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Rare events in mixed-mode oscillations from weakly coupled lasers
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We study a dynamical system consisting of two mutually coupled molecular lasers, each of which shows
mixed-mode oscillations and chaos when uncoupled. The type of coupling, incoherent laser interaction via
saturable absorbers is an example of inhibitory nonlinear coupling, which is also found in Hodgkin-Huxley
models that describe action potentials in neurons. We have carried out extensive numerical bifurcation analysis
and numerical simulations to show that for small-enough coupling, well below the chaotic synchronization
threshold, the presence of distinctive resonances in a symmetric mirror configuration of the system generates
a type of rare events characterized by very small amplitudes. When this symmetry is broken by introducing a
relatively small difference between the lasers pump parameters near an in-phase Hopf bifurcation, we observe
extreme rare events (rogue waves) in one of the lasers. In this case the outliers deviate from power-law
distributions and are reminiscent of those known as dragon kings. We consider the conditions for both types
of rare events to occur, their origin, as well as relevant statistical features.
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I. INTRODUCTION

Despite the rather large amount of data found in nature,
qualitatively different events of interest are often quite rare,
i.e., rare events. Their frequency depends on the particular
field of study [1], such as in flow cytometry, where rare-event
analysis typically refers to detection of episodes that happen
at a frequency of 0.1% percent or even much less, such as
at 1 in 107 occurrences (0.00001%) for tumor cells [2]. In
the case of extraordinary events, the celebrated physicist
Freeman Dyson recounts that Nikolai Kardashev, a renowned
astrophysicist, predicted that if we ever observe an alien
society, it should belong to type 2 or type 3 civilizations,
even if these events are as rare as one in a million, a black
swan. We have not yet achieved type 1 status [3], where the
status depends on the amount of energy a society is able
to control. In the context of popular narrative a black swan
is an unpredictable episode which is not expected and has
potentially severe consequences [4].

There is a large literature related to the statistics of rare
events of small, intermediate, and relatively large amplitude,
whose goal is the study of the associated probability distribu-
tion functions (PDF). Typically, frequency-size distributions
or cumulative distributions with heavy-tailed features disclose
rare events whose properties in general differ from those of the
PDF core in a significant way. As a result, their prediction typ-
ically has been limited to the expected occurrence of an event
within a range of values [5]. This happens as many issues are
still unclear, such as the mechanisms related to their onset, a
topic of current interest. The study of extreme rare events, also
known as rogue waves, is an important subject in the physical
sciences, such as in hydrodynamics, e.g., turbulence, hurri-
canes, and tsunamis, and in geosciences, e.g., earthquakes,
floods, and landslides [5,6]. For instance, recent research on
the temporal variability of individual rogue waves in coastal

environments showed that their rate of occurrence displays a
decreasing trend; however, their seasonal severity is becoming
more critical, resulting in eventual serious hazards [7].

Within the context of our model, the study of extreme
rare events in quantum and nonlinear optics became more
active after the work of Solli et al. [8]. Although a unique
definition of a rogue wave (RW) does not exist, there are four
important features within the context of optical pulses: (i) the
magnitude of their intensity, much larger than the average of
nearby pulses; (ii) fast rise, (iii) fast fall, and (iv) the rate
of occurrence, which is described by non-Gaussian and long-
tailed PDFs [9,10]. However, suitable PDFs may deviate from
power-law or Levy distributions [11]. As for low-dimensional
chaotic optical oscillators, crises have been found as possible
mechanisms for the onset of rare events [12].

The purpose of this paper is to show that rare events
of both very small and very large amplitude, being outliers
on a suitable scale, may occur in an autonomous system
of mutually coupled lasers. We study their onset, dynamics,
and conditions to observe them. Outliers display statistical
properties that differ from those within the PDF core in a
significant way [13].

In our model for the laser system the coupling parameter
range is weak, well below the threshold for chaotic syn-
chronization. Synchronization has been widely studied and
qualitatively refers to a mechanism by which rhythms of
interacting oscillators become and remain adjusted [14,15].
Theoretically and experimentally [16–21] it was shown that
chaotic systems under appropriate mutual interactions are
capable of exhibiting different kinds of synchronization be-
havior. Several types of chaotic synchronization have been
identified, such as complete synchronization, generalized
synchronization, phase synchronization, lag synchronization,
anticipated synchronization, crowd synchrony [22], and syn-
chronization in complex networks [15]. Just before the onset
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of chaotic synchronization a phenomenon known as bubbling
has been found, which is a form of intermittency caused
by riddled basins of attraction near the synchronized chaotic
state [23–25]. The range of coupling parameters considered
in our model is even smaller than that to observe bubbling
phenomena.

In the present study we consider two qualitative different
settings for our laser system, where we show evidence of rare
events and discuss their origin when in both cases the coupling
parameter is small enough. In the first case the coupled lasers
have a symmetric configuration, while in the second a suitable
parameter, the laser pump, in one of the laser oscillators brings
about an asymmetry near a Hopf bifurcation. We discuss
the origin of the observed rare events in the time series on
the basis of a bifurcation analysis of relevant families of the
resonances as suitable parameters are changed.

An important feature of our coupled system is the presence
of complex mixed mode oscillations. Mixed mode oscillations
(MMO) display several time scales and are the subject of
substantial current research in several experimental systems
[26–28], where they refer to cycles formed by a number of
spikes followed by several small-amplitude oscillations. In the
laser dynamical regime under study, Q-switching operation, a
saturable absorber element prevents the energy inside the sys-
tem to be released fast enough and suitably stores it before it
is freed as an optical pulse [29–31]. The coupling mechanism
in our system, which is induced via saturable absorbers, has
been studied both theoretically and experimentally in coupled
CO2 lasers [32–34].

This article is organized as follows. In Sec. II we introduce
and discuss the coupled laser model, while in Sec. III we
examine rare events of very small amplitude which arise
in numerical simulations when the coupled laser oscillators
are identical. In the next section we consider a bifurcation
analysis of the resonances which generate these rare events.
This consists of one- and two-parameter bifurcation diagrams
for the laser pump and coupling strength, as obtained by
a numerical continuation analysis with the package AUTO
[35]. In Sec. V along similar lines we deal with the case
of an asymmetrical laser configuration where rogue waves
may emerge near a Hopf bifurcation. Our conclusions and a
discussion are presented in Sec. VI.

II. THE MODEL

We describe a model for bidirectional coupling in a pair
of class-B single-mode Q-switched lasers: two mutually cou-
pled CO2 lasers via their saturable absorbers (LSA). The
uncoupled laser case is described by a model known as the
four-level model [36,37]. The CO2 LSA is a relevant system
of class-B lasers and its giant laser spikes are known as passive
Q-switching self-pulsations, which are a good example of
MMOs. The scope of the dynamical phenomenology of the
CO2 LSA made it an interesting object for study in nonlinear
dynamics [38–43]. We consider a special type of coupling
of Q-switched lasers, namely optical coupling via saturable
absorbers, which is also a form of incoherent coupling. This
coupling scheme between these laser systems has been imple-
mented both theoretically and experimentally in CO2 lasers
[32–34].

Each of the two laser devices is described by a reduced
four-level model [36,37] and the mutual coupling is imple-
mented through a fast saturable absorber. This system is mod-
eled in Eq. (1), where Ii stands for the field intensities within
the laser cavities, the fast variables, and vi and wi denote
the effective populations of the lower and upper (excited)
rotational energy levels in the gain medium, respectively,
where i = 1, 2 is the laser oscillator label. Here vi and wi

are the slow variables. Qi is the incoherent pump induced by
the excitation current in the gain media, and z is the effective
number of reservoir rotational levels in each vibrational band
in the gain medium. The last term in the equations for Ii stands
for the saturable absorber, the parameter α is proportional
to the density of absorber molecules and β is known as the
saturability [36,37], while c is the coupling constant. The
vibrational relaxation rates for the upper (excited) and lower
vibrational levels in the CO2 molecules are called γ2 and γ1,
respectively,

dI1

dt
= I1

{
− 1 + (z + 1)�1

z
(w1 − v1)

− α

1 + 2β[(1 − c)I1 + cI2]

}
,

dv1

dt
= �1I1(w1 − v1) − γ1v1 ,

dw1

dt
= �1I1(v1 − w1) − γ2w1 + zγ2Q1 ,

dI2

dt
= I2

{
− 1 + (z + 1)�2

z
(w2 − v2)

− α

1 + 2β[(1 − c)I2 + cI1]

}
, (1)

dv2

dt
= �2I2(w2 − v2) − γ1v2 ,

dw2

dt
= �2I2(v2 − w2) − γ2w2 + zγ2Q2 .

Also in Eq. (1), we have defined

�i = z + 1

(z + 1)2 + 2zIi/γR
′ , i = 1, 2,

where γ ′
R stands for the characteristic rotational relaxation

rates of CO2 molecules within the same vibrational band
[36,37]. Moreover, the saturable absorber is assumed to be fast
and identical in both lasers. The fixed parameter values are
α = 0.75, γ ′

R = 0.2205, γ1 = 0.0252, γ2 = 0.00315, z = 10,
and β = 200, while the parameters Q1, Q2 and the coupling
strength c are allowed to change. All relaxation parameters,
the time t , and the parameter α have been renormalized
through division by the photon lifetime in the laser cavity
[36,44].

Equation (1) and related CO2 LSA models for the case of
uncoupled lasers, where c = 0, have been studied to a good
extent. In this case qualitatively relevant features remain the
same, such as the isolas and period-adding cascades [44].
For a similar model of two unidirectionally and two mutu-
ally absorber-coupled Q-switched CO2 lasers we have shown
that there are isolas with in-phase and phase-locked periodic
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FIG. 1. Diagram which illustrates Eq. (1). Here the dashed blue lines and labels BS and LP denote the laser beam intensities I1 and I2,
beam splitter, and laser pulse output, respectively. Both laser systems are mutually coupled through their saturable absorbers.

solutions [45,46], where the case of chaos synchronization
was also considered. It is worthwhile mentioning that isolas
do not exist in a basic two-level rate-equation model [47].

The diagram in Fig. 1 qualitatively illustrates an experi-
mental set up for Eq. (1). This schematic has the key ingre-
dients of the model, such as Eq. (1), and has been studied
both experimentally and theoretically within the context of
chaotic synchronization by Sugawara et al. for the case of
unidirectionally coupled Q-switched CO2 lasers [33]. Other
experimental configurations have been considered, such as
coupling through a common saturable absorber [32,34], where
resonances and synchronization effects were studied for this
strongly asymmetric laser system. Our study, however, fo-
cuses likewise on the general problem where mirror symmetry
and symmetry breaking induced by small defects are features
of the dynamical system. As a result we have chosen the
bidirectional weakly coupled case for the laser system studied
in Ref. [33].

III. CASE I: RARE EVENTS IN SYMMETRICALLY
PUMPED LASER OSCILLATORS

For convenience of presentation this section is divided into
two subsections. In the first we consider the rare events of the
system and the related statistics, while in the second subsec-
tion we investigate the resonances embedded in the time series
for the laser intensities I1,2. This will be valuable in Sec. IV to
explain the origin of these rare events by considering different
families of periodic solutions of Eq. (1) and their bifurcations,
as obtained by numerical continuation analysis [35].

A. Extremely small amplitude rare events in the time series

To clearly identify the extremely small amplitude rare
events (ESARE), we first plot the typical behavior of the
laser intensities. Figure 2 gives an idea of the characteristic
oscillations in I1,2 when both laser oscilators are identical,

where the largest spikes and their following undulations are
also shown on a logarithmic scale. The coupling parameter
is c = 0.002 � csync, where csync ≈ 0.05 is the coupling near
which complete synchronization occurs. The ESARE are
shown in the time interval of Fig. 3, where the local maxima
are near log I1,2 ≡ ln I1,2 ≈ −46. One such local maximum
can be seen in Figure 3(b). Figure 3(a) suggests that when
some ESARE builds up, there is a nonzero probability for the
occurrence of another ESARE soon after in the time series, as
will be discussed next. The time series may be viewed as well
as a stationary process [48].

To have statistical estimates of ESARE, we first obtain
a time series from a Poincaré section by means of finding
consecutive maxima of log I1, which statistically is the same
as log I2 due to the mirror symmetry and the stationarity of
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FIG. 2. (a) Time dependence for I1,2 (red and blue) in Eq. (1)
for the coupling constant c = 0.002 and pump parameter Q = 2.26.
(b) Same time evolution in (a) for log I1,2 ≡ ln I1,2. The value c =
0.002 is much smaller than the synchronization threshold csync ≈
0.05. The coupled LSA have mirror symmetry. Here log denotes
natural logarithm.
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FIG. 3. (a) Time evolution for log I1,2 (red and blue) in Eq. (1)
when two rare events occur for the coupling constant c = 0.002
and pump parameter Q = 2.26. See the local maxima near log I1,2 ≈
−46. (b) A close-up of (a).

the time series. Figure 4 shows that for very weak coupling
constants, such as c = 0.00002, and pump parameter Q =
2.26, no rare events were observed in 105 consecutive iterates
in the time series. Still for weak coupling constants, but
above c = 0.00002, ESARE emerge as seen in the lower panel
of Fig. 4, where a few events are observed near log I1,2 ≈
−50. The rate R of occurrence of ESARE may be controlled
through the coupling constant c as indicated in Fig. 5(b),
where the number of rare events is counted within 105 consec-
utive iterates of the Poincaré section. In Fig. 5(a) the average
frequency ν is defined as the number of maxima occurring
over a discrete time T (T ∼ 105), as obtained for a system
of coupled lasers [49], while the number of ESARE in these
time series, R, is roughly less than 400 during T . As seen
in the upper panel of this figure, ν has small fluctuations
around a mean value. In all time series in this section we
consider coupling parameters c when the growth of ESARE
has a positive slope, that is when c � 0.001. For c ≈ 0.001
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FIG. 4. (a) Time series for the Poincaré section from I1 in Eq. (1)
for the coupling constant c = 0.00002 and pump parameter Q =
Q1 = Q2 = 2.26, where no rare events were observed in 105 iterates.
(b) Same as (a) but for the coupling constant c = 0.0005, where a
few rare events are observed near log I1,2 ≡ ln I1,2 ≈ −50. Here log
denotes natural logarithm.
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FIG. 5. (a) Average frequency ν versus coupling parameter c for
the pump parameter Q = 2.26. (b) Number of ESARE, R, versus
coupling parameter c from the Poincaré section time series for log I1

(red) and log I2 (blue) over T ≈ 105 successive iterates. The coupled
LSA have mirror symmetry.

or larger other effects (new resonances) may come into play
as R saturates as seen in the plateau of Fig. 5(b).

As for the statistics of ESARE, which emerge within events
of small, intermediate, and large amplitude, we study their
associated PDF, whose properties differ from those of the
PDF core in a significant way. This is shown in Fig. 6,
where the PDF cores for c = 0 and c = 0.0005 are displayed
in Figs. 6(a) and 6(b) respectively, where in Fig. 6(b) the
cumulative probability is close to 1. Both look similar, as the
coupling is weak enough compared to csync. In contrast to
the PDF core, that for the outliers when c = 0.0005 suggests
heavy-tailed features as shown in Fig. 6(c).

In the interspike time intervals between small, intermediate
(undulations), and large amplitude spikes, on the one hand,
and in the discrete time series for the interspike time intervals
between successive ESARE, on the other, the peculiar features
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FIG. 6. (a) log10 P, where P stands for the PDF for log I1 when
the coupling c = 0. (b) log10 P for log I1 when c = 0.0005 and Q =
Q1 = Q2 = 2.26 for the interval −3 � log I1 � 0. (c) Same as (b) but
for the interval −65 � log I1 � −35. Within the interval −35 �
log I1 � −3 the PDF P is negligible. The times series contains 106

iterates of the Poincaré section.
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FIG. 7. (a) log10 P, where P stands for the PDF, for log10(τi+1 −
τi ) when the coupling c = 0. τi is the time at the Poincaré section
for log I1. (b) Same as (a) when c = 0.0005. (c) log10 P versus
log10(τi+1 − τi ), where τi is now the time at the Poincaré section
when ESARE occurs.

for the outliers can be observed. This is shown in Fig. 7, where
the PDF for c = 0 and c = 0.0005 are displayed in Figs. 7(a)
and 7(b) respectively. Both PDF look similar as the coupling
c is weak enough compared to csync. In Figs. 7(a) and 7(b) the
maxima on the left, where log10(τi+1 − τi ) ∼ 1.8, are related
to the interspike intervals between successive undulations,
while those on the right, where log10(τi+1 − τi ) ∼ 2.7, are re-
lated to undulations and large spikes. In contrast, the PDF for
successive ESARE when c = 0.0005 suggests a persistence in
time of ESARE near log10(τi+1 − τi ) ∼ 3. After a PDF drop
follows a relative flat distribution for almost two orders of
magnitude for τi+1 − τi, as shown in Fig. 7(c).

B. Resonances embedded in the Poincaré section time series

To have an idea of the resonances which the trajectory
visits, as observed in the time series of the Poincaré section,
we need to identify its components and understand how often
these are visited. This will be useful to search for the appropri-
ate resonances in the coupled lasers system in the numerical
continuation study of the next subsection. The uncoupled case
bifurcation diagram, c = 0, turns out to be very useful to
detect the resonance components that arise in the time series
for small coupling c.

The bifurcation diagram for the single laser in Fig. 8
includes families of periodic orbits that connect smoothly to
themselves and are isolated from the basic solution families.
Such families are commonly referred to as isolas. Specifically,
Fig. 8 includes the first eight isolas, superimposed on the
basic solution families. The isolas are colored purple and will
be referred to as Î03, Î04, Î05, etc. There may in fact be an
infinite sequence of such isolas. The primary family (blue)
and the period-doubled family (brown) contain a region of
stability. The isolas Î03–Î07 also contain a region of stability,
bordered by period-doubling bifurcations (open diamonds).
For the current value of β, namely β = 200, the subsequent
isolas, Î08, Î09, . . . , do not contain a region of stability. The
choice of norm as vertical axis is mostly because it generally
gives reasonably clear diagrams. This norm is in fact the

FIG. 8. A bifurcation diagram for the single laser, showing the
norm of the periodic solutions, as defined by Eq. (2), versus the
pump parameter Q. Shown are the stationary family (bottom) and the
primary periodic family that emanates from the Hopf point (small
solid square). The curves near the top-left correspond, from left
to right, to the primary periodic family, a period-doubled family,
and the isolas Î03, Î04, Î05, . . . , Î10. Period-doubling bifurcations are
represented by open diamonds.

integral L2 norm of the solutions over a scaled time interval
[0,1], including all three solution components, i.e., the norm
is defined as

norm =
{ ∫ 1

0
[log I (t )]2 + v(t )2 + w(t )2 dt

} 1
2

. (2)

The L2 norm, as defined by Eq. (2), is a suitable measure
or gauge for periodic orbits. We note that in our figures the
choice of the solution measure is mostly given by the clarity of
the bifurcation diagrams it produces. Other possible measures
are | log I (t ) | or the period T of the periodic orbit [44]. The
period T may be useful as it carries information about the time
unit, which in Eq. (1) is the photon lifetime in the laser cavity
[44].

The rate that the trajectory for the single laser (c = 0)
visits different UPOs of Fig. 8 are shown in the histogram of
Fig. 9(a), where it is clear that the most visited UPOs are those
with m = 8, 9 maxima, or m − 1 undulations and m maxima
between two interspike intervals in the trajectory. There is
a consistent correlation between this PDF and the Floquet
multipliers �i, i = 1, 2 for a given UPO. Indeed, the smallest
absolute values for the expanding Floquet multipliers are
precisely for UPOs with m = 8, 9 maxima. Correspondingly
these UPOs have the largest contractive rates as shown by the
parameter λ1 + λ2 ≡ log10 | �1�2 |, as shown in the lower
panel of Fig. 9.

For nonzero coupling parameter, 0 < c � csync ∼ 0.05, as
discussed in the text for Fig. 5, the trajectory becomes more
complex, but still shadows to a good extent UPOs similar
to those of Fig. 8. Proceeding as we did for the time series
when c = 0, now the resonances involve new UPOs as c is
slightly above zero. Their new features, such as their folds,
quantitatively and qualitatively will be discussed in the next
section. The presence of qualitatively new UPOs is already
visible in the histogram of Fig. 10, e.g., UPOs with more or
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FIG. 9. (a) PDF for the number of times m maxima (m − 1
undulations) arise between two interspike intervals in the time series.
Here Q = Q1 = Q2 = 2.26 and the coupling c = 0. (b) λi ≡ log10 |
�i |, i = 1, 2, where �i are the Floquet multipliers corresponding to
the unstable periodic orbit (UPO) with m maxima. In (b) the dashed
line stands for the contractive rates.

less undulations, where as a reference we have inserted the
PDF for c = 0 using red lines, in the four panels where PDF
for different values of c are plotted. The above information,
obtained from a single time series for I1, suggests that the
most visited resonances are those of the type N : M, where
N : M is 8 : 8, 9 : 9, 8 : 9, 7 : 9, etc., as the coupled system is
symmetric and the laser oscillators behave to good extent as
independent.

In the present study we note that a resonance N : M refers
to a periodic orbit for the coupled system, where a laser
oscillator shows N oscillations or maxima while the other
oscillator displays M maxima for nonzero coupling c during
the complete period. In the next section we show how to
generate these resonances.
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FIG. 10. PDF for the number of times m maxima (m − 1 un-
dulations) arise between two interspike intervals in the time series.
Here Q = Q1 = Q2 = 2.26 and the coupling parameter c is changed.
(a) Coupling parameter c = 0 (red). (b) Same as (a) but for c =
0.0002 (blue) and c = 0 (red). (c) Same as (b) but for c = 0.00075
(blue) and c = 0 (red). (d) Same as (b) but for c = 0.0015 (blue)
and c = 0.003 (black). In panels (a),(b) and (c) the continuous lines
stands for c = 0. In panel (d) the largest maximum corresponds to
c = 0.0015.
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FIG. 11. The AC for the time series of I1 from the Poincaré
section versus the discrete time delay m for different couplings
c, when Q = Q1 = Q2 = 2.26. (a) Coupling constant c = 0 (red).
(b) Same as (a) but for c = 0.0005 (blue) and c = 0 (red). (c) Same
as (b) but for c = 0.001 (blue) and c = 0 (red). (d) Same as (b) but
for c = 0.002 (blue) and c = 0 (red). The continuous lines stands for
c = 0.

By calculating the coherence length for the discrete time
series of I1 via the autocorrelation function (AC) in Fig. 11,
we realize that we can assess the degree of persistence of the
trajectory near some UPOs. We observe that there is a match
between the largest probabilities for UPOs with m = 8, 9 in
the histograms of Fig. 10 and consecutive maxima of the
AC, which qualitatively repeat every time there is a delay
difference 
m ≈ 8. In particular, once a laser oscillator visits
a nearby UPO with m = 8, it is prone to repeat this kind of
oscillation L times. This we call laminar phase and is charac-
terized by a probability P(L) which depends on the length L
of the laminar phase, i.e., L = 3 for UPOs with m = 8 stands
for a trajectory portion visiting three consecutive UPOs with
m = 8 for the laser oscillator I1. The dependence of P(L) on L
is decreasing exponentially for several coupling parameters c
as shown in Fig. 12. For coupling parameters c � 0.001 we
can see that the average slopes in Fig. 12 slightly change;
however, for c � 0.001 these changes are more pronounced.
The slight change of the slopes for the laminar phases L
occurs when the growth of the number of ESARE R changes
gradually for c � 0.001, i.e., before R saturates, as shown in
Fig. 5.

Complementary information can be gained when analyzing
the cross-correlation function (CC) for a dual time series [48],
consisting of data at the Poincaré section for the maxima of
I1 and the related value of I2, versus the discrete time lag m
between these intensities. Recently, in the context of electri-
cally coupled semiconductor chaotic lasers, cross-correlations
have been considered, where the coexistence of both in-phase
and antiphase patterns [50] was observed experimentally and
numerically. In our system we clearly observe in Fig. 13(b)
that for the coupling parameter c = 0.0005 in-phase and
antiphase cross-correlations display a clear structure every
time there is a delay difference 
m ≈ 8. This behavior agrees

052204-6



RARE EVENTS IN MIXED-MODE OSCILLATIONS FROM … PHYSICAL REVIEW E 100, 052204 (2019)

0 8 16 24

-4

-2

0
lo

g
10

P
(L

)

(a)

0 8 16 24

-4

-2

0
(b)

0 8 16 24
Laminar Length L

-4

-2

0

lo
g

10
P

(L
)

(c)

0 8 16 24
Laminar Length L

-4

-2

0
(d)

FIG. 12. PDF P(L) for the laminar length L from a trajectory
shadowing different UPOs with a given m. This is for the time
series of I1 given by the Poincaré section for different couplings
c, when Q = Q1 = Q2 = 2.26. (a) log10 P(L) versus L for coupling
constant c = 0 and m = 8 (red), c = 0 and m = 9 (blue). (b) Same
as (a) for m = 8 when c = 0.0002 (blue), c = 0.0005 (green), and
c = 0 (red). (c) Same as (a) for m = 8 when c = 0.001 (blue),
c = 0.0011 (green), and c = 0 (red). (d) Same as (a) for m = 8 when
c = 0.0015 (blue), c = 0.002 (green), c = 0.003 (black), and c = 0
(red). In panel (a) the steeper average slope corresponds to m = 8. In
panel (d) the average slope becomes steeper as c increases.

with that for the AC in Fig. 11(b). For a weaker coupling,
however, the CC pattern collapses as seen in Fig. 13(a) for
c = 0.00002. In this case no ESARE is found in more than 105

consecutive iterations in the time series as shown in Fig. 4(a)
and in practice both laser oscillators appear as uncoupled.

IV. ESARE AS EXCEPTIONAL N:N AND N:M
RESONANCES

In this section we consider the origin of ESARE, as their
main observable features were dealt with in the previous
subsection, where we identified ESARE as local intensity
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-0.03

0

0.03

C
C

(m
) (b)

FIG. 13. Cross-correlation function for the dual discrete time
series at the Poincaré section, which consists of the maxima of I1 and
the correspondig value for I2, versus the discrete time lag m for two
different coupling parameters c, when Q = Q1 = Q2 = 2.26. (a) The
CC for the coupling parameter c = 0.00002. (b) Same as (a) but for
c = 0.0005.

maxima I1,2 when I1,2 � 1, i.e., below the undulations in-
tensities, for coupling parameters c � 1. According to the
model given by Eq. (1) it means that when one of the laser
oscillators undergoes a spike, the intensity of the other laser
oscillator reduces its effective decay rate (nonlinear losses)
and therefore may have a local gain, which can result in an
ESARE. This intuitive description has its origin or cause in
the presence of certain resonances with small enough Floquet
multipliers, which eventually are visited or shadowed by the
trajectory. Below we provide evidence that these exceptional
resonances are related to ESARE, and we give a short account
on how to find them.

To develop insight into the solution structure, we explain
it through a sequence of diagrams that together provide a
brief account of the periodic solution families and their bifur-
cations. A more detailed report on this bifurcation structure
will be considered elsewhere. In our bifurcation diagrams,
solid (dashed) curves represent stable (unstable) solutions,
respectively, Hopf bifurcations are shown as solid red squares,
branch points as small open squares, and period-doubling
bifurcations as open diamonds.

A. N : N intermediate-phase resonances

Families of intermediate-phase periodic solutions of the
coupled laser model can be computed quite systematically
by numerical continuation. We have determined such families
by coupling two identical solutions selected from an isola
of the 3D single laser model. For small coupling constant c
and varying Q such intermediate-phase families again take the
form of isolas. To be more specific, the first step is to follow
the phase-shift family for a fixed value of Q, for which we
used Q = 2.26, along which the coupling constant c remains
zero. Along this rather trivial family one encounters bifur-
cation points. For the standard 2D oscillator with quadratic
nonlinearity it is known that the coupled 4D model, with linear
coupling, has exactly two such bifurcations, namely one that
leads to an in-phase family, and another one that leads to an
antiphase family [51]. However, for the more general laser
model that we consider here, the number of bifurcations from
the phase-shift family can be more than two, and their precise
number also depends on Q. Bifurcating families include the
family of in-phase and the family of antiphase orbits, but
in addition there are bifurcations that lead to families of
intermediate-phase orbits.

We have applied this phase-shift continuation to two iden-
tical periodic solutions at Q = 2.3 from the isola Î08 of the
3D laser model. These solutions are merged into one 6D
solution of the coupled model, with coupling constant c = 0.
During the phase-shift continuation the value of Q is kept
fixed, while c and the period T are free continuation pa-
rameters, even though they actually remain constant, with
c = 0. Several bifurcation points are encountered along the
phase-shift family, in addition to those that lead to the in-phase
and the antiphase families. Along such bifurcating families of
intermediate-phase orbits we accurately locate target values
of the coupling constant, for which we have used, for exam-
ple, c = 0.0005 and c = 0.0020. Each of the corresponding
intermediate-phase orbits was subsequently used as starting
orbit for continuation with varying Q (and varying period T ),
while keeping c fixed. Although of considerable complexity,
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FIG. 14. Unstable resonances along two intermediate-phase isolas that arise from coupling two identical solutions of isola Î08 of the single
laser model. (a) c = 0.0005. (b) c = 0.0020. These resonances may give rise to ESARE in the trajectory. The coupled LSA have mirror
symmetry.

the two resulting families are indeed isolas of intermediate-
phase orbits, i.e., each family is represented by a closed
curve in a bifurcation diagram. A selected orbit along each
of the two isolas is shown in Fig. 14, on the left for an
isola with c = 0.0005 and on the right for an isola with c =
0.0020. Their Floquet multipliers show that both solutions are
only mildly unstable, while also possessing a strongly stable
manifold.

B. N : M resonances

Consider again the isolas of periodic orbits of the single
laser model in Fig. 8, and in particular the isolas of peri-
odic orbits represented there by a time-scaled L2 norm as
a function of Q. Now consider the alternate representation
of these isolas shown in Figure 15, where instead of the
L2 norm the period of the orbits is used as vertical axis.
Notice for example that the three curves representing the
isolas Î03, Î04, and Î05 (in black, red, and blue, respectively),
intersect at various locations, as best seen in the panel on
the right in Fig. 15. These intersection points correspond to
same-period resonances, from which resonance zones known
as Arnold tongues arise. We refer to these resonances using
the indices of the corresponding isolas, for example, 03:04
for the resonance that arises from the intersection point of the

isolas Î03 and Î04 near the left-hand folds in Fig. 15. There are
also resonance zones that correspond to rational resonances,
but these we do not consider here. Also note that referring to
resonance points as, for example, 03:04, is perhaps somewhat
misleading, as they are actually same-period resonances.

For any given resonance, say, 06:07, we take the two
resonant orbits, one from from Î06, and the other from Î07,
both having the same period and the same value of Q. Starting
from c = 0, the combined 6D orbit can generally be continued
in c, keeping Q fixed. Since at c = 0 the two lasers are
uncoupled, they can also be phase shifted relative to each
other. Such phase-shifted solutions can also be continued in
c. Due to the complexity of the ensuing two-dimensional (2D)
manifold of solutions, some of such phase-shifted solution can
be continued to larger values of c than others, while keeping
Q fixed. Practically a search is needed over various phase
shifts at c = 0 in order to continue to a desired target value
of c. Such a search has been carried out successfully for many
resonances to provide starting orbits at c = 0.0015.

Subsequent continuation of the starting solutions at c =
0.0015, keeping c fixed and allowing Q to vary, produces
isolas of periodic orbits. A selected fold along such an isola
can be followed with varying c, to provide a starting solution
(at a fold) for other selected values of c. As examples, the

FIG. 15. (a) Another representation of the isolas Î03–Î10 from Fig. 8 with Q as free parameter, now with the period T as vertical axis.
Only solid curves are used, even though the only stable regions are between the period-doubling bifurcations (open diamonds) along the isolas
Î03–Î07. (b) A detail of the diagram on the left. The smallest period T near the fold at Q ≈ 2.6 corresponds to isola Î03, the next fold to Î04, and
so on.
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FIG. 16. (a) Phase integral versus Q for, from left to right, the isolas Î06:07 (purple), Î07:08 (blue), Î08:09 (orange), and Î09:10 (red), for c =
0.0020. (b) A detail of panel (a). (c) The resonance labeled 1 in panel (b). (d) The resonance labeled 2 in panel (b). The coupled LSA have
mirror symmetry.

isolas Î06:07, Î07:08, Î08:09, and Î09:10 at c = 0.0005 are shown in
the top-left panel of Fig. 16, where a phase integral is used as
vertical axis. Note that the solution shown in the bottom-left
panel is from the isola Î08:09 (orange), with 8 maxima for
laser 1 (blue) and 9 maxima for laser 2, not counting the
local maximum of laser 2 (a “rare event”) near the bottom of
that panel. Similarly, the bottom-right panel shows a solution
along the isola Î09:10 (red), with 9 maxima for laser 1 (blue)
and 10 maxima for laser 2 (red). The numerous folds along
the isolas can be continued in the parameters Q, c, and the
period T , in order to provide an impression of the shape of the
resonance zones for these isolas. Solutions along the N : M
isolas in this section are generally highly unstable.

V. CASE II: EXTREME RARE EVENTS IN
ASYMMETRICALLY PUMPED LASER OSCILLATORS

In the present section we consider a different setting for
the pair of mutually coupled lasers, where we now show
evidence of extreme rare events or rogue waves when, as in the
previous case, the coupling parameter is much smaller than
the threshold for chaotic synchronization csync. However, in
this case the coupled lasers have an asymmetric configuration:
the laser pump parameter in both laser oscillators are different
near a Hopf bifurcation.

To be more precise, near the in-phase Hopf bifurcation
(HBI) in Fig. 17, which stands for the case of the sym-
metrically coupled laser oscillators of the previous section,
we introduce an asymmetry in Eq. (1), i.e., by slightly per-
turbing the lasers pump parameters such that Q1 < QHBI,
Q2 > QHBI.

As the solution to the right of QHBI is the stable steady
state with I1 = I2, and that of the left is a chaotic attractor, as
suggested by Fig. 18, simulations and numerical continuation,
the typical solution for this asymmetric setting becomes a
perturbation arising from the uncoupled chaotic solution and
the steady state for I1 and I2, respectively, as long as the
coupling parameter c is small enough: c � csync.

The continuous time evolution in this configuration for
log(I1) and log(I2) is shown in Fig. 18, where a single event
displaying a RW is observed in the time series for I2. The laser
intensity I1 qualitatively behaves as in the absence of coupling,
in contrast I2 eventually displays bursts from a characteristic
stationary solution near a steady state. These bursts consist
of spikes each of which is followed by several undulations,
as also seen in the previous section when Q1 = Q2, for very
small coupling c: c � csync. Moreover, when a RW occurs in
I2, a few ESARE may develop as well, although not shown
explicitly in these time series, ESARE appear in the PDF for
the statistics of the maxima of log(I2) as shown below.
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FIG. 17. c = 0.005. The curve that contains the two small solid
squares (Hopf bifurcations) represents nonzero stationary states. A
family of antiphase periodic solutions (not shown) bifurcates from
the Hopf point on the left. Shown is a family of in-phase periodic
solutions that bifurcates from the Hopf point on the right, as well as
an intermediate-phase family that bifurcates from the in-phase family
at the point marked by a small open square.

Figure 19 is a detail of Fig. 18 which suggests a more
complicated structure for resonances related to RW in the
evolution of log(I2).

Figure 20(a) is a detail of Fig. 18, which shows the
behavior of log(I2) just before a RW develops. Rogue wave
prediction is an important issue, and in optical systems it was
discussed and reported in several articles [9,10,12]. Recent
articles discuss RW prediction for a loss modulated CO2

laser model [52,53]. In our case we observe that a monotonic
nondecreasing almost regular oscillations for log(I2) develop,
which eventually goes beyond a certain threshold for log(I2)
and becomes a RW. By a similar token a RW comes to an end
with monotonic decreasing almost regular oscillations as seen
in Fig. 20(b).

In the absence of RW, the characteristic behavior of log(I2)
is composed of rapid oscillations whose amplitude is slowly
modulated in a stochastic fashion as suggested by Fig. 21(b),
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FIG. 18. Continuous time series for log(I1) and log(I2) shown
in (a) and (b), respectively. The coupling parameter is c = 0.005,
and Q1 = 2.27, Q2 = 2.2835. Here a single rare event is shown.
log I1,2 ≡ ln I1,2. Here log denotes natural logarithm.
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FIG. 19. Detail of Fig. 18, which suggests the presence of com-
plex resonances when a rare event happens.

while in Fig. 21(a) log(I1) behaves qualitatively as in the
absence of coupling.

To appreciate better the rise of a RW in I2 from the back-
ground of stochastic stationary oscillations localized around
the steady state solution for Q1 = Q2, we plot I2 � exp(−3.5)
as Q2 increases from QHBI in the three panels of Fig. 22.
In Fig. 22(c) Q2 = 2.285 is too large to observe any rare
event during the sampled time, while in Fig. 22(a) many large
amplitude events are observed. In between these opposite
behaviors, Fig. 22(b) appears as appropriate to suggest the
presence of RW in I2, as in a sample consisting of 106 Poincaré
map successive iterates RW emerge less than fifty times.

In Fig. 23(a) a PDF is shown for the discrete time se-
ries consisting of maxima for I2 for data points when I2 �
exp(−3.5). This amounts to almost all data sets, approxi-
mately 1.2 × 106, where rogue waves are eventually observed.
The red (blue) points stand for an interval partition in the his-
togram with 
 = 0.25 (
 = 0.50). The observed rare events
in the complete time series for I2 consist of both ESARE and
RW. For the sake of clarity and resolution we also display the
PDF for I2 < exp(−3.5) in Fig. 23(b), where the data set has
just 119 points. In Fig. 23(a) one may argue that the PDF for
exp(−3.5) < I2 < exp(−1.5) suggests a power law, while the
RW itself is a clear-cut outlier where I2 ∼ exp(−0.5).
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FIG. 20. Detail of Fig. 18, which shows the behavior of the time
series for log(I2) just before (a) and soon after (b) a rare event
occurred.
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FIG. 21. Detail of Fig. 18, which shows the behavior of the
characteristic time series for log(I2) in the absence of any rare event.

In addition to the PDF, also of interest is the estima-
tion of the AC for the discrete time series of I2 shown in
Fig. 22. Figure 24 evaluates the AC for different values of
Q2 when Q1 = 2.27 and the coupling parameter c = 0.005
are kept constant. As Q2 increases, the AC tail becomes
shorter for larger discrete time delay m when compared to
that of Fig. 24(a) for Q2 = 2.283. This is seen in Figs. 24(b),
24(c) and 24(d) where the AC tails fluctuate. In addition, in
Fig. 24(d) for Q2 = 2.285 the AC tail collapses to a very
small value of the order of the fluctuation for a random signal,
whose order behaves as 1√

N
, where N is the size of the data

set [48], N ≈ 106. The observed fluctuations in the AC are
the result of the relative correlation between the undulations
before and after the spikes in the discrete time series of I2.
As Q2 increases the undulations become modulated in an
almost random fashion during longer time intervals and bursts
become more unusual, as observed in panel (b) of Fig. 21. The
result is the collapse of the AC as shown in Fig. 21(d).

As in the symmetric configuration case, the CC is evaluated
for the dual time series [48], which this time consists of data at
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FIG. 22. Time series for the Poincaré section from the maxima
of I2 in Eq. (1) for the coupling constant c = 0.005, pump parameter
Q1 = 2.27, and Q2 = 2.283 (a), Q2 = 2.284 (b), and Q2 = 2.285 (c).
Here the number of iterates for the Poincaré section is of the order
of 105 in each panel, and only I2 � exp(−3.5) is considered for the
sake of resolution. Here log denotes natural logarithm.
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FIG. 23. PDF for the time series consisting of maxima for I2

when Q1 = 2.27, Q2 = 2.284, and coupling parameter c = 0.005.
(a) For data points when I2 � exp(−3.5), which amount to almost
all data, approximately 1.2 × 106, where rogue waves are eventually
observed. The red (blue) points stand for an interval partition of

 = 0.25 (
 = 0.50) in the histogram. (b) PDF for data points when
I2 < exp(−3.5), which amount to 119, where ESARE are observed.
The red (blue) points stand for an interval partition of 
 = 5 (
 =
10) in the histogram. Here log denotes natural logarithm.

the Poincaré section for the maxima of I2 and the related value
of I1, versus the discrete time lag m between these intensities.
The Poincaré section is chosen to be the maxima of I2 as the
RW occur in the time series for I2.

In this configuration we clearly observe in Fig. 25(a) that
antiphase cross-correlations are dominant for the most part
of m, except when m = 0, for the three different time series
shown in Fig. 22. Here the coupling parameter is c = 0.005.
When Q2 = 2.285 there are no bursts in the time series
for I2. Here in spite of regular continuous undulations whose
amplitude displays slow random modulations as observed in
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FIG. 24. The AC for the time series consisting of the maxima
of I2 versus the discrete time delay m for different parameters Q2

when Q1 = 2.27 and c = 0.005. (a) The AC for the pump parameter
Q2 = 2.283. (b) Same as (a) but for Q2 = 2.284. (c) Same as (a) but
for Q2 = 2.2845. (d) Same as (a) but for Q2 = 2.285.
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FIG. 25. Cross-correlation function for the dual discrete time
series at the Poincaré section, which consists of the maxima of I2

and the corresponding value for I1, versus the discrete time lag m for
different parameters Q2, when Q1 = 2.27 and c = 0.005. (a) The CC
versus m for the pump parameters Q2 = 2.285 (red) and Q2 = 2.284
(blue). (b) Same as (a) but for the pump parameters Q2 = 2.285 (red)
and Q2 = 2.283 (blue). The largest antisymmetric cross-correlations
arise when the pump equals 2.285.

Fig. 21(b), the CCs between I2 and I1 show clear antiphase
correlations as observed in Fig. 25(a) for Q2 = 2.285. For
Q2 = 2.283 and Q2 = 2.284 the antiphase correlations de-
crease, and bursts are more frequent for Q2 = 2.283 than for
Q2 = 2.284.

VI. CONCLUSIONS AND DISCUSSION

We have studied rare events of two kinds corresponding
to symmetric and asymmetric configurations in a model for a
pair of weakly coupled lasers, which when uncoupled show
mixed-mode oscillations (MMO) and chaos with one fast
variable and two slow variables. The rare events with an
extremely small amplitude (ESARE) arise in the symmetric
laser configuration and its rate of occurrence depending on the
coupling constant has been studied. We analysed its statistics,
where a characteristic power law develops for the histogram of
the laser intensities from ESARE. Symbolic dynamics, using
as partition the number of maxima of the embedded UPOs
in the attractor, allows for determination of the components
of the resonances for very weak coupling. This was useful
as a starting point to find the origin of ESARE, whose gen-
esis is related to the presence of N : M intermediate-phase
resonances, such as N : M = 8 : 8, 9 : 9, 8 : 9, and so on.
These resonances are built up from pairs of periodic orbits
which belong to Isolas for the uncoupled system, where the
relative phase between these periodic orbits, mostly UPOs,
is suitably shifted until a bifurcation is found. In a second
step, numerical continuation is carried out having as free
parameters the coupling strenght and laser pump.

The second rare event considered in our study is a rogue
wave. This arises in the asymmetric laser configuration for
small enough coupling parameter, when the pump parameters

in both laser oscillators are different near an in-phase Hopf
bifurcation. The laser oscillator having its pump parameter,
its control, larger than that for the in-phase Hopf bifurcation
exhibits rogue waves whose rate of occurrence depending on
its control has been studied. We believe that more complex
resonances are at the origin of the observed RW, as suggested
by our study of ESARE, which are generated by exceptional
N : M and N : N resonances. We defer the study of the RW
resonances for future work as the codimension in this analysis
is higher. We found that the related precursors are oscillations
with an almost similar period and predominantly with slowly
fluctuating amplitudes. In a model for the loss modulated CO2

laser, precursors have been associated with certain UPOs [52],
and the time spent by the trajectory near a singular point [53].
In low-dimensional chaotic laser models RW were found to be
induced by crises [52]; however, in our coupled system RW
arise near an in-phase Hopf bifurcation, where intermittency
arises between a fluctuating state, near a stationary solution
and a MMO of the laser system, which we associate with
certain UPOs, special resonances. The typical amplitude of
the RW is about 20 times larger than the average and standard
deviation of the fluctuating state amplitude: The RW appear
as large isolated spikes over an almost regular backround.
In the context of a master-slave coupled system within the
bubbling dynamical regime, histograms of extreme rare events
do not follow the typical power-law behavior [54]. The related
outliers were identified as dragon kings, as these possess
distinct formation mechanisms. A recent case of these outliers
in optics was reported within the context of random laser
emission [55]. In our system the corresponding histograms
for the asymmetric case indicate that the mechanism for the
genesis of the outliers is the presence of special resonances,
as suggested by our study of ESARE. A detailed study of the
latter is left for future work.

We also considered autocorrelation and cross-correlation
functions for the time series of ESARE and the RW. Here
clear patterns are found where in-phase and antiphase cross-
correlations emerge. This suggests that certain sequences of
resonances are more likely to be visited or shadowed by the
trajectory in spite of the very weak coupling strength. The
latter is weak when compared to that for complete synchro-
nization.

As the interaction between the laser oscillators in our
model, Eq. (1), is given via inhibitory nonlinear coupling, we
think that certain models of neurons, such as those for central
pattern generators described by Hodgkin-Huxley models [56],
may exhibit rare events qualitatively similar to those presented
in this study. Moreover, due to the ubiquity of MMO in
science, we expect similar rare events to be found in other
experimental settings and in applications.
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