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Characterization of entanglements in glassy polymeric ensembles using
the Gaussian linking number
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We propose a method for enumerating entanglements between long chained, linear polymers that is based on
the Gaussian linking number. The linking number is calculated between closely approaching segments of the
macromolecular chains. Topological features of an entanglement, i.e., the extent to which one open segment
winds around another, are reflected by the linking number. We show that using this measure, we can track
disentanglement events through a deformation history and gain insights into how large scale disentanglements
lead to failure. Incorporating an additional step where the topological entanglements identified along each chain
are optimally clustered using standard clustering algorithms, we can also obtain a measure of the average number
of rheological constraints that exist along each chain in an ensemble. Comparisons with other methods of
enumerating entanglements, especially the primitive path analysis, are also made. Our results indicate that the
linking number between two entangled segments in the undeformed state is a good indicator of the strength of
the entanglement. Also, disentanglements occurring overwhelmingly around chain ends are an important cause
of failure when a triaxial stress state exists in the polymer.
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I. INTRODUCTION

Long chains in a polymer melt are known to be entangled.
Entanglements are topological constraints on a macromolec-
ular chain, arising out of the basic requirement of the fact
that other neighboring chains cannot cross it. Simulations
on models of macromolecular chains have shown that it is
inevitable that long polymer chains will get entangled and
form knots [1]. A successful and complete theory of the
viscoelastic properties of polymer melts has been built around
the idea that key timescales in the relaxation of a polymer
chain are related to the entanglement length Ne (see, e.g.,
[2]). As shown by Graessley and Edwards [3], entanglement
length Ne in a polymer melt can be estimated through the melt
plateau modulus G0

N of long chained, monodisperse polymers
using [4]

Ne = 4

5

ηkBT

G0
N

. (1)

Here, ρ is the density and M0 the molecular weight of a
monomer, the constant η = ρ/M0. Also, kB is the Boltzmann
constant and T the absolute temperature.

When polymer melts are rapidly quenched to the glassy
state, it is widely believed that in the amorphous polymer
that forms, the entanglement structure of the melt is closely
preserved. In the solid state too, the entanglement structure
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plays an important role in determining the deformation and
fracture behavior. Most constitutive models (e.g., [5–8]) of
glassy, amorphous polymers recognize the importance of en-
tanglements in mechanical behavior, especially in the steep
hardening that these materials undergo at large compressive
strains. Also, even in the glassy state, where chain mobility
is very low, chain pull out resulting from large scale loss
of entanglements (or disentanglements) seem to accompany
the gradual softening and eventual failure of the material
[9,10]. Thus, loss of entanglements (i.e., disentanglements),
in addition to chain scission due to highly stretched bonds, is
a major cause of failure in glassy polymers. However, it is not
clear whether the length relevant to the steep hardening in the
glassy state is Ne or shorter (see, e.g., [11,12]).

It is not possible to experimentally determine the length
between the topological constraints or entanglements in the
glassy state. An alternate strategy can be to construct in the
computer, realistic, well equilibriated, atomistically detailed
ensembles of a macromolecule and enumerate the entangle-
ments in the ensemble. This has the added advantage that
molecular dynamics (MD) simulations can be performed on
the ensemble with a view to “observe” how the disentan-
glement occurs leading to failure. However, to do this, we
need a robust strategy to identify entanglements. The task is
not trivial and various existing techniques for doing this are
described and compared by Hoy et al. [13].

For instance, the entanglement network of an ensemble
of long chains can be obtained by reducing all chains to
their primitive paths (PP), which is the shortest path that
a chain fixed at both its ends can follow while respecting
the constraint of mutual uncrossability of chains. Sukumaran
et al. [14] has outlined a procedure by which this can be
achieved. This involves (i) fixing all chain ends in a well
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equilibrated sample so that their end to end distances remain
fixed throughout the subsequent procedures, (ii) turning off all
intrachain nonbonded, dihedral, and angle interactions, and
(iii) simultaneously reducing the equilibrium bond lengths
and the temperature toward zero. Under this procedure, as
the ensemble approaches the absolute zero temperature, each
chain will tend to straighten out if there are no entanglements.
Existence of interchain nonbonded interactions will, however,
prevent chain crossings. Thus, the presence of entanglements
will reduce each chain to taut piecewise linear curves, with
sharp changes in angles or kinks at the location of every
entanglement. Once the ensemble has been reduced to a
network of PPs, the entanglement length can be calculated by
considering the average contour length of the piecewise linear
PPs, 〈LPP〉2, and the average squared end to end distance 〈R2

ee〉.
For a chain with N monomers, the entanglement length then
is determined using

N rheo
e = (N − 1)

〈
R2

ee

〉
〈LPP〉2 . (2)

The above equation assumes that each PP is a random walk
with step lengths N rheo

e .
Alternately, the sharp changes in the direction of the

tangent to each chain (treated as a smooth curve in three
dimensions) can be tracked to determine the locations of
kinks representing entanglement points. In Eq. (2), superscript
“rheo” is used to distinguish it from entanglement length ob-
tained by other methods that provide a direct enumeration of
entanglements to yield the average number of entanglements
per chain 〈Q〉. Thus,

N topo
e = N

〈Q〉 . (3)

The topological and rheological measures of entanglement
length are not generally identical [9,13,15]. Several other
methods exist for determining the topological measure
[16–18]. For example, schemes like CReTa [15] and Z1 [16]
use a set of geometric operations to iteratively reduce the
length of each chain while honoring intersections with other
chains. The iterations are carried out until the Euclidean
lengths of all chains do not change anymore. The outcome
of the exercise is 〈Q〉, the average number of kinks per chain.

In this work, we attempt to connect the progressive loss
of entanglements with large straining of glassy, amorphous
polymers with their eventual failure. We have, in earlier works
[9,12], tracked the evolution of both topological and rheolog-
ical entanglement lengths with deformation of a macromolec-
ular sample. Large scale disentanglement at large strains,
especially in the presence of large values of stress triaxiality
(i.e., the ratio between the mean and equivalent stress at a
point is large, as would occur, e.g., when a tensile stress is
superposed on a purely hydrostatic stress), is a reason for
the loss of stress carrying capacity and eventual failure in
amorphous, glassy polymers (see also [10]). Regions of high
triaxiality occur, for example, ahead of sharp cracks.

To this end, note the following:
(1) We propose a method for enumerating entanglements

in amorphous glassy polymeric samples, that yield a measure
for N topo

e . We also show that incorporating an additional step

involving clustering of the topological entanglement points
(using standard clustering algorithms) along every chain will
also yield a measure of N rheo

e .
(2) Further, we use the developed method to track the

loss of entanglements in samples that are imparted large
deformations with varying degrees of stress triaxiality. This is
done to understand the interplay between the linking number
of an entanglement, its propensity for disentanglement, and
the imposed stress state at a point in the material.

Use of linking number to characterize the entanglement
structure of open macromolecules has received attention in
recent years (e.g., a review of recent results, open questions,
and applications is available [19]; an early application of knot
theory to open random walks can be found in [20]). Writhe
and linking number together have been shown to characterize
entanglements in linear polymers [21–23].

We use a method that is similar in spirit, though different
in implementation, to that proposed by Panagiotou et al. [21].
We had proposed a preliminary version of our method in
Venkatesan and Basu [10]. Here, a more robust computational
implementation is described.

Topological entanglements are identified by our method
as a postprocessing exercise from a well equilibrated sample
of long chained macromolecules with the current coordinates
of each monomer as the only input. The scheme is quick
and noniterative. This is especially useful in situations where
we are studying the evolution of the entanglement network
with deformation. In fact, we further show that, using this
measure of N topo

e , we can gain important insights into the
nature of imposed deformation required to cause failure by
large scale disentanglements and the manner in which these
disentanglements occur as deformation proceeds.

In particular, we propose a fast and simple algorithm
for computing the linking number between two segments of
predetermined length, in two different chains, to detect entan-
glements. At the moment, the method is suited for ensembles
containing only linear polymers.

The concept of linking number between ring polymers has
a firm mathematical basis in the sense that the linking number
between two closed curves is a topologically invariant integer.
Two closed curves cannot disentangle unless crossing is al-
lowed. The invariants can be computed by various established
methods like counting of crossings in a link diagram or use
of knot polynomials like Alexander, Jones, or HOMFLY. Qin
and Milner [24] have predicted entanglement lengths in ring
polymers in melts by studying their topological states using
the Jones polynomial. Linking in ring polymers has also been
studied by Ferrari et al. [25] and Tubiana et al. [26].

A pair of linear chains, unlike rings, can always be un-
linked by sliding one along the length of the other. Yet, the
idea of using the linking number to characterize entangle-
ments in ensembles of long linear macromolecules has been
explored by a number of authors. The occurrence of knots in
long polymer molecules has been recognized way back in the
1960s by Frisch and Wasserman [27] and Delbrück [28]. Sum-
ners and Whittington [1] had shown that as random walks on
three-dimensional cubic lattices become long, they inevitably
form knots. Panagiotou et al. [29] have further shown that
two polymers modeled as oriented random walks of length
n in a confined volume have mean squared linking number of

022503-2



CHARACTERIZATION OF ENTANGLEMENTS IN GLASSY … PHYSICAL REVIEW E 101, 022503 (2020)

the order of n2. The concept of the linking number between
open curves has been used to characterize entanglements in
more detailed macromolecular models. Mansfield [30] used
the Alexander polynomial to characterize the knotting of a
long protein molecule with itself and concluded that proteins
seem to fold in a manner as to avoid knotted configurations. A
systematic study of the ensemble averaged linking number in
an dense polymer melt has been conducted by Orlandini et al.
[31]. In their computational scheme, they divided the ensem-
ble of long chain polymers into small cubes and studied the
linking number between subchains in each cube in an effort to
quantify the entanglement complexity. For modest values of
monomer density, the averaged linking number seems to scale
as L4/3, where L is the size of the cube used. In an earlier work
[10], we have used a similar algorithm to compute the linking
number between chain segments in a glassy polymeric system.
We also followed the evolution of the entanglements over
the deformation history of the ensemble. Further advances in
methods of detecting and classifying entanglements between
open chains using the concept of the linking number have been
reported in a recent paper by Caraglio et al. [32]. Viscoelastic
properties of polymers have been connected to the mean
absolute writhe by [23].

In this work, the Gaussian linking number is used to
detect entanglements between segments of long chains. The
computation of the Gaussian linking number has been done
using an efficient technique given by Klenin and Langowski
[33]. Mobility of macromolecular chains is low in the
glassy state and linking number between segments change
with deformation only very close to failure, where large
scale disentanglements occur in order to effect pullout of
chains at the fracture surface. We have studied the mech-
anism of disentanglement during deformation by tracking
the evolution of linking numbers between segments with
deformation.

In the next section, the algorithms used for computing the
Gaussian linking number are discussed. The general behavior
of the Gaussian linking number, when applied to open curves,
is briefly discussed. Possible connections between experimen-
tally measured entanglement length Ne and the Gaussian link-
ing number are also explored in the same Sec. II, along with
comparison between our estimates of Ne and those obtained
by other methods (especially methods like PP which involve
shrinking of chains). Evolution of the entanglement network
with different modes of deformation is discussed in Sec. III.
Salient conclusions are given in Sec. IV.

II. COMPUTATIONAL DETAILS

A. Preparation and equilibration of samples of long chained
polymers for MD simulations

The atomistic sample used in this work comprises 160
macromolecular chains with 1000 united atoms per chain.
The process of preparing a well equilibrated, mechanically
isotropic sample at a temperature well below the glass tran-
sition temperature is described in detail in Mahajan and Basu
[11]. Exactly the same procedure is followed here. Moreover,
following Mahajan and Basu [11], we have ensured that all
targets indicating proper equilibration are met by the sample.

FIG. 1. Notation used in this work to label united atoms, bonds,
bending, dihedral angles, and nonbonded interactions.

We use a detailed atomistic model of the polymer for which
the total internal energy is given by

E =
nb∑

[i j]=1

Eb(r[i j] ) +
nθ∑

[i jk]=1

Eθ (θ[i jk] )

+
nφ∑

[i jkl]=1

Eφ (φ[i jkl] ) +
nnb∑

[mn]=1

Enb(r[mn] ). (4)

In our notation, explained in Fig. 1, r[i j] denotes the distance
between a generic pair of consecutive intrachain united atoms
i and j forming a bond. Also, nb is the total number of bonds
in the sample. Similarly, nθ and nφ stand for total number of
bond and dihedral angles while [i jk] and [i jkl] are generic
sets of three and four consecutive intrachain atom indices that
form a bond angle and a dihedral angle, respectively. In the
same way, the number of generic nonbonded pairs [mn] of
united atoms is denoted by nnb where m and n can be located
on different chains or be a nonbonded pair of united atoms in
the same chain.

Although we do not aim to simulate a particular type of
polymer, the coarse grained force field used in this work
closely resembles that for polyethylene (PE) given in Fukuda
and Kuwajima [34]. The end united atoms of the polymer
chain represent CH3 while other united atoms within the
polymer chain represent CH2.

The force field consists of following types of potentials:
(1) A harmonic bond stretching potential between two

consecutive atoms i and j of the same chain:

Eb(r[i j] ) = 1
2 kb(r[i j] − r0)2, (5)

where kb is bond stiffness r0 is equilibrium value of the bond
length r[i j].

(2) A bending potential harmonic about equilibrium bond
angle θ0:

Eθ (θ[i jk] ) = 1
2 kθ [cos(θ[i jk] ) − cos(θ0)]2, (6)

where kθ is bending stiffness and θ0 the equilibrium value of
the bond angle θ[i jk].

(3) A dihedral potential of the form

Eφ (φ[i jkl] ) = 1
2 {A1[1 + cos(φ[i jkl] )]

+ A2[1 − cos(2φ[i jkl] )]

+ A3[1 + cos(3φ[i jkl] )]}, (7)
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TABLE I. Functional form and parameters of force field.

Type of potential Functional form Parameter values

Bond stretching Eb = 1
2 kb(r[i j] − r0)2 kb = 2745 kJ Å−2 mol−1

r0 = 1.53 Å
Angle bending Eθ = 1

2 kθ (θ[i jk] − θ0 )2 kθ = 749 kJ mol−1

θ0 = 113◦

Dihedral Eφ = 1
2 [A1(1 + cos φ[i jkl] ) A1 = 7.86 kJ mol−1

+ A2(1 + cos 2φ[i jkl] ) A2 = −4.36 kJ mol−1

+ A3(1 + cos 3φ[i jkl] )] A1 = 15.56 kJ mol−1

Between CH3

Nonbonded Enb = 4ε
[(

σ

r[mn]

)12 − (
σ

r[mn]

)6]
σ = 3.76 Å

ε = 0.88 kJ mol
Between CH2

σ = 4.06 Å
ε = 0.36 kJ mol

where A1, A2, A3, and A4 are constants and φ[i jkl] denotes
the dihedral angle formed by atoms with indices i, j, k,
and l .

(4) A nonbonded Lennard Jones (LJ) potential of the form

Enb(rmn) = 4ε

{
σ 12

r12
[mn]

− σ 6

r6
[mn]

}
, (8)

where ε is depth of LJ potential well at r[mn] = 21/6σ and σ

is finite distance between interacting atoms at which the LJ
potential becomes zero.

Values of all parameters of force field used in this work are
taken from Fukuda and Kuwajima [34] and are summarized
in Table I.

All simulations are performed with the parallel molecular
dynamics code LAMMPS [35] at 100 K, which is well below
the glass transition temperature for this case (the glass tran-
sition temperature for this sample is between 230 and 240 K
(see [11]). All NV T simulations are performed using a Nosé-
Hoover thermostat and all NPT simulations additionally use a
Nosé-Hoover barostat. Integration of the Newtonian equations
of motion is carried out using the velocity Verlet algorithm
with time step of �t = 1 fs. Periodic boundary conditions are
used in all directions. The macromolecular ensemble studied
in this work comprises 160 000 united atoms.

The stress measure used in this work is the virial stress
[36], the component σαβ (α, β ∈ [1, 3]) of which for the
chosen force field is calculated over the ensemble volume V
as

V σαβ = −1

2

nnb∑
[mn]=1

{
rmα

∂Enb(r[mn] )

∂rmβ

+ rnα

∂Enb(r[mn] )

∂rnβ

}

− 1

2

nb∑
[i j]=1

{
riα

∂Eb(r[i j] )

∂riβ
+ r jα

∂Eb(r[i j] )

∂r jβ

}

− 1

3

nθ∑
[i jk]=1

{
riα

∂Eθ (θ[i jk] )

∂riβ
+ r jα

∂Eθ (θ[i jk] )

∂r jβ

+ rkα

∂Eθ (θ[i jk] )

∂rkβ

}

− 1

4

nφ∑
[i jkl]=1

{
riα

∂Eφ (φ[i jkl] )

∂riβ
+ r jα

∂Eφ (φ[i jkl] )

∂r jβ

+ rkα

∂Eφ (φ[i jkl] )

∂rkβ

+ rlα
∂Eφ (φ[i jkl] )

∂rlβ

}
−

natom∑
k=1

mvkαvkβ,

where terms on the right in parentheses represent the contribu-
tions to the stress σαβ from nonbonded, bond stretching, bond
bending, dihedral interaction, and kinetic energy, respectively.
Other microscopic stress definitions for molecular system can
be found in Admal and Tadmor [37].

B. Deformation fields imposed on the samples

The sample generated by the procedure outlined in the pre-
vious section is subjected to four simple deformation fields.
In each case, entanglements are identified at various stages
of the deformation. Individual entanglements are followed
throughout the deformation history and disentanglements are
tracked. The deformation fields imposed on the atomistic
sample are shown in Fig. 2.

The initial sample has dimensions L1 = L2 = 95 and L3 =
476 A in the eα (α ∈ [1, 3]) coordinate system. At any point
of time t , the dimensions of the sample are denoted by lα .
Coordinate points in space in the reference configuration
at time t = 0 are denoted by Xα , while coordinates of the
united atom I in the reference configuration are denoted by
XαI . Similarly, coordinate points in subsequent configurations
are denoted by xα (t ) and united atom coordinates by xαI .
Velocities are denoted by vα (x, t ) and vαI (x, t ) for points in
space and united atom I .

The following deformation fields are imposed:
(1) Uniaxial stretching with imposed hydrostatic stress is

generated by stretching the sample at constant velocity in the
3 direction while keeping the dimensions in the other two
directions fixed. Thus,

v1(l1, x2, x3, t ) = v1(0, x2, x3, t )

= v2(x1, l2, x3, t ) = v2(x1, 0, x3, t )

= v3(x1, x2, 0, t ) = 0, (9)
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FIG. 2. Coordinate systems and boundary conditions applied
during (a) uniaxial stretching under high hydrostatic stress, (b) pure
uniaxial stretching, (c) uniaxial compression, and (d) simple shear.

while v3(x1, x2, l3) = λ̇, where λ̇ is a constant. At a point of
time t , the total stretch in the 3 direction is λ.

(2) Pure uniaxial tension and compression are performed
in Nσ11σ22T ensemble where σ11 = σ22 = 0 at all t . Further,
we impose

v3(x1, x2, l3, t ) = ±̇, (10)

with the positive sign for tension and the negative for com-
pression.

(3) Finally, a simple shear deformation is imparted by
imposing

v1(x1, x2, 0, t ) = v2(x1, x2, 0, t ) = v3(x1, x2, 0, t ) = 0 (11)

and

v1(x1, x2, l3, t ) = γ̇ , (12)

so that the engineering shear strain γ12 at any time t is given
as

 = γ̇ t

L2
. (13)

C. Linking number and its computation

We use the linking number to identify and characterize
entanglements between polymer chains. As mentioned earlier,
the linking number is a topological invariant for two closed
and linked curves. For such cases, a simple method can be
used to determine the linking number. This involves projecting
the link diagram of the two closed curves onto an arbitrary
plane keeping the information of overpassing and underpass-
ing at crossings intact. Each crossing point is assigned +1 or

FIG. 3. Types of crossings resembling (a) are assigned +1 and
(b) are assigned −1.

−1 depending on the type of crossing shown in Fig. 3. If ci is
the sign assigned to ith crossing in the projection of the linking
diagram, the linking number of the two closed chains is given
by

Lk = 1

2

∑
i

ci. (14)

If this method is to be used for open chains, a closing
scheme needs to be devised as done in Venkatesan and Basu
[10] and Caraglio et al. [32]. The linking number in this case
may depend on the closing scheme. We use the Gaussian
linking number that does not need a closing scheme for its
calculation. As a result, we obtain a fractional value of the
linking number, which is not an invariant as in the case of
closed links.

Gaussian linking number

The Gaussian linking number between two curves C1 and
C2 was defined by Gauss [38]. Originally, this number arose
from Gauss’ investigations into electromagnetic theory and
represented the line integral of the magnetic field induced in
C2 by a current flowing through C1 [39], i.e.,

LkG(C1,C2) = 1

4π

∫
C1

∫
C2

(dr1 × dr2) · r2 − r1

|r2 − r1|3
, (15)

where ri denotes a point on the curve Ci.
This function from Eq. (15) yields an integer number

[which equals that obtained from Eq. (14)] for two linked
closed curves C1 and C2.

It has been shown by Klenin and Langowski [33] and Arai
[40] that the integrals in Eq. (15) can be computed as

LkG(C1,C2) = 1

4π

∫
C1

∫
C2

d�(r1, r2). (16)

Here, d� is a signed solid angle. In Fig. 4(b),

d�∗
12 = |(dr1 × dr2) · r12|

|r12|3
(17)

is the solid angle formed by dA = dr1 × dr2 and r12 at A.
The signed solid angle d�(r1, r2) equals d�∗

1 if the crossing
of vectors dr1 and dr2 is right handed and d�(r1, r2) = −d�∗

1
if it is left handed.

In the case of two curves each composed of N piecewise
straight segments, Eq. (16) can be expressed as the double
sum

LkG(C1,C2) = 1

4π

N∑
I=1

N∑
J=1

�IJ , (18)

where �IJ is the solid angle formed by all those projections in
which a pair of segments I and J appear to cross each other.
Thus, for two straight segments I, I + 1 and J, J + 1 [shown
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in Fig. 5(a)], the solid angle �IJ is formed by vectors k, l, m,
and n, as shown in Fig. 5(b). To compute solid angle, we make
use of equality obtained by Van Oosterom and Strackee [41],

that gives the solid angle of a triangular pyramid bounded
by three vectors k, l , and m. The solid angle �(k, l, m) is
calculated as

�(k, l, m) = 2 arctan

(
[k, l, m]

|k||l ||m| + (k · l )|m| + (m · k)|l | + (l · m)|k|
)

, (19)

where [k, l, m] is the scalar triple product of vectors k, l , and m, and |k| is norm of vector k. Hence, the solid angle made by all
those views in which two segments (I, I + 1) and (J, J + 1) apparently cross is

�IJ = 2

[
arctan

(
[k, l, m]

|k||l ||m| + (k · l )|m| + (m · k)|l | + (l · m)|k|
)

+ arctan

(
[m, n, k]

|m||n||k| + (m · n)|k| + (k · m)|n| + (n · k)|m|
)]

.

(20)

We compute Gaussian linking number by using Eqs. (18)
and (20).

A few features of the measure LkG(C1,C2) for open curves
C1 and C2, can be illustrated by taking C1 as a vertical straight
segment around which C2 winds helically [see Figs. 6(b)–
6(d)]. Two closed curves, as shown in Fig. 6(a), where C2

executes n full turns around C1, has a linking number of n.
In Fig. 6(a), the linking number is 5. If C1 is open but vertical
and long, as in Fig. 6(b), LkG for n complete turns of C2 lies
between n and n + 1. The fractional increase in the linking
number arises out of the incomplete turns at the beginning
and end of the helix C2 [shown in white in Fig. 6(b)].

e1 

e3 

e2 
 

r2 

r1 

r21 
 

dr2 
dr1 

C1 

C2 

dr2 

dr1 r21 
 

A 

(a)

(b)

FIG. 4. Quantities pertaining to the two curves C1 and C2, used
in Eq. (15) are shown in (a). The solid angle d�∗

12 formed by dr1,
dr2, and r21 at A is shown in (b).

The case where C2 executes incomplete windings around
C1 is important to understand. In this case, the length of C1

and the radius of C2 both play a role in determining LkG. Thus,
in the case shown in Fig. 6(c), the linking number is close
to unity only when C1 is long enough and the radius of C2

is small. When the radius increases making the pair easier to
separate, the linking number falls below unity, even though C2

executes one full turn. The linking number also falls below 1
also when C1 is too short implying that C2 can slide along C1

m 

l k 
n 

B 

m 

n 

l 

k 

J+2 

J+1 

J 

J-1 

I+2 

I+1 

I I-1 

C1 

C2 

(a)

(b)

FIG. 5. Calculation of the solid angle �IJ between segments I
and J , bounded by I , I + 1 and J , J + 1, respectively, involves the
vectors k, m, n, and l shown in (a). The solid angle �IJ formed at B
in (b) is calculated using �(k, l, m) and �(k, m, n) as in Eq. (20).
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FIG. 6. For two closed curves C1 and C2 in (a), the linking
number is 5. For open curves as in (b), (c) and (d), the linking number
is nonintegral. It is 4.8 in (b), 0.9 in (c) and 0, 0.7, and 0.4 (top to
bottom, respectively) for the cases shown in (d).

and escape through the ends. Thus, fractional linking numbers
between two open curves may imply that one or both curves
are short or they are loosely linked. In either case, low linking
number indicates that unlinking is easier.

Linking numbers less than 1 in fact can serve as an index
of “separability” of the curves. Three chains around C1 are
shown in Fig. 6(d). In all the cases the length of C2 is fixed
and it executes an incomplete turn around C1. In the topmost
case, the linking number is evidently zero as the curves can be
pulled away from each other without crossing. In case of the
curve in the middle, the angle subtended by C2 on C1 is large,
implying a tighter winding and the linking number is >0.5.
For the case shown at the bottom, C2, the linking number is
<0.5. In all these cases the curve C2 can be unlinked from
C1 without crossing it or without having to slide C2 along
C1. It is obvious for the topmost case. In the other two, since
incomplete turns around C1 are involved, one can envisage a
disentangling mechanism where C1 escapes through the gap
PP′ shown.

In summary, fractional linking number between two curves
indicates that one curve winds around another but executes
less than a full turn. The lower the linking number goes
below 1, the looser is the entanglement between them. In this
paper, we take two segments of different polymer chains to be
unentangled when LkG < 0.4.

D. Identification of entanglement network

In order to identify the entanglement network using LkG

between neighboring segments, we need to start with the
position vectors xI of all atoms I in the ensemble. The problem
of calculating linking numbers between chains in a periodic
system has been discussed by Panagiotou et al. [21]. This
step is necessary in order to properly distinguish between
self-entanglements and entanglements between neighboring
chains. Here, we provide a brief description of the scheme.

The periodic boundary condition needs to be removed in
order to identify all entanglements properly. To understand
the need for this step, consider a simple two-dimensional
(2D) periodic box as shown in Fig. 7(a), containing just

FIG. 7. (a) A 2D periodic box showing the periodic images of
two chains shown in red and blue. Possible entanglements are marked
by the circle, square, and diamond. The same entanglements are
marked also in (b) where the chains are opened up across the bound-
aries. The circle and the square represent entanglements between two
different chains, while the diamond encloses a self-entanglement.

two chains, the blue and the red. The small black circle
encloses two segments of the blue chain, while the black
square encloses a segment each of the red and the blue chains.
The square encloses a potential entanglement between two
different chains. However, the potential entanglement inside
the circle is not necessarily a “self-entanglement” though the
circle encloses two segments of the same blue chain. This
becomes evident when we open up the periodic boundary
condition (pbc) and complete all possible chains starting from
the fragments inside the box in Fig. 7(b). Parts of chains inside
the box are indicated by dark red or blue while parts that are
obtained by opening up the periodic condition are denoted by
lighter shades. Note from this figure that both the circled and
squared crossings are potential entanglements between two
separate chains. On the other hand, the possible entanglement
enclosed with a diamond shape in Figs. 7(a) and 7(b) is
indeed a self-entanglement. Opening up the periodic boundary
condition and continuing all chains using their images inside
the box allow us to properly identify entanglements between
two chains and discount self-entanglements.

After removing the periodic boundary conditions, the fol-
lowing steps are performed to determine entanglements. Con-
sider the situation shown in Fig. 8, where two neighboring
chains are shown in blue and red:
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FIG. 8. Definition of quantities involved in calculating LkG be-
tween segments of two chains I and J .

(1) Identify the atoms A and A′ on chains I and J that lie
closest to each other.

(2) If the distance d between A and A′ is less than dc, a
predetermined threshold distance, the segments around these
two points can potentially be entangled. Otherwise, the red
and blue chains are not close enough to be entangled. Most
chain pairs do not form entanglements with each other. This
step helps us discount the pairs that do not and identify the
ones that do. In the present case, we have taken dc = 7 Å,
which is about twice the largest value of the LJ parameter σ .

(3) Calculate the linking number LkG between two seg-
ments BAC and B′ A′ C′, where BA, AC, A ′ C′ are all
segments with Nc atoms each. Thus, in most cases, the linking
number is determined for two neighboring open segments
containing 2Nc atoms each. But, the segments may be shorter
if the end of either chain is encountered (as in the case of the
segment A′ B′ on chain J). Equations (18) and (20) are used
for the computation of LkG.

(4) If |LkG| is more than Lc, the two segments are consid-
ered to be “entangled.” The end points of the two segments
and the value of the linking number are stored. Arbitrarily,
atom A on chain I and A′ on J are taken to locate the
topological entanglement points on these two chains.

The choice of the threshold Lc is somewhat arbitrary and
based on our experience with the simple models shown in
Fig. 6. In this work we have taken Lc to be 0.4, which implies
that incomplete turns [as shown in Fig. 6(d)] of one segment
about another also qualify as topological entanglements. As
discussed in connection with Fig. 6(d), these can possibly
disentangle in the course of deformation.

(5) We now leave the segments BAC and B′ A′ C′ out and
search for the points (shown as D and D′ in Fig. 8) which are

FIG. 9. A segment from one chain from the ensemble is entan-
gled with a segment from a neighboring chain. The segments are
shown in black and gray with the red circles marking the points on
the chain which are taken to be the locations of the entanglement.

the closest in the rest of the two chains. The same steps are
repeated for two segments centered at D and D′.

In the above scheme, the segment lengths used for the
linking number calculation Nc need to be chosen. Our ex-
perience suggests that the algorithm is not sensitive to the
exact value of Nc as long as it is of the order of the spacing
between the entanglements. If the value is much smaller, we
will end up performing many redundant calculations between
segments that are not linked. If Nc is too large, entanglements
that are located far apart along the two chains (and should be
counted as independent) will get clubbed into one. We have
heuristically chosen Nc to be a tenth of the chain length.

As described in Sec. II B and schematically shown in
Fig. 2, we apply different deformation fields to the periodic
box. The steps enumerated above are executed at regular
intervals within the deformation history. We especially keep
track of the location of entangling atom pairs and note the
deformation level at which a particular pair disentangles.

A typical segment of a chain from the ensemble of 160
chains is shown in Fig. 9. The points marked in red are
topological entanglement points. The light colored plot is of
the corresponding segment of a neighboring chain with which
the chosen chain is linked (for which |LkG| > Lc).

Comparison between methods based on PP analysis and LkG

Using the method outlined in the previous section, we are
able to identify all segment pairs that have linking numbers
greater than Lc. These are the topological entanglements and
the topological entanglement length is the average number of
united atoms between two consecutive topological entangle-
ments along a chain.

As has been pointed out by several authors [9,13,15],
the rheological entanglement length is typically larger than
the topological entanglement length. What this means is that
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(a) (b)

(c) (d)

FIG. 10. The primitive path (PP) of the typical chain in (b) is
shown in (a), with the kinks marked by solid red circles. The
locations of the kinks are shown with solid circles on the actual
chain in (b). Topological entanglements that satisfy |LkG| > Lc are
indicated for the same chain in (c). Rheological entanglement points
obtained after optimized kmeans clustering are indicated by solid
blue circles in (d).

several closely spaced topological entanglements serve to act
as on rheological entanglement. The rheological entanglement
length is the average distance between regions that have sev-
eral closely spaced topological entanglements and collectively
constrain the mobility of the chain.

To apply PP analysis (PPA) to our sample, we closely fol-
low the procedure outlined in Mahajan et al. [9] and in Sec. I.
When all the chains become almost piecewise linear curves
with kinks occurring at the points where a chain is constrained
by another chain, the topological entanglement length (i.e.,
the average number of monomers between two successive
entanglements on a chain) can be obtained by calculating
the average number of kinks per chain. This, as reported by
Mahajan et al. [9] and also according to our computations,
is around 20 for the force field chosen. Rheological estima-
tors, on the other hand, yield values that are close to 80 at
400 K [13].

In Fig. 10(a), the configuration of a chain after it is cooled
down to 10 K is shown. Sharp kinks (marked by solid red
dots) occur at locations where the chain is restricted from
crossing another chain. The location of these kinks is then
transferred to the actual chain [see Fig. 10(b)], marking the
location of the entanglements. For the entire sample, the
average distance between kinks turns out to be 79 at 100 K,

which is the temperature from which the PPA was initiated.
This is almost identical to the rheological entanglement length
reported for this sample.

For the same chain and Lc = 0.4, the number of points
that have |LkG| > Lc are shown in Fig. 10(c). The points
shown (recall that the exact location is somewhat arbitrary
and assigned to the points of closest approach between two
segments that have Lc > 0.4) constitute topological entangle-
ment points. Physically, these are points around which two
segments on two different chains wind around each other.

Note that many of the topological entanglement points are
closely clustered. Each cluster acts as a rheological entangle-
ment in unison. Therefore, to determine the rheological entan-
glement points from Fig. 10(c), an additional final step needs
to be carried out. In this step, we use the kmeans algorithm
[42] for clustering the topological entanglement points on
each chain. Each rheological entanglement point is a cluster
constituted of all topological entanglements contained in it.
The coordinates of the green points along the chain shown in
Fig. 10(c) are input to the kmeans command in MATLAB, to be
divided among kc clusters. The command yields the centroidal
indices of each of the kc clusters. The number of clusters
kc needs to be optimized (the optimum number of clusters
is kopt) for each chain so that we obtain the best possible
grouping of the topological entanglements into rheological
ones. Techniques for doing this are common in conventional
cluster analysis. The elbow method [43] minimizes the total
intracluster variation to determine the number of clusters
kmin at which the total within-cluster sum of square (WSS)
plotted against kc shows an elbow. Now for each kc > kmin,
we determine the silhouette values [44] for every individual
cluster. The silhouette value, which lies between −1 and 1,
is a measure of how well each point has been classified. The
number of clusters kc for which the variance in the silhouette
values is the smallest is chosen as kopt.

Every cluster of topological entanglement points serves as
a rheological entanglement. Thus, for the chain in Fig. 10(c),
after clustering, the rheological entanglement points are
shown in blue solid circles in Fig. 10(d). Note that these
points are assigned at the numeric center of the individual
clusters and are not expected to match exactly with the kink
locations in PPA. But, comparing with Fig. 10(b), we see that
the location of the clusters is close to what PPA predicts for
this chain. In fact, the average distance between clusters is 79,
identical to the average distance between kinks in PPA.

The exercise of clustering the entanglement points has been
done only to demonstrate that once we distinguish between
topological and rheological entanglements, the entanglement
distance obtained by our method closely matches that by PPA.
In the subsequent sections, unless explicitly mentioned other-
wise, “entanglements” will refer only to topological ones.

III. RESULTS AND DISCUSSION

Understanding the role of disentanglement of macro-
molecules during deformation and failure in the glassy state
is an immediate and interesting application of the method of
characterization that we outlined above. As discussed earlier,
we have applied four deformation fields to our sample. More-
over, a disentanglement event is taken to occur at the moment
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FIG. 11. The variations of stress component σ33 with ln λ are shown in (a) uniaxial stretch under high hydrostatic stress, (b) pure uniaxial
stretch, and (c) pure compression. In (d), the variation of σ12 with  is shown. In all cases, the dashed curve indicates the number of
disentanglement events during deformation.

when two chain segments with |LkG| > Lc at λ = 1 ( = 0
for simple shear) has |LkG| < Lc at some λ > 1 ( > 0 for
simple shear).

With these definitions in place, we show that we can
quantify deformation levels at which failure of the polymer
through large scale disentanglement becomes possible in the
glassy state. We demonstrate three important facts. First, large
scale disentanglement is the primary cause of failure only
in special states of deformation while other mechanisms like
scission of chains should be responsible for failure in others.
Second, severely limited mobility of chains in the glassy state
requires that most disentanglement events are confined to
entanglements that are located close to a chain end. Third,

it is possible to connect the Gaussian linking number in the
undeformed sample to the propensity to disentangle during
deformation.

The normal stress response with log λ for the first three
deformation fields is shown in Figs. 11(a)–11(c), while the
variation of the shear stress σ12 with  is shown in Fig. 11(d).
We do not have any mechanism of chain scission built into
our simulation scheme and, therefore, the final failure can
occur only with large scale disentanglement. The number of
disentanglements occurring with deformation is also plotted
in each of the figures.

For the case in Fig. 11(a), where a uniaxial stretch with
an imposed hydrostatic state of stress has been applied, the
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FIG. 12. Partitioning of total stress into contributions arising out of the nonbonded (blue), bonded (green), and torsion (red) parts of the
force field for (a) uniaxial stretch under high hydrostatic stress, (b) pure uniaxial stretch, (c) pure compression, and (d) simple shear.

stress-stretch response represents that of a typical glassy
polymer, with an elastic region followed by the “yield drop,”
stress plateau, steep rehardening, and eventual rapid loss of
stress carrying capacity leading to failure. Rapid disentan-
glement starts at large stretches toward the end of the stress
plateau region and is the cause of the steep drop in stress
carrying capacity. Disentanglements are very rare at small
strains.

Figure 11(a) should be compared with Fig. 12(a), where
the contributions to σ33 from the different constituents of
the force field are plotted. At large strains, a significant part

of the total stress results from the nonbonded interactions.
The rapid rise in the number of disentanglements as well as
the rehardening and steep drop in the total stress carrying
capacity coincides with a similar steep drop in the stress
due to the LJ pair potential. In the case where the sample
is uniaxially stretched with an imposed hydrostatic stress,
disentanglement is closely correlated with the stress arising
out of the nonbonded potential.

The situation in the case where the sample is subjected to a
pure uniaxial stretch is shown in Figs. 11(b) and 12(b). Again,
rapid disentanglement starts with rehardening. However, the
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FIG. 13. Plots showing strains at which disentanglement events occur for a pair of segments with a particular Gaussian linking in the initial
configuration for (a) uniaxial stretch under high hydrostatic stress, (b) pure uniaxial stretch, (c) pure compression, and (d) simple shear.

rehardening in this case [as seen from Fig. 12(b)] is due to
stress carried by the bond stretch potentials rather than the
nonbonded one. Since we do not account for bond scission
in our simulations (see also [12]), in pure tension, bonds
can get stretched by unrealistic extents leading to very large
rise in stress carrying capacity. In reality, glassy polymers
do not sustain such magnitudes of tensile stress as failure by
bond scission intervenes much earlier. The situation depicted
in Fig. 11(b), where failure by disentanglement eventually
follows a steep rehardening, is somewhat artificial as chain
scission is likely to be the dominant cause of failure in this
case.

Figures 11(c) and 12(c) pertain to the case where the
sample is subjected to uniaxial compression. Clearly, disen-
tanglement is completely suppressed in uniaxial compression.
The stress carrying capacity of the polymer at large strains
is almost entirely due to nonbonded interactions. As disen-
tanglement does not happen, the material does not fail. In the
case where simple shear is imposed on the sample [Figs. 11(d)
and 12(d)], hardening is due to bond stretching as in the case
of pure uniaxial tension. Here too, disentanglement leads to
a loss in stress carrying capacity because bond scission is
suppressed. Rapid disentanglement and drop in stress car-
rying capacity sets in at unrealistically high values of .
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FIG. 14. Histograms the location from the center of a chain where disentanglements occur for (a) uniaxial stretch under high hydrostatic
stress, (b) pure uniaxial stretch, (c) compression, and (d) simple shear.

Such high values will never be achieved in reality and bond
scission will intervene to cause failure at much lower values
of .

It is clear from the above discussion that failure by dis-
entanglement is the major cause of loss in stress carrying
capacity only in the case where the material is uniaxially
stretched with a superposed hydrostatic tension. Such a situa-
tion is typically achieved in polymers at regions of high stress
triaxiality, e.g., near the tip of a sharp crack. In other modes
of imposed deformation, disentanglement is either suppressed
(as in uniaxial compression) or is expected to be preceded by
chain scission (as in pure tension or simple shear).

The probability that an entanglement with |LkG| > Lc at
the onset of deformation will eventually disentangle also
depends on the extent of deformation. In Figs. 13(a)–13(d),
each disentanglement event is denoted by a point in the
log λ ( for shear) versus |LkG| plane for the four de-
formation fields used in this work. The Gaussian linking
number can be thought of as an effective indicator of en-
tanglement strength if entanglements that had high linking
numbers at the start of deformation are seen to resist disen-
tanglement until very large deformations. That this is indeed
the case is seen from Figs. 13(a), 13(b), and 13(d), where
all disentanglement events involving points with LkG > 1.4,
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happen at deformation levels where the polymer has started
to suffer loss in stress carrying capacity. The density of
points in these plots indicates that while at low levels
of deformation some sporadic disentanglement does occur
in points with LkG � Lc, the bulk of the disentanglement
events occur later in the deformation history, close to failure.
For compression [see Fig. 13(c)], very few disentanglement
events happen and fail by rapid disentanglement does not
occur.

From the simulations, it is also possible to track the lo-
cations at which disentanglement events happen. Since our
samples comprise chains with 1000 monomers each, an en-
tanglement located close to the end of the chain will be
500 monomers away from the middle. The number of dis-
entanglement events as a function of the location of the
entanglement point with respect to the middle of the chain is
plotted in Figs. 14(a)–14(d). In all cases, almost all disentan-
glement events occur in cases where the entanglement point
is located close to a chain end. Low levels of chain mobility
in the glassy state require that the only possible mechanism
of disentanglement is the one where a chain end slides out
of a link. The number of chain ends is therefore expected
to indirectly determine strength. Polydisperse polymers, with
a large number of short chains, will have lower strength
than monodisperse ones with the same average number of
monomers per chain.

IV. CONCLUSIONS

A method for identifying and enumerating topological
entanglements between two segments lying on closely located
but different chains has been proposed. The method relies on a
fast and reliable computation of the Gaussian linking number
between the two segments. Topologically, an entanglement
is identified as winding of a segment around another. Topo-
logical entanglement points are located wherever two chain
segments exhibit linking numbers larger than a threshold
value Lc. An additional step of optimally clustering such
topological entanglement points leads to a reasonable measure
of the rheological entanglement length.

Using the proposed method, it is possible to track every
entanglement in a deforming ensemble of macromolecules.
This is important as the eventual failure of a polymeric
material often is caused by chain pullouts resulting from
large scale disentanglement. We show that disentanglement
is expected to be a major mechanism of failure in situations
where the stress triaxiality is high. Also, the absolute value
of the linking number is a good indicator of the survival
probability of an entanglement under a imposed deformation
field, i.e., entanglement points with larger linking numbers
disentangle later in the deformation history. Finally, as the
mobility of chains is very low in the glassy state, disentan-
glements overwhelmingly occur for entanglement points that
are located close to a chain end.
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