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Molecular-statistical theory of rod-coil diblock copolymers is proposed using the general density functional
approach which enables one to consider the cases of both weak and strong segregation. The free energy of the
system is expressed as a functional of the phase-space densities of rod and coil monomers, which depend on the
orientational and translational order parameters. Temperature-concentration phase diagrams are obtained and the
profiles of all order parameters are calculated numerically by minimizing the polymer free energy. The lamellar
phase is shown to possess strong orientational order which is partially induced by the phase structural anisotropy.
The enhanced stability of the lamellar phase is determined by a combination of the microphase separation effects

and the emergence of long-range smectic order.
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I. INTRODUCTION

Block copolymers are composed of macromolecules which
consist of two different blocks that repel each other. The
existence of a bond between the blocks prevents macro-
scopic separation and results in the formation of various mi-
crophase separated phases with periodic structure, including,
in particular, lamellar and hexagonal phases. Coil-coil block
copolymers composed of flexible blocks attract significant
attention because of their applications in nanolithography,
nanopatterning, and the development of thermoplastic mate-
rials [1-3]. Rod-coil block copolymers which are composed
of rigid and flexible blocks are very different from the coil-
coil copolymers. They are characterized by smaller domain
sizes, richer polymorphism and orientational order of rigid
fragments. Thus, these copolymer systems are very interest-
ing from the fundamental point of view because they com-
bine the properties of liquid crystals and block copolymers.
Rod-coil block copolymers provide a natural opportunity to
introduce functional rodlike fragments into phase-separated
polymer structures, including semiconducting polymers [4,5],
polypeptides [6,7] and polysaccharides [8,9], and also poly-
imines and polyaramides [10,11] These novel polymer mate-
rials may find applications in polymer photovoltaics [4,12,13],
LEDs [14-16], drug delivery devices [17], and high strength
polymer composites [10,11]. Rod-coil block copolymers also
outperform other soft matter materials in the area of extra
strong fibres [18,19].

A consistent molecular-statistical theory of rod-coil block
copolymers should account both for the microphase sep-
aration between blocks and for the anisotropic interaction
between rigid fragments which may lead to the orientational
order. The first analytical theory of rod-coil block copolymers
has been developed by Semenov and Vasilenko using a simple
lattice model and assuming the perfect orientational order of
rigid molecular fragments [20]. In this theory, only a transition
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from the nematic to the lamellar phase has been considered.
A more detailed description of the phase behavior of rod-coil
copolymers has been undertaken using the Landau-de Gennes
expansion of the free energy in terms of one-particle density
and the orientational order parameters [21,22].

The coefficients of the free-energy expansion have been
first calculated using Flory-Higgins theory [21] and then
by employing the monomer-monomer correlation functions
of the single copolymer chain [22] evaluated following the
approach proposed by Leibler [23]. Such an approach enables
one to describe several different phases but it is generally
valid in the case of weak segregation because the one-particle
density contains only one Fourier harmonic and the transla-
tional order parameter is the amplitude of this density wave.
The existing theory also does not describe some liquid-crystal
properties of rod-coil block copolymers including, in particu-
lar, the induced orientational order in the lamellar phase.

The self-consistent field theory has also been generalized
to the case of rod-coil block copolymers [24-27] although
the theory experiences significant computational challenges
in description of the orientational degrees of freedom and
anisotropic interactions between rigid fragments. As a result,
simple lattice models are employed [26,27], or a 2D version of
the theory is used [25], or the orientational order of rigid rods
is assumed to be perfect [24], or the anisotropic interactions
between rods are completely neglected [26,27] which does not
allow one to describe liquid-crystal phases. One notes also that
in the framework of a lattice theory only a few cross sections
of the phase diagram have been calculated and the profiles of
the orientational and translational order parameters have not
been obtained. A molecular theory of liquid-crystal order in
polymer systems has been discussed in Ref. [28].

In the alternative approach, a fluid of rod-coil diblock
copolymers is modeled by worm-like chains using the self-
consistent field theory and simulations [29-31]. In this the-
ory, both coil and rod blocks are described within the same
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formalism, but the rod block is characterized by a larger per-
sistence length. The most advanced theory has been presented
recently by Tang et al. [31], where a rich variety of differ-
ent phases has been described including those of lamellar,
hexagonal, gyroid, and other morphologies. Moreover, in the
framework of this approach it has been possible to describe
the orientational ordering of rigid chains at the interfacial
area between rod and coil domains even without taking into
consideration any orientational interactions. In contrast, in
the paper by Wilson er al. [32], an athermal system of poly-
mer tethered nanorods has been considered using Molecular
Dynamics simulations and a statistical theory. In computer
simulations, a polymer macromolecule has been modeled by a
spherocylinder with a flexible bead chain attached at one end
while in the statistical theory the flexible chain has been rep-
resented by a sphere of the corresponding radius. Dissipative
particle dynamic simulations of rod-coil block copolymers
and coil or rod homopolymers have also been undertaken
in Ref. [33]. Finally, nematic-isotropic phase transition in
athermal solutions of rod-coil diblock copolymers has been
studied in detail using scaled particle theory and Monte Carlo
simulations [34].

In this paper, we develop a molecular-statistical theory
of rod-coil diblock copolymers using the general density
functional approach which is successfully used in the theory
of liquid crystals [35] and inhomogeneous fluids [36]. In
this approach, the free energy is expressed as a functional
of the equilibrium monomer densities which are obtained by
minimization of the functional. The free energy also depends
on the direct correlation functions which are expressed in
terms of the pair correlation functions between monomers of
a single copolymer chain via the Ornstein-Zernike equation.
One notes that this theory is approximately valid in the case
of both weak and strong segregation as the density contains
contributions from all Fourier harmonics and does not have a
cosine shape. The theory enables one to calculate numerically
phase diagrams and the profiles of the order parameters in an
efficient way and to study the effects of the molecular model
parameters on the stability of different phases.

The paper is arranged as follows. In Sec. II the expansion
of the free energy of coil-coil block copolymers, proposed by
Leibler, is briefly discussed. In Sec. III the general density
functional approach is considered and applied to coil-coil
diblock copolymers to demonstrte a relationship with the
theory of Leibler et al. The density functional approach is then
generalized in Sec. IV to the case of liquid-crystal rod-coil
diblock copolymers taking into consideration the orientational
degrees of freedom of the rod segments. In Sec. V, the
free energy of the rod-coil system is expressed in terms of
the orientational and translational order parameters and in
Sec. VI the corresponding density-density correlation func-
tions between monomers are discussed. The numerical results
including phase diagrams and order parameter profiles are
presented in Sec. VII and Sec. VIII contains our conclusions.

II. LANDAU-DE GENNES EXPANSION OF THE FREE
ENERGY OF DIBLOCK COPOLYMERS

One of the most successful and well-known approaches
in the molecular-statistical theory of diblock copolymers,

based on the consistent free-energy expansion in terms of
the translational order parameters, has been proposed in the
classical paper by Leibler [23]. This approach has later been
used by other authors (see, for example, Refs. [37-39]) and
generalized to the case of rod-coil diblock copolymers [22].
As shown in Ref. [23] the free energy of the phase separated
coil-coil diblock copolymer can be expanded in powers of the
density order parameter y as

F=v"Y Ty (@y(—q)
q

+V Y Ta@r, @ @)V @)V (@)Y (@) + o

q1.92,93
(H

where the order parameter is expressed in terms of the equi-
librium density

Y (r) = (1 = fpy () + fpop (r)). 2

Here p}'(r) and pj (r) are the reduced microscopic fluctuating
densities of the monomers A and B in the diblock copolymer,
the angular brackets (...) denote the thermal average, and
f is the average molar fraction of the monomers A in the
whole sample. Assuming the incompressibility of the diblock
copolymer fluid {(p}'(r)) + (pg (r)) = 1 [23], one obtains that
Y(r) = (§pa(r)) = (pa(r) — f),1i.e., ¥ describes the average
deviation of the distribution of the monomers with respect to
its average value.

The coefficients of the expansion Eq. (1) can be expressed
in terms of density-density correlation functions between
monomers connected in Gaussian polymer chains, composed
of monomers A and B and connected together within one
macromolecule of a diblock copolymer, and the Flory-Higgins
parameter x which describes the effective repulsion between
monomers A and B [23]. In particular, the coefficient in the
quadratic term, which determines the spinodal line, can be
written in the form

Fa(q) = S(@)/W(q) — 2x, 3)

where  S(q) = S(q)an +25(@as + S(@)ss  and W (q) =
S(@)aaS(@ps — S*(@)as-

Here S(q);;, (i, j = A, B) are the monomer-monomer cor-
relation functions of the disordered phase of ideal noninter-
acting copolymer chains. The functions S44 and Spp describe
the correlations between monomers of the same kind which
are connected within a copolymer macromolecule while the
function S, describes the correlations between monomers A
and B located in the different parts of the same copolymer
macromolecule connected together. These functions are ap-
proximately expressed as [23,37]

Saa = Nhi(f,x), Sgp=Nh(1l - f,x),
Sap = sNI(1,x) — hi(f, x) —hi(1 — £,.01, (4
where

2
h(f,x) = ;[fx—i—exp(—fx)— 11, )

and where x = ¢’Na?/6, N is the total number of all
monomers in a macromolecule and a is the monomer radius.
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In the limit ¢ — O the function S(g) in the quadratic term

of the free-energy expansion behaves asymptotically as [37]
3

N2 = )
Here the g2 dependence of I';(g) for small values of ¢
reflects the connectivity of A and B blocks in a copolymer
macromolecule. The divergence of I';(¢g) stems from the fact
that any two monomers in the A and B coils of the same
macromolecule are always connected and hence the separa-
tion between them cannot exceed the size of the block [39].

An important advantage of Leibler’s approach is related
to the rigorous and general expansion of the free energy
where approximations are only used in the evaluation of
the corresponding correlation functions of the reference state
determining the expansion coefficients. At the same time, the
truncated free energy can only be used in the case of weak
segregation when the system is close to the transition into
the disordered phase. In particular, the order parameter ¥ (r),
and hence the average number density, is approximated by
a single harmonic which is not realistic at relatively strong
segregation. In the next Section we consider an alternative
approach, based on the general density functional theory,
which is not restricted to the case of weak segregation and
which reduces to Leibler’s theory in the limiting case of small
order parameters.

I (q) ~ (6)

III. DENSITY FUNCTIONAL THEORY
OF DIBLOCK COPOLYMERS

A molecular-statistical theory of phase separated coil-coil
diblock copolymers can be developed in a general way using
the density functional theory of inhomogeneous fluids (see,
for example, Refs. [36,40]).

In this approach, the free energy F' of the inhomogeneous
fluid is a functional of the equilibrium one-particle density
of monomers p(r). The density is normalised by the total
number of monomers N, i.e., f p(r)dr = N. The general
structure of the free-energy functional F[p(r)] is not known,
but its functional derivatives are related to the direct cor-
relation functions of the system. Then the free energy of
separated inhomogeneous phase of a diblock copolymer can
be obtained by performing a functional Taylor expansion of
the free energy around its value in the disordered reference
phase. A simplified version of the density functional approach
has been previously used in the theory of coil-coil block
copolymers [39,41].

As discussed in the previous section, coil-coil diblock
copolymers are characterized by the two monomer densities
pa(r) and pp(r) for A and B monomers, respectively. The free
energy of a phase separated block copolymer phase can then
be approximately expressed as

BF = BF; + / pa(t)[In pa(r) — 11dr
+ / pa(r)[In pi(r) — 1)dr

1
=3 X [ Cutmrsnesp edndr. @)

v,n=A,B

where F; is the free energy of the disordered reference phase,
Cypa(ry, rp), Cpp(ry, r2), and Cyp(ry, 17) are the direct correla-
tion functions between A monomers, B monomers and A and
B monomers, respectively,which are calculated in the disor-
dered reference phase, and §p, = p, — pg, is the difference
between the equilibrium density of monomers v = A, B in the
inhomogeneous phase and the corresponding density in the
disordered phase. Here we have neglected the terms which
contain higher order correlation functions.

In principle, the direct correlation functions depend on all
interaction potentials between monomers of both kinds. At
the same time, it makes sense to distinguish between strong
interactions of monomers within one chain, which determine
the connectivity of monomers, and weaker interactions of
monomers in different macromolecules. In the existing molec-
ular theory of coil-coil block copolymers (see, for exam-
ple, Refs. [21-24,31]) the interactions between monomers in
different macromolecules are taken into account in the so-
called random phase approximation, and for simplicity only
repulsion between monomers of different kinds is considered.
This corresponds to the following approximation for the direct
correlation functions in Eq. (7):

Cop(ri2) = €Y, (ri2) — (1 = 8, ) (r12), (8)

where C)), (r12) are the direct correlation functions between
monomers within a copolymer macromolecule in the disor-
dered phase of noninteracting copolymer chains. Here the
function x(ryz) describes the effective isotropic repulsion
between the monomers of different kinds and is related to
the Flory-Higgins parameter x [21-23]. Thus, the free energy
of the coil-coil diblock copolymer can now be approximately
expressed as

BF = BF, + / pa(t)[In pa(r) — 11dr
4 / pa(t)[In pi(r) — 1)dr

1
-5 2 / CY,(r12)8py (1)8 py (r2)dr d

v,n=A,B
+ /X(r12)5,0A(I‘1)503(1‘2)611‘10'1‘2. )

The one-particle densities p4(r) and pg(r) can be determined
by minimization of the free-energy functional F* which results
in self-consistent integral equations for the densities. Nontriv-
ial periodic solutions of these equations will then correspond
to various separated phases. In practice, these solutions can
be found if some approximate expressions for the direct cor-
relation functions between monomers in the disordered ref-
erence system of noninteracting copolymer macromolecules
are derived. Using the same model of ideal Gaussian chains
as in the previous section, it is possible to express the di-
rect correlation functions C, ,(g) in terms of the density-
density correlation functions S, ,(g) between monomers in
a copolymer chain which have been calculated by Leibler
and other authors and which are presented in the previous
section.

The correlation functions S, ., (v, w = A, B) which de-
termine the quadratic term in the free-energy expansion
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considered in the previous section can generally be expressed
as [23]

Suu(r12) = (80, (r1)8p,(r2)), (10)

where the averaging is performed in the disordered state of
the copolymer fluid of noninteracting copolymer chains. After
some algebra the corresponding density-density correlation
functions S, ,,(¢) can be rigorously expressed in terms of
the corresponding direct correlation functions CS’ . (q) using
general formulas of statistical mechanics. We illustrate this
below using a simple example of one-component isotropic
flexible polymer fluid.

First, the density-density correlation function of the dis-
ordered fluid is directly related to the full pair correlation
function of the fluid g,(r12) (see, for example, Eq. (2.4) in
Ref. [40]):

S(ri2) = (8pX)8p(r2)) = pod(r1 — 12) + Pyga(rin). (1)

This equation can be rewritten in the Fourier space as

S(q) = po + p5g2(q). (12)

Second, the full pair correlation function of the disordered
fluid g, (r2) is related to the direct correlation function C,(r12)
by the Ornstein-Zernike equation:

&2(r12) = Go(r12) + po / Gy (r13)g2(r2)drs,  (13)

which can also be expressed in the Fourier form:

82(q) = C2(q) + poCa(q)g2(q). (14)

Hence, the direct correlation function is analytically expressed
in terms of g,(g) using Eq. (14) as

() [ 1 }
Cg)=—" =|1————|. 15
2(9) 1 + pog2(q) 1+ pog2(q) (15)

Excluding g»(g) from Eqgs. (12) and (15) one finally obtains
the relationship between the direct correlation function C,(g)
and the density-density correlation function S(g):

C(q) = py' =S (g). (16)

This derivation can be generalized to a diblock copoly-
mer system in the disordered reference state of noninteract-
ing copolymer macromolecules. Indeed the density-density
correlation functions between monomers v, 4 = A, B in the
disordered phase can be expressed by the following equations
which are similar to Eq. (11):

Svy (r12) = (8pu(r1)dpy (r2))
= P00,y 8(r1 —12) + Pov Loy g,y (r12). (17)

In the Fourier space one obtains

Sv,y(‘]) = p0v8v,y + IOOUIOOVgu,y(CI)- (18)

The pair correlation functions g, ,(r12) of the disordered
phase are related to the corresponding direct correlation func-
tion C3 ,(r2) of the same reference state by the Ornstein-
Zernike equations which are similar to Eq. (13):

Gun(r2) = €%, (ri2) + oy / . (r3)gyn(rm)drs. (19)

and which can be expressed in the Fourier space as

(@) = C2 (@) + Py 80y (DCY., (). (20)

Equation (20) can be solved in the matrix form to obtain
Cy (@) = gun(@I[8y. + Py &y (@]

= 0,18, — (0,80y + Puoygu,) . (21

Substituting the right-hand side of Eq. (18) into Eq. (21) one
obtains the following final expression for the direct correlation
functions C, , (¢) of the reference disordered phase:

C) (@) =py " 8y — Suy(@)7", (22)

where Sw(q)“ is the inverse of the matrix S, , (¢).

Thus, the direct correlation functions between monomers,
which enter the general free-energy expression for coil-coil
diblock copolymers Eq. (9), obtained using the density func-
tional approach, have been explicitly expressed in terms of
the density-density correlation functions of monomers in non-
interacting Gaussian copolymer chains which are presented in
the previous Section and which have been widely used in the
theory of diblock copolymers.

Now let us consider a small deviation of the density from
the average value py in the homogeneous phase, i.e., in the
system close to the spinodal line. Then the free-energy Eq. (9)
should be expanded in terms of §p(r) keeping the quadratic
terms. The terms containing the monomer direct correlation
functions and the repulsion parameter x are already quadratic
in 6 p(r) while the entropic terms are not. Expanding the latter
yields

1
/ pu(OIn py(r) — 11dr ~ py ' 5 f [8p,(0)Pdr,  (23)

where v = A, B.
As a result, one obtains the following quadratic term in the
free-energy expansion in the Fourier space:

1 p—

X 8pv(q)30y(—q)dq. (24)

Finally, substitution of Eq. (8) for the direct correlation func-
tions into Eq. (24) yields

1
par =3 [ [504@ - 2x(1 = 8., ] @bp,(~a)da

(25)

where v, n = A, B and S;,'] is the inverse of the matrix S,
composed of the correlation functions.

This equation can be further simplified by applying the
incompressibility condition §p4 = —§ pp Which results in

1
BAF =2 / [M9(q) — 2x]8p(q)8p(—q)dq + const, (26)
where
T2(q) = ST (@)laa + [Pl — 2[5~ (@)1as
= S(q)/W(q), (27)

where  S(q) = S(q)aa +25(q)ap +S(@)psp  and  W(q) =
S(9)44S(q)ss — S*(q)ap is the determinant of the matrix S, .
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Comparing Eq. (3) for the coefficient in the quadratic term
of the free-energy expansion Eq. (1) derived by Leibler and
others with the corresponding coefficient in the free energy
Eq. (26) derived in this section and taking into account that
Fg(q) — 2x in Eq. (26) is exactly equal to I';(g) in Eq. (3)
one concludes that in the quadratic approximation (i.e., close
to the spinodal line) the density functional theory of coil-coil
diblock copolymers yields exactly the same expression for
the free energy as the theory of Leibler, provided that the
same expressions for the density-density correlation functions
between monomers in the reference system of noninteracting
copolymer chains are employed. The expression for the vertex
in the coefficient of the quadratic term in the free-energy
expansion appears to be exactly the same. As discussed in
Sec. II, the g2 dependence of this vertex for small g accounts
for the connectivity of monomers in A and B blocks in a
copolymer macromolecule which is thus taken into account
in both approaches.

IV. DENSITY FUNCTIONAL THEORY OF ROD-COIL
DIBLOCK COPOLYMERS

In the case of rod-coil diblock copolymers, the number
density of rod monomers in the phase space p,(r, a) depends
both on the position of the monomer and the orientation of
the rod a, which is the same for all rod monomers within
a given polymer molecule as they all are rigidly bound to
form a straight rod [22]. In the present theory (similarly to
previous approaches), only correlations between segments of
the same macromolecule are taken into account because they
are determined by the connectivity of the monomers within
a coil chain or a rod. The interaction between monomers
in different macromolecules is taken into account in the
random phase approximation similarly to the previous ap-
proaches. These interactions include the repulsion between
rod and coil monomers determined by the parameter y and the
orientational interaction between rods approximated by the
Maier-Saupe potential JP>(a; -a). Here we assume that
the repulsion between rod and coil monomers is determined
by steric effects and hence the corresponding contribution
to the free energy is proportional to temperature. At the
same time, the Maier-Saupe anisotropic potential is mainly
determined by the dispersion attraction interactions between
rigid fragments which are known to play the predominant
role in thermotropic liquid crystals [35]. The free energy
of the rod-coil diblock copolymer is still described by the
general Eq. (7), where the direct correlation functions between
monomers depend on the orientation of the rod a and can be
approximately expressed in the random phase approximation
as

C,(ri2,a;,a2) & Can(rlz, aj, a) — (1 =38, xv,,(r12)
+ BJPy(a; - a), (28)

where C‘(z ,](rlz,al,az) are the direct correlation functions
between monomers in the system of noninteracting copolymer
macromolecules. These monomer correlation functions are
determined by the monomer connectivity inside a macro-
molecule. Substituting these expressions into the general
Eq. (7) one obtains the following approximate expression

for the free energy of a phase separated rod-coil diblock
copolymer system:

BEy = BF + / pv(r,a)[ln p,(r,a) — 1]drda
+ fxm(rlz)r?pr(rl, a1)d0.(r2, ay)dridrydaday
1
—5/Cw,(r],rz,a)8pv(r1,a)Spn(rz,a)drldrzda

1
- 5,3/1(1‘12)1"2(31 ~a2)8pr(ry, a1)8p,(r2, a2)
X drldrzdaldaz. (29)

The first term in Eq. (29) is the free energy of the disor-
dered phase on noninteracting copolymer chains. The second
term in the free energy is the orientational and translational
entropy of the system of monomers which vanishes in the
disordered phase. Note that this is a standard expression
for the entropy in the theory of block copolymers (see, for
example, Refs. [39,41]). The third term in Eq. (29) describes
the energy of repulsion between rod and coil monomers in dif-
ferent chains, where y,.(r|2) is the corresponding interaction
potential between rod and coil monomers, and the last term
describes the energy of orientational interaction between rod
monomers in different macromolecules, where J(r;»)P>(a; -
ap) is the corresponding orientational interaction potential of
Maier-Saupe type. Note that here x > 0 and J > 0. Finally,
the fourth term in Eq. (29) is also of the entropic origin
and presents a contribution from the correlations between
rod and coil monomers connected within a copolymer chain.
This contribution depends on the direct correlation functions
Cee(ry,12,a), Crr(r1, 12, a) and C,.(1y, 12, a) which describe
correlations between coil monomers, rod monomers and coil
and rod monomers, respectively, within one copolymer chain.
These direct correlation functions are calculated in the ref-
erence disordered phase of noninteracting copolymer macro-
molecules and hence they exclusively account for the connec-
tivity between monomers in the copolymer chain. Hereafter
we drop the superscript O for simplicity.

In the disordered reference homogeneous phase, the direct
correlation functions C, ,(r1, 7, a) satisfy the same general
Ornstein-Zernike equation as in the case of diblock copoly-
mers. At the same time, all correlation functions now depend
on the rod orientation a. Thus, the direct correlation functions
are expressed by the same Eq. (22) as

G,,(q,a)"", (30)

where the functions G, , (q, a) are the corresponding density-
density correlation functions between monomers in the rod-
coil disordered phase of noninteractiong copolymer chains,
v, ¥y =, c. The expressions for these correlation functions,
averaged over all orientations of the rod segment, have been
obtained in [22]. However, one can also readily obtain the
corresponding expressions before averaging using general
equations derived in Ref. [22].

It should be noted that in the theory of Reenders and ten
Brinke [22], the connectivity between the flexible chain and
the rod within a copolymer macromolecule is accounted for by
the corresponding monomer density-density correlation func-

Cv,y(qa a) = p;lav,y -
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tions which are presented below in Section VI. In this paper,
we use the same correlation functions between monomers in
the disordered system of noninteracting copolymer macro-
molecules derived in [22] and hence the present theory ac-
counts for the rod-coil connectivity in the same general way.

Minimization of the free energy yields the equations for the
phase-space densities of rod and coil monomers in separated
phases:

pe(ri,a) = Z 'exp [/ Cee(r12, 2)8p (12, 2)drada

—/[ch(l‘lz)—Crc(l’lz,a)]3pr(1‘2,a)dl‘zda:|,

€29

pr(r,a) =Z " exp U Cir(r12, )8 p,(r2, @))droda
- /[ch(l'lz) — Cre(r12, 2)]8pc (12, 2)dr

-i-ﬁ/J(l‘lz)Pz(a‘32)3Pr(1‘2732)d1‘2d32:|, (32)

where Z. and Z, are the normalization factors.

One notes that the equilibrium phase-space densities
of the monomers are normalised by the total number N,
of the particles of type v, i.e., fpv(r, a)drda = N,. The
equilibrium phase-space density is proportional to the one-
particle distribution function fi,(r, a): p,(r,a) = N, fi,(r, a)
as [ fi,(r,a)drda = 1.

V. MODEL FREE ENERGY OF THE ROD-COIL
DIBLOCK COPOLYMER

The equations for the phase-space densities of monomers
and rigid rods derived above contain mean-field potentials:

U () = f Coy(12, )y (62, a)dEsda,  (33)
UL (r)) = / X(E)8py (0, a)drada,  (34)

Ul (r;,a)=p / J(r12)Ps(a - 22)80,(r2, a2)drada, (35)

where the direct correlation functions and/or pair interac-
tion potentials are averaged over the position of the second
particle.

The mean-field potentials possess the same translational
symmetry as the corresponding phase of the block copolymer.
In particular, in the lamellar phase the mean-field potentials
are periodic with the period of the macroscopic lamellar
structure and hence they can be expanded in Fourier series.
Such an approach has been used in the molecular theory of
smectic liquid crystals [42]. A mean-field potential can be
written in the following general form:

Uy (r1) = f V(r12)8 py (£2)d, (36)

where the function V (ry,, a) represents C, ,(r2, @), x (ry2) or
J(r;p)Py(a - a). In the simplest case, the periodic part of the
mean-field potential can be approximated by the first term in

the Fourier expansion:
/V(VIZ)apv(rZ)er = pofvcos(q-r)V(g)y,,  37)

where V(gq) = fV(r) cos(q - r)dr, p, =N,/V = pof, and
Y, = (cos(q - 1)) = fcos(q -1)80,(r)dr is the translational
order parameter similar to the one used in the theory of
smectic liquid crystals. Then, in particular, the periodic part
of the potential (34) can be approximated as:

f Xre(T12)8 0y (12, @)drada ~ cos(q - r1)pofy x (q){cos(q - 1))

= cos(qz1)pofy X (@ ¥y, (38)

where x(q) =~ x(0) = x = const as the function y (r) is very
short-range compared with the period of the structure.

The nematic part Eq. (35) of the mean-field potential can
be approximated in a similar way as

/J(I‘lz)Pz(a - a2)80,(r2, az)drada

~ pofrSJoPr(a-m)+cosgz Pr(a-n)pgfrJro,  (39)

where S = (Py(a - n)) is the orientational nematic order pa-
rameter and o = (cos gz P>(a - n)) is the mixed orientational-
translational order parameter and J, & const.

One notes that the phase-space densities of coil and rod
monomers are nonlinear functions of the order parameters
and contain all higher order Fourier harmonics as well as
multiple wave vectors. Similarly to the theory of smectic
liquid crystals, the order parameters here are not assumed to
be small and thus the theory can also be used to describe the
case of relatively strong segregation.

The direct correlation functions in Eq. (33) are rather
complex functions of the orientation of rigid rod fragments.
In the first approximation, it is possible to use the follow-
ing interpolation expressions which allow writing the corre-
sponding mean-field potentials in terms of the principal order
parameters:

Cre(q, a) ~ C2(q) + CP(q)P>(a - K), (40)
where k = q/q and

Cl(q) = / Cr(q, a)da, (41)

Here the function C{?)(q) is determined by the condition that
this approximation is exact when a = k:

Cre(q,a=Kk) = ClL(q)+C2(q). (42)

In a similar way, the direct correlation function between rod
monomers can be approximated as

Crr(q. a1, 2) ~ C)(q) + 3C ()P (a; - K)
+1CP(@Ps(a; - k), (43)

2°rr

where we have taken into account that the correlation function
is symmetric, and the function C'?(g) is determined by an
equation similar to Eq. (42). After substituting into the free en-
ergy these correlation functions together with the mean-field
potentials, one should set a; = a, = a as the rod segments are
always parallel.
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Finally, the phase-space monomer densities in the lamellar
phase can be written in the form:

pe(z, a) = Z7 " exp [ cos(qz)po (f.Co.() Ve + frCo(@)V;
+ £,C2 (@0 — frxvr)], (44)

pr(z,a) = Z7 " exp [ cos(gz)po
< (FCoDVr + fCo@ Ve — foxVe)
+ 5 cos(qz)Pa(@ - K)po (frCP(@r + 21.C2 (e
+2f,8520) + 5 cos(q2)po f:C (@)o
+ pofrBJoSPs(a - K)].

Here one should use the relationship f.y. = —f,1, which
follows from the incompressibility condition in the first ap-
proximation.

Substituting Eqgs. (44) and (45) into Eq. (29) one obtains
the free-energy density of the lamellar phase as

BF/V = 3050 [f7CE (@) + 21 /,C2 (@)Y
+5B03S” 1o + 503 £ 0
+ 300 LPC @V} + 300 F2C (Y]
+ 05 [ O DY e — P4 frfex Vs

(45)

- pOfr In Z — pOfc In Z, (46)
where V is the polymer volume and
Z = / dzexp [ po cos(qz)(f.Co(q) e
+ LCE (@0 + [CU@Yr — frix¥r)], (47

Z, = / dzda 28 |:IO0 COS(qZ)(frCBr(CI)Wr
+ f.Co@)We — fexVe) + pocos(qz)Ps(a - k)

x (%frcf?(q)x/fr + £.CE(@. + ﬂfrfza>

1
+3 c08(¢2)p0 /,CS (@) + pof,BIoSPx(a - k)], (48)

where k is along z and Jy > 0, x > O.

VI. CORRELATION FUNCTIONS FOR ROD-COIL
BLOCK COPOLYMERS

For a molecule schematically presented in Fig. 1, the
direct correlation functions are given by the general Eq. (22)
derived above. In particular, it yields the following explicit
expressions:

0 GO
C- (q,a) = - = 49
(4.2) pofr  Det’ @
1 G°
C’(q,a) = -, 50
(4 2) pofe  Det’ 0
0
Ch(q.a) = Do’ (51)

~ o
I1

FIG. 1. Schematic of a rod-coil polymer molecule with rigid and
flexible parts consisting of 10 fragments each. The rod axis a is
shown by the green arrow. The explicitly accounted intra-molecular
rod-rod (I), rod-coil (II), and coil-coil (IIT) correlations are indicated
by the bent arrows.

where
Det’ = G,, G, — (G,.)’, (52)
where
G (q) = / G,/(q. a)da. (53)
Gl.(q) = / G..(q,a)da, (54)
GY.(q) = f Gre(q, a)da. (55)

The density correlation function between coil monomers
in the disordered system of noninteracting copolymer chains
has been calculated by several authors starting from Leibler
[23,37,39]. It can be expressed as

Geelg) = poN S fex +exp(—fo) = 1], (56)
where N is the total number of monomers in the poly-
mer molecule, f, is the fraction of coil monomers and x =
¢*Na*/6 = ¢*R>.

The rod-coil and rod-rod monomer correlation functions
G..(q,a) and G, (q,a) in the same reference disordered
phase, which depend on the orientation of the rod segment
of a copolymer macromolecule, can be calculated using
the general expressions derived in Ref. [22] and can be
expressed as

Gre(q, a) = poN £, K (KD (x), (57)
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where

) 1
KV (x) = )—C[l —exp(—x)], (58)
and

Nf; -
/ expli(q - a)slds = Smy(y ) (59
0

K(y) = Re—
r N7,
where y = N f,q*(k - a) and where ¢* = ga.
The desnity-density correlation function between rod
monomers in the disordered system of noninteracting copoly-
mer chain can be expressed as

1 Nfr Nfr . , ,
G (q,a) = POy / f expli(s — s")g"(q - a)ldsds
0 0

(1 —cosy)
= 2PN S (60)

Finally, the functions Cvz,7 (q) can be written in the form

CcP(q)=C!(q) - C°(q), 61)
C(q) =Cl(a) — CL(q). (62)
CcP(q)=C.(q) - C(q), (63)

where the functions Cl}n (q) are obtained by setting (a - k) = 1
in the equations for the functions C{})(q), and hence

i@ = — - G (64)
" pofr Det!
1
Cocel@) = pol = % (65)
C\.(q) = DG;C], (66)
where
Det' = G, G!. — (G (67)

Here the functions G, G!, G, are given by Egs. (41)—(45)

rr?

withy = y* = Nf,.q".

VII. PHASE DIAGRAMS AND ORDER
PARAMETER PROFILES

Phase diagrams and the profiles of the orientational and
translational order parameters of rod-coil diblock copolymers
can be calculated numerically by minimization of the free-
energy Eq. (46). A typical temperature-concentration phase
diagram is presented in Fig. 2. One notes that the same
sequence of phases (i.e., isotropic-nematic-lamellar) is often
observed experimentally in rod-coil diblock copolymers [4].
The same sequence is also present in the phase diagrams
obtained by means of computer simulations [32,33] and self-
consistent field theory [3].

At sufficiently large fraction of flexible chains (approxi-
mately above f. = 0.8. both theoretically and experimentally)
only the isotropic phase is stable. At lower fraction f,, the
system undergoes a transition from the isotropic phase into the
nematic phase and then into the separated lamellar phase with

0.054

0.041

0.03 4

Dimensionless temperature 7'

0.02

078 080 08 084 08 088 090
Coil fraction f,

FIG. 2. Phase diagram of the rod-coil block copolymer in terms
of the coil fraction f. and dimensionless temperature T = (8Jy)~!
for x =3,N = 10and J, = Jy/3. Three present phases are: isotropic
(), nematic (N), and lamellar (L).

the decreasing temperature or the decreasing f,. The isotropic-
nematic transition temperature 7xi(f,) is a decreasing func-
tion of the coil fraction f. as it is indeed observed experi-
mentally [43]. In this study, we ignore the possible hexagonal
phase and some other complex phases because we are mainly
interested in liquid-crystal-like phases and in a competition
between the orientational ordering and microphase separation.

Order parameter profiles calculated as functions of the
coil fraction f. are presented in Fig. 3 for two different
horizontal cross sections of the phase diagram shown in Fig. 2
at temperatures 7' = 0.047 and T = 0.025. The temperature

10 T | i
o8 T=0.047 ]
Qo
E 0.6
5 o4 N
5 2 \‘
0.2 ()
EANY (a)
0.0 1
1.0 .
— | s T=0.025
S Ree e ——
5 08 L -
E 06l - \
5 04 !
5 el l ;
02 ]
« (b) |
0.0 ']

0.78 0.80 0.82 0.84 0.86 0.88 0.90
Coil fraction f(

FIG. 3. Order parameters (indicated on the lines) as functions
of the coil fraction f. for two representative sections of the phase
diagram in Fig. 2 at two dimensionless temperatures 7 = 0.047
(a) and T = 0.025 (b). The order parameters in the lamellar phase
are shown by solid lines, the order parameter Sy of the homogeneous
nematic phase is shown by dashed lines.
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FIG. 4. Order parameters (indicated on the lines) as functions of
the dimensionless temperature T for two representative sections of
the phase diagram in Fig. 2 at the coil fraction values temperatures
f. =0.78 (a) and f. = 0.87 (b). The order parameters in the lamellar
phase are shown by solid lines, the order parameter Sy of the
homogeneous nematic phase is shown by dashed lines.

variation of the same order parameters is presented in Fig. 4
for two vertical cross sections of the phase diagram which
correspond to f, = 0.78 and f. = 0.87.

In the general case, there exist three different order pa-
rameters which specify the ordering of rigid fragments in the
lamellar phase. The first parameter is the translational order
parameters ¥ = (cos gz) which characterizes the positional
ordering of rigid fragments in the phase separated state. One
notes that exactly the same order parameter describes the
smectic order in conventional smectic liquid crystals, because
the lamellar phase is characterized by the same symmetry
group as the smectic A phase. The second-order parameter
o = (cosqz P»(a-k)) describes the simultaneous orienta-
tional and translational order of rigid fragments, and, finally,
the purely orientational ordering of the rigid fragments along
the axis of the lamellar phase is specified by the nematic
order parameter S = (P»(a - k)). The temperature variation of
the order parameters ¥, o and S across the nematic and the
nematic-lamellar phase is presented in Fig. 3 One notes that all
order parameters experience significant jumps at the nematic-
lamellar phase transition point and hence the nematic-lamellar
transition is strongly first order. In contrast to the nematic-
isotropic phase transition, which is always first order by sym-
metry, the nematic-lamellar transition may be second order
similarly to the nematic-smectic A transition in liquid crystals.
Apparently, in the case of rod-coil block copolymers strong
microphase separation effects drive the transition towards the
first order. The dependence of all three order parameters on the
coil fraction f,, presented in Fig. 4, is qualitatively similar to
the corresponding temperature variation, and in this cross sec-
tion the nematic-lamellar transition is also strongly first order.

0.051

0.04+

0.03 1

Dimensionless temperature 7T

0.021

078 080 08 084 086 088  0.90
Coil fraction f(

FIG. 5. Phase diagram of the rod-coil block copolymer in terms
of the coil fraction f, and dimensionless temperature 7 = (B!
for x =3 and J, = Jy. Two present phases are isotropic (I) and
lamellar (L).

One can readily see that the orientational order parameter
S and the mixed orientational-translational order parameter o
are rather large while the purely translational order parameter
Y is relatively small. This enables one to assume that the
transition into the lamellar phase is driven by a condensation
of the corresponding orientational-density wave characterized
by the parameter o and strongly supported by the high degree
of the orientational order specified by the parameter S. In the
general case the mixed order parameter o specifies the cor-
relation between the orientational and the translational order.
When such a correlation is weak the orientational and trans-
lational degrees of freedom can approximately be decoupled
and the parameter o can be decomposed as o ~ Si. In this
case, the order parameter o should be substantially smaller
than both § and . On the contrary, in the lamellar phase o
stays rather close to ¥, indicating that the orientational and
positional orders are correlated.

It should be noted that the orientational ordering of rigid
fragments in the lamellar phase of rod-coil copolymers has
not been considered in the existing theory of block copoly-
mers [21,22,25,26] and the mixed orientational-translational
order parameter o has not been employed in the theory of
mesogenic polymers so far. At the same time, the parameter o
seems to be very important in the molecular theory of phase
separated phases exhibited by rod-coil block copolymers be-
cause it is linearly related to the translational order parameter
Y. Taking into consideration that in the framework of this
model the parameter o remains close 1, one may assume that
the nematic-lamellar transition in rod-coil block copolymers
is driven by a condensation of the orientational-density wave
which simultaneously breaks the rotational and translational
symmetries.

Such a behavior is not necessarily related to the existence
of the high temperature nematic phase on the phase diagram
presented in Fig. 2. Indeed, a phase diagram of a diblock
copolymer with a larger parameter J, does not contain the ne-
matic phase, as can be seen in Fig. 5, while the corresponding
profiles of the order parameters are shown in Fig. 6. One can
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FIG. 6. Order parameters (indicated on the lines) as functions
of the dimensionless temperature 7 (a) and the coil fraction f,
(b) for two representative sections of the phase diagram shown by the
vertical dashed (f, = 0.83) and horizontal dotted (7" = 0.035) lines
in Fig. 5 correspondingly. The order parameters in the lamellar phase
are shown by solid lines, the order parameter Sy of the homogeneous
nematic phase is shown by dashed lines. The background colours
correspond to those of the stable phases indicated in Fig. 5.

readily see that the orientational order o in the lamellar phase
stays also rather close to the translational order parameter
Y here. Moreover, the parameter S in the lamellar phase is
always larger than the orientational order parameter Sy in the
virtual nematic phase which is globally unstable in this case.

VIII. DISCUSSION

In this paper, we have generalized the density functional
approach, which is frequently used in the molecular theory of
liquid crystals, to the case of rod-coil diblock copolymers. The
free energy of the lamellar and the nematic phases has been
expressed as a functional of the phase-space densities of rod
and coil monomers which also depend on the orientation of
the rods. The phase-space densities of the monomers, which
are proportional to the corresponding one-particle distribution
functions, are determined by minimization of the free-energy
functional which results in the self-consistent equations for
the densities. This also enables one to obtain self-consistent
equations for translational and orientational order parameters
of the rods.

The free energy is finally expressed in terms of the re-
pulsion constant between rod and coil monomers, the orien-
tational Maier-Saupe interaction potential between rods and
the direct pair correlation functions between monomers in the
copolymer chain which are calculated in the reference dis-
ordered phase of noninteracting copolymer macromolecules.
The direct monomer-monomer correlation functions of the
disordered reference phase have been expressed in terms of

the corresponding density-density pair correlation functions
between monomers using the Ornstein-Zernike equation. Fi-
nally, the theory employs the density-density monomer corre-
lation functions obtained by Leibler and others [23,37,39] for
Gaussian flexible copolymer chains and by Reeders and ten
Brinke for rod-coil copolymer chains [22], respectively. Phase
diagrams and a number of orientational and translational order
parameter profiles have been calculated numerically.

One notes that the present theory is not limited to the case
of weak segregation. Indeed, the order parameters are not
assumed to be small and the one-particle densities appear to be
nonlinear functions of the order parameters and are formally
valid for any values of the Flory-Higgins parameter x. As
a result, the present theory enables one to describe the case
of relatively strong segregation. Indeed, in Leibler’s theory,
for example, the monomer density in the lamellar phase is
described by a single Fourier harmonic which is valid only
in the vicinity of the transition into the disordered phase. In
contrast, in the present theory, the density is an exponential
function of the harmonic wave and hence it contains contribu-
tions from all higher order Fourier harmonics. The theory can
then be used also far from the phase transition point, when
the density distribution is significantly different from a simple
cosine profile. At the same time, the higher order parameters
are approximately expressed in terms of the three principal
order parameters of the lamellar phase ¥ = (cosqz), S =
(P»(a-Kk)) and o = (cos gz P»(a - k)) which describe the po-
sitional, the orientational, and the simultaneous orientational
and positional ordering of rigid molecular fragments. Thus,
the present theory cannot be used in the limiting case of
perfect segregation because in this case the corresponding
approximation is not valid.

It should be noted that the mixed orientational-translational
order parameter o is widely used in the molecular theory of
smectic liquid crystals (see, for example, Refs. [35,42,44]),
but it has not been employed so far in the theory of mesogenic
copolymers. At the same time the definition of the transla-
tional order parameter ¥ is more general than the one used
in the phenomenological theory of block copolymers [22,23].
In the present approach the order parameter ¥ is defined as the
thermal average (cos gz) which is similar to the definition of
the smectic order parameter in the theory of liquid crystals or
in the theory of crystallization. However, in the phenomeno-
logical theory of block copolymers the translational order
parameter is proportional to the amplitude of the density wave
in the microphase separated state which coincides with the
definition of i in the case of weak segregation when the
densities are approximately represented by the first Fourier
harmonics.

Two phase diagrams have been presented for different val-
ues of the strength J, of mixed orientational-translational in-
teraction between rod monomers in different macromolecules,
one of them containing both the nematic and the lamellar
phase. All three order parameters have been calculated nu-
merically as functions of temperature and composition of the
block copolymer for several cross sections of the phase dia-
grams. In all cases all order parameters S, ¥, and o are signif-
icantly large, which indicates that both the nematic-lamellar
and the isotropic-lamellar phase transitions are driven by the
condensation of the orientation-density wave with a simulta-
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neous orientational and translational ordering of rigid frag-
ments. The high values of the nematic order parameter in the
lamellar phase indicate that the orientational order is partially
induced by the structural anisotropy of the lamellar phase even
in the case when the nematic phase is globally unstable.

Thus, the orientational ordering of rigid molecular frag-
ments plays a very important role in the lamellar phase of
rod-coil diblock copolymers, and the pronounced stability
of the lamellar phase in such systems is determined both
by the microphase separation effects and by the long-range
smectic liquid-crystal ordering. In general, rod-coil block
copolymers appear to be very interesting highly ordered soft
matter systems which combine the properties of coil-coil
block copolymers, which do not possess any orientational or-
der, and conventional smectic liquid crystals where normally
the order is not determined by phase separation effects. In
this paper we have ignored the hexagonal phase and more
complicated phases because we are mainly interested in the
competition between liquid-crystal order and microphase sep-
aration. One notes that the same sequence of phases (i.e.,
isotropic-nematic-lamellar) has also been found in computer
simulations [32,33] and described by the self-consistent field
theory [3]. From the experimental point of view, the lamellar
phase seems to be the most stable ordered phase although
some experimental diagrams also contain the hexagonal phase
as well as phases with more complicated morphology. In
contrast, a broad hexagonal phase and a very rich variety of
other phases has been observed in rod-coil block copolymers
in which the rigid block is composed of a flexible main chain
with rigid mesogenic side groups [45,46].

In the present theory the free energy of a copolymer chain
in a self-consistent mean-field is calculated approximately us-
ing only pair direct correlation functions between monomers
in a copolymer chain. In contrast, in the self-consistent field
theory (SCFT) [24-27] the free energy of a single chain in a
mean-field is calculated by numerically evaluating the path
integral along the chain which is, in principle, much more
accurate. The interaction between different chains is still taken
into account using random phase approximation similar to
the present theory and the theory of Leibler and others. The
SCF theory has been very successful in the description of
coil-coil block copolymers, but even in this case it is difficult
to simulate large three-dimensional polymer systems as the
computational cost increases dramatically with the increasing
chain length. The computational challenges become even
more serous in the case of rod-coil block copolymers as one
has to take into consideration also the orientational degrees
of freedom and anisotropic interactions between rigid rods.
So far the SCFT has been applied to rod-coil block copoly-
mers using simplified models including simple lattice models
[26,27], two-dimensional models [25], or the models without
anisotropic interaction between rods or with their perfect
orientational order [24,26,27]. In all cases, the orientational
order of rods has not been described in any detail.

Another version of the SCF theory, in which the evaluation
of the path integral along the chain is replaced by solving
the Edwards equations [29-31], appears to be more suitable
for the qualitative description of rod-coil block copolymers
because it has been possible to describe the variety of different
phases and the orientational ordering of rigid chains. In this
approach, however, both the flexible chain and the rigid rod
are modeled using the same formalism of ideal Gaussian
chains where the rod like chain is characterized by a larger
persistence length.

An advanced liquid state theory (the so-called PRISM
theory) has also been applied to coil-coil block copolymers
[47,48]. The PRISM theory also employs direct correlation
functions between monomers and the generalized
Orstein-Zernike equation containing both interchain and
intrachain correlation functions. In the first approximation,
the intrachain correlations are treated using the model
of ideal Gaussian chains similar to the present theory
and the theory of Leibler. At the same time, the more
general Ornstein-Zernike-like equation together with the
Percus-Yevich closure enables one to evaluate the intechain
radial correlation function which is a significant step forward
compared with the random phase approximation. So far the
PRISM theory has been successfully applied to the system of
flexible chains composed of spherical monomers and, as far
as we know, it has not been used for describing the rod-coil
block copolymers. In principle, the main equations of the
PRISM theory can be generalized to the case of copolymers
with orientational degrees of freedom but the resulting
coupled integral equations are expected to be very complex
and difficult to solve. However, some ideas of the PRISM
theory can in principle be used to develop a more advanced
density functional theory of rod-coil block copolymers.

The main limitation of the present theory is related to the
fact that only phases with one dimensional periodicity can be
described by the equations presented above. The hexagonal
phase and more complicated phases can be described analo-
gously using the density functional formalism by expressing
the mean-field potentials in a more general form (consistent
with the symmetry of the corresponding phase) and by tak-
ing into account additional order parameters. This is more
challenging from the computational point of view and will be
implemented in our future papers.
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