-dependent space
inhomogeneous instanton equation

(8 + V2 = 1)ii(x, 1) + f(x, 1)
= —&)i;(x, 1) — L8(¢ — 1)

(94)

95)

with i;(x, t > t;) = 0, which are needed only to first order in
each &;. As in Sec. V B we introduce

fiy(x, 1) = ) (t) + i} (x, 1), (96)
where ﬁ?(t) is the solution for &;(x) = 0, which satisfies
(@ — D) (1) + &) = —1d(t —1;) ©7)

with ﬁ?(l > t;) = 0. The solution is well known to be [27]
A
Let us recall that from this solution one obtains the single

avalanche (time-dependent) density in the BFM, denoted
p(i) = p;(u), of the total velocity u(t) = fddxit(x,t), by

() = 0t <t,). (98)

{S10 So Ny
(S

mx=0.625
mx=1.09375

(b)

FIG. 7. Comparison between the measurement of (S052,)}, (dots) and our prediction (64) [plain and dashed lines, order O(e) approxima-
tion] as a function of mx for a few values of W (a) or as a function of W for a few values of mx (b).
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Laplace inversion of

4 etfe’it/(e’fl)
r (e e —172 " O
By integration over time one recovers the well known result for the mean density of total velocity p,—o+ (i) for a uniform
driving in the limit v = 0%, py—o+(&t) = f0+°° dtp;(n) = %e‘” (see [27,28,44]). The same calculation also gives the density of
the avalanche duration T in the BFM,’

+00
/ dip, (i) (e — 1) = L4a°(0) = L?
0

Ld

4sinh*(T/2)’ (100)

+00
p(T) = _at/O dup ()|=r =
Ld
ST sinh?(T /2,) "
To obtain the connected joint density, we need to calculate @i} (x, ) to first order in &. For that purpose we introduce the
dressed response kernel

which reads, in dimensionful units, p(T) =

[, + V? — 1 +2a0(1)]Gi(x, t;y, 1) = —=8%(x — y)8(t — 1) (101)

with G;(x, t;y,t") = 0 fort > ¢’ (i.e., time is in effect reversed as compared to a standard response function). It reads in Fourier,
fort,t' <1,

B . Yoy ~ (1= A ael )2
Gi(q, t,1') = e @HDC—DR2[Fw©dsgr _ 4y — o=@ +DE'=D) o0 —1). 102
(g.t.1)=e ' —t)=e e WS ' —1) (102)
‘We obtain
i (x,1) = / d?y Gi(x, t;y, &I (') + O(E?), (103)

which leads to the Laplace transform of the connected density as

X . “ 4] [5)
/ dindinpy " (i, ip)[eM™ — 1][e*™ — 1] = —A"(W) / dy / dt’ / dt"Gy(x1, 0;y,t)Ga(xa, 0y y, il (¢ ) ().
0 0

(104)

It is more convenient to work in Fourier space and define

CX1,X2 [ . ddq —ig(x1—x2) ~C.q (- .
py 2, i) = Onyl® T2yt Gy, thn). (105)

We finally obtain the Laplace transform of the connected part of the joint density of total velocities in the two avalanches, for a
fixed driving wave vector g, as

f dindiv py ! (ity, in)[eM — 1][e — 1] = —A"(W)F,, (q, 1) F, (g, 1), (106)

where we have defined
(1 — ¢ — Ve 4+ (1= 1)(g® — De™" + rgPe™
G2 (g — 1D — A+ re')? '

We now analyze this formula in various cases: (i) homogeneous driving (ii) fixed distance between the seeds (iii) massless
limit (leading to conjectures for the correlation exponents in any dimension).

F(gq,t)=A

(107)

1. Homogeneous driving

Velocities. For the homogeneous driving §w(x) = Sw, the Laplace transform of the connected joint density simplifies into
/ dindivy pyy (i, ip)[e™ —1][2" — 1] = —LTA"(W)E, (1) B, (12), (108)

where we denote
ret(AMt—14+e")—1)

B =Flg=0.0=-"— 1"

(109)

"Indeed one also has that f0+°c dup, (i) = ﬁ = Osyp=0+[1 — psu(t)], where 1 — ps, (¢) is the probability that the velocity is nonzero at time
t. This comes from the definition of the density p(it) = 9s,,—o+ Ps,, (t) from the PDF of the total velocity, which reads Ps,, (it) = ps, (t)5() +
[1 = psw ()]s, (it) where P, is the smooth normalized PDF for it > O [see (26) and (28) in Ref. [44] for exact expressions]. Note the extra

delta function piece which is usually not considered in the expression for the density.
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It is possible to perform the inverse Laplace transform explicitly and obtain

Py (it i) = =LA (W) 1y, (i) 1y, (1) (110)
T [+ Dt et i —2)+ 4] =t =2} d (—t+e — 1) ED
(i) = = — 3 (111
(e — 1) dt (e — 1)
Restoring the units it reads
.. L " u iy
ow Wy, ) = —mA W) ry E Tty )t E s (112)

where v,, = S,,/T». One can check that foﬂo dt f0+°° dty (1), calculated with this formula coincides with the result for
(S152)yy obtained above in Eq. (43) (which, we recall, was an exact result, i.e., valid beyond the € expansion).
We can calculate the joint density of the mean total velocity, averaged over all the avalanche. In dimensionless units, using
+00 . . .
that [, dt r,(it) = e™*, it reads simply

+o00 +00 R ) )
f dn / diypyy (i, i) = =L A" (W )", (113)
0 0

Note that it is regular at small «, unlike the single avalanche density (see above) p (1) = llvle_”.
Let us obtain some cumulants. One has (in dimensionful units)

(wit2)yy A (W) 1t

S - 114
(1) (12) miL T3 (1
and (in dimensionless units)
(i), — 3eh(e — 1)[=30 + (1, +2) — 2]
(@2i3),  20=2n+ et + 1) = N2 +e2(n +1) =11
(115)
Durations. Finally we can obtain the correlation between the durations 7 and 7; of the two avalanches. Integrating over i,
+00 't —1 1
f dur,(u)=%, (116)
0 (e =1
hence we obtain®
Py (T1, Ty) = =L A" (W)d(Ty)d(T»), (117)
+00 e’ (T —2)+T +2] R
d(T) = -3 divrr(it) = ~Mret = — — + O(T? 118
(T) T/O wrr (i) o — 1P r<ig =t (T°) (118)
~ps1= Te T, (119)

where d(T') is a decreasing function of 7. Note that the dimensionful version is

d

L "
pw (T, o) = —mA W)Hd(T [ t)d T2/ Tm). (120

2. Fixed distance between the seeds

Velocities. We now calculate the connected joint density py;"(it1, i), for the total velocities (at times #; and 7, respectively)
of two avalanches starting a distance x apart (i.e., in x; and x, with x, — x; = x). The definitions are similar to those in Sec. V C.
One finds

oy G, i) = / Cﬂ—qe"‘”p‘”"(u i) (121)
W 1, U2 (27T)d W 1, 42),
oyl iy, i) = — A" (W) 1y, (i) (i), (122)

8Again, one shows that f0+°c 0+°° ditydiy pw (i1, 1) = s, 5w, =0 05w, lsw,=0Prob(@; > 0,11, > 0) = pw (71, T) since Prob(u; > 0, 1, >
0) =Prob(T} > t;, T, > t,).
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where

P P Ry
e 1t /(e —1)+t

o (i) = A(g,t) + uB(q, 1)], 123
i) = A + (. ) (123)
B(g,t) = ¢ (—g%¢ +eT" + ¢ — 1), (124)
Alg, 1) = =2g%¢" —2¢2T™ 4+ (¢ — 1)(1 4+ ) 4+ (g% + 1)(¥ + 7). (125)
Restoring the units it reads
car . 1 , 1 i
oyl (i, i) = _m4v315,%1 A" W) Ty /o (E) Ya/mtr) o (v—m>, (126)

where v,, = S,,/Ty. Again one checks that f0+°° dty f0+°° dtz(l}tlb'tz);;,q calculated with this formula coincides with the result for
(S152)y” obtained in Sec. V C 2.
Durations. We can obtain the joint duration density. In dimensionless units, using

+o00 ) ] ( 2 _ l)et _ 2 + e(l—qz)t
/ durg,(u) = 1 Y a - R (127)
0 g°(g> — D(e' = 1)

we find

(T, To) = =N (W) dy(T1) dy(T>), =

CUGF — e +e (@ + e —@ +11—¢* — 1)
g*(g* — D)(e! — 1) '

3. Massless limit

+00
d,(t) = —8,/ dury,(u) = (129)
0

We now study these formulas in the massless limit, to extract the fully universal limit. We follow the same strategy as
explained in Sec. V C 3.
Velocities. In the limit m — 0, we obtain from (126)
1 i\ 1 ]
g f /- . T —4 c,qy - . _ ~ 1 ~ 2 2
oyt (i, i) = ,Lli“om oyl Gy, i) = —A”(W)quﬁ<z>grq\/g<g) + 0(€7) (130)
in the massless units (i.e., such that o = n = 1), where

e TP 42 — (P + D+ e (> +i—2 1. .

+0(qg™™). (132)

7o (i) = 1im m’r, ), o (mPit) =
m—0 ’

el
2

We recall that A”(W) >~ Ay A*(01) + O(e?) if W is kept fixed as m — 0.
We can thus surmise, more generally in the limit m — 0 (and fixed W), from scaling and dimensional analysis, the fully
universal scaling form’

1 . . 1/z 1/3
c,q.f - . _ ) U2 1/z S e —
Py (i, i) = (1) Fd(tl(d+{)/z1 O qt, ,6112> A= <2d 2+ 2() 1 (133)

with, in the d = 4 — € expansion,
FyGin, i, g1, g2) = —As D" (0F)Fy, (11T, (i) 4 O(€®)
(134)
with A;A%(0") = 19 ¢,
Let us study g = 0, i.e., the homogeneous driving. From (112) using that r,,, (m?it) ~,,_.o 5+-—>e "' we obtain the simple

and finite expression in the massless limit,

efpn oy lim m=4 0% (i1 i) = —LEA" (W ﬂ —ill/tlﬁ —iip /1 135
oy’ @y, 1) Jm m P (it t2) ( )2;126 2t226 (13

1

Up to two nonuniversal scales £, = lim,,_.om~'S,1/“*+ and ¢, = lim,,_.om ™'z V.
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in the massless units. At variance with the joint size densities, there is no factor (mL)? (although of course there is a factor LY).
Hence this expression already has a fully universal limit. The origin of this surprising fact is that now there is a commutation of
limits ¢ — 0 and m — 0, as can be seen from (131). Presumably it occurs because the times ¢, #, provide some natural cutoff.'0
If we surmise that for this observable this property holds more generally we obtain

d )
P;}f(”ls ) = (t]tz)(l/z)[(f/Z)d—2+2§]—1Fd<tl(d+IZ;/z1’ t2(d+bg/z1 0, O)' (136)
Durations. Let us now discuss the joint density of the avalanche durations. Restoring the units in Eq. (128) we have
P11, T) = —#’mA”(W)dq/m(n/mdq/m(n/rm). (137)
In the limit m — 0 we obtain
P’ (11, T) = lim m™ (11, To) = —A”(W)ﬁ d(q1,"?)d(q1,") (138)

in massless units with

2 2,2 2
- qg —24+e7(q +2) q 1 1
d(q) = - =-—+0¢H=5+0(—). (139)
q 6 q q
We can compare with the massless limit of (120),
o’ (T, o) g —(mLY'm* = A (W) + O(e?) (140)

in massless units. As was the case for the size joint density there is a factor (mL)? and noncommutation of limits ¢ — 0 and
m — 0. The matching, i.e., setting ¢ = m and m — 0 into (138) and recovering (140) [to O(e)] also works, as was the case for
the size density. Another sign of the noncommuting limits is that if one integrates the g = O result (135) over i, i, and takes
o, 0;, one obtains zero, while the correct subleading term in m is (140).

More generally we can thus surmise, from scaling and dimensional analysis, the fully universal scaling form (up to two
nonuniversal scales) in the massless limit in general dimension d,

. 1
Py (1, 1) = a(@" q1") el =1 = (4 —d = 20), (141)

—IG
(N
with, in the d =4 — e expansion, Gy(q1, ¢2) = —AsA*(0T)d(q))d(q2) + O(€?), with A,A*(0) = %”ze. By the same
reasoning which led to (91) we can also surmise that the rhs of (141) must behave as g¢ at small g leading to

o f d 1
pw (T, Tr) ~ (mL) o =1-— 2(2 -) (142)

P a2
Tl T2

with @, = 0 in mean field, i.e., for d = d. = 4, consistent with (140).

B. Correlation of the shapes of two avalanches

Consider now the joint density of the total velocities i; = u;(t;) = [ dxu;(x,4;), i = 1,2, and &} = w;(t]) = [ dx i;(x,t]),
i =1, 2 intwo avalanches, the times 0 < #; < ¢{ and 0 < #, < t; being counted from the beginning of each avalanche. Its Laplace
transform satisfies

/ dindilydindil piy™ (i, i), 1o, i) [0 — ][R0 — 1] = (71 (xy, 0)ia(x2, 0))e, (143)

where now ii;(x, t) are solutions of (95) with the source —A;8(t — ;) — A;8(t — t]) with#; < /.

Here we are only interested in the correlation of the shape of each avalanche. Let us first recall the definition of the mean
shape for a single avalanche, at fixed avalanche duration 7T': it is the mean velocity as a function of time, conditioned to the
avalanche duration

[ diiip(i;, Th)

() = , 144
(u; (1)1, (T (144)

1'Note however, interestingly, the noncommutation of limits m — 0 and integration over time, as integrating the massless result (135) over
time gives an extra factor 1/4 as compared to taking the small mass (or velocity) limit of the formula (113) which was integrated over time at
finite m. This is because the time scale t,, diverges in that limit, while (135) is dominated by time scales #, t,.
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where p(1;, T;) is the joint density of the velocity and duration in an avalanche. Here we are interested in the correlation of the
shapes,

fdl;tldl:tzl;tll;tzp‘);xz(l;ily Tl, L.tz, TZ)

. t . t X1,X2 — , 145
(Ml( 1)”2( 2)>T1,T2 ,Oi,c‘}xz(Tl,Tz) ( )
with fixed positions of the seeds at x;, x», and in the correlation of the shapes for a homogeneous driving,
. ) dinduuyin pw (i1, Ty, o, T2)
(1t (B2)) 1,1 = / . (146)

pw(Th, T2)
X1X2

The denominator, i.e., the joint density of durations py,* (11, T>) was studied in the previous section. The numerator can be
obtained by taking a derivative of (143) with respect to A; and A, at A; = A, = 0, and setting A} = —oo [which implies #;(¢/) = 0
hence T; < t/] and, to obtain the joint density with durations T;, taking the derivative with respect to ¢/,

/‘dﬂldﬂzlllﬂzp@h(ﬂl, T, i, 1) = 3|, _p, 3y | lim o 0, ’,\1203;\2‘)\220(5‘1 (x1, 0)it2 (x2, 0))s - (147)

r_
H=T 3 2)—>—

Let us first describe the solution of (95) to order 0 in & and recall the calculation of the shape in the BFM. The solution of

(B — D)+ @ (1)* = =18t —1;) — M8(t — 1)) (148)
with i) (t > /) = 0 is [28,44]
)\’/
~0 i /
iit)y= ————, fi<t<t, (149)
A4 (1= ADei !
, —1
)\.,‘)\{ li 1_)\-1 1 — A))et
ﬁ?(t) =[1- i —( X ')e,e"'_’ , <t (150)
(1 + Ap)Ae 4+ (1 — A))Azeli
It allows us to obtain the mean shape of a single avalanche (144) within the BFM as
. 1 -0
(i (1)), = mazg}ﬁzﬂaxihizo i (O)|M:—00' (151)
Thus, for the remainder of the calculation we only need ﬁ?(O) for A} = —oo and to first order in A;, which reads
ot —t —ti(pli _ Ht1)2
A ) )(1+xi—e (& =) 9(:,-—;)), (152)
1 —ei™! el —éli

where we discard higher order terms in ;. This leads to the classical BFM result for the shape [28,44],

e7li(eh — ) 2(1—e ) (el —e")

(), = Ol 7 =
<M( )>Tl 05 (T)) 1] }zi:T; (1-— el )2 el —1
4sinh 4 sinh 1% 3 1
=s0ti, )= ————F—— =2Iz(1-2)+ 0(T"), z=—, (153)
sinh 3 T;
using (100). Restoring the units the BEM result reads
. t T U 3
@®))r = vmso| —, ol I T2z(1-2)+0(T") (154)

with v,, = S,/ T, which has a well defined massless limit since in the BFM lim,,_,o 2 = ¢ /5*> = 1 in dimensionless units.

T
Note that the next order term O(T?) is ~1/72 ~ m* higher order in that limit.
Now we study (95) to the desired order O(§). As in Sec. VII A we obtain

fii(x, 1) = (1) + / dly Gi(x, 1;y, & (') + OE?). (155)
Inserting in Eq. (147) and going to Fourier space, the connected correlation
P T, Ty) = [ - o015 59, Ty iy, T (156)
W E) £ £ (Zﬂ)d W £l E) E)
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becomes (taking into account that the disconnected piece has been substracted)
/ditldb'tzitlitzp&}q(itl, Ty, g, Ty) = —A"(W) 0, (T)ig, (Ta),
t
o) = 8y o [ d'Gila. 0,000, (157)
(=T, =0 J

where we must insert (152) and the propagator to the needed order,

Gi(g,1,1') = e~ @FDE=D12 [ WG)sgpr _ 1

, t 2 e li(eli — N2 (ot ot
— e—(q2+1)(z —1) (et/ ¢ )2 ot <t < ;{)(1 + A e e [/e )t,(e /e )Q(t <t <t)
(ei —é') (et —eéi)(ei —e")
Deli(eli — ¢ i ot
o, 2o - 2@ Do <1, < t')). (158)

From this one obtains the connected shape correlation. Since the connected parts of the densities are O(e) one can expand
(145) as
(i ()i ()75 = (i ()i ()77, — (i ()7 (),

dindiniyinps G, Ty, in, ) , X (7T
_ J[di PP T LT 2 iy (1)) G (1)) e 2
L= p(T)p(T3) L= p(T)p(Ty)

+ 0(e?). (159)

We recall that the nonconnected parts are x;, x, independent and p*(T) = L~ p(T). Thus, to this order, one can easily Fourier
transform and write the shape correlation at fixed seed positions as

dq

ny eI Gy (11)iy (02)) 77, (160)

(i (t)in(02)) 775" =

Fan (Tig,(Ta) — dy(Th)dg(T2)
L=2p(T)p(Tr) L~ p(T))p(T>)

(i1 (0)in ()3, = —A”(W)[ (i (), (ﬂl(tz))T2i| + 0(e?), (161)

where we have used (157). We recall that p(T') is given in (100) and d,(T") in Eq. (128). For the shape correlation at uniform
driving we obtain

iy (M), () d(T)d(T2)
p(T)p(T2)  p(T1)p(T2)

where #(T) = #4—0,(T) and d(T') = d,—o(T') is given in Eq. (117). In both formulas, for (i(¢))r one can insert into this order
the BFEM shape given in Eq. (153).

Here we will only discuss the final formula for the shape at homogeneous driving, i.e., for ¢ = 0. The formula at finite g are
given in Appendix D.

Denoting z = ¢/T, we obtain the building blocks of (162) as

ity (1) )12 (1)), 7, = —LdA”(W>[ (i (1)) 7, <u1(r2>>rz} + 0(e?), (162)

7(T) sinh(T —t) 4+ (t — 2T )cosh(t) — (t + T) cosh(t — T') + sinh(¢) + 2T — sinh(T) + T cosh(T")

A= T sinh” Z
= §T3z(1 -2 +z(1 =21+ 0(T°) (163)
and
AT _ 4sinh (%) sinh (53) T R P s
Br(t) = L_d—p(T)(u(t))T = Sinh (Z) [T coth (5> - 2] = 5T z(1-2)+0(T). (164)

From them one obtains the explicit expression for (162) in the form, restoring units

i, = oy 00 A (1 Yo () = (5 o (1) 00 169

m m m
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with v,, = S,,/t,. Note that since A7 (T —t) = Ar(¢t) and Br (T — t) = Br(t) we find that to this order the shape correlations are
symmetric in independently changing eacht; — T; — ¢;. As is well known this property of the mean shape for a single avalanche
does not hold to the next order in €, the corrections having been obtained in Ref. [29].

We now display the shape correlation explicitly for small avalanches. This is equivalent to considering the small mass limit.
Putting together the above results we find in the small 7, 75 limit, with z; = ¢, /T and 2, =,/ T3,

2

(i1 (1)ia (12))5, 7, = _(erdf_gmd—w(W) x éTﬁT;zlu — )22l — {1+ z(1 — 2Dl + 2(1 —22)] — 1} (166)
The factor (mL)~? is expected since, in order to be correlated, the avalanches should take place in the same region of size
1/m along the interface. We see that there is indeed a correlation between the shapes of the avalanches. However it is of order
0(T13 T23), i.e., loosely speaking it arises as a correlation between the subleading O(T?) terms in the avalanche shape in Eq. (154).
As a consequence it is O(m*) in the limit of small m. Hence the correlation of the fully universal part, which corresponds to the
parabolic form for the mean shape, vanishes, but there is a nontrivial correlation at the next leading order.

Finally, performing the double integral fOT "dny 0T2 dt, on (167) we obtain an interesting observable, the correlation between
the total sizes of two avalanches, at fixed durations, (S 1S2)CT1 Ty which reads

($182)7, 7, = —(mL)™*Som** A" (W)IA(T, /Ti)A(T2/Tw) — B(T1 /T)B(T2/T)] + O(€?) (167)
7dSr2n d—4 A1 11 44 6 6
= —(mL) —m A (W)mTl L'+ O0(T". 1) (168)
with
T (cosh(T) + 2) — 3sinh(T T4
AT)=T (cosh( ).+2)T sinh(T) _ Lo,
sinh (3) 15
T 2T
B(T) = Z[T coth (5) — 2} =57 o(T"). (169)
We note the sum rule (in dimensionless units)
+oo ~+o0
dTA(T)p(T) = dTA(T)————— = 170
/(; (T)p(T) /O ( )4sinh2(T/2) (170)

Hence multiplying (167) by po(T1)p(T3), the first term leads
exactly to (43) (with (S) = L%). The second term comes
from the O(e) correlation between 77 and 7, together with
the precise definition of the connected shape in Eq. (159).
Similarly there is a sum rule when performing the double
integral fOT‘ dt f0T2 dt; on Eq. (157). Indeed, upon further
integration ;"> dTd >, it should give back (70). Using (73)
we see that it implies the sum rule (in dimensionless units)

+00 T 1
dT/ dt7,(T) = ——,
/0 0 o 1+ ¢?

which we have checked is indeed obeyed by the result in
Appendix D.

(171)

VIII. CONCLUSION AND DISCUSSION

In conclusion we have obtained a method to calculate the
correlations between successive avalanches in the dynamics
of an elastic interface near the depinning transition to leading
order in the € = d. — d expansion. This approach is techni-
cally simpler than the corresponding one developed to study
shocks in the statics. We have first calculated correlations of
the global and local sizes, which, to the accuracy of Of(e)
leads to results formally similar to the one for the shocks in
the statics, apart from the fact that the renormalized disorder
correlator is different in each case. Next we have calculated

(

an observable which is more natural in the dynamics, the
correlation between avalanche sizes with prescribed positions
of the seeds (the starting points). The massless limit was stud-
ied, leading to fully universal results, and conjectures for the
correlation exponents. Some of these results were confronted
to numerical simulations of an interface in d = 1. In a second
part we studied truly dynamical correlations, between the
velocities in the two avalanches. We obtained the correlations
of the total velocities and of the avalanche durations both
for homogeneous driving and for prescribed positions of the
seeds. These correlations admit a fully universal massless
limit which we studied, leading to further conjectures for
correlation exponents. Finally, we calculated the correlation
between the shapes of two avalanches. These were found to
be subdominant for small avalanches, but nonzero for larger
ones. It would be quite useful to probe these correlations
further in numerical simulations and in experiments to test
the theoretical predictions. These tests should allow us to
distinguish the various universality classes for avalanches.
Let us close by indicating an interesting direction for fur-
ther work. Here we have shown that the correlation between
avalanches separated by W in the direction of motion is
proportional (to leading order) to A”(W), where A(w) is the
renormalized correlator of the pinning force. At the depinning
fixed point this quantity is negative, leading to anticorrela-
tions. This result is valid at strictly zero temperature. On the
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other hand, avalanches at very low but finite temperature were
studied recently in numerical simulations [45]. There “events”
where the interface moves forward without returning, similar
to avalanches, were observed. These occur at scales below and
around the so-called thermal activation nucleus scale (also
called Lop). These successive events tend to cluster in the
same spatial region and are observed to be very strongly pos-
itively correlated (reminiscent of the propagation of a forest
fire). At larger scale, they appear to organize into clusters,
which behave more like conventional depinning avalanches.
On the other hand, the FRG theory of creep, as obtained in
[46], predicts a similar crossover in scales from the creep to
depinning regimes. It is well known that in the creep regime
A"(W) is very large and positive within a “thermal boundary
layer” for small W, corresponding to the thermal nucleus
scale. We claim that this is quite consistent with the obser-
vations in Ref. [45] of a strong positive correlation between
the events. Obtaining a detailed theory is more challenging,
since it requires a precise and operational definition of these
events (as we did here for the zero temperature avalanches).
However we believe that our result should provide the main
guiding idea in that direction.

Note added. A recent preprint by Le Priol et al. [47] studies
dynamical correlations in crack front propagation near depin-
ning, in and outside of the avalanche regime, and observes
some regime of negative velocity velocity correlations, glob-
ally consistent with the prediction of dynamical avalanche
anticorrelations obtained in this work.
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APPENDIX A: RESTORING UNITS

In this Appendix we give useful information on how to
restore the dimensionful units in the formula for the problem
with a mass m > 0. To check units (and restore them) one
must convert all quantities in units of m, S, 7,, which are the
natural units. The conversion goes as follows:

X, [L1=m™",  [w(x, )], [ulx, )] = S,m*,
[i(x, )] = Spum® /T,  [#] = vy := S/ T,
[Aw)] = m* ™ [w?] = SZm*H,  [A/(w)] = S,m",

[A"(w)] = m*. (A1)

[t] = Tma

As dimensional relations these are exact (i.e., up to dimen-
sionless prefactors) in any dimension. Note that the relation
—A'(0) = S,,m* is exact. Let us give more details.

For kicks, source, and response field, one has w(x,t) =
Sw(x)d(t), with for a uniform kick w(x) = dw, then [fw(x)]
= [Sw] = S,,m?. For the source, [A(x, )] = 1/S,,, with the
same unit for A(x, ) = A, conjugated to S. For the response
field [ii(x, )] = 1/(S,,m?).

For local sizes, one has [S(x)] = S,m% and A(x,t) =
184 (x) implies [A] = 1/(m?S,,).

For densities, one must distinguish densities for different
driving, and for different observables, which have all different
dimensions. The density with respect to a uniform driving is
[p(S)] = L4/S2, [p@°)] = LY /(S,nvm). The joint densities
are [y (S1, $2)1 = [ow (S1, $2)1 = [p(S1)p(S2)]. The density
with respect to uniform driving of local size is [p(S(x))] =
1/(S2m*) and  [pw (S1(x1), S2(x2))] = 1/(Sym*®).  The
densities with fixed kick positions have dimension
(") =1/85, Loy (81, $2)] = [pg" (S1, S2)] = 1/S;,
and in Fourier space [py?(S1, $2)] = 1/(mS}). Similarly
one has [p*()] = 1/(Suvm) [oy™ "G, )] = 1/(S;v5)
Loy (i )] = 1/(m?S202).

All the above assumes that one converts L = 1/m. There
are also some rules for how L appears in the formula.
For instance densities with uniform driving are p(S) ~ L%,
ow(S1, S2) ~ L* while connected densities are Py (81, 82) ~
L¢. The densities with fixed seed positions are all O(1).

In a second stage one can make explicit the dependence in
m, and introduce the roughness and dynamical exponents, i.e.,
write S,, = Agm~ @9 and 1, = A,m™?, and write A(w) =
m 2 A(mé w).

Finally, what we call the “massless dimensionless units”
are such thatec = n = 1.

APPENDIX B: AVALANCHE DECOMPOSITION

Let us justify further the formula (6). The avalanche picture
is the following. In the limit of very slow driving, one can
assume that the part of the velocity field & = u(x, ¢) which is
O(1) can be decomposed in a sum over discrete events called
avalanches, schematically

=y u. (B1)

Each #® is a random velocity field (inside one avalanche). It
is either nonzero (the avalanche has occurred) or zero #® = 0
with finite probability (the avalanche has not occurred). In
practice it means that the velocity is not O(1); it can be

nonzero but vanishes as the driving vanishes.
Now we can use the identity

+00 n
= l—[ex-u“‘) = Z Z 1_[ (e’\'”(a’) —1). (B2

n=0 l<oj<ar<...0tp j=1

If we want to think of each avalanche « to be triggered by a
small kick §w, with probability proportional to w,, we can
average (B2) and obtain

G\ =[]e

o

+o0o n n
= X [Towe [TI0t)
j=1

n=0 l<ua; <z <...0tp j=1
n
X Py, @, i@ [T (7 = 1), (B3
j=1
where

[ [6we, | v, G, i) (B4)

j=1
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is the probability that the avalanches «/, . . . a, have occurred,
and pg,. ., (@@, ..., 1) is the associated joint density for
the avalanche velocities to take values &, ..., 4@ In the
BFM the avalanches are independent, and these densities are
just products pg, g, @@, ..., @) = ]_[;=1 Pa; (@) and
one obtains e*% = a5 [ DI pu (@)@ 1),

If we consider a source A which is nonzero only for two
specific avalanches, we see that we obtain the formula (6)
since all other terms vanish. There is a small subtlety however
concerning, e.g., the terms Sw?, Sw3 in Eq. (6) (not of interest
there). The above picture is correct for distinct kicks dwy.
There are additional terms in G[A] containing powers of Sw}
with p > 1. Those are obtained by a small modification,
namely there can be in the sum (B1) p, replica of the same
avalanche (i.e., the kick dw, can trigger p avalanches). In
the BFM the p, are distributed according to the Poisson
distribution. Here we are not interested in these terms and we
can use p, = 1. Hence the above picture is sufficient.

One can now compare with the expansion of (C2) in
powers of w,,, namely

GIA] = 1+ m? f Wy (),

xt
gt [ i 4o B9
xt,y't’
where the brackets denote expectations of the response fields
in the theory S, =S — fx : Axlty (normalized since G[A] =
1 when w,; = 0). Choosing w,,; to be a series of kicks at
well separated times (much larger than the typical duration
of an avalanche) wy = ), Swe(x)8(r — 1), and inserting in
Eq. (B5) we obtain an expansion similar to (B3), and we can
identify, e.g.,

f DL1p3 )" = 1) = ity )g . (B6)
/D[ll(“)]D[u(ﬁ)]p;:%(u(“), u(ﬁ))(ex.u(w _ 1)(6;\,[‘(& _ 1)

= g, g ), (B7)

and so on (o # B in the second relation). In the BFM
(iic)s, = its,, (fxylyy)s, = ﬁ)’},,ﬁ;ﬂ and so on in terms of
the solution of the instanton equation, and the densities fac-
torize. The calculations performed in the main text amount
to calculating these expectation values beyond the BFM. As
said above the two times ¢, ¢ in Eq. (B7) are very far away
and chosen to belong to different avalanches. The response
field correlation in Eq. (B7) when ¢, ¢" are distant of order t,,
instead allows us to study overlapping avalanches, which goes
beyond the present study.

APPENDIX C: DERIVATION OF THE ACTION

In this Appendix we justify our main result (22)—(24)
about the simplified field theory which allows us to compute
correlations between several avalanches at order O(¢) in the
depinning dynamics of elastic interfaces. To this aim, it is
easier to consider the first protocol (see Sec. I A) where
the interface is driven at a constant velocity v — 0. For
compactness we denote the space and time dependence in
subscript, i.e., u(x, 1) = uy, AM(x,t) = Ay, and so on.

Our starting point is that the MSR action for the velocity
theory is exactly given by S[a, u] = Solit, u] + Saislit, u] —
m? fxt W,y ity With [see Egs. (301)—(303) in Ref. [28]],

Solit, il = / bt (70, — V% 4 )iy,
xt

. . 1 .
Saislit, ] = —o / iyt + 3 f T B U Uy A g
xt xtt!
X (uxt - Mxt’)s (Cl)
where 0 = —A’(0") and A”._(u) is the regularized version of

reg
the renormalized disorder correlator A(u) that is smooth at 0

and defined by Apeg(u) = A(u) + olul.
This action allows us to calculate observables of the veloc-
ity field as, for any source A,;,

G[A] = elx At Ut

— /'D[ﬁ, Li]efﬂ Koty —=Sol ik, i) —=Sais . il+m® [, g (C2)

Let us consider the slow uniform driving wy, = v — 0%,
Being interested in correlations between different avalanches,
we can consider a source of the form

A = M (x, 0)0@)O(Ty —1)
+ 2206, )0 —W/0)d(W/v+ T, —1), (C3)

that is, as a source that is active in two different time windows
[0, T;] and [W/v, W/v 4+ T,] and probes the result of two
avalanches eventually occurring at times ¢ € [0, T{] and ¢ €
[W/v, W/v + T,]. Taking first the limit v — O with T and
T, fixed, it is clear that if the interface moves during both time
windows, this is due to different avalanches since the duration
of an avalanche is O(v?).

It is a crucial point that near the critical dimension one
has u,; = vt + O(¢), while A;’eg is also uniformly O(¢). That
means that, at order O(¢), we can replace in the above action
A;;g(ux, — Uy) — A;/eg[v(t —1")] + O(€?). We now rescale
the fields # and & by introducing the characteristic scales of
the avalanche motion: we rescale t — 7,f, x — m~'x, and
u — mS,u with 7, = 77/m2 and §,, = a/m4. That leads to
a rescaling of the fields as # — v,u and & — mzls,,,i‘ with
vy = mS,, /Tm. We also use that for m close to O the renor-
malized disorder correlator A takes a scaling form A(u) =
m =% A(mfu) with A a function that converges to a FRG
fixed point uniformly of order O(¢) in the m — 0 limit and ¢
the roughness exponent of the interface. Rescaling finally the
source field as A,; — ikx, and the driving velocity as v —
v, v we can decompose the action for these rescaled variables
between the tree action [O(e°)] and one-loop corrections

[O(e)]

G[A] = el Al =/D[ﬁ, it]e)s ot = Stree [, 4] =8 Sioop [, 1]+ [, e
(C4)
with the tree action corresponding to the rescaled version of
the BFM action,
el = [ (3, = V2 4 )i = [ @i ~ 001,
t 1
Xi Y (CS)
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and the O(¢) corrections,

8S100p[ﬁa u] = _/ uxt“xt’uxzuxz/Areg[m{ U VT (F — t/)]
xtt!
~ O(e). (C6)

On the other hand, expanding G at order v> we obtain

GIM =1+ v/D[u i / iy ejn)»xxunfsueelu 1] —8S1o0p L, 11]

—/Duu]/uxt/ Ty

X ef’“ At g _Slree[ua"‘]_aslnop [it,4] + 0(U3 )‘ (C7)

As it has been already discussed numerous times in that
context, e.g., [28,33], each response field ii,; present in front
of the dynamical path weight in Eq. (C7) generates the con-
tribution to the observable G[A] that comes from an avalanche
starting at time ¢ at position x. The first line in Eq. (C7)
thus corresponds to the contribution from single avalanches
(a single avalanche occurred with probability of order v),
while the second line corresponds to the contribution from
two avalanches (two avalanches occurred with probability
of order v?), and contains the correlations between the two
avalanches. Let us now think a bit diagrammatically about
the calculation of an observable like (C3) at order Of(e¢).
This can be performed by an expansion in Ay and 8Sioop
of the O(v?) term in Eq. (C7) and computing the resulting
correlation functions involving the fields @, and i,, within
the Siee action. Since the tree action can only connect fields at
times differing by a time scale at most of order O(1) < 1/v
and that the O(e) interaction vertex 8Siooplit, #t] can only be
used once at this order, it is clear that we can only get diagrams

J

of two types at order O(¢). The first type are diagrams where
the 8Sj00p term was used to contract fields in the same time
window. This leads to diagrams where fields on the two
time windows are disconnected. These do not participate to
the correlations between the two avalanches at w = 0 and
w = W. For these diagrams we can replace in the limit v —
0, A;eg[mf VT (t — )] = Areg(O) in 8So0p. In the second
type of diagrams the §Sj,0p term is used to contract fields
in different time windows. These are the only diagrams that
contribute to correlations between avalanches at w = 0 and
w = W. For these diagrams we can replace in the limit v — 0,
A;/eg[mf VT (t —1')] = A;’eg(m§W) in 8Sigop-

In the above discussion, the first type of diagrams contains
the diagrams that lead to the O(e) corrections to the single
avalanche statistics as studied in Refs. [28,33]. The second
type of diagrams on the other hand generates the correlations
between avalanches as studied in this paper. Since fields living
inside the two different time windows (avalanches) can only
be connected once by the A”(W) interaction vertex we can
formally introduce two different copies of the fields, one for
each time window, the two copies being only connected by the
A”(W) interaction vertex. The contribution to G[A] coming
from avalanches starting at position x; at time t = 0 and at
position x; at time t = W/v can then be targeted by restricting
the response fields outside the exponential in the second line
of (C7) to (x1, t;) and (x,, 1,). Once this has been done one can
send the time window T and T to infinity to ensure that the
avalanche terminates inside the time window with probability
1 (the order T; « 1/v holds since the limit v — 0 has already
been taken). Going back to the original units of the problem,
one then sees that (C7) leads to (28) and more generally we
obtain the formulation of the theory presented in the text in
Egs. (22)—(24).

APPENDIX D: FORMULA FOR THE SHAPE CORRELATION AT FIXED SEED POSITIONS

We give here the formula for arbitrary g in Eq. (163) We have

t! t —ti (] 1i\2
Y ) INmO /N /(1 € (e —e")
3kf’x,:o/() dt'Gi(q, 0, 1)K} (1) _/0 dt'e o — 17 (D1)
fi e (e — ey (e — 1 d el (et — ¢ ,
—2/ dr'ein € ¢ i ) (% - 2/ di e~ @+Dr ,E—g)(et’ — D(e" — ") (D2)
0 (e — 1) A (e — 1)
eli(ell — et ei — ety [ Do e —1 v
= el —e) (¢ e")/ dt'e 7" — (— dr'e ™" (¢ — 1)—2( ) dt/ RS
e -1 (e —=1) Jo (e = 1)
ot PN 2(642(—1Iv)+f‘-’+r,~+gr‘.’71121i’79412(7r’.’)+ri'+r, 7611—‘72‘i7g’,’+g’i)
_¢ (e —en((1 —emm)(er — e + (=) =1) ) (D3
B g* (e — 1) :
from which we obtain the result by a simple derivative,
1
raa(T) = dy],_, 00, / dt'Gi(q,0,t)ad (). (D4)
i 1 0
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