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Polarized electron acceleration in beam-driven plasma wakefield
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We investigate the precession of electron spins during beam-driven plasma-wakefield acceleration based
on density down-ramp injection by means of full three-dimensional (3D) particle-in-cell (PIC) simulations.
A relativistic electron beam generated via, e.g., laser wakefield acceleration, serves as the driving source. It
traverses the prepolarized gas target and accelerates polarized electrons via the excited wakefield. We derive the
criteria for the driving beam parameters and the limitation on the injected beam flux to preserve a high degree
of polarization for the accelerated electrons, which are confirmed by our 3D PIC simulations and single-particle
modeling. The electron-beam driver is free of the prepulse issue associated with a laser driver, thus eliminating
possible depolarization of the prepolarized gas due to ionization by the prepulse. These results provide guidance
for future experiments towards generating a source of polarized electrons based on wakefield acceleration.
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I. INTRODUCTION

Wakefield acceleration driven by a particle beam (PWFA)
[1–3] or a short laser pulse (LWFA) [4,5] promises accel-
eration gradients larger than GV/cm for electron accelera-
tion. This is about three orders of magnitudes larger than
the field gradients in traditional rf accelerators (∼1 MV/cm)
[6]. This makes wakefield acceleration a promising approach
to develop compact electron sources. Recently, GeV-scale
electron beams with total charge of tens of pC to several
nC have been obtained in experiments for either LWFA [7,8]
or PWFA [9]. Although many beam properties (e.g. energy
spread, total charge, beam divergence) have been studied in
depth [1,10,11], the spin polarization of electron has rarely
been discussed in wakefield acceleration and no experimental
data can be found in literature. In fact, spin-polarized elec-
trons are widely used in nuclear physics, material science,
and electron-positron colliders [12–14]. They are generally
generated in a storage ring via radiative polarization [12]
(the Sokolov-Ternov effect [15]), which takes about a few
hours to build up the beam polarization. For this approach
to be valid in wakefield acceleration, it is estimated that the
required duration is at the ∼1-μs level [16,17], corresponding
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to an approximately kilometer-scale acceleration distance.
Such requirement is beyond the availability of state-of-the-art
wakefield acceleration. An alternative way to obtain energetic
polarized electron beams is to extract prepolarized electrons
directly from a polarized gas and then to accelerate them
subsequently, for example in a Linac [14]. The first extraction
process can be circumvented, if the polarized electrons are
accelerated in a wakefield. However, this requires a fully
prepolarized gas target with appropriate density.

By means of the ultraviolet (UV) photodissociation of
hydrogen halide [18–23], gas densities reaching 1019 cm−3

could be achieved at full polarization of electrons in the
hydrogen atoms, which is suitable for wakefield acceleration.
A particular design based on such a technique has been given
for the LWFA case [17]. The key issue to accelerate polarized
electrons beams in a wakefield is to find a parameter regime
that allows the preservation of all single-particle spins during
the injection and the subsequent acceleration. The latter issue
is rather unproblematic because the depolarization of a high
energetic electron beam grows only slowly with the mean
beam energy [24], while the first point requires a more precise
examination. Previous works show that the depolarization
happening in the injection phase can be mitigated by shifting
the laser focal position to decrease the amount of injected
beam charge [25]. Recently, a vortex laser driver has been
proposed to produce energetic electrons of high polarization,
without strongly reducing the loaded beam charge [17].
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Compared to the LWFA scheme, PWFA [1,2,26] is promis-
ing for generation of high-energy electrons over longer ac-
celeration distances because the driver does not suffer from
laser-type diffraction and dephasing effects. Electron beams
with an energy up to 85 GeV have been obtained by a 42-GeV
driving electron beam [11]. An apparent advantage of PWFA
for accelerating prepolarized electrons is that the driver does
not contain a pedestal or a prepulse, as in the case of a laser
driver. Thus, prepolarized targets do not confront possible
depolarization issues from the ionization or heating associated
with the laser case. As a matter of fact, the polarization
of the initially spin-aligned electrons oscillates among the
range 0∼100% at a period of 350 ps [17,20]. Considering
the nanosecond-scale duration of the prepulse for a typical
high-power laser system, if ionization is induced by the laser
prepulse, the spin orientations of electrons stripped out at
different phases of the 350-ps oscillation period will be mis-
aligned. The electron target would lose its polarization purity
before the arrival of the main pulse. In order to minimize
this effect in LWFA, the prepulse should be controlled be-
low the ionization threshold, which is about 1012 W/cm2 for
typical gas targets like hydrogen [27]. Although the injection
process in the density down ramp is similar to LWFA, a
significant distinction appears in the beam or laser plasma-
interaction stage in PWFA. In PWFA, background electrons
are expelled via the electrostatic field generated by the drive
beam. Typical field strength is at 1011 V/m [1,10,11], about
two orders of magnitude smaller than the laser field in LWFA
(∼1013 V/m) [7,8]. Thus, the spin variation is not significant
during the beam-interaction stage (before injection). In con-
trast, in LWFA the electron spin oscillates dramatically during
the laser-interaction stage due to the much stronger laser field
[17,25]. That creates risks for sudden depolarization if the
laser field is not so evenly distributed, e.g., spin would gain
net change after being averaged over the whole interaction
duration. This unfavorable effect is inhibited in PWFA.

These benefits motivate the investigation of spin-polarized
electron acceleration for a beam driver in the current work.
Several kinds of beam sources are available for PWFA,
such as proton [9,28], positron [29,30], and electron beams
[11,26,31]. In this work, we restrict our discussion on
electron-beam driven wakefield acceleration since the re-
quired beams are available either from Linacs such as the
Stanford Linear Accelerator Center (SLAC) [11,26,31] or
LWFA [7,8]. In particular, we choose density tailing target
[32–37] to realize electron injection in the down ramp, where
the setup for generating 100% prepolarized electron targets
has been introduced in detail in our previous work [17]. It
is worth mentioning that for other injection schemes such as
Trojan Horse ionization injection and beam-induced ioniza-
tion injection [38–40], the preparation of prepolarized target
needs to be further explored. We derive the criteria to preserve
the beam polarization and give the limitations on the injected
beam flux. As an example, we use a typical high-energy elec-
tron beam from the LWFA process and successfully accelerate
pre-polarized electrons with a polarization over 80%, in our
three-dimensional (3D) particle-in-cell (PIC) simulations.

The paper is organized as follows: In Sec. II we introduce
the basic setup for PWFA and the considered parameter range
of plasma, driving source as well as the initial spin orienta-

tions chosen for simulations. In Sec. III we present typical
simulations results. They serve as an example to understand
the basic physical processes. In Sec. IV we derive the criteria
for the driving source, the plasma setups, and the initial spin
directions as well as the limitation for the injected beam peak
current via theoretical analysis and compare the results with
simulation results. Finally, in Sec. V, we give a brief summary.

II. SIMULATION SETUP

As described in Ref. [17], a specific design for a prepolar-
ized electron target is based on UV photodissociation of HCl
gas, which promises 100% polarization for electrons in the
hydrogen atoms. The initial spin orientation can be adjusted
by switching the directions of aligning and photodissociation
light simultaneously. In this work we present PIC simulations
with an energetic electron beam propagating along the x axis
from the left boundary of the simulation window. The beam
passes through the spin-polarized hydrogen gas, which can
be fully ionized by the driving beam [11,41]. In order to
match experimental conditions like those in Refs. [7,11], we
assume that the electron beam density has a Gaussian profile
nb(r, ξ = x − ct ) = nb0 exp(−r2/2σ 2

r − ξ 2/2σ 2
l ), where the

σl , σr are the longitudinal and transverse beam sizes (see
Fig. 1), respectively, and nb0 denotes the peak density of
the driving beam. The mean electron momentum is 2000 mec
(energy close to 1 GeV), while the relative momentum spread
is 10%. It is important to note that for a higher electron energy,
the final energy of the accelerated beam is larger while the
injection process is about the same. Since the spin variation
mainly happens during injection, the energy of the driver has
little effect on beam polarization. Therefore, we choose beam
parameters accessible from either SLAC or LWFA. For effi-
cient injection, a so-called density tailing target (also known
as density down-ramp injection) [34–37] is utilized with ramp
profile: n(κ ) = {[α − �(κ )]�(L − κ ) cos(πκ/2L) + �(κ −
L)}n0 (see Fig. 1), where �(x) is the step function, κ = x −
xp, xp = 36 μm, and L = 16 μm, respectively. α = np/n0 = 4
is the ratio between the peak density of the ramp and the
background density.

We employ the classical spin model applying Ehrenfest’s
theorem [12] which describes the particle spin with direction
vector s(|s| = 1). Initially all electron spins have the same di-
rection, s0 = cos ψex + sin ψ cos ςey + sin ψ sin ςez, where
ς and ψ are the azimuthal and polar angles of the vector s with
respect to the x axis, as sketched in Fig. 1. Considering cylin-
der symmetry, it is natural to set ς = 0 so that s0 = cos ψex +
sin ψey with the averaged initial polarization P0 = |
s0|/N =
1 while Px0 = |
sx0|/N = cos ψ , Py0 = |
sy0|/N = sin ψ ,
and Pz0 = |
sz0|/N = 0, respectively. In our PIC simula-
tions, we vary the driver parameters such that σr = 0.5 ∼
3 μm, σl = 0.8 ∼ 5.5 μm, nb0 = 0.5 ∼ 2.5 × 1019 cm−3; the
plasma density is n0 = 0.5 ∼ 2.5 × 1018 cm−3 and α = 2 ∼
8, respectively. The initial spin orientation is defined by the
angle ψ = 0 ∼ π/2. A moving window is employed with a
48 μm(x) × 48 μm(y) × 48 μm(z)-sized simulation box and
1200 × 600 × 600 cells.

In general, spin dynamics contains three parts [12]: the
Stern-Gerlach force (the gradient force), the Sokolov-Ternov
effect (spin flip) [15], and spin precession in electric and
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FIG. 1. Sketch of the electron beam-driven wakefield acceleration: the driving beam has a longitudinal size σl and transverse size σr ;
plasma target comprises a density ramp and background density; electron is injected at the location defined by the transverse radius of ri and
azimuthal angle φ; the electron spin vector orientation is defined by the azimuthal angle ς and polar angle ψ .

magnetic fields according to the Thomas-Bargmann-Michel-
Telegdi (T-BMT) equation. However, during wakefield ac-
celeration, the Stern-Gerlach force is much smaller than the
Lorentz force [16,17,42] and the polarization time of spin flip
is much larger than typical wakefield acceleration processes
[16,17]. Therefore, we only consider the T-BMT equation
for spin dynamics and implement it into the VLPL code [43]
following the form [44]

ds/dt = � × s, (1)

with � = e
m ( 1

γ
B − β

γ+1 × E
c ) + ae

e
m (B − γ

γ+1β(β · B) −
β × E

c ). Here m is the electron mass; β is the
electron velocity normalized by c (velocity of light in
vacuum); γ = 1/(1 − β2)−1/2 is the relativistic factor;
ae = (g − 2)/2 ≈ 1.16 × 10−3 (g is the gyromagnetic factor);
and the vector s is the electron spin in its rest frame [2],
respectively. We added the T-BMT equation to the moving
particle module and calculate � as well as the spin-vector
component parallel (s‖) and perpendicular (s⊥) to � for each
particle at every time step. To eliminate numerical errors,
Eq. (1) is solved by the rotation matrix method.

III. SIMULATION RESULTS

As an example, we first choose the driving beam of σr =
2 μm, σl = 2.5 μm, nb0 = 1019 cm−3 with α = 4 and n0 =
1018 cm−3. The electron spins are initially aligned along the
laser propagation direction s0 = ex, which is corresponding to
ψ = 0. The total charge of the electron beam is about 250
pC. In Figs. 2(a) and 2(b), we show an isosurface plot of
the electron density, the field distribution on the x-z plane,
and electron density distribution on the x-y plane. A clean
bubble is driven by the electron beam in the plasma. The
simulations show an increased radius of the blowout region
after the driving beam transverses the density peak. As a
result, the electrons at the bubble tail [see Fig. 2(a) around x =
30 μm] can then be injected into the bubble. Those electrons
are trapped and form a dense bunch that is subsequently
accelerated to high energies.

The spin orientations of sample electrons in the bunch
are denoted by black arrows. It is clear from Figs. 2(a) and

2(b) that the initially well-polarized electrons (arrows pointing
along the x axis) are depolarized during injection, considering
the parameter set we used. We notice that electrons are
focused by both the transverse electric field Er and the az-
imuthal magnetic field Bφ during injection. For nonrelativistic
electrons (γ ∼ 1 and β � 1), one knows that � ∝ B ∼ Bφ

from Eq. (1), so that Bφ predominates the precession. We give
the Bφ distribution in Figs. 2(c) and 2(d), where one can see
the strong magnetic field generated by the driving beam at
130 fs and later also with the injected electron beam at 260
fs. The magnetic field is associated with electron injection
density (self-generated field) and background ion density
(bubble-generated field), which will be evaluated in the next
section.

Since the polarization of the beam originates from the
statistic of the whole electron beam, we trace all accelerated
electrons trapped by the bubble field and calculate the abso-

lute value of polarization with |P| =
√∑

k Pκ
2 where Pκ =∑

i sκi/N with κ = x, y, z as well as the averaged relativistic
factor γ̄ = ∑

i γi/N at each time step. Here we define polar-
ization with positive value if 
Pκeκ · s0 > 0 while negative
value 
Pκeκ · s0 < 0. In particular, the beam polarization
P ≈ Px for s0 = ex and P ≈ Py for s0 = ey [17,25] (see also
Theoretical Analysis). We summarize the results for both
cases at σr = 2 and 1 μm in Fig. 3. The polarization (solid
lines) for all cases decreases significantly when γ is close
to 1 (t < 250 fs), corresponding to the injection phase of the
acceleration process. However, the polarization stays constant
after about 300 fs, when the mean bunch energy is much larger
than the electron rest energy (γ � 1) and thus it is in the
steady acceleration phase. A comparison between the cases
with different σr shows that the polarization is preserved at
a very high level for the σr = 1 μm cases (∼67% for s0 =
ex and ∼88% for s0 = ey). In contrast to that, the electron
beam is almost completely depolarized for σr = 2 μm, about
−12% with s0 = ex and 35% with s0 = ey, after 250 fs.
The trend is also clearly seen from the spin distribution in
Fig. 3(b). One sees most trapped electrons preserving si ≈ 1
for σr = 1 μm but spread out between −1 to 1 for σr = 2 μm,
indicating lower polarization level for the latter. The results
suggest that to preserve the electron polarization in PWFA,

043202-3



YITONG WU et al. PHYSICAL REVIEW E 100, 043202 (2019)

FIG. 2. Isosurface of the bubble (green, outside) and the driving beam (blue, inside) are shown in (a) and (b), respectively, where the
electron density is projected onto the x-y (at z = 0) plane, while the longitudinal electric field Ex is projected onto the x-z plane (at y = 0).
The black arrows denote the spin directions for electrons. The azimuthal magnetic field (Bφ ) distributions at (c)130 f s and 260 fs (d). Data are
taken at the beginning (130 fs) and end (260 fs) of injection for the driving electron beam σr = 2 μm, σl = 2.5 μm, nb0 = 1 × 1019 cm−3 with
α = 4, n0 = 1018 cm−3, and s0 = ex .

certain restrictions must apply, which will be discussed in the
following section.

IV. THEORETICAL ANALYSIS

The spin precession of electrons, known from Eq.(1),
depends on the strength and direction of the angular
frequency vector �. Typically we have B ∼ Bφ , β ∼ βx,
β × E ∼ Erβxeφ for the bubble regime [34,45], where Bφ is
the azimuthal magnetic field, Er is the radial electric field, and
βx is the normalized velocity along the x axis. Substituting
γ � 1/ae in the early acceleration process, we have
� = e

m ( Bφ

γ
− βx

γ+1
Er
c )eφ . With the rotation intrinsic of Eq. (1),

s‖ = (s · eφ )eφ (component of the spin vector parallel to �)
keeps constant while the perpendicular component s⊥ = s-s‖
rotates in the x-r plane. Combining this with the initial
condition s0 = cos ψex + sin ψey, one obtains s‖(t = 0) =
sin ψ (ey · eφ )eφ, s⊥(t = 0) = cos ψex + sin ψ (ey · er)er,
so that s = sin ψ (ey · eφ )eφ + cos(�θs)[cos ψex +
sin ψ (ey · er)er] + sin(�θs)[cos ψer − sin ψ (ey · er)ex]. Here
ex, er, and eφ are normalized base vectors in cylindrical
coordinates and the rotation angle �θs ≈ 〈�〉�t depends on
the time-averaged precession frequency and the precession
duration �t . Considering the injected beam containing N
particles with homogeneous density within the radius R and
assuming all electrons are symmetrically distributed around
the x axis, the polarization in each direction of the beam can

be derived as

Pα (α = x, y, z) =
N∑

i=1

si · eα

N
= 1

πR2

∫ R

0

∫ 2π

0
sik · eαrdrdφ.

(2)
Recalling ex · eφ = 0, ey · eφ = − sin φ, ez · eφ = cos φ,

ex · er = 0, ey · er = cos φ, ez · er = sin φ, and noticing that
�θs is independent of φ, one obtains Px = δ cos ψ, Py = (1 +
δ) sin ψ/2, and Pz = 0, where δ is a statistic average factor for
all trapped electrons relevant to �θs:

δ = 2

R2

∫ R

0
cos(�θs)rdr. (3)

The beam polarization turns out to be

P =
√

sin2ψ (1 + 2δ − 3δ2) + 4δ2

2
. (4)

In particular, P = Px = δ for s0 = ex and P = Py = (1 +
δ)/2 for s0 = ey which is also the reason why we only give
spin distributions along the particular prepolarized directions
in Fig. 3(b). The peak value of the polarization appears
at ψ = kπ/2 (dP/dψ = 0, k = 0, 1, 2 . . .), corresponding to
(1 + δ)/2 for odd numbers of k (transverse initial polarization
s0 = ey) and δ for even numbers of k (parallel initial polar-
ization s0 = ex), which suggests that the polarization of the
beam is larger for transverse case (δ < 1), in agreement with
the simulation results in Fig. 3.
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FIG. 3. Simulation results for trapped electrons located in the bubble. Displayed are the evolution for (a) beam polarization and the averaged
relativistic factor of electron (dashed), (b) the spin si (si = s0) distributions at 800 fs. In both figures, the blue solid lines and red dotted lines
represent σr = 2 μm and σr = 1 μm with s0 = ex while cyan dashed lines and pink dashed-dotted lines represent s0 = ey, respectively. Other
parameters are the same where the σl = 2.5 μm, nb0 = 1 × 1019 cm−3, α = 4, and n0 = 1018 cm−3.

It should be noted that whatever initial spin directions
are chosen, the beam polarization is restricted by δ which is
relevant to the rotation angle of the spin for each particle. In
fact, the rotation angle is only significant during the injection
phase and negligible as soon as the electron bunch has a
sufficiently high energy (see Fig. 3). This is because the �

rapidly declines as γ increase. Substituting Er ∼ cBφ , v ∼
vx = βxc, and γ � 1 for steady acceleration, the precession
frequency can be simplified to � ≈ eBφ/mγ (γ + 1) ∼ 1/γ 2.
The acceleration time can be roughly estimated as �t =
mcγ /eEx; thus, the rotation angle in this phase is about �θs ∼
cBφ/Exγ ∼ 1/γ � 1, which can be ignored.

Therefore, we only need to evaluate δ during the injection
phase. It depends on the injection position ri, the injection
time �ti, and strength of the averaged 〈�〉 for each particle.
For simplicity, the density of trapped electrons np is assumed
to be homogeneous in the trapping area ri = 0 ∼ rb(xp) with
elapse time of �ti = 4ri/c [46–48] where rb is the radius
of the bubble. If the driver is an electron beam, rb can be
estimated by [34,45]

r2
b (x) ≈ 4σlσr

√
nb0

n(x)
. (5)

Simulation results confirmed the evaluations from Eq. (5)
[see Fig. 7(a) in the Appendix]. Recalling that 〈�〉 is con-
nected with Bφ , Er , and βx, following the Maxwell’s equa-
tions:

1

r

∂

∂r
rBφ = −enpβx

ε0c
− ∂Ex

c∂ξ
, (6a)

1

r

∂

∂r
rEr = e[n(x) − np]

ε0
− ∂Ex

∂ξ
. (6b)

Assuming that all electrons experience the quasiconstant
acceleration, it is possible to calculate the mean velocity
〈βx〉 = 1

T

∫ T
0 βxdt = βx(T )/2. If we then substitute the char-

acteristic time the electrons need to become relativistic, we see
that 〈βx〉 ∼ 1/2. Further, we find that γ ∼ 1, 〈n(x)〉 ∼ np/2,

and 〈βxEr〉 ∼ Bφ/2 during the injection. Substituting all these
simplifications into � yields 〈�〉 ≈ 3eBφ/4m which is only
proportional to Bφ . Since the Ex decreases almost linearly
[42], one has ∂Ex/∂ξ ≈ n0e/2ε0. To simplify the analysis,
we ignore the temporal evolution of the density profile and
consider averaged effects during the injection period; then, the
averaged azimuthal magnetic field can be written as

Bφ ≈ (np + n0)er

4ε0c
. (7)

The results in simulations agree with Eq. (7) reasonably
well [see Fig. 7(b) in the Appendix]. There are minor devia-
tions at radius around rb(xp) due to the focusing of the trapped
beam, which is not included in our model. Combining Eq. (7)
with 〈�〉 ≈ 3eBφ/4m and �ti = 4ri/c, the rotation angle vari-
ation during injection is �θs ≈ 3eBφri/mc ≈ ηr2

i depending
on the injection radius, with η = 3e2(n0 + np)/4ε0mec2.

A seen from Eq. (3), the diverged rotation angles
�θs of electrons injected from different radii define the
beam polarization. One can find this from the single-
particle modeling of selected electrons. In our calcu-
lation, the evolution of electron momenta is acquired
from ∂Per/∂t = Fr , ∂Pex/∂t = −eEx where Fr = −e(Er −
vxBφ ) = −e2[(1 + βx )n(x) − 2(1 − β2

x )np]r/4ε0 is the rad-
ical force derived from Eq. (6) and Ex(ξ = x − ct ) =
− ∫ 0

ξ
en(y + ct )/2ε0dy is the longitudinal electric field

[34,49]. The spin dynamics are considered following the T-
BMT equation using the magnetic field from Eq. (7). The
calculated rotation angles �θs at different injection radius ri =
0 ∼ 3 μm for σr = 1 μm, σl = 2.5 μm, nb0 = 1 × 1019 cm−3,
α = 4, and n0 = 1018 cm−3 are illustrated in Fig. 4(a). It is
seen that the rotation angles are very small around the axis
while much larger for electrons located farther away from
the axis. Especially, the �θs = π for ri = 3 μm indicates
the perpendicular component of the spin is almost flipped.
Statistical average of the diverging rotation angles gives a
low degree of polarization; therefore to retain the polarization
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corresponds to adjusting σr at σl = 2.5 μm, nb0 = 1 × 1019 cm−3, σl at σr = 1 μm, nb0 = 1 × 1019 cm−3, and nb0 at σl = 2.5 μm, σr = 1 μm,
respectively, with α = 4, n0 = 1018 cm−3; case 4 denotes varying plasma density n0 and α with σl = 2.5 μm, σr = 1 μm, nb0 = 1 × 1019 cm−3;
case 0 represents the single-particle modeling for parameters in the region: σl = 0.5 ∼ 5 μm, σr = 0.5 ∼ 5 μm, nb0 = 0.2 ∼ 2 × 1019 cm−3,
α = 2 ∼ 8 and n0 = 0.2 ∼ 2 × 1018 cm−3. In (c), the blue dashed line is the analytical results from Eq. (4); Case 1 and 2 are for simulations
with nb0 = 1 × 1019 cm−3 and 1.5 × 1019 cm−3, respectively, with σl = 2.5 μm, σr = 1 μm, α = 4, and n0 = 1018 cm−3. Case 0 represents the
single-particle modeling with the same parameters of case 1 and 2. (d) The sy evolution (s0 = ey ) for different φ = 0 ∼ π/2 (lines from bottom
to top) of ri = 3 μm with the same parameters of (a) based on single-particle modeling.

purity, all injected electrons should keep their spin rotation
angles sufficiently small, i.e., the spin procession frequencies
must be kept low enough to make sure they rarely change
during the injection time window.

Based on the above analysis, the key parameter of the beam
polarization δ can be derived as

δ =
∫ rb(xp)

0
2cos(ηr2)rdr/rb

2 = sinc(m). (8)

Here, sin c(x) = sin(x)/x and m is a dimensionless parameter
defined by the total particle number of driving beam Nd =
(2π )3/2σ 2

r σl nb0 and transverse beam size σr ,

m = ηr2
b (xp) = 3

√
2

π

α + 1√
α

reNd

σr

√
n0

nb0
≈ 6.7

g(α)Nd [109]

kσr[μm]
,

(9)

where re = e2/4πε0mec2 is classical electron radius, g(α) =
(α + 1)/α1/2 with α = np/n0, k = (nb0/n0)1/2. The beam po-
larization as a function of m is summarized in Fig. 4(b)
for different combinations of the beam parameters, plasma

densities in the s0 = ex case. As mentioned in this section
previously, the beam polarization P = Px = δ for s0 = ex,
which is just described by Eq. (8). Compared with 3D PIC
simulations and single-particle modeling, the analytical model
is in good agreement overall. Small deviations appear for
m > 2, which is caused by the usage of averaged values.

The beam polarization is also related to the initial spin
direction known from Eq. (4), as given in Fig. 4(c) (ψ
denotes the initial spin orientation). PIC simulations and
single-particle calculations are consistent with the prediction
of Eq. (4). One notices that the polarization increases with
ψ in the region [0, π/2], suggesting stronger restrictions
for ψ = 0 (longitudinal polarization). According to Eq. (1),
only the perpendicular component s⊥ changes during ac-
celeration. It is relevant to ψ and φ (the angular displace-
ment of the electron from its initial position, see Fig. 1) by
|s⊥| =

√
1 − sin2ψsin2φ. Therefore, the spin variations are

not the same even electrons are injected at a fixed radius.
To conceptualize this, we choose the particular case with
ψ = π/2(s0 = ey) where the influence of φ on |s⊥| is most
significant. The evolution of sy for ri = 3 μm with azimuthal
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FIG. 5. Restrictions on the total particle number of the driving beam Nd to obtain beam polarization >80% for (a) longitudinal (s0 = ex )
and (b) transverse polarization (s0 = ey ), under certain k2 and σr with α = 4 based on Eq. (10). The color bar denotes for the maximum
driven-beam total charge Q = eNd to obtain polarization >80%.

angles φ = 0 ∼ π/2 is depicted in Fig. 4(d) based on the
single-particle modeling. One sees that the sy changes dra-
matically for φ = 0 (corresponding to |s⊥| = 1, spin direction
is perpendicular to �) while preserving the initial value for
φ = π/2 (corresponding to |s⊥| = 0, spin direction is parallel
to �) during the whole acceleration. Since the perpendicular
component is much smaller for higher φ ∈ [0, π/2], the spin
variation is less significant accordingly.

In general, Eqs. (4) and (8) and Fig. 4 predict that high-
polarization (>80%) electron beams can be obtained by re-
quiring the dimensionless parameter m < 1.68 for transverse
aligning while m < 1.45 for longitudinal aligning. Thus from
Eq. (9), the restriction for the driving electron beam is

g(α)Nd [109]

kσr[μm]
� 0.22(s0 = ex ), (10a)

g(α)Nd [109]

kσr[μm]
� 0.25(s0 = ey) (10b)

From Eq. (10), specific restrictions apply for the beam
charge, radius, and the density ratio between the driving beam
and the background plasma, to get a higher degree of polariza-
tion. For example, σr = 2 μm, σl = 2.5 μm, nb0 = 1019 cm−3

with α = 4, n0 = 1018 cm−3, and s0 = ex(s0 = ey) corre-
sponds to m ≈ 3.5 where the polarization is only −0.1(0.4)
from Eq. (4) while switching σr to 1 μm corresponds to
m ≈ 1.7 where the polarization is about 0.6(0.8) in agreement
with the simulations results shown in Figs. 2 and 3. Moreover,
the total number Nd (or the beam charge Q = eNd ) should
meet the criteria suggested by Eq. (10) once k and σr are
determined. To achieve polarizations >80%, the total charge
of the drive beam is restricted as a function of drive-beam size
and the density factor k, as shown in Fig. 5. It is not surprising
to see that larger beam size allows for higher beam charge,
since the magnetic field is directly related to the current
density.

Until now, we have derived the restrictions for the driven
beam and plasma parameters to preserve injected electron-
beam polarization. These naturally pose limitations for the
injected beam flux. A rough estimation of the peak current of
injected electrons can be applied as Ipeak ∼ απen0cr2

b(xp) ∼
αecm/3(α + 1)re.

Recalling Eq. (4) and Eq. (8), the relationship between the
beam polarization and peak current follows:

P(s0 = ex ) ≈ sinc

(
0.18

α + 1

α
Ipeak[kA]

)
, (11a)

P(s0 = ey) ≈ 1

2
+ 1

2
sinc

(
0.18

α + 1

α
Ipeak[kA]

)
, (11b)

for longitudinal and transverse polarization. We compare
Eq. (11) with simulation results in Fig. 6 for various sets of
parameters. In Figs. 6(a) and 6(b), both the theoretical analysis
and PIC simulations show that the beam polarization declines
when the flux increases. Specifically, the flux is limited to
5 kA for longitudinal polarization and ∼7.5 kA for transverse
polarization at 80% beam polarization, which is at the same
order compared to LWFA [17,25]. Moreover, according to
Eq. (11), one notices that the beam flux is only related to the
parameter α at a fixed degree of polarization. The beam flux is
significantly higher when the ratio between the peak density
of the ramp and the background density is large, as seen in
Figs. 6(c) and 6(d).

V. CONCLUSIONS

In conclusions, we considered a scheme to generate ultra-
short polarized beams via PWFA. By means of PIC simu-
lations incorporating the spin dynamics, we found that it is
possible to acquire electron beams with high polarization by
controlling the driving-beam parameters and plasma densities
at various initial spin directions. We developed an efficient
analytical model that interprets the PIC simulations very
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well. The polarization of the accelerated beam is defined
by a dimensionless parameter m, which is proportional to
g(α)Nd/kσr . Furthermore, the injected beam current is also
limited to maintain high polarization. Besides, we stress that
stronger restrictions apply for electron spins aligned parallel
rather than perpendicular. These results can guide future ex-
periments for generating polarized electron beams via plasma-
wakefield acceleration.
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APPENDIX: COMPARISON BETWEEN EQS. (5) AND (7)
AND SIMULATION RESULTS

To testify Eq. (5), we record the radii of the bubble in
the density ramp and the constant density region for different
parameters and compare the results from Eq. (5) with the
simulation results in Fig. 7(a), where excellent match is found
between the two. In order to assess the accuracy of Eq. (7),
comparisons have been made with the azimuthal magnetic
field in simulations, which is obtained by averaging values
from the beginning of the injection to the end of the process.
As exhibited in Fig. 7(b), the results in these simulations agree
with Eq. (7) reasonably well.
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