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Spherical-harmonics mode decomposition of neural field equations
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Large-scale neural networks can be described in the spatial continuous limit by neural field equations. For
large-scale brain networks, the connectivity is typically translationally variant and imposes a large computational
burden upon simulations. To reduce this burden, we take a semiquantitative approach and study the dynamics
of neural fields described by a delayed integrodifferential equation. We decompose the connectivity into
spatially variant and invariant contributions, which typically comprise the short- and long-range fiber systems,
respectively. The neural fields are mapped on the two-dimensional spherical surface, which is choice consistent
with routine mappings of cortical surfaces. Then, we perform mathematically a mode decomposition of the neural
field equation into spherical harmonic basis functions. A spatial truncation of the leading orders at low wave

number is consistent with the spatially coherent pattern formation of large-scale patterns observed in simulations
and empirical brain imaging data and leads to a low-dimensional representation of the dynamics of the neural
fields, bearing promise for an acceleration of the numerical simulations by orders of magnitude.
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I. INTRODUCTION

Neuronal dynamics encompass many temporal and spatial
scales and at each scale several theoretical and computational
models, with a variable level of details, have been developed
[1-4]. When modeling large-scale neural networks, such as
cortical, thalamocortical, or cerebellar networks, some ap-
proaches describe the single neuron of the network with a
conductance-based model or with a simplified version of it,
but in both cases the system becomes rapidly very complex
[5-7]. The number of neurons even in small systems like the
aforementioned ones is prohibitively high. Thereby, to cope
with systems of such complexity, an alternative description
is worthwhile and possible, under certain constraints. In these
cases, the macroscopic state variables are the mean firing rates
or population activities and these descriptions are known as
neural mass models [8—15].

In order to describe the neural activity underpinning com-
plex behavior or cognitive functions [16], a further step
consists in the implementation of interacting neural mass
models, in which the neural signals between the different
populations depend on the brain connectivity [17-21] and are
characterized by time delays, ranging from fractions to tenths
of milliseconds [22-26] and due mainly to the finite value
of action potential transmission speeds [27,28]. Due to the
high spatial density of the number of neurons in the cerebral
cortex, it is possible to represent the mean neural activity as
a continuous function of space, which must satisfy specific
integrodifferential equations [29-31]. In practice, neural field
models are needed when considering a dense ensemble of
neural masses. The relevance of these models resides in their
link with important neural recording techniques, such as elec-
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troencephalogram (EEG) and functional magnetic resonance
imaging (fMRI) [32,33]. Moreover, a great number of neural
processes underlying, for example, working memory and per-
ception can be adequately described by means of neural field
equations [34,35].

In recent years a lot of new experimental data on the
intricate network structure of cerebral matter have become
available, allowing a realistic description of neural connec-
tions as weighted matrices of links among different cortical
areas [17,20]. The so-called connectome is the finite set of
all structural connections including their connection weights.
In conjunction with the link’s track lengths, which allow
the inference of signal transmission delays, the connectome
spans a space-time structure critical for the synchronization
dynamics of the network. The introduction of these data into
the models has led to new and more specific field equations.
The distinctive features of currently used models in neural
dynamics are the presence of continuously distributed delays
and the split of the integral kernel, which represents, in
some cases, the physiological connectivity with two distinct
features.

Along this line of research, in a previous work [36] a study
of a neural field equation was pursued in which the connectiv-
ity was divided in two components: A local one, defined by its
short-range nature, and a global one, corresponding to long-
range links [37,38]. Finally this model considered the spatially
dependent delay effect, due to the transmission of signals
along neuronal fibers, as simply given by the distance between
two points of the local field divided by the propagation speed.
The work focused on the perturbation to a resting state condi-
tion, thus enabling the mathematical tools of linear analysis.
In particular it has investigated the contribution to the power
spectrum of the field potential, showing that local connectivity
underlies the power-law behavior (with an exponent of —2)
while the global connectivity is at the origin of the frequency
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peaks. Some authors have also studied the behavior of the
power spectrum when the thalamocortical connectivity is also
taken into account [39].

In the present paper we extend the mathematical analysis
developed in Ref. [36] from the one-dimensional linear spa-
tial domain to the two-dimensional spherical surface. This
is relevant for two reasons: First, a closer connection with
experimental data is accomplished, because the existence of
inflation algorithms makes it possible to map the intricate con-
volution structure of the cortex onto a sphere [40,41]. Second,
Jirsa’s analysis demonstrated that the effects of the space-time
structure of the connectome can be absorbed to a large degree
in the coefficients of an appropriately chosen spatial mode
decomposition. This process, in conjunction with a truncation
of the mode decomposition, promises an enormous numerical
information compression and reduction of the complexity of
the system. There is a conspicuous number of papers treating
low-order truncation of modal dynamics and mode coupling
by inhomogeneity (see, for example, Refs. [26,39,42]).

Here we derive the mathematical form of such a com-
pressed representation. To do so, we perform a mode decom-
position on the basis of spherical harmonics for the neural
field. Spherical harmonics have already been used in the
literature of neural fields because of their natural relationship
with the topology of the brain [43,44]. A detailed stability
analysis of the model on a spherical domain was given in
Ref. [45], where the connectivity kernel was taken as rota-
tionally invariant, at variance with the present work.

Apart from the obvious topological reason, there are other
motivations for using spherical harmonics:

(1) Since the local connectivity, when properly approxi-
mated, gives rise to a diffusive dynamics, we use a basis of
eigenfunctions for the Laplacian operator. Such a decomposi-
tion leads to a form of the field equations which can be the
starting point for a truncation approximation; in particular,
being interested in local electrical brain activities, possibly
for a comparison with experimental data, we can disregard all
the fine structure which is encoded in the spherical harmonics
with a high resolution, that is, those of higher order.

(2) The time evolution of the mode coefficients shows a
dissipative behavior, which grows as the squared order of the
mode. We exploit this fact in dissipative systems to reduce the
memory involved in numerical simulations via the truncation
technique.

(3) The use of spherical harmonics in neural field models
is not suggested only by mathematical convenience; there is
also experimental insight supporting their natural emergence:
In recent work [46], spherical harmonics were able to describe
the principal components in the analysis of stationary electri-
cal activity during non-REM sleep.

The paper is organized as follows. In Sec. II we specify our
model, giving an insight of its physiological foundations. In
Sec. III we study, as a toy model, the case of a circular domain.
The reason is that this domain is compact like the spherical
one, which is our final interest, so that it shows the logic of
our analyses, but, being one dimensional, all the technical
details are greatly reduced. The results of this section are the
approximation of the local connectivity term and the mode
decomposition of the global field equation. In Sec. IV we
apply exactly the same analyses done for the circumference to

the spherical domain obtaining the analogous results. Finally,
in Sec. VI we draw our conclusions, commenting on the
usefulness of our analyses in connection with current brain
models. Our mathematical results are almost exact and can be
used as the starting point for different types of approximations
and numerical computations.

II. NEURAL FIELD EQUATION

In this paper we study the neural field equation [36]

Y(x, 1) +ev(x, 1)
- /D Waom (1x — ¥1) STY (3, £ — |x — yl/c)]dy

+ /D Whet (v, Y) STY 0t — [x — yl/o)ldy, (1)

where the dot denotes the time derivative. Here D represents a
general physical domain and x, y are spatial variables relative
to that domain. The function ¥ (x, t) measures the local field
potential of neural activity at time ¢ and position x and it is
a coarse-grained mean of the firing rates of a population of
neurons. The constant € represents the temporal rate of decay
of the local field potential ¥ (x, 7). The integral kernels Wj,on,
and W, are called the homogeneous and heterogeneous brain
connectivities, respectively, and are assumed to be known
functions, while the parameters ¢ and v denote the transmis-
sion speeds through the two fiber systems. Finally, S[y] is
the activity function, which is generally approximated with a
sigmoid.

We now give some examples of brain connectivities. Since
Whom represents the short-range cortical connectivity, its form
can thus be assumed to be translation invariant and fast
decaying [18]. A common choice for Wyep, is

Whom(z) = N(0)e 77, ()

where o is the typical length scale and N(o) is a domain-
dependent normalization factor, so that fD Whom (z)dz = 1.
Instead, since Wy, represents the long-range cortical connec-
tivity, no general assumption is justified on a physiological
basis [18]. For Wi the following pairwise point form is often
assumed:

L
Whet = Y 11ij8(x — x)8(y — x;), 3)

ij

where the sum is over the set of bidirectional links and L is
their number. The physical units of the W's are the inverse of
the volume of the space. The motivation for dividing the brain
connectivity in two parts is discussed in Sec. VI and rests on
the need to develop a model which incorporates data derived
from human physiology.

In this paper we are interested in the perturbation to the
stationary solution of Eq. (1). Writing ¥ (x,?) = ¥o(x) +
Yi(x,t), where Yo(x) is the solution satisfying ¥ (x,t) =
0, the neural field equation for the perturbation (x,1)
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becomes

Y, 1)+ epix, 1) = V/DWhom(lx—yI)W(y»t—lx—yI/C)dy

+v/DWhet(x,y)w(y,t — lx —yl/v)dy,

4)

where we relabeled ¥; — ¢ and v = 9S5/d is a constant
with the dimensions of a frequency. In deriving Eq. (4) we
made the assumption that the nonhomogeneous stationary
solution ¥o(x) works in the linear domain of the sigmoid
function S. More details on the derivation of Eqgs. (1) and (4)
can be found in Refs. [37,38,47].

III. CIRCUMFERENCE

In this section we obtain the expression of the neural field
equation on a circular spatial domain. We start considering
the homogeneous connectivity term without delay, which is
equivalent to the ¢ — oo limit, corresponding to instanta-
neous signal propagation: The result is a diffusion equation
with a sink term. Then we consider the homogeneous term
with a finite value for ¢, thus introducing the effect of the
delay: The result is still a diffusive equation with a sink term
but the coefficients are rescaled according to a ¢ dependence.

Finally, we analyze the full equation by adding the het-
erogeneous term with its delay and performing the mode
decomposition. Working in the frequency domain, we obtain
the exact form for the characteristic equation of (4) in a form
suitable for a truncation approximation.

A. Instantaneous homogeneous connectivity

The starting point of our analysis is the representation

YO, 1) = &n(t)e™ (5)

for the local field potential ¥/ (6, t). The functions &,,(t) are
the coefficients of our mode decomposition. Working on the
circumference, the natural choices for the basis functions are
the complex exponentials, being m € Z. The homogeneous
term of the integral in Eq. (4) for a circular domain can be
written, disregarding the delay, in the following form:

16.t) = v/Whom(d(Q, ONY (O, 1)do’
c

o [ When(@(0.6) Y 60" a6’ ©
C

m

where the integral is on the unitary circumference C = S! and
d(6, 0") is the distance between two points, the length of the
shorter arc connecting the two points on the circumference. In
this paper all lengths are measured in units of the circumfer-
ence or sphere radius so that R = 1 will set the length unit.
Since Wiom is a fast-decaying function of the distance be-
tween two points on the circumference, we change the integra-
tion variable 6’ so that it measures the distance from the “ob-
servation” point 6. This is accomplished by a rotation which,
on the basis functions, acts as e — ¢=imb gimé’ — =imd yith
6 =0 — @’. In this way the distance d = cos™'[cos @] can be

expressed as d = |A| if the domain [—, +7] is used. Assum-
ing an exponentially decaying homogeneous connectivity, the

connectivity function tak@s the form Wyom(0) = N(o )e—\é‘?\/a7
where N(o)™" = [7 ¢71%1/°40 is the normalization. Thus,
T 0 Iy —
10,1) = wN@) Y (1) / ol =imd g
= vN(o) Z En(t)e™
T _ _ m2 ) )
X / €_|9|/0<1—im0——92+,_,>d9
- 2
= V@) Y a0

1 2 T B B
x ——m—/ 82177 4 V4B, (7
No) 2 J_;
where the —imf integral vanishes by symmetry. Since the
second derivative of Y with respect to 6 is represented

by > ,.( —m?*)yr,, exp(imf), the second-order approximation
reads

V(0.1) + (€ =)y (6,1) = DY (6. 1), ®)

where " = 9991 and the diffusion coefficient D is given by
N T G _

D= vﬁ 6%e7117 4p. 9)

-7

As already stated, this equation has the form of a diffusive
equation with a sink term.

B. Homogeneous connectivity with delay
We now introduce a time delay in the pairwise connection,
taking into account the finite velocity of transmission, c. Since
the neural signal propagation encoded in Wi, 1S considered
to be “fast,” we perform a first-order Taylor expansion in the
time dependence of the neural field. Thus,

b

10,t)=v Whom (d(0, 9Ny (0,1t —d(0,0")/c)do’

-7

T _
= [ a8 3 e g 0~ 611 d
=v Zeimﬁ
m

x| Whom(I8e ™ (smm - @atsmm + - ) dé

=vy(0,t)+ Dy’ (0,t) — ;Alﬁ(e, 1), (10)
where
A= / 16 [Whom (16])d6 (11

and D is still given by Eq. (9). We conclude that, when only
the homogeneous term is considered and with the introduction
of the delay, the neural field equation (4) can be written as

v+ ey =Dy, (12)
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where
, €—v D
€ = ———, = —.
1+vA/c 1+vA/c

As already stated, we see two things: (1) the equation structure
is the same as that of Egs. (8) and (2) the introduction of a
delay only redefines the coefficients € and D.

Notice that all the results obtained so far are based on
the two features of the homogeneous connectivity: Its fast
decaying nature, which allows for a Taylor expansion in the
space variable, and its rotational invariance, which makes the
dp term vanish. Finally, the delay term results in a correction to
the 0, term, due to the “high” value of c. All these qualitative
features translate to the spherical case of Sec. IV. This means
that, recalling that R =1 sets the length unit and putting
€ =1 to set the frequency and time units, all the physiolog-
ical variability described by Wjon is encoded only into the
two coefficients € and D’ through its spatial moments. It is
unlikely that such a model can account for the great variability
observed in EEG recordings. To make the model closer to
physiological evidence, the subject-dependent heterogeneous
term must be introduced in order to explore to what extent it
is needed to account for such complexity.

/

13)

C. Heterogeneous connectivity

We now consider the heterogeneous term which contains
the long-range connectivity. The aim of this section it to write
the neural field equation in a form suitable for a truncation
expansion on the relevant eigenmodes. We see that the final
form can be divided in part related to the topology of the
physical space and in part related to the neuronal connectivity
and the delay.

First of all we note that in Egs. (1) and (4) the function
Whet 1s a continuous function of two variables but in Eq. (3)
we consider, as a significant example, a §-shaped connectivity
with link strengths given by p;;. Since the following treatment
is as general as possible, we still use a continuous represen-
tation for the heterogeneous connectivity but, having in mind
the discontinuous (§-like) form of Eq. (3), we change notation
from Wit (x, ¥) to u(x, ), representing it in a continuous fash-
ion. Because u(x, y) is related to the long-range connections,
we cannot assume a particular parametrization, as we have
done for Wiom, nor we can suppose it is a monotonic function
of its spatial variables.

In order to perform the mode decomposition, we substitute
representation (5) into Eq. (4). Then we approximate the
homogeneous term with its first nontrivial Taylor expansions,
according to the procedure of Secs. III A and III B. Finally, we
project on the basis functions. The result is

En(t) = —(€ + Dm*eu(t) + L(1, m), (14)
I(t,m) = / / (61, 62)e™"
61 Jo,
X Zei"gzén(t —d(6y,6,)/v)d6,d6,. (15)
In Eq. (14) the quantities € and D are the rescaled ones of

Eq. (13) while in Eq. (15) we have n(6;, 6;) = Whe /A with
A given by Eq. (11). These equations are exact, apart from

the short-range and high-c approximations on Wy, already
discussed. We now proceed to work on the heterogeneous
integral (15). We take three steps:

(i) Expand the heterogeneous connectivity on
the basis of complex exponentials as w(6;,6;) =
>y Moy @™ %e™® . In  the following discussion
a number of s factors arise since we have used the
non-normalized ™ basis functions.

(i) Change variable 6, — 6 through a rotation so that
18] = d(6,,0,) with & € [—m, 7] and relabel 6 = 0.

(iii) Fourier transform in the time domain the &,(¢) coeffi-
cients.

A comment is in order about step (i). The expansion for
i is an exact representation as long as the sums involve
infinite terms. This means that a connectivity of & links is
continuously represented in an exact way but, when truncating
the sums, it is smoothed, and thus approximated, to a proper
continuous function.

After step (ii) we get

I(Z, m) = Z Zﬂml,mz

my,my; n

X feie(ml+m2—m+n)d9/e—i@(mz-k—n)ém(t _ |é|/U)dé
0 0

The change of variables has divided the double integral
into a part which depends only on the basis functions and a
part which retains the delay term. Anyway, the two factors
are entangled by the sums over the modes which involve the
connectivity components. It is easy to recognize that the form
of the first part is dictated only by the topology of the space.
Thus, we set

T
ei@(m|+m27m+n)d9 — 27T(Sm T (16)
-7

T =

The meaning of this equation, an expression of angular mo-
mentum conservation, is a topology constraint on the connec-
tivity modes that can contribute to the time evolution of the
mth eigenmode.

Performing the Fourier transform of step (iii), we get

L@, m) =Y timm Y E(@)T (m,my, ma, n)

nip,my n

x f e*ié(mz+n)eiw|é|/vdé. (17)
0
The structure of this expression is of the form

T(w, m) = Z Z T(m,my, mo, n)

noomy,m
X W(a)» my, n)ﬂml,inzén(w)a (18)

where

T

W = e*ié(mz+n)eia)|é|/vdé. (19)

-7

Putting together all the pieces, the neural field equation in
the frequency domain expanded on the complex exponentials
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basis is

(€ + m*D — i) (w)
=" T my, my, YW(@, my, 1), mbn(@) (20)

noomy,m

=2r Z Z W(a), my, n)u«m—n—mz,mgén(w)' (21)

nom

In this form, the first sum is a series expansion for the
§ coefficients, which becomes our truncation approximation,
while the second sum is a “convolution-like” term, which
cannot be further simplified without some assumption on
the heterogeneous connectivity. As a consistency check, we
consider the v — oo limit: W(my, n) =218y, . = I =
(27)? Zn /Lm,,nén. This is the correct result that one would
have gotten starting directly from Z without the delay. Notice
that, following a standard analysis [37,48], Egs. (20) and (21)
can be easily cast into the form of a characteristic equation:

M -&(w)=0, M=D+K, (22)

Dm,n = (E + sz - ia))(sm,na (23)

Km,n = —2n Z W(a)7 my, n)/»Lm—n—mz.mQ s (24)

my

where D is a diagonal matrix related to the short-range
connectivity and K is the matrix related to the heterogeneous
kernel. In the absence of the global connectivity, this would
reduce to a standard dispersion relation € + m?*D — iw =0,
where for each “wavelength” m a solution with a precise com-
plex frequency exists. For a nonzero i we have instead the
condition det[M] = 0, which constrains the possible values
of the eigenfrequency w, introducing a strong “interaction”
among all the ms.

IV. SPHERE

In this section we consider the neural field equation (4) on
a spherical spatial domain. As we have done for the circum-
ference, we start by assuming an instantaneous homogeneous
connectivity, then we add a delay (through the parameter
c) and finally we analyze the full equation including the
heterogeneous term and its delay (through the parameter v).
The analyses closely follow the ones already done for the
circumference and much of the physical considerations done
in Sec. I1I are extended to the more physical case of the sphere.

Our first result is the approximation of the homogeneous
integral with the delay again through a diffusive equation
with a sink term and the computation of the corresponding
coefficients in terms of the spherical Wyon,. The final result
is a mode decomposition of the full field equation on the
spherical harmonic basis in a form suitable for a truncation
approximation.

A. Instantaneous homogeneous connectivity

The starting point of our analysis is now the representa-
tion for the local field potential (0, ¢, ) on the spherical

harmonics:

YO, 9,0 =D &, ), (25)

I,m

where 6 and ¢ are respectively the polar and azimuthal
angles parametrizing the unitary sphere S = S?. The sums
run over [ =0, 1,2, ... and, for each [, over m = —[, —[ +
1,...,0,...,1 — 1,1 The spherical harmonics are defined as
follows:

Yim(0, ) = NiuP"(cos 0)e™?, (26)

where P;" (x) are the associated Legendre polynomials of order
[ and degree m while A, are proper normalization factors,
defined by the condition fozn de [y dosin6Y,,,(6, ¢) = 1.
In our conventions we have Y; _, = (—1)’”1/me. It is well
known that the spherical harmonics Y; ,(0, ¢) constitute a
complete and orthonormal set of functions for a spherical
domain. Since our field equation involving the homogeneous
connectivity is a diffusive one, spherical harmonics are the
natural expansion basis, being eigenfunctions of the Laplacian
operator [49]. We now study the homogeneous term of Eq. (4)
in the instantaneous approximation:

160, ¢.1) = V/ Whom (d (2, QNP (R, 1) dQ
o

= / Whom (d(R. ) Y €1 (1)¥1,(2) dL,
& I,m

27)

where Q2 = (0, ¢). Since the connectivity function has a sim-
ple form in a spherical system whose polar axis is along the
direction of (@, ¢) [in this section the function d(£2, ) is
defined as the great circle distance between two points], we
need to perform the rotation

Yim(Q) =YD (R)Yw(Q), (28)

where R(Q2)=R(a=¢,8 =0,y =0) is the rotation,
parametrized through the Euler angles («, 8, y), that actively
takes the polar axis in the wanted direction.

We used the Wigner rotation matrices D) with integer 1,
well known from the theory of angular momentum in quantum
mechanics, since they realize the representation of the rotation
group in the space of spherical harmonics which is exactly
what we need to perform the change of integration variables
Q' — Q. Wigner matrices, being a unitary representation of
rotations, satisfy the following properties [49]:

DY (R~ =D (R) =D (R). (29)

m',m

Using Eq. (29) to invert Eq. (28) and substituting in Eq. (27),
the integral 1(0, ¢, t) becomes

160, ¢,1) = vN(0) ) _ & .m(t)

N

X ZDSL’) m(R(SZ))_1 _ e_é/aYl,m’(STZ)dSTZ
p” ’ Q

= oN©)Y 6D R@) [T @ a2
I,m 2
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=VN(0) ) & m(t)
I,m

4
21 +1

X

Yy (6. §) / 7Y 0(@)dR, (30)
Q

where N is the proper normalization for the homogeneous
connectivity on the sphere. In the first passage the resulting
integral does not depend on ¢ so that only the m’ = 0 terms
remain while in the last passage we used the relation [49]

DONG.0. 1) = | ¥ 0.4) —>
m,0 L 2l+1 IL,m ’
47
DY RUQ) =/ ———Y, .0, B). 31
bR (@) = 5 Vim0, ) 31

Assuming again a fast-decaying connectivity function, we
use the Taylor expansion, about 6 = 0, ¢ = 0, for the spher-
ical harmonics inside the integral to get the second-order
approximation as

10.6.1) = WN@) Y &.u(®)Y1n(0. $),/ 214” 1
I,m +

Y0 _
X Y1.0(0,0) + —=(0,0)0
o ’ 200

1 aZYLO 32\, —0/0 ;&

+ 2 92 (0,0)6 )e dQ, (32)
where 94Y;0 =0 has been used so that all the azimuthal
derivatives vanish. We need the values of the derivatives with
respect to the polar angle of the spherical functions with
m = 0 at the north pole: The results are 95Y; ¢(0, 0) = 0 and
82Y,,0(0,0) = —L1(1 + 1)Y;0(0, 0).

Substituting in the integral, we finally get

10,¢9,1) =vy(0,¢,1) — Zl(l + D&m (1)

l,m

N o
(@) / 82 74%Q,  (33)
4 Ja

where Y, (0,0) = /(21 4+ 1)/4nP(1) = /(2] 4+ 1)/47 has
been used.

We see that we obtained the representation of the Laplacian
operator on the unit sphere and thus the homogeneous part of
the neural field equation can be rewritten as

V(0. 6.0+ (€ =Y (O, 9,1) =DV (0. ¢,1). (34
where the diffusion coefficient is given by

N(o)
4

X Ym0, @)

D=v

/ 629748, (35)
Q

Also for the spherical domain the resulting equation is a
diffusive equation with a sink term.

B. Homogeneous connectivity with delay

We take advantage of the preceding results to study the
homogeneous term with a delay. Introducing the time delay
in the homogeneous integral (27) through the parameter ¢ and

using the result (30), we can take a Taylor expansion of &; ,,(¢):

10, ¢,t) = v/ Whom (d(2, QN (2,1t —d(Q, 2')/c)dY
o

4
= VN(0o) Ym0, P)
I,Xm: 21+ 1

X / El,m(t _é/c‘)eié/aYl,O(Q)dg_2
Q

4
=wN(0) ) J=——Y1.n(0,0)
[Zm: 21+ 1

x /Q (sl,ma)—ga,a,m(r) .. -)e—f’/”n,o(s‘z)dfz

— w0, 1)+ DVY(Q, 1) — ;sz(e,z), (36)
where now
B=N(o) / 0 74Q (37)
Q

is the analogy of the circumference coefficient A of Eq. (11).
Recalling the starting field equation ¢ + ey = I, we get

D

. € —V
VT vB/c‘” 1+ vB/cw (38)

so that we can again read the new decaying constant €’ and
diffusion coefficient D’:

_ D
1+ vB/c

, €—v

€ =—,
1+vB/c

/

(39)

The structure of the equation is again a diffusion equation
with a sink term where the coefficients are given in terms of
opportune moments of the function Wy, and renormalized by
the delay term.

C. Heterogeneous connectivity

We now consider the full field equation (4) on the spher-
ical domain. According to the discussion of Sec. II and the
analysis of Sec. III, we get our starting point in the form

Ern(t) = —(e 4+ DI+ D)ern(®) + TG Lm),  (40)
I(t,z,m>sf / (@1, V()
Q J Q0

XY Yo () (t — d(Q1, )/v)dR1d R,
U'm’

(41)

where € and D are given by Eq. (39) but now u = Wi /B with
B given by Eq. (37). We perform the analogy of the three steps
already taken for the circumference:

(1) Expand the heterogeneous connectivity on the spheri-
cal harmonic basis.

(2) Change variable Q, — € through a rotation so that
0 = d(6,, 6,) and relabel Q = Q;.

(3) Fourier transform in the time domain the & ,,(¢)
coefficients.
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The final result is

(.1, m) = / / DU ttm o Y (Y, (R)
QJQ

li,my b,my

x Y Y Erw(@)

Um’ mly,m"

x DY (R (@)D, (R ()

my,m m'’ .m’

x le’mlz(Q)Yl/,m”(Q)eiwé/v deQ (42)

Using the properties (29) for DO(R™") and DV)* (R) =

m',m

(— l)m”ng,)n,ﬁm (R), we can rewrite the last equation as

t@tom = [ [ a942 Y 3 (-1
QJQ

li,my b,my

XY (@ ()Y D & (@)

Um’ my,m"

X (_ l)mr+m27m”,m/2Dg2W)lZ,_m,2 (R(Q))Dgn)ﬂim”

X (R, iy ()Y ()" (43)

Once again in the spherical case, we recognize a factoriza-
tion over the integration variables which identifies a topology-
related part 7 and a delay-related part WW:

T — (_1)m+m/+mz—m/r_m'2/ )/I,fm(Q)YvZ],m](Q)
Q

X DYZL,,,,,; (R(Q))Dgln)q/,_m,/ (R(2))d 2, (44)
WZ/le,m'z(Q)Yl’,m”(g_z)eiwé/udg_z. (45)
Q

In order to study the topology function, we first write the
product of the two spherical harmonics as a Clebsch-Gordan
series:

Yl,fm(Q)Yll,ml (Q)
LM

where L satisfies the triangular rule |/ — [;| < L <!+ /; and
we use the Condon-Shortley convention for the phases of the
Clebsch-Gordan coefficients, so that they are real. Then we
use relation (31) to convert a spherical harmonic function into
the proper element of a Wigner matrix and we get

V@I+ D@L+ 1)

@I+DCL+1) 1o Lm
47 (2L + 1) Cro..0C1 Zmty m YL (€2), (46)

T = (- l)m-‘rm/-ﬁ-mz—m”—m’2 Z

Y 4
X CIL,b(?ll,OClL,ﬂ/rIn,ll,ml
y /Q D (R@) x D) (R(2))
x D), (RS “47)

Noting that the rotation involved in the Q integral, in
terms of Euler angles, is R(¢, 8, 0), it is possible to use the
orthonormality relation of the Wigner matrices for the special

case of axial symmetry:

/ DL (6.0, 00D™ (6,0, 0D% (6, 0,0)d<
Q 5 my,my ny,ny

4m pm LM
= 2L + lcll,ml,lz,mz Iy,m) lo,mh " (48)

For T we thus obtain

NESNCESY)

T = (_l)in+m’+mzfm"fm’2 Z
LM

2L+ 1
LO LM L0 LM
x CZ,O,II,OCI,—m,ll,mlClz,7m’2,l’,7m”Clz,—mz,l’,—m" (49)

To proceed further, we extract from the Clebsch-Gordan
coefficients the constraints for the azimuthal quantum
numbers: m” 4+ m) = 0 and m = m; +my +m'. A comment
is in order: We see that the integral in VV is nonzero only
for m, = —m”, which is consistent with the constraint already
given by the 7 term. Of course this is a consequence of the
fact that the time delay depends only on the distance of €2,
and €2,. Finally, putting together all the results, we have our
final expansion for the topology function:

JRI+1DQ2I +1
T=(—1)m‘Z QI+ D2L +1)

2L+ 1
T +
L,0 L,0 L,my—m L,m;—m
X C1o.1.0Cm 1= G Zmtyom Gy =t - (50)

Working in the frequency domain, as already noted in the
study of the circumference, we can recast our results in the
form of a characteristic equation:

M-£(w)=0, M=D+K, 51)

Dlm,l’m’ = (6 + l(l + l)D - iw)alm,l’m’ (52)

Ko = Y Y Tm; I'm's imy; my; mym”)

ly,my l,my m’z,m”
. T
X W(C{), lZmzs l m )Ml],m],lz,mz ) (53)

where D is a diagonal matrix related to the homogeneous part
of the model and K is the matrix related to the heterogeneous
kernel. Once again det[M] = O is the characteristic equation
which now identifies the eigenfrequency w which describes
the intricate “interactions” of the modes /, m.

V. PRINCIPAL RESULTS

Here we want to stress the principal results of our work.
Our final result for the Fourier transforms & ,,(®) is

(6 + DII+1) — iw) & p(w)

- Z %_l’,m’(w) Z Z iy my b my+m' —m
U'.m'

Limy b

X Y TUmyI'm's imys hm " YW(w, U, b, m"), (54)

m’

where the coefficients € and D given in Eq. (39) are related to
the spatial moments of homogeneous connectivity while the
 components are related to the heterogeneous connectivity.
The functions 7 and W are defined in Egs. (50) and (45)
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FIG. 1. 3D visualization of the neural field simulated on an
inflated hemisphere using a 34 x 34 weight matrix [50]; 132 608
neural populations have been simulated, and three successive time
steps are shown (time increases from top to bottom). The data have
been processed using MRTRIX3 and FREESURFER. Every image shows
two spheres: On the left, the neural field obtained with a mode
decomposition (/. = 50) is represented; on the right, the neural field
has been obtained with a finite volume method. All the figures share
the same color scale, where white is high value and black is low.
The weight matrix is antisymmetric, and the parameters have been
chosen so that the system falls into an oscillatory regime (¢ = 0.1,
v =0.1, D =0.01, maximum delay 20; unit of measure for time
is milliseconds, and unit of measure for space is the radius of the
sphere).

and represent the effect of the space topology and the delay,
respectively.

The time evolution of the projection of the neural field
onto the eigenfunctions of the Laplacian operator, respectively
on the circumference and on the sphere, is described by the
following equations:

En(t) = —(€ + m* D), (1)
+ i‘ pije ™y et —dy/v). (55)
Em(t) = —(e + 1(‘; + DD (1)
+ iuimfmm,-)Zn.m«szj)sp,mf(r — dij/v).
ij

U'.m

(56)

FIG. 2. 3D visualization of the neural field simulated under the
same conditions as Fig. 1, but with the weight matrix that has only
positive elements and D = 0.001. In this case, the system reaches a
stationary state (fixed point).

Notice that the equations for the mode coefficients have the
form of a dissipative process.

The dissipation becomes stronger for higher-order modes,
thus suggesting that a truncation of the series might produce a

10°
102

|
(M
VN )

O *w,;,.a),MMM

Power spectral density
= S o
N © —-

—
(=]
)

10° 10" 102 10°
Frequency (Hz)

FIG. 3. Power spectral density of the neural field obtained by
introducing noise into Eq. (56) via a Wiener process with variance
0.045 and amplitude 5. The parameters have been chosen so that the
state of the system fluctuates around a fixed point (¢ = 0.1, v = 0.1,
D = 0.1), but it is near to bifurcate to the limit-cycle regime: The
expected peak is clearly visible. A single heterogeneous connection
is present, and the weight matrix u;; is antisymmetric (this condition
maximizes the amplitude of the peak). The dashed line represents
a y o 1/f2, which is the behavior seen for purely homogeneous
connectivity.

012202-8



SPHERICAL-HARMONICS MODE DECOMPOSITION OF ...

PHYSICAL REVIEW E 101, 012202 (2020)

reliable approximated solution. We illustrate this in Figs. 1
and 2, where a three-dimensional (3D) visualization of the
neural field calculated onto a sphere is shown both for the
(truncated) mode decomposition and the numerical evaluation
(through the finite volume method) of the neural field equa-
tion. From a qualitative comparison, it is possible to see that
the mode decomposition is capable of capturing the correct
dynamics features of the nonapproximated solution, with a
spatial resolution that is related to the / that is chosen for the
truncation.

In Fig. 3, the power spectral density (PSD) of the resting
state of the noise-driven neural field sources on the sphere
is shown, mimicking the one-dimensional result shown in
Ref. [36]. This result has been obtained using the mode
decomposed equation (56) with [,,x = 20; the model is still
able to capture the peak typically shown in the PSD of EEG
data (shown, for example, in Ref. [36]).

VI. SUMMARY AND DISCUSSION

In recent years, experimental techniques in measuring neu-
roanatomical properties of the brain cortex made it possible
to study neural field models where connectivities are no
longer modeled in a generic fashion but can be introduced
explicitly as specific inputs from individual brain imaging
data. Along this line of research, in Ref. [36] Jirsa studied
a one-dimensional model in a linear spatial domain with a toy
connectome of one bidirectional connection and established
a linear stability analysis of the dynamics and analyses of
power-spectra features. The complexity of the model lies in
the space-time structure of the connectome, which expresses
itself, once reduced via mode decompositions, through a finite
set of delay-differential equations (after truncation). Since our
aim has been to go a step further towards a realistic description
of the cerebral cortex, we have considered the same model
in the domain of a spherical surface and retained a general
connectivity. We thus performed an expansion on the spherical
harmonic basis in order to get the equations for the corre-
sponding coefficients & ,(t). Working in the frequency do-
main, the field equation is turned into a characteristic equation

among o and the coefficients /, m. Despite the mathematical
complexity of our result [Eq. (54)], it is exact, apart from the
Taylor approximation of Wyop, .

Considering the complex time evolution of the neural
fields with time delays, we use the equations for the mode
coefficients [Egs. (14) and (15)] for the circumference and
Egs. (40) and (41) for the sphere, respectively. We render the
equations specific to the connectivity in Eq. (3).

The corticocortical time delays introduce resonant behav-
iors characteristic of the so-called space-time structure of
connectivity (see Refs. [36,51,52]) and enable selectivity of
spatiotemporal behaviors due to connectivity changes and
delay changes. The latter is significantly less common in
the literature, but prevalent in oscillatory behaviors. Another
important source of resonances is the corticothalamic, which
represents a more complex type of local dynamics, since
it introduces an effective time delay to all cortical regions,
communicated through the thalamus [53]. The corticothala-
mic loop has proven to be explanatory for a wide range of
resonances and dynamic behaviors [39,53,54].

In the spatial domain, the presence of time delays due to
the heterogeneous connectivity term leads to high memory
and time usage. Solving the truncated equations of the mode
coefficients space removes this limitation and provides an
important contribution to the solving of high-dimensional
connectome-based brain network models. Moreover, the trun-
cated equations provide analytical results like Eq. (54), which
now allow the explicit treatment of more biologically realistic
scenarios (for instance inclusion of shot noise [55], plasticity
[56], and multiscale architectures [14]) that were tangible so
far only under strong approximations.
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