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Effects of multiple scattering on angle-independent structural color in disordered colloidal materials
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Disordered packings of colloidal spheres show angle-independent structural color when the particles are on the
scale of the wavelength of visible light. Previous work has shown that the positions of the peaks in the reflectance
spectra can be predicted accurately from a single-scattering model that accounts for the effective refractive index
of the material. This agreement shows that the main color peak arises from short-range correlations between
particles. However, the single-scattering model does not quantitatively reproduce the observed color: the main
peak in the reflectance spectrum is much broader and the reflectance at low wavelengths is much larger than
predicted by the model. We use a combination of experiment and theory to understand these features. We find
that one significant contribution to the breadth of the main peak is light that is scattered, totally internally reflected
from the boundary of the sample, and then scattered again. The high reflectance at low wavelengths also results
from multiple scattering but can be traced to the increase in the scattering cross section of individual particles
with decreasing wavelength. Both of these effects tend to reduce the saturation of the structural color, which
limits the use of these materials in applications. We show that while the single-scattering model cannot reproduce
the observed saturations, it can be used as a design tool to reduce the amount of multiple scattering and increase
the color saturation of materials, even in the absence of absorbing components.
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I. INTRODUCTION

Structural color comes from constructive interference be-
tween waves scattered from a material with refractive-index
variations at the scale of visible light. When the index varia-
tion is periodic, as in photonic crystals [1], the structural color
is angle dependent or iridescent. But when the index variation
has only short-range order, the structural color is independent
of angle. Angle-independent structural colors appear matte
and homogeneous, often indistinguishable from colors that
come from absorbing pigments. This type of coloration is
found in many species of birds [2–9] and has been mimicked
in disordered assemblies of colloidal particles [10–29].

To explain and predict angle-independent structural color
in these colloidal systems, Magkiriadou and colleagues [20]
developed a model based on a single-scattering approximation
and effective-medium theory. The model, which assumes that
the particles are packed into a glassy arrangement [Fig. 1(a)],
predicts that the primary peak in the reflectance spectrum
is determined by the peak of the structure factor, which
accounts for constructive interference arising from the short-
range correlations between particles. The model also predicts
that the reflectance spectrum should include contributions
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from the form factor, which accounts for the wavelength-
dependent scattering from individual particles. The positions
of the peaks predicted for both the structure and form factors
agree well with those observed in experiment. In comparison
to numerical methods for predicting the color, such as finite-
difference time-domain and finite-element methods [8,30–
35], the single-scattering model gives physical insight into
the reflectance peak and how it varies with the particle size,
packing density, and refractive index.

However, the single-scattering model does not reproduce
other features of the observed reflectance spectra: it underes-
timates the reflectance at short wavelengths and the breadth of
the primary peak [Fig. 1(b)]. These features likely arise from
multiple scattering. Evidence for multiple scattering comes
from studies showing that adding absorbers and reducing
the sample thickness generally increases the saturation of
the structural color [15,17,18,27,28,36]. Also, Noh and col-
leagues confirmed that multiple scattering is present in struc-
tural colors produced by sphere-type disordered structures in
the barbs of bird feathers [6].

Through a combination of experiment and theory, we
explain several multiple scattering effects in the reflectance
spectra of disordered packings of spherical particles. We
perform polarization experiments and reflectance measure-
ments to show that a secondary peak from multiple scattering
explains the breadth of the main color peak. We also use
single-scattering theory to understand the onset of multiple
scattering and its increase at short wavelengths. We validate
this physical picture by developing a design rule that allows
one to reduce the amount of multiple scattering and hence
increase the color saturation.
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FIG. 1. (a) Scanning electron micrograph of an angle-
independent structurally colored film made from 280 nm polystyrene
spheres. (b) Experimental reflectance spectrum (light pink line) and
predictions of single-scattering model (dark red line) for a disordered
film of 280 nm polystyrene spheres and an effective refractive index
ranging from 1.322 at 400 nm to 1.296 at 800 nm. Reflectance is
measured from all scattering angles with an integrating sphere. Line
colors are calculated from spectra as described in Sec. II. Error bars
are shown in grey for each data point and are twice the standard
deviation of six measurements from different areas of the sample
film. Insets above lines are color swatches of the calculated colors.
Inset in top right is a photograph of the sample.

The effects of multiple scattering on backscattering from
disordered colloidal samples have been studied extensively in
other contexts, such as coherent backscattering and Anderson
localization [37–40], but not nearly to the same extent in the
context of angle-independent structural color. Therefore, in
our study we aim to show how the physical parameters of the
samples—including the particle size and sample thickness—
affect the multiple scattering and hence the color. We an-
ticipate that these results will be useful in the development
of more precise models of angle-independent structural color
and in the formulation of structurally colored materials.

II. MATERIALS AND METHODS

A. Synthesis of polystyrene particles

Our structurally colored materials are made from
polystyrene particles. We use emulsion polymerization to
synthesize these particles in three sizes: 280, 240, and 190 nm
in diameter. All materials are used as received. The poly-
merization reactor consists of a 500-ml three-necked round-
bottom flask equipped with a reflux condenser, a nitrogen
inlet and a mechanical stirrer. In a typical experiment, we
dissolve sodium lauryl sulfate (SLS, 99%, Aldrich) and 3.75 g
of N-isopropylacrylamide (NiPAm, 97%, Aldrich) in 242.5 ml
of deionized (DI) water obtained from a Millipore Milli-
Q system in the reactor. We control the diameter of the
polystyrene spheres through the amount of SLS. We use
95 mg of SLS for the 280 nm particles, 190 mg for 240 nm,
and 285 mg for 190 nm. We add the NiPAm so that we can
further functionalize the particles for other experiments not
described in this paper [41]. We then add 71.25 g of styrene
(99%, Aldrich) under vigorous stirring. We heat the mixture
to 80 ◦C and add 180 mg of potassium persulfate (KPS, 99%,
Aldrich) dissolved in 7.5 ml of DI water. The reaction runs
for 8 h. Finally, we wash the resulting particles by dialysis
against DI water for 5 d. We measure the particle diameters

FIG. 2. Diagram of a sample chamber containing a disordered
packing of colloidal spheres. The sample chamber consists of a glass
slide on the bottom, a glass coverslip on top, and Mylar spacers to
set the thickness. It is sealed with UV-curable epoxy.

and polydispersity by image analysis of scanning electron
micrographs (SEM). Because the polydispersity index is only
2%, we assume that the particles are monodisperse in most of
our scattering calculations (see Sec. II E).

B. Sample preparation for polarization experiments

For our polarization experiments, we make disordered,
structurally colored films from the polystyrene particles de-
scribed above (polydispersity 2%). We start by centrifuging
the particles in 25 mM NaCl for 30 min at 14 000g and
removing the supernatant. The salt screens the electrostatic
interactions between the particles, which is sufficient to pre-
vent them from crystallizing. We then vortex the mixture
for 5 min to resuspend the particles in the remaining liquid.
The concentration of the resulting suspension is 45% w/w in
water.

We make the films by drying these suspensions in sample
chambers of controlled thicknesses, which we make from
Mylar spacers sandwiched between glass slides and glass
coverslips (Fig. 2). Each chamber is sealed with UV-curable
epoxy (Norland Optical Adhesive 68). We pipette a dense
suspension into a sample chamber of thickness 77 μm and
leave a pool of excess suspension at the inlet of the sample
chamber. As the water evaporates from the opposite end, more
suspension is pulled into the chamber from the pool through
capillary action. We periodically replenish the pool as its
volume is pulled into the sample chamber. Over the course
of 6 to 8 h, the particles become densely packed as the water
evaporates. We dry the films overnight at room temperature
and remove any excess water by drying them in an oven at
60 ◦C for several hours. We then seal the sample chamber with
5-minute epoxy (No. 14250, Devcon). The film of 280 nm
polystyrene particles measured in this paper has an area of
2.8 cm × 1.9 cm and a thickness of 77 μm. We estimate
the volume fraction from the weight of the polystyrene after
drying, the density of the polystyrene, and the volume of the
sample chamber.

C. Polarization measurements

We determine the wavelength dependence of multiple scat-
tering by measuring the spectrum of polarized light. The
entire setup is contained inside a spectrophotometer (Agilent
Cary 7000 Universal Measurement Spectrophotometer). The
sample is mounted on a goniometer (Universal Measurement
Accessory of the Agilent Cary 7000 Universal Measurement
Spectrophotometer). We set the detection angle θ to 16◦,
the smallest angle for which the detector does not cross
the incident beam. We choose the largest available aperture,
which subtends an angle of 12◦, defined by the two edges of
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FIG. 3. Setup for polarization measurements. Light from a
monochromator shines through a linear polarizer and onto the sam-
ple. The light that scatters at an angle θ to the normal is detected
through either (a) a parallel or (b) a perpendicular polarizer. Red
arrows indicate the axis of transmission of the polarizer.

the detector and the center of the setup. We also perform mea-
surements with detection angles θ = 22◦–76◦ to characterize
the angle dependence of our samples (see Fig. 10).

We illuminate the sample with light from a monochromatic
source (double out-of-plane Littrow monochromator) sent
through a linear polarizer, as shown in Fig. 3. The illuminated
spot on the sample is a 5 mm × 5 mm square. We detect
the scattered light through a second polarizer placed in front
of the detector (R928 Hamamatsu photomultiplier tube). We
measure at wavelength intervals of 1 nm for 0.3 s at each
wavelength. To measure the diffuse reflectance, we use the
same source and spectrophotometer (Fig. 1), but we remove
the polarizers and use an integrating sphere accessory instead
of the Universal Measurement Accessory. In the integrating
sphere measurements, the illuminated spot on the sample is
1 mm × 3 mm, and we measure at wavelength intervals of
1 nm for 0.1 s at each wavelength.

We measure both the copolarized spectrum, which includes
any singly scattered light as well as any multiply scattered
light that returns to its initial polarization, and the cross-
polarized spectrum, which includes only multiply scattered
light. In our measurements, light is incident on the glass slide
of the sample chamber. We normalize these spectra to correct
for the reflection from the glass slide and for the wavelength
dependence of the incident beam and the polarizers:

Rco = Isample,co − Iglass,co

IincT1vT2
(1)

and

Rcr = Isample,cr − Iglass,cr

IincT1hT2
, (2)

where Isample, co/cr is the intensity of light scattered from the
sample in the co/cross-polarized setup, Iglass, co/cr is the in-
tensity of light scattered from a glass slide in the co/cross-
polarized setup, and Iinc is the source intensity. T1v/1h and T2

are the measured transmittances of the two polarizers:

T1v = I1v,out

Iinc
,

T1h = I1h,out

Iinc
, (3)

T2 = I2v,out

I1v,out
,

FIG. 4. (a) Microevaporator design [42]. Blue arrows indicate
direction of particle flow, and blue color indicates particle packing
density. (b) Mask design for the microevaporators. (c) SEM micro-
graphs of assembled structural color films.

where I1v,out is the intensity of light measured through the first
polarizer in the copolarized setup and I1h,out is the intensity
of light measured through the first polarizer in the cross-
polarized setup. I2v,out is the intensity measured through two
polarizers oriented vertically. To account for sample inhomo-
geneity, we report the mean of the reflectance of five separate
spots on the sample.

We quantify the amount of multiple scattering through the
depolarization ratio [6]

D(λ) = Rcr(λ)

Rco(λ)
, (4)

where R is reflectance. Pure, high-order multiple scattering
should lead to a depolarization of unity, while pure single
scattering should lead to a depolarization of zero, because all
of the light retains its initial polarization.

We can estimate the amount of single and multiple scatter-
ing in the sample by assuming that any light scattered more
than once is randomly polarized. Because the polarization of
low-order multiple scattering may not be completely random-
ized, this is a coarse approximation, but it provides a useful
estimate. Under this approximation, half of the multiply scat-
tered light is detected through crossed polarizers and the other
half is detected through parallel polarizers, while all of the
singly scattered light is detected through parallel polarizers.
Our estimate of the multiply scattered signal is therefore

Rmultiple scat = 2Rcr, (5)

and our estimate of the singly scattered signal is

Rsingle scat = Rco − Rcr. (6)

D. Sample preparation and measurements
of thickness-controlled films

To determine how the structural color varies with sample
thickness, we build polydimethylsiloxane (PDMS) microe-
vaporators with controlled thickness, following the microflu-
idic protocol in Ref. [42]. We make microevaporator channels
that are 70 μm wide and have thicknesses of 7, 19, 33,
and 47 μm (Fig. 4). We then inject a binary suspension of
polystyrene particles (by volume, 2 parts of 240 nm diameter
and 1 part of 190 nm diameter, each at 0.5% v/v) and 50 mM
of sodium chloride into the channels, which have an inlet
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port but no outlet. As the water evaporates through a 15-μm
layer of PDMS on the bottom of the channel, the particles
pack into a film. Because the evaporation of water is slow
(1 to 3 d at room temperature), adding salt is not sufficient to
prevent crystallization. Therefore we use binary suspensions
in addition to salt. From the particle size and the location
of the main color peak, we estimate the resulting volume
fraction as 0.5, using our single-scattering model. We use this
approach instead of the gravimetric estimate we use for the
polarization experiments because the microevaporated films
do not pack densely along the entirety of their 15 mm length.
We measure reflection spectra only in the densely packed
regions.

We measure the reflectance spectra of the films with a
fiber-optic spectrometer (Ocean Optics HR2000+) attached to
an optical microscope (Nikon Eclipse LV-100). We illuminate
the films with collimated white light from a halogen lamp,
and we collect the scattered light with a 50× objective (Nikon
LU Plan Fluor, NA = 0.8). We normalize the reflectance data
against the reflectance spectrum of an aluminum mirror.

To quantify the differences in color between the films, we
calculate the color saturation using the CIELUV coordinates,
which form a perceptual color space:

suv = C∗
uv

L∗ =
√

(u∗)2 + (v∗)2

L∗ , (7)

where C∗
uv is the chroma, L∗ corresponds to lightness, and u∗

and v∗ correspond to chromaticity [28]. To obtain the (L∗, u∗,
v∗) values, we first calculate the (X , Y , Z) color values by
integrating the intensity spectrum from the reflectance data
multiplied by matching functions that account for the average
chromatic response of the human eye [43–45]. Then we calcu-
late the (L∗, u∗, v∗) values using the following transformation:

L∗ =
{(

29
3

)3
Y/Yn, Y/Yn �

(
6

29

)3
,

116(Y/Yn)1/3 − 16, Y/Yn >
(

6
29

)3
,

(8)

u∗ = 13L∗(u′ − u′
n), (9)

v∗ = 13L∗(v′ − v′
n), (10)

where u′ and v′ are calculated from the (X,Y, Z ) color values,

u′ = 4X

X + 15Y + 3Z
, (11)

v′ = 9Y

X + 15Y + 3Z
, (12)

and where u′
n and v′

n are calculated using the above equations,
with the (X , Y , Z) color values of a perfect diffuse reflector,
(Xn, Yn, Zn), as defined for the CIE Standard Illuminant D65.
We use the software package COLORPY [46] to perform this
calculation.

E. Single-scattering model calculations

For our calculations, we use the single-scattering model
of Magkiriadou and colleagues [20], but we use the Brugge-
man formula for the effective refractive index of the sam-
ple [47–49] instead of the Maxwell-Garnett approximation.
The Bruggeman formula is symmetric and should therefore
be a better approximation than Maxwell-Garnett at volume

fractions near 0.5 [49], like those in our samples. We account
for dispersion in the materials by using the Sellmeier disper-
sion formula for polystyrene, with parameters that are fit to
experimental data [50]. Thus, the effective index also varies
with wavelength, as we report in the figure captions describing
our measurements.

As discussed in Ref. [20], the model accounts not only for
interference between waves scattered from different particles,
but also for interference effects within the particles, which
lead to backscattering resonances at certain wavelengths.
We do, however, neglect near-field effects that might occur
in dense packings [39,40,51]. Such effects become impor-
tant when the transport length (see Sec. III) is comparable
to the wavelength. We estimate the transport length from
the energy-density coherent-potential approximation (ECPA)
[39], a more sophisticated approximation that accounts for
near-field effects. According to Fig. 4 of Ref. [39], for our
disordered samples, which have a volume fraction of 0.5 and
particle-radius-to-wavelength ratios that are less than 0.4, the
transport length calculated by ECPA at resonance is eight
times the wavelength, and much larger off resonance. Thus,
for the small particle sizes (relative to the wavelength) that we
use in our samples, it is reasonable to neglect the near-field
effects over most of the wavelengths in our measurements.
Our approximation is further justified by the good agreement
between model and experiment for the position of the main
color peak (Fig. 5).

We also modify the model to account for the two particle
sizes used in our microevaporator films. Following Scheffold
and Mason [52], we write the scattered intensity I as

I ∝ F (q)SM (q), (13)

where F (q) is the polydisperse form factor (see below) and
SM (q) is the measurable multispecies polydisperse structure
factor derived by Ginoza and Yasutomi [53]. Equation (13)
assumes that the form and structure factors contribute sepa-
rately to the scattered intensity as a function of wave vector
q, an assumption used in the single-scattering model as well.
This approximation is valid for systems like ours, in which
the index contrast between the particles and the effective
medium is small [54]. However, the separability is a good
approximation only when effective-medium theory is valid,
and we do not expect it to hold when the transport length
becomes comparable to the wavelength of light.

We calculate the polydisperse form factor F (q) from a size
average:

F (q) =
∫ ∞

0
f (σ )F (qσ ) dσ, (14)

where f (σ ) is the Schulz distribution,

f (σ ) =
(

t + 1

σ0

)t+1
σ t

t!
exp

(
−σ

t + 1

σ0

)
, (15)

F (qσ ) is the monodisperse form factor from Mie theory,
σ is the particle diameter, and σ0 is the mean of the size
distribution. The parameter t = (1 − p2)/p2, where p is the
polydispersity index, which accounts for the width of the
distribution.

012614-4



EFFECTS OF MULTIPLE SCATTERING ON … PHYSICAL REVIEW E 101, 012614 (2020)

FIG. 5. (a) Unpolarized (purple), copolarized (red), and cross-
polarized (blue) reflectance spectra of a disordered packing of
280-nm polystyrene spheres. Error bars are shown by the shaded
regions around each measured spectrum and are twice the standard
deviation of five measurements from different areas of the sample
film. (b) Depolarization ratio, calculated from Eq. (4). (c) Single-
scattering reflectance spectrum (yellow) extracted from data using
Eq. (6), compared to spectrum (cyan) calculated from our single-
scattering model (Sec. II E). The dashed lines indicate the locations
of the primary (660 nm) and secondary (580 nm) peaks. The
calculation uses the following parameters: a volume fraction of
0.53, corresponding to the measured volume fraction, a diameter
of 280 nm, and an effective refractive index ranging from 1.322 at
400 nm to 1.296 at 800 nm. See Fig. 10 for the angle dependence of
the co- and cross-polarized spectra.

For the binary samples used in the microevaporator mea-
surements, we calculate SM (q) using two species, each of
which has a polydispersity modeled by the Schulz size dis-
tribution, which tends to a Gaussian distribution when the
polydispersity is small. We calculate the binary polydisperse
form factor as the number average of the polydisperse form
factors of the two species.

III. RESULTS AND DISCUSSION

We observe three distinct features in the reflectance spec-
trum of a 77-μm film made from a disordered packing of
280-nm polystyrene spheres: a primary peak near 660 nm, a
secondary peak near 580 nm, and an increase in reflectance
with decreasing wavelength [Fig. 5(a)]. We examine this
sample in detail because its spectral features are well sepa-
rated by wavelength, which allows us to study each feature
independently. The secondary peak is visible in measurements
over a narrow range of detection angles [as in Fig. 5(a)] but
not in a measurement using an integrating sphere, where the
peaks are broadened and merged [as in Fig. 1(b)].

A. Primary peak

Both the polarization experiments and the single-scattering
model suggest that the measured primary peak near 660 nm
comes from single scattering: the depolarization ratio is min-
imized at the peak wavelength [Fig. 5(b)], and the model
predicts a peak at the same wavelength. The absence of this
peak in the cross-polarized spectrum suggests that multiple
scattering does not contribute to the peak. The agreement with
the single-scattering model suggests that the primary peak
is due to the interference between waves scattered from the
structure.

Indeed, we find that the predictions of the single-scattering
model agree well with the single-scattering spectrum ex-
tracted from the data through Eq. (6), as shown in Fig. 5(c).
The subtraction of the cross-polarized spectrum removes
much of the low-wavelength intensity and narrows the pri-
mary peak, resulting in a spectrum that more closely matches
that predicted by the single-scattering model. This agreement
tells us that the single-scattering model not only predicts the
primary peak of the reflectance, but also gives a reasonable
estimate for how much single scattering contributes to the
reflectance.

B. Secondary peak

Having explained the origin of the primary peak in terms
of single scattering, we now turn to the spectral features that
deviate from the predictions of the model: the secondary peak
and the increase in reflectance toward low wavelengths. The
secondary peak in the unpolarized spectrum comes from the
peak in the cross-polarized reflectance, which is due to multi-
ple scattering. Following the example of Noh and coworkers
[6], we first examine whether double scattering can explain
this peak.

In our double-scattering model, the reflectance is propor-
tional to the integral of the phase function of two consecutive
scattering events. The phase function is the probability that
light is scattered in a certain direction θ ′:

p(θ ′) = 1

σscat

dσscat

d�
(θ ′), (16)

where the scattering angle θ ′ = 180◦ − θ , dσscat/d� is the
differential scattering cross section, and σscat is the total
scattering cross section [55]. We assume that in our disordered
samples, the phase function is isotropic in the azimuthal angle
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FIG. 6. Total internal reflection, rather than double scattering,
explains the peak in the cross-polarized spectrum. (a) Cross-
polarized (blue) spectrum from Fig. 5(a) and reflectance calculated
with a double-scattering model (magenta) of a disordered packing
of 280-nm polystyrene spheres, assuming a volume fraction of 0.53
and detection angles ranging from θ = 10◦ to 22◦ (see Fig. 3). The
effective refractive index, calculated using the Bruggeman approxi-
mation, ranges from 1.322 at 400 nm to 1.296 at 800 nm. The double-
scattering reflectance is multiplied by a factor of 7 for clarity. Error
bars for the cross-polarized spectrum are shown in light blue and
are twice the standard deviation of five measurements from different
areas of the sample film. (b) Probability of single scattering into the
totally internally reflected angular range. The critical angle θc for
this sample, as calculated from the wavelength-dependent effective
refractive index, ranges from 49◦ at 400 nm to 50◦ at 800 nm.

φ. The double-scattering phase function is

pdouble = pfirst psecond, (17)

where pfirst and psecond are the phase functions of the first and
second scattering events. Both are calculated from the single-
scattering model, psecond by rotating pfirst from the laboratory
frame to the scattering plane of the second event.

Double scattering does not explain the secondary peak in
our samples, as shown in Fig. 6(a). Noh and colleagues per-
formed double-scattering calculations based on small-angle
x-ray scattering data and found that double scattering does ap-
pear to explain the secondary peak in the reflectance of cotinga
feathers [6]. Our results may differ from theirs because of
differences in structure: our structures consist of polystyrene
spheres in an air matrix, whereas bird feathers are “inverse”
structures of air spheres in a keratin matrix.

In our samples, the secondary peak appears to be due
to scattering from totally internally reflected waves. When
light is scattered toward the sample interface, some fraction

is totally internally reflected back into the sample, where it
can scatter again. To contribute to the reflectance, the totally
internally reflected light must scatter at least once more before
it exits the sample. The effect of total internal reflection
on multiply scattering media has been investigated by Zhu
and colleagues [56], but their model assumes that light from
inside the sample impinges on the boundary over a uniform
distribution of angles, which is not the case for the single
and low-order multiple scattering in our samples. We account
for the angle dependence of the scattering by integrating the
phase function for a single-scattering event over the angular
range for total internal reflection. We consider the interface
to be between sample and air, since the refraction due to the
glass slide cancels when we apply Snell’s law to both the
sample-glass and glass-air boundaries. This calculation yields
the probability that singly scattered light is totally internally
reflected.

The probability is peaked at a wavelength that matches
that of the observed secondary peak [Fig. 6(b)]. Although the
probability does not quantitatively predict the contribution of
totally internally reflected light to the reflectance spectrum—a
more sophisticated model is needed for such a prediction—
the agreement between the peak positions strongly suggests
that the secondary peak is due to totally internally reflected
light. The single-scattering model does not capture this effect,
because the model assumes that totally internally reflected
light is lost. We note that this effect might also be present in
the bird feathers examined by Noh and colleagues.

C. Low-wavelength scattering

To understand the origin of the large depolarization at low
wavelengths and the accompanying rise in scattering toward
the blue, we return to the single-scattering model. Although
this model cannot capture the contribution of multiple scatter-
ing to the spectrum, it can predict the propensity for multiple
scattering. This propensity is characterized by the transport
length l∗(λ), which is the distance that light propagates into
the sample before its direction is randomized [54,57,58]. The
smaller the transport length is at a fixed film thickness, the
higher the propensity is for multiple scattering.

The transport length l∗ is related to the asymmetry param-
eter g and scattering length lscat:

l∗ = lscat

1 − g
, (18)

where g = 〈cos(θ )〉 and θ is the scattering angle. The scat-
tering length lscat is the average distance between scattering
events and is calculated as 1/(Nσscat ), where N is the number
density and σscat is the scattering cross section of the sample
[59]. We can then express the transport length l∗ as

l∗ = 1

Nσscat (1 − g)
. (19)

We use our single-scattering model to calculate the sample
scattering cross section and the asymmetry parameter, which
includes the contributions of both the form factor and the
structure factor within our effective-medium approximation
[20].

Our calculations show that the transport length has a local
minimum at approximately the wavelength of the primary
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FIG. 7. (a) Transport length, (b) asymmetry parameter factor,
and (c) scattering cross sections calculated for a sample with 280-nm
polystyrene spheres at a volume fraction of 0.53 and an effective
refractive index ranging from 1.322 at 400 nm to 1.296 at 800 nm.
The particle cross section is calculated with Mie theory, and the
sample cross section is calculated with the single-scattering model.
Note that the cross section is on a logarithmic scale.

reflectance peak [Fig. 7(a)]. This minimum is not surprising,
since constructive interference contributes to strong backscat-
tering at the structural resonance [54], leading to both a
minimum in the asymmetry parameter factor 1/(1 − g) [see
Fig. 7(b)] and a local maximum in the sample scattering cross
section [see Fig. 7(c)]. Although a minimum in the transport
length should correspond to a higher propensity for multiple
scattering, the cross-polarized spectrum does not show a peak
at the same wavelength, indicating that high-order multiple
scattering does not contribute significantly to the main peak.

More interestingly, the transport length for this sample is
smallest (less than 10 μm) at wavelengths from 400 nm to

FIG. 8. Transport length calculations for a disordered packing
of a binary mixture of polystyrene particles (2 parts by volume
of 240 nm diameter and 1 part of 190 nm diameter, each with a
polydispersity of 2%) in air assuming a volume fraction of 0.5 and
an effective refractive index ranging from 1.302 at 400 nm to 1.285
at 660 nm. The panels show schematically how changing the sample
thickness relative to the transport length changes how certain colors
are reflected from the sample.

500 nm, as shown in Fig. 7(a). This feature does not appear to
be due to the asymmetry parameter factor, 1/(1 − g), which
increases with decreasing wavelengths. If this factor were
the only contribution to the transport length, the transport
length would also increase with decreasing wavelength, in
contradiction with our results.

Instead, the decrease in transport length at short wave-
lengths appears to be due to the scattering from individual
particles. We find that the single-particle scattering cross
section, calculated with Mie theory, increases by a factor of
7 from 800 to 400 nm, leading to an increase in the sample
cross section by more than an order of magnitude at short
wavelengths [Fig. 7(c)].

D. Transport length and color

The transport length calculations allow us to explain how
the structural color changes with the thickness of the sample,
as illustrated in Fig. 8. As the sample thickness changes in
comparison to the transport length, different colors can appear
in the reflectance spectra. When the thickness is larger than
the transport length in the entire spectrum, all wavelengths
are likely to be multiply scattered, and the resulting color
is white. When the thickness is smaller than the transport
length at any wavelength, light is likely to pass through the
film without scattering, and the sample becomes transparent.
When the thickness is approximately the transport length at
the reflectance peak, the resulting structural color is saturated,
meaning that, on average, the scattering at wavelengths close
to the reflectance peak is high relative to that at other wave-
lengths. Although the diagram in Fig. 8 does not allow one
to quantitatively predict the color, it illustrates the important
physical considerations needed to design saturated colors.

To validate this physical picture, we assemble four struc-
turally colored films of different thicknesses inside micro-
evaporators and measure the reflectance spectrum at each
thickness. We use the saturation of the spectrum as a measure
of the amount of multiple scattering in each sample. The
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FIG. 9. Reflectances of films made in microevaporators of dif-
ferent thicknesses, as indicated by the labels near each curve. The
films consist of packings of polystyrene nanoparticles (2 parts by
volume of 240 nm diameter and 1 part of 190 nm diameter, each
with a polydispersity of 2%). At right, dark-field optical micrographs
show the color at each thickness. The color saturations are listed to
the right of each image.

highest color saturations occur at thicknesses of 19 and 33 μm
(Fig. 9), which are 2–3 times the transport length (10 μm;
see Fig. 8) calculated at the primary peak. Samples smaller
than this transport length are translucent, as shown by the low
reflectance of the 7-μm film. In fact, in the image of this film,
the dark background is visible through the sample. When the
sample is thicker than the transport length at all wavelengths,
the color is desaturated, as shown by the spectrum and image
of the 47-μm film. These results agree qualitatively with the
predictions shown in Fig. 8.

In addition, the main peaks in the more saturated samples
are narrower and slightly shifted with respect to the peaks in
the thickest and thinnest films. In the thickest film, scattering
at wavelengths off resonance shifts the location of the peak.
In the thinnest film, the peak is flattened because the sample
has less scattering overall. Also, this film shows a much
lower reflectance at short wavelengths, consistent with our
analysis in Fig. 7. The changes in the shapes of the peaks
with changing thickness illustrate the central role that light
transport plays in setting the color.

We conclude that although the single-scattering model
cannot quantitatively predict the reflectance spectrum of sam-
ples with large thicknesses, it can predict how the multiple
scattering (and color saturation) varies with wavelength and
sample thickness. This prediction comes from calculating the
transport length as a function of wavelength and comparing
it to the sample thickness. Though the transport length is
commonly used to understand multiple scattering in contexts
such as weak localization [37,39,40], our results show that
it is also useful for understanding how multiple scattering
compromises color saturation—for example, through the rise
in reflectance at short wavelengths.

The model can be used to design saturated colors in the
absence of absorption: after calculating the transport length
as a function of wavelength, one can make a sample with
saturated color by choosing a film thickness that is on the
order of (more precisely, 2 to 3 times) the transport length at

the reflection peak. In the absence of absorption, this design
rule is quantitative, in that the transport length calculated from
the single-scattering model provides a quantitative estimate
for the sample thickness required for optimal saturation. The
estimate is coarse but provides a useful starting point for
sample design.

In the presence of broadband absorbers, which are often
used to tune saturation [15,28], the transport length is still
an important parameter. But now a third length scale must
be taken into account: the absorption length, which is set by
the concentration of absorbing material, among other factors.
We consider several possible orderings of these three length
scales, assuming, for simplicity, that the absorption length
does not vary significantly with wavelength. Let labs be the
absorption length, l∗ be the transport length at the reflection
peak, and L be the sample thickness. When the thickness is
the largest of the three length scales, optimal saturation should
correspond to an absorption length that is comparable to the
transport length: labs ∼ l∗ 
 L. If the absorption length were
much smaller than the transport length (labs 
 l∗ 
 L), the
scattering would be weak and absorption would dominate.
If the absorption length were much larger than the trans-
port length (l∗ 
 labs 
 L), multiple scattering would not
be suppressed. If the absorption length is the largest of the
three length scales, we obtain the design rule specified above:
l∗ ∼ L 
 labs. Finally, when the transport length is the largest
of the three length scales (labs, L 
 l∗), we expect only weak
color. The sample will be transparent for L 
 labs 
 l∗ and
black for labs 
 L 
 l∗.

IV. CONCLUSIONS

We have shown that three spectral features determine the
structural color of disordered colloidal materials, and we have
established their origins. The location of the main peak in
the reflectance spectrum can be predicted accurately from a
single-scattering model that accounts for the effective index
of the material and its glassy structure, as shown previously
[20]. Our measurements show that near the peak most of
the light is singly scattered. However, the peak is broader
than predicted by the model because of a peak at a slightly
smaller wavelength that arises from multiple scattering and
total internal reflection. The third spectral feature, an increase
in scattering toward shorter wavelengths, leads to the largest
deviation from the model predictions. We have shown that this
multiple scattering is due to the scattering from individual
particles, and its increase is related to the increase in the
single-particle scattering cross section.

We have also shown that the single-scattering model is a
useful tool for understanding and predicting structural color.
The model reproduces the peak and the shape of the measured
single-scattering spectrum. Even though it does not account
for the contribution of multiple scattering to the reflectance
spectra, it can be used to calculate the transport length,
which in turn can be used to predict the onset of multiple
scattering.

To make samples with saturated structural color for appli-
cations, it is necessary to have high scattering at the primary
peak and minimal scattering off peak. The saturation can
be maximized by varying the sample thickness and/or by
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adding broadband absorbers such as carbon black to the
material [15]. In many applications, however, it may not be
possible to add absorbers. For example, in reflective dis-
plays, absorbing materials lead to heating under illumination.
As shown here, the single-scattering model provides a way
to predict the optimal thickness, in the absence of absorp-
tion, based on the wavelength dependence of the transport
length.

Even in the presence of absorption, an understanding of the
physical origins of multiple scattering is important. Schertel
and colleagues [60] have recently presented a model that
accounts for absorption as well as multiple scattering by
defining the effective sample thickness to be equal to labs when
labs < L. As the authors point out, replacing the thickness by
an effective thickness is an approximation. This approxima-
tion may not capture the different effects that these two length
scales have on the reflectance. First, the refractive index of
an absorbing particle or matrix contains a nonzero imaginary
component, which affects the scattering and the reflectance
spectrum. Second, absorption is coupled to scattering: be-
cause multiple scattering can introduce larger path lengths,
absorption can increase as a result of scattering [61,62]. This
absorption enhancement can be strongly wavelength depen-
dent. While the cutoff of path lengths by the thickness can also
be wavelength dependent, the dependence is not necessarily
the same as that resulting from the coupling of absorption and
scattering. Subsequent models that attempt to predict how a
given amount of broadband absorber affects the color must
therefore account for this coupling.

Our results further show that new models must also account
for internal reflections. Maiwald and colleagues [63] have
recently investigated the role of total internal reflection on
structural color, using a single-scattering model that, like ours,
accounts for the angle dependence of scattering. They find that
accounting for total internal reflection alters the reflectance
spectrum significantly, and they show that this result qualita-
tively agrees with finite-difference time-domain simulations.

Further understanding of how the totally internally reflected
light contributes to the reflectance requires a model of mul-
tiple scattering. We leave the development of a model that
can predict the reflectance spectrum in the presence of mul-
tiple scattering, internal reflection, and absorption for future
work.
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APPENDIX: ANGLE DEPENDENCE
OF POLARIZATION SPECTRA

Measurements of the angle dependence of the polarization
spectra reveal that the sample is disordered. The primary
peak blueshifts while the secondary peak slightly redshifts as
the detection angle θ increases [Figs. 10(a) and 10(b)]. The
blueshift in the primary peak matches the shift predicted for
a disordered colloidal sample, as calculated from the single-
scattering model. To investigate the origin of the slight redshift
in the secondary peak, a more sophisticated model that takes
into account the scattering after total internal reflection into
the sample is needed.

FIG. 10. Angle dependence of polarization spectra. (a) Copolarized reflection spectra. (b) Cross-polarized reflection spectra. (c) Co- minus
cross-polarized reflection spectra. (d) Reflection spectra calculated from the single-scattering model. Each curve in the panels corresponds to
a different detection angle θ . Spectra are offset along the y axis for clarity. For the measurements in (a)–(c), the sample and experimental setup
are the same as in Fig. 5(a). For the calculation in (d), we use a volume fraction of 0.53, corresponding to the measured volume fraction, a
diameter of 280 nm, and an effective refractive index ranging from 1.322 at 400 nm to 1.296 at 800 nm.
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