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Single kinesin molecular motors can processively move along a microtubule (MT) a few micrometers on
average before dissociating. However, cellular length scales over which transport occurs are several hundred
microns and more. Why seemingly unreliable motors are used to transport cellular cargo remains poorly
understood. We propose a theory for how low processivity, the average length of a single bout of directed motion,
can enhance cellular transport when motors and cargos must first diffusively self-assemble into complexes. We
employ stochastic modeling to determine the effect of processivity on overall cargo transport flux. We show that,
under a wide range of physiologically relevant conditions, possessing “infinite” processivity does not maximize
flux along MTs. Rather, we find that lowering processivity, i.e., weaker binding of motors to MTs, can improve
transport flux. These results shed light on the relationship between processivity and transport efficiency and offer
a theory for the physiological benefits of low motor processivity.
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I. INTRODUCTION

Molecular motors function though a repeating sequence
of reactions called a chemomechanical cycle. Due to their
size and scale of force generation, thermal fluctuations signif-
icantly influence single motor dynamics, making their activity
and motion stochastic. A motor’s processivity is defined as
the average distance that directed motion along a cytoskeletal
filament is consistently engaged through the motor’s chemo-
mechanical cycle. Disengagement from the filament is said
to occur if the motor diffuses away from the filament into
the cytoplasm and must randomly reencounter a filament
before directed motion can resume. The processivity of sin-
gle kinesin-1 (KIF5) motors, commonly seen in microtubule
(MT) transport, has been measured to be 1–3 μm [1], while
cargo transport distances, particularly in neurons, can be
10–100 μm or more. We should note that there are many
motor species in the kinesin superfamily and that some (e.g.,
kinesin-8) are highly processive.

Processivity of the kinesin motor KIF5 was shown to
be tunable through genetic modification of the neck linker;
mutations that added positive charge increased processivity
as much as fourfold, while adding negative charge decreased
processivity [1]. Even though mutations to the neck linker
are capable of improving processivity, the neck coiled-coil re-
gions are highly conserved. Taken together, these observations
suggest that limited processivity is important for cell function
[1]. If processivity can be increased as much as fourfold with
a simple single-nucleotide mutation, why does KIF5 have

processivity in the range of a few microns when distances
typical of active transport are often 10–100 times longer? The
purpose of this paper is to propose a theory to answer the
following question: Is there a mechanistic purpose for limiting
processivity of single motors for cellular transport?

Transport of self-assembled motor-cargo complexes has
been shown to benefit from multiple-motor teams [2]. A
team of motors collectively has much higher processivity than
individual motors. While single motors may detach from MTs
quickly, only one motor in the team needs to be engaged to
maintain cargo transport. Mathematical modeling shows that
the mean time for the cargo to fully detach is an exponentially
increasing function of the total number of motors in the
team [3]. However, these observations fail to explain why
single-motor processivity is limited when increasing it would
dramatically improve performance of a multimotor team.

Several theories for the role of limited processivity in
active transport have been proposed. First, lower processivity
may enhance the ability of motors to navigate obstructions
and barriers [1,2]. Second, lower processivity of single mo-
tors may enhance their ability to effectively coordinate their
chemomechanical cycles within a multimotor team [4]. Third,
processivity may be tuned to achieve specific cargo and motor
distributions across different cytoskeletal substrates [5].

In this paper, we propose an alternative theory (which is
not mutually exclusive to those previously proposed), namely,
that lowering processivity can improve the overall flux of
cargos when cargos and motors must first diffusively self-
assemble into complexes before engaging in active transport.
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Our conclusions are motivated by a recent theory for how
antibodies trap virus in mucosal barriers by accumulating
multiple antibodies on the viral surface that crosslink it to ele-
ments of the mucus polymer network [6]. Our analysis shows
that the improvement of cargo transport flux from lowering
motor processivity is due to several competing factors. Lower
processivity increases the concentration of freely diffusing
motors, which increases the rate of assembling multimotor
complexes from individual diffusive motors and cargos, while
simultaneously increasing the average number of motors per
cargo complex.

The paper is organized as follows. First, we introduce the
stochastic model and discuss the underlying assumptions. We
then use a quasi-steady-state (QSS) reduction of the model in
two stages. We present results using a Monte Carlo solution to
the full process, a numerical solution of the partially reduced
Chapman-Kolmogorov equation, and an analytical formula
obtained from the full QSS reduction.

II. MODEL

Molecular motor transport can take place in a wide range
of geometries e.g., spherical domains in transport of viral pro-
teins to the nucleus and branched domains found in neuronal
dendrites [7,8] and fungal syncytia. At the simplest level,
motor transport occurs along linear filaments. It is sufficient
for our purposes to assume a one-dimensional track of length
L. In our scenario, cargos begin at the negative end of the
microtubule (MT) and travel down toward the positive end.

We assume that each motor randomly switches between
two modes: passive three-dimensional (3D) diffusion in the
cytosol and active motion on a MT. Given a fixed rate of motor
to MT binding, which we assume to be a diffusion-limited
bimolecular reaction, processivity is closely related to the so
called “duty ratio” (denoted by 0 < δR < 1 in this paper),
which is defined as the average fraction of time a motor spends
engaged to a filament. The processivity, denoted by l > 0 is
a monotonically increasing function of δR, with l → ∞ as
δR → 1. The simplest formula for relating processivity and
duty ratio is l = τonvδR

1−δR
, where τon is the average motor to MT

binding time and v is the average motor velocity. However,
it should be noted that while engaged to a filament, a motor
may have multiple “motility” states with different velocities
(including zero-velocity diffusive motion from electrostatic
sliding) and the precise relationship between processivity and
duty ratio will depend on these details. For simplicity, we will
characterize processivity using the duty ratio δR.

The proposed theory depends on the following physical
assumptions. Cargos and motors diffusively assemble into
complexes in the cytoplasm before active transport of cargo
can occur. Single motors (either free or in the cargo complex)
stochastically bind to and unbind from MTs. For simplicity,
we assume that when motors are bound to the MT, they move
at a constant velocity (∼0.5 μm s−1). Multiple motors can
bind to and unbind from a cargo, either in the cytoplasm or
on MTs. Cargos diffuse in the cytoplasm if no motors are
simultaneously bound to the cargo and MT.

We assume cargos to be large (relative to motors), spherical
packages that each have N independent binding sites for
motors. We define the following time dependent quantities.

Let n be the number of motors bound to a cargo and s be the
number of these n motors that are also bound to a MT. In other
words, the number of cargo-MT crosslinks.

Although the binding of motors and cargo is complex
and requires multiple cofactors, we simplify the reaction to
assume that the two are able to bind to each other directly.
Binding and unbinding of motors and cargo occur with rates
kon and koff , respectively; the fraction of time motors spent
unbound is given by K = koff

koff +kon
.

Since a motor bound to the MT cannot diffusively explore
the cytoplasm, we have included a reduced binding rate
(denoted as kb

on) to diffusing cargo. By the Smoluchowski

encounter rate, the reduction in the binding rate is kb
on

kon
∝

Dcargo

Dcargo+Dmotor
.

We assume that motors are sparsely distributed on the
MT and thus it is unlikely for a motor bound to the MT
to bind to a cargo that is already traveling along the MT
(they can still encounter a free diffusive cargo), meaning the
state change (n, s) → (n + 1, s + 1) is forbidden for s > 0.
This assumption is reasonable when considering the feasi-
bility of assembling motor-cargo complexes directly on a
MT filament. High concentrations of free (unbound to cargo)
motors moving along a given MT do not contribute to cargo
flux and would hinder over all transport by occupying motor
binding sites and creating traffic jams. Moreover, in the case
of directed transport, MT-bound motors would necessarily
move away from where a cargo would need to initially load,
requiring some method of constantly treadmilling free motors
in order to ensure a constant supply of available motors at the
loading site.

Motors bind to and unbind from a MT with rates mon and
moff , respectively. Because the MT is essentially immobile,
the binding rate between a motor of a free cargo and MT is
reduced compared to the binding rate of free motors to a MT.

In other words, we have that mfirst
on

mon
∝ Dcargo

Dmotor
. When bound to

a MT, the cargo moves at the same rate as a bound motor,
and we assume the motor is unaffected by the cargo (i.e.,
we neglect mechanical interactions between the cargo and
motors).

Assuming the background concentration of motors is at
steady state, the fraction of motors free from the MT at any
given time or position is given by

α = 1 − δR = moff

moff + mon
. (1)

We use the following relations for binding constants: kon =
α(Dcargo + Dmotor )γ and kb

on = (1 − α)Dcargoγ , where γ is a
scaling parameter related to the effective binding distance be-
tween motors and cargo. See Table I for a list of experimental
values and ranges and Fig. 1 for a summary of the reactions
considered.

The stochastic process is fully defined by the following
Chapman-Kolmogorov equation:

∂

∂t
p(n, s, x, t ) = δs,0Dcargo

∂2 p

∂x2
− (1 − δs,0)vtrans

∂ p

∂x

+ [Ms + Vn,s]p, (2)

022408-2



LIMITED PROCESSIVITY OF SINGLE MOTORS … PHYSICAL REVIEW E 100, 022408 (2019)

TABLE I. Values and ranges of constants used in the model.

Parameter Interpretation Value(s) References

N Number of motor binding sites on cargo 5–10 [9]
vtrans Velocity of motor along MT 0.5–1 μm s−1 [10–12]
Dcargo Diffusivity of transported particle 10−4–1 μm2 s−1

Dmotor Diffusivity of molecular motor protein 1.4 μm2 s−1 [13]
mon Binding rate between motors and MT 5 s−1 [14]

where p(. . .) is a probability density function describing cargo
position at spatial position x, time t , where n and s are the
number of bound motors and active crosslinks, respectively.
M and V are rate matrices describing motor-MT binding and
motor-cargo binding, respectively [see (A6) and (A7) in the
Appendix for definitions]. The initial condition is given by

p(n, s, x, 0) = δn,n0δs,s0δ(x). (3)

We will consider two sets of boundary conditions: periodic

p(n, s, 0, t ) = p(n, s, L, t ),

∂

∂x
p(n, 0, 0, t ) = ∂

∂x
p(n, 0, L, t ), (4)

and right-end absorbing

∂

∂x
p(n, 0, 0, t ) = 0, p(n, s, L, t ) = 0. (5)

A. Quasi-steady-state approximation

In this section we enumerate the different characteristic
timescales present in the system and their effect on overall
transport efficiency. Understanding the effect of separation be-
tween various timescales informs our physical understanding
of the system and provides accurate approximations.

We define the following timescale separation:

τM � τK � τv, (6)

3 Dcargo
Dmotor

monmoff

(N − 2)kon

3koff

+

+
(N − 2)kb

on

koff

2mon

2moff

(n = 2, s = 0)

(n = 3, s = 0)
Cargo

Motor

Microtubule

(n = 3, s = 1) (n = 3, s = 2)

FIG. 1. Binding diagram for reactions considered. See
Eqs. (A2)–(A5) for general reaction rates.

where τM = 1
mon+moff

is the timescale of binding between mo-

tors and MT, τK = 1
kon+koff

is the timescale of binding between

motors and cargo, and τv = L
vtrans

is the timescale of cargo
transport. Given a literature value for mon, we treat moff as
a tunable parameter that allows us to change the value of
δR. We lack a literature reference for the motor and cargo
binding and unbinding rates, and thus we use the constraint
of Eq. (6) and our intuition that the binding rate should be
larger than the unbinding rate to yield the selected values of
kon = 0.5 s−1 (when α = 1) and koff = 0.1 s−1. An additional
implicit assumption for directed active transport is that cargo
diffusion over transport length scales takes much longer than
active transport. In other words, we assume that τv � τD,
where τD = L2

2Dcargo
is the timescale of cargo diffusion.

To begin, we can rewrite the full density function p(. . .)
as the product of conditional probabilities and the marginal
density u(x, t ):

p(n, s, x, t ) = ρ(s, t |n, x)ρ(n, t |x)u(x, t ). (7)

Because binding and unbinding are independent of spa-
tial position, the conditional probabilities are independent
of x. We assume further that s and n reach equilibrium
rapidly so that we can assume that the marginal distribu-
tions are approximately at quasi-steady state. Hence, we have
that ρ(s, t |n, x) ∼ ρ(s|n) and ρ(n, t |x) ∼ ρ(n). These are the
quasi-steady-state probability distributions, and by definition
we have that the net reaction rates are zero so that

N∑
s=0

Msρ(s|n) = 0,

N∑
n=0

N∑
s=0

Vn,sρ(s|n)ρ(n) = 0. (8)

It can be readily verified that the quasi-steady-state distribu-
tions, satisfying (8), are given by

ρ(s|n) =
⎧⎨
⎩

Dmotorα
n

(Dmotor+Dcargo )αn+Dcargo
, s = 0

Dcargo(n
s)(1−α)sαn−s

(Dmotor+Dcargo )αn+Dcargo
, 0 < s � n

(9)

and

ρ(n) = N
kn

off

(
N

n

) n−1∏
j=0

[
ρ(0| j)kon + kb

on

]
. (10)

Applying the QSS assumption, we obtain a reduced de-
scription of motor transport. Consider the approximation
made by

p(n, s, x, t ) ∼ ρ(s|n)ρ(n)u(x, t ) + O(ε), (11)

where ε represent the degree of timescale separation that
controls the error between the exact solution and the QSS
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approximation. Substituting (11) into (2) and summing over
s and n yields

∂

∂t
u(x, t ) = D

∂2u

∂x2
− v

∂u

∂x
, (12)

where

D = Dcargo

N∑
n=0

ρ(0|n)ρ(n), v = vtrans

N∑
n=0

n∑
s=1

ρ(s|n)ρ(n).

(13)
The reduced parameters D and v are the steady-state diffu-
sivity and transport velocity, respectively, of a population of
cargo, and N is a normalization factor. Equation (12) is then
solved over the entire real line using the Fourier transform and
truncated to (−∞, L] by the method of images to arrive at a
closed-form approximation to the solution:

u(x, t ) = 1√
4πDt

(
e− (x−vt )2

4Dt − e
vL
D

− (x−vt−2L)2

4Dt

)
. (14)

We then truncate the domain to [0, L] so that we can compare
with our other scales. See Appendix for a discussion of the
error in this assumption.

It is informative to examine the system at different levels
of approximation. An intermediate QSS approximation that
assumes only that τM � τK is obtained by condensing the
system of two binding reactions to one effective binding
reaction between motors and cargo. Denote the probability
that a cargo is freely diffusing (s = 0) given that it has n
motors attached is given by β(n) = ρ(0, n), where ρ(·, ·) is
defined in (8). The effective binding and unbinding of a cargo
and motor is summarized in Eq. (15):

M + MnC
(N−n)[konβ(n)+kb

on]−−−−−−−−−−⇀↽−−−−−−−−−−
(n+1)koff

Mn+1C, (15)

where M denotes a motor and C denotes a cargo. We use this
binding reaction along with the diffusive and transport terms
to define a one-dimensional partial differential equation given
by Eq. (A1) (see Appendix). Note that the two approximations
[(A1) and (12)] are consistent; if we apply an additional
timescale separation τK � τV , then (A1) converges to (12).

B. Transport flux and mean transit times

We are interested in exploring parameter conditions that
allow for effective transport. To quantify this we examine the
probability flux under our two boundary conditions (4) and
(5). For an absorbing boundary at the end of the microtubule,
we have the time-dependent flux given by

J (t ) = −Dcargo

N∑
n=0

∂ p

∂x

∣∣∣∣∣
s=0,x=L

+ vtrans

N∑
n=1

n∑
s=1

p(n, s, L, t ).

(16)
The survival probability, defined as the probability that the
cargo has not exited the system at x = L before time t , is given
by

S(t ) =
∫ t

0
J (t ′)dt ′. (17)

The median transport time Tmedian is given implicitly by
S(Tmedian ) = 0.5. For periodic boundary conditions, we

examine the steady-state probability flux given by

J∞ = lim
t→∞ vtrans

N∑
n=1

n∑
s=1

p(n, s, L, t ). (18)

Based upon our QSS approximation (12), the steady-state flux
is approximated by J∞ ∼ v̄

L .

III. RESULTS

Cooperation among low processivity motors optimizes
cargo flux. To obtain a steady-state cargo flux, we impose
periodic boundary conditions and begin with cargo evenly
distributed throughout the system. We allow the system to ap-
proach a steady-state distribution by stopping the simulation
when the change in flux between each time step is sufficiently
small. We then calculate the average flux and compare it to the
theoretical maximum. Figure 2(a) shows a significant change
in transport flux with respect to δR.

Figure 2(c) plots the location of this optimum. Increasing
N , the total number of binding sites for motors, causes an
increase in the effective transport flux for all values of δR.
Surprisingly, limited processivity leads to larger steady-state
transport fluxes than using perfectly processive motors that
do not dissociate from the MT (δR = 1), provided that cargos
possess multiple-motor binding sites (i.e., N > 1). To gauge
the robustness of the optimal flux, we calculate the percentage
change in flux between δR = 0.9 and 1 for different values
of N [see Fig. 2(b)]. Even for a relatively modest number
of motors (N = 3), optimizing the processivity yields a flux
increase in excess of 300% over perfectly processive motors
when the diffusivity of the free motor protein is high relative
to the diffusivity of the free cargo.

A separation of motor binding timescales reduces cargo
passage times. Cargo are assumed to not have any motors
bound to them when they begin at the negative end of the
MT. As such, we expect our binding parameters to play a
significant role in how quickly cargo reach a steady-state
equilibrium with the rest of the system. Here, shorter median
passage times correlate with an increase in the system’s effi-
ciency in moving cargo. In the following studies, we impose a
Robin boundary condition with all cargo beginning at position
x = 0 and monitor cargo distributions up to the absorbing
boundary.

The time needed for cargo to equilibrate with motors
also affects transit times. We use the aforementioned setup
to calculate the amount of time needed for the probability
of passage to the end of the domain to reach 0.5 [i.e., the
median passage time; Fig. 3(a)]. At very small length scales
(i.e., <1 μm) where diffusion dominates, binding timescales
smaller than that of transport results in shorter travel times.
However, this is quickly overcome, such that after approxi-
mately 2 μm, faster binding result in shorter median passage
times. In Fig. 3(b), we record the distribution of motors on
the cargo as a function of position x at the median time. We
find that cargo rapidly bind to motors as they move down
the system, such that most cargo have more than one motor
and the distribution reaches quasi-steady state within a few
microns.
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FIG. 2. The steady-state behavior as a function of α, the fraction of freely diffusing motors. (a) Effective transport flux, calculated using
the velocity of the cargo population once net binding rate between cargo and motors reached 0 (Dcargo = 0.14 × 10−3 μm2 s−1). (b) Maximum
% increase in steady-state effective flux when motors are allowed to dissociate from MTs during transport. (c) Duty ratio at the peaks in (a) as
a function of N . Solid lines denote the QSS solution and dashed lines denote the computational solution. Other parameters used for both cases
are L = 20 μm, vtrans = 0.5 μm s−1, kon = 0.5 s−1, koff = 0.1 s−1, and Dmotor = 1.4 μm2 s−1.

Figure 3(c) plots the convergence to the QSS assumption.
As τM decreases (i.e., more rapid binding and unbinding
as reflected by an increase in mon and moff ) we see that
our solution rapidly converges to the numerical solution, the
regime that maximizes cargo flux along MT. In Fig. 3(d), we
see that decreasing τM creates the optimum in transport flux
at δR = 0.8. From these figures we conclude that short-lived
binding between motors and MT, as seen physiologically, is in
fact a necessary condition to create an optimum transport flux.

Freely diffusing motors bind cargo more rapidly than
motors engaged on a MT. To understand the relationship
between processivity and transport, we look at the average
number of motors on the cargo. In the same model setup
used to create Fig. 2, we use the distribution of the number
of motors bound to cargo at steady state to calculate aver-
ages. We also use the analytic equation for the conditional
probability given by (9) to calculate the average number of
crosslinks.

FIG. 3. The effect of timescale separation on transport efficiency. (a) The median time to reach the end of the system. (b) The distribution
of motors on the cargo n (at the median time) as a function of distance along the MT. (c), (d) Convergence between the Monte Carlo simulation
and computational PDE solution as quasi-steady-state assumption is taken. Constants used are N = 10, Dcargo = 0.014 μm2 s−1, Dmotor =
1.4 μm2 s−1, vtrans = 0.5 μm s−1, δR = 0.9, kon = 0.5 s−1, koff = 0.1 s−1.
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FIG. 4. The average number of motors and average number of engaged motors at steady state. Solid lines denote the QSS solution and
dashed lines denote the computational solution. (a) Expected number of motors on cargo. (b) Expected number of motors bound to both cargo
and MT. Same parameter values as used in Fig. 2.

The optimum seen in Fig. 4(b) for N > 1 is a result of
two competing factors. The average distance a motor travels
before detaching increases as δR → 1. On the other hand,
maximizing the total number of motors bound to the cargo
[see Fig. 4(a)] requires low processivity (δR → 0) because the
encounter rate is higher between freely diffusing motors and
much less mobile cargo.

Based on the preceding discussion, we conclude that coop-
eration among molecular motors robustly enhances transport
flux, which can be further optimized by tuning processivity.
However, motors must be allowed sufficient time to bind and
accumulate on the cargo so that once the complex encounters
a MT, many motors are able to cooperate during transport.

IV. DISCUSSION

We have presented a theory to complement the expanding
literature regarding motor processivity. The theory’s major
benefits are twofold. First, it is based on simple, well docu-
mented motor binding kinetics, providing an easily explained
mechanism. Second, the results are based on a broadly defined
model that connects to the more general theory that fast, weak-
affinity interactions of crosslinking molecules provide optimal
steady-state binding characteristics (for example, between
antibodies and mucin polymers) [6,15].

Before a cargo accumulates motors and encounters a MT,
the dominant mode of travel is diffusion. Diffusive motion is
not efficient for transport over large distances, but it is efficient
for self-assembly of cargo-motor complexes. Once a sufficient
number of motors bind to the cargo and a MT is encountered,
directed motion becomes dominant and diffusive motion has
little effect on the remaining travel time to the end of the MT.

Allowing multiple motors on a cargo exponentially in-
creases the probability of maintaining at least one motor
engaged to the MT at all times. This is true for any fixed
0 < δR < 1 (the fraction of MT-bound motors). As motor
processivity is increased (δR → 1), there are many motors
on MTs but very few on freely diffusing cargo. On the
other hand, as δR → 0, there are potentially many motors
bound to a cargo, but few motors engaged to a MT. These
competing factors set the stage for an optimal transport flux

for an intermediate value of 0 < δR < 1. We also note that the
precise value of the optimum (which is a decreasing function
of N , the max number of motors that can bind a given cargo)
is perhaps less informative than the range of improvement that
can be achieved over the δR = 1 limit of infinite processivity.
From Figs. 2(a) and 3(d), there is a relatively wide range of δR

(up to nearly 0.5 when N = 5) where the flux is greater than
that of the δR → 1 infinite processivity limit.

Agreement between the three timescales of our model was
instrumental for validating numerical codes and to highlight
the convergence of our approximations. In particular, con-
vergence between full and reduced models as the motor-MT
binding timescales decreases shows that a single diffusion
equation can describe the system under exactly the conditions
that make the optimal transport phenomenon possible (i.e.,
the separation of timescales). A necessary condition for our
QSS reduction to be valid is that binding of motors to the
cargo complex is much faster than the expected time for
active transport to the destination. For example, with v =
0.1 μm s−1 and considering the range L ∼ 20–100 μm, the
motor to cargo binding time must be less than 200–1000 s.

We have also shown that cargo with smaller diffusivities
(larger hydrodynamic radius) compared to individual motors
benefit more from low-processivity motors than smaller car-
gos with higher diffusivity. Because bimolecular binding rates
are diffusion dependent, smaller diffusivities lead to lower
binding rates. The binding rate (kb

on) between engaged motors
(on a MT) and freely diffusing cargo is proportional to Dcargo.
The binding rate (kon) between freely diffusing motors and
cargo is proportional to Dcargo + Dmotor, which is compara-
tively unaffected by cargo size and diffusivity when Dcargo �
Dmotor. As a result, motor-cargo binding at δR = 1 (where all
motors are engaged to a MT) becomes an unlikely event for
large cargos with small diffusivity. While not explored here,
additional factors such as confinement and subdiffusion in a
viscoelastic liquid can only compound this effect.

Finally, we considered the simplest geometry of active
transport, namely, a 1D MT domain of length L. Future
work will be necessary to elucidate the additional effects of
more complicated geometries on the optimal transport flux
phenomena introduced here.

022408-6



LIMITED PROCESSIVITY OF SINGLE MOTORS … PHYSICAL REVIEW E 100, 022408 (2019)

ACKNOWLEDGMENTS

J.M.N. was supported by a Natural Sciences and Engi-
neering Research Council of Canada (NSERC) Discovery
Grant [RGPIN-2019-06435], NSERC Discovery Accelera-
tor Supplement [RGPAS-2019-00014], NSERC Discovery
Launch Supplement [DGECR-2019-00321], and a University
of Alberta startup grant. S.K.L. was supported by the David
and Lucile Packard Foundation [2013-39274], the Eshelman
Institute of Innovation, and the National Science Foundation
[DMR-1810168]. M.G.F. was supported by the National In-
stitutes of Health [1R01HL141934] and the National Science
Foundation [DMS-1462992, DMS-1664645, DMS-1517274].

APPENDIX

Numerical computation of PDE. Under the quasi-steady-
state assumption, the system can be equivalently modeled by
examining the population of cargo using the following 1D
partial differential equation:

ut (x, t ) = Duxx − Vux + Au, (A1)

where the vector u is an N + 1 vector of cargo concentrations
and the ith component corresponds to cargo with i motors
bound. D and V are diagonal matrices with Dii = β(i)Dcargo

and Vii = [1 − β(i)]vtrans. A has values on the off diagonals
corresponding to the reactions in Eq. (15). In this work,
(A1) is solved in MATLAB and data are stored as concentra-
tions and fluxes at each position and time. The forward-time
centered-space method is used to solve the diffusion equation
(forward space for the advection term). Boundary conditions
are usually considered to be Robin and initial conditions are
set as a cargo concentration with n = 0 at x = 0 only. The
stop criterion is determined by the amount of cargo still in the
system.

However, for steady-state analyses we choose a periodic
boundary condition and a uniformly distributed initial condi-
tion of cargo with n = 0. The stop criterion in this setup is
determined by the magnitude of the change in the distribution
of cargo concentrations with respect to n. See Fig. 5 for a com-
parison between the computational and analytic methods. The
solution is best for large v because the effect of the absorbing
boundary condition at x = 0 is minimized. Therefore, for a
given diffusivity and transport velocity, using the optimal δR

will create the best congruence between the two schemes. At

FIG. 5. Comparison of steady-state computational scheme
(dashed line) and analytic scheme (solid line) defined by Eq. (14).
Constants used: N = 10, L = 10 μm, vtrans = 1 μm s−1, δR = 0.9,
kon = 0.2 s−1, koff = 1 s−1, Dcargo = 0.01 μm2 s−1, and Dmotor =
10 μm2 s−1.

worst (i.e., v = 0), the analytic solution is half the value of
the computational model for all x. Because the focus on this
work was primarily on the agreement between the analytic
and computational v, performing a more exact calculation was
not necessary. It is possible to perform additional iterations of
the method of images to improve the analytic solution. This
procedure can be done infinitely, creating a sequence of func-
tions that converges to the same solution as the computational
scheme (up to machine precision).

Monte Carlo simulation. The Monte Carlo simulation no
longer assumes the binding and unbinding rates between
microtubule and motors are infinite. Let mon and moff denote
those finite rates. Let kon, kb

on, and koff be as before.
For a single cargo, let N be its total number of binding

sites. Let n denote the number of motors bound to the cargo,
and let s denote the number of those bound motors that
are also crosslinked. Let the state be defined as the ordered
pair (s, n). The state changes according to the following
rates:

(s, n)
(N−n)kon−−−−−−⇀↽−−−−−−

(n−s+1)koff

(s, n + 1), (A2)

(s, n)
δs,0(N−n)kb

on−−−−−−⇀↽−−−−−−
(s+1)koff

(s + 1, n + 1), (A3)

(s, n)
g(s)(n−s)mon−−−−−−−⇀↽−−−−−−−

(s+1)moff

(s + 1, n), (A4)

g(s) =
{

Dcargo

Dmotor
, if s = 0

1, else.
(A5)
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With these state changes, the reaction rate matrices Ms and Vn,s are the following N + 1 × N + 1 matrices:

Ms =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 moff 0 . . . 0
n Dcargo

Dmotor
mon 0 2moff . . . 0

0 (n − 1)mon 0 . . . 0

0 0 (n − 2)mon
. . . 0

0 0 0 0
...

...
... nmoff

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (A6)

Vn,s =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 koff 0 . . . 0
N

(
kon + kb

on

)
0 2koff . . . 0

0 (N − 1)
(
kon + δs,0kb

on

)
0 . . . 0

0 0 (N − 2)
(
kon + δs,0kb

on

) . . . 0
0 0 0 0
...

...
... nkoff

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (A7)

The code first builds a square matrix where the rows
and columns represent all possible states (s, n). The entry in
(s1, n1) row and (s2, n2) column is the rate of (s2, n2) going
to (s1, n1). For the actual simulation, suppose our cargo is
currently at position x, time t , and just changed to state (s, n).
Determine the time elapsed by

te = −1

λ
log(U (0, 1)), (A8)

where λ is the rate to exit the current state. If s > 0, it means
the cargo is crosslinked, so it is moving only by transport. The
change in position

�x = vte, (A9)

where v is the transport velocity. If s = 0, it means the cargo is
free floating, therefore, it is only moving by diffusion. Using
the equation

�x = √
2DcargoteN (0, 1) (A10)

we can determine the next position of the cargo. We determine
the next state by using the rates matrix and a uniform random
variable. The next time is given by t + te, and the next position
is given by x + �x.

A few things to note: We start the cargo with x = 0, t =
0, (s, n) = (0, 0). The left boundary is reflective, and the
right boundary is absorbing. If the cargo goes into negative
positions, it is adjusted to be at x = 0. If the cargo reaches the
end of microtubule with length l , the simulation for this cargo
is terminated.

By running this simulation for a large number of cargos,
we can extract data analogous to the data produced from
the computational and analytic solutions. As Fig. 3(c) shows,
if we let the values of mon and moff tend to infinity while
keeping their ratio constant, the density distribution of the
cargos along the microtubule tends to the computational and
analytic solutions at any given time.

[1] K. S. Thorn, J. A. Ubersax, and R. D. Vale, Engineering the
processive run length of the kinesin motor, J. Cell Biol. 151,
1093 (2000).

[2] L. Conway, D. Wood, E. Tüzel, and J. L. Ross, Motor transport
of self-assembled cargos in crowded environments, Proc. Natl.
Acad. Sci. USA 109, 20814 (2012).

[3] C. B. Korn, S. Klumpp, R. Lipowsky, and U. S.
Schwarz, Stochastic simulations of cargo transport by
processive molecular motors, J. Chem. Phys. 131, 245107
(2009).

[4] J. W. Driver, D. K. Jamison, K. Uppulury, A. R. Rogers, A. B.
Kolomeisky, and M. R. Diehl, Productive cooperation among
processive motors depends inversely on their mechanochemical
efficiency, Biophys. J. 101, 386 (2011).

[5] V. I. Rodionov, A. J. Hope, T. M. Svitkina, and G. Borisy,
Functional coordination of microtubule-based and actin-based
motility in melanophores, Curr. Biol. 8, 165 (1998).

[6] J. Newby, J. L. Schiller, T. Wessler, J. Edelstein, M. G. Forest,
and S. K. Lai, A blueprint for robust crosslinking of mobile
species in biogels with weakly adhesive molecular anchors, Nat.
Commun. 8, 833 (2017).

[7] P. C. Bressloff and J. M. Newby, Stochastic models of intracel-
lular transport, Rev. Mod. Phys. 85, 135 (2013).

[8] J. Newby, Molecular Motor-Based Models of Random Intermit-
tent Search in Dentrites (The University of Utah, 2010).

[9] S. P. Gross, M. Vershini, and G. T. Shubeita, Cargo transport:
Two motors are sometimes better than one, Curr. Biol. 17, R478
(2007).

022408-8

https://doi.org/10.1083/jcb.151.5.1093
https://doi.org/10.1083/jcb.151.5.1093
https://doi.org/10.1083/jcb.151.5.1093
https://doi.org/10.1083/jcb.151.5.1093
https://doi.org/10.1073/pnas.1209304109
https://doi.org/10.1073/pnas.1209304109
https://doi.org/10.1073/pnas.1209304109
https://doi.org/10.1073/pnas.1209304109
https://doi.org/10.1063/1.3279305
https://doi.org/10.1063/1.3279305
https://doi.org/10.1063/1.3279305
https://doi.org/10.1063/1.3279305
https://doi.org/10.1016/j.bpj.2011.05.067
https://doi.org/10.1016/j.bpj.2011.05.067
https://doi.org/10.1016/j.bpj.2011.05.067
https://doi.org/10.1016/j.bpj.2011.05.067
https://doi.org/10.1016/S0960-9822(98)70064-8
https://doi.org/10.1016/S0960-9822(98)70064-8
https://doi.org/10.1016/S0960-9822(98)70064-8
https://doi.org/10.1016/S0960-9822(98)70064-8
https://doi.org/10.1038/s41467-017-00739-6
https://doi.org/10.1038/s41467-017-00739-6
https://doi.org/10.1038/s41467-017-00739-6
https://doi.org/10.1038/s41467-017-00739-6
https://doi.org/10.1103/RevModPhys.85.135
https://doi.org/10.1103/RevModPhys.85.135
https://doi.org/10.1103/RevModPhys.85.135
https://doi.org/10.1103/RevModPhys.85.135
https://doi.org/10.1016/j.cub.2007.04.025
https://doi.org/10.1016/j.cub.2007.04.025
https://doi.org/10.1016/j.cub.2007.04.025
https://doi.org/10.1016/j.cub.2007.04.025


LIMITED PROCESSIVITY OF SINGLE MOTORS … PHYSICAL REVIEW E 100, 022408 (2019)

[10] J. O. L. Andreasson, B. Milic, G.-Y. Chen, N. R. Guydosh,
W. O. Hancock, and S. M. Block, Examining kinesin proces-
sivity within a general gating framework, Struct. Biol. Mol.
Biophys. 4, e07403 (2015).

[11] H. Bannai, T. Nakayama, M. Hattori, and K. Mikoshiba, Ki-
nesin dependent, rapid, bi-directional transport of ER sub-
compartment in dendrites of hippocampal neurons, J. Cell Sci.
117, 163 (2004).

[12] S. Klumpp and R. Lipowsky, Cooperative cargo transport by
several molecular motors, Proc. Natl. Acad. Sci. USA 102,
17284 (2005).

[13] R. Grover, J. Fischer, F. Schwarz, W. Walter, P. Schwille, and
S. Diez, Transport efficiency of membrane-anchored kinesin-1

motors depends on motor density and diffusivity, Proc. Natl.
Acad. Sci. USA 113, E7185 (2016).

[14] C. Leduc, O. Campas, K. Zeldovich, A. Roux, P. Jolimaitre,
L. Bourel-Bonnet, B. Goud, J.-F. Joanny, P. Bassereau, and
J. Prost, Cooperative extraction of membrane nanotubes by
molecular motors, Proc. Natl. Acad. Sci. USA 101, 17096
(2004).

[15] Y.-Y. Wang, A. Kannan, K. L. Nunn, M. A. Murphy,
D. B. Subramani, T. Moench, R. Cone, and S. K.
Lai, IgG in cervicovaginal mucus traps HSV and pre-
vents vaginal herpes infections, Mucosal Immunol. 7, 1036
(2014).

022408-9

https://doi.org/10.1242/jcs.00854
https://doi.org/10.1242/jcs.00854
https://doi.org/10.1242/jcs.00854
https://doi.org/10.1242/jcs.00854
https://doi.org/10.1073/pnas.0507363102
https://doi.org/10.1073/pnas.0507363102
https://doi.org/10.1073/pnas.0507363102
https://doi.org/10.1073/pnas.0507363102
https://doi.org/10.1073/pnas.1611398113
https://doi.org/10.1073/pnas.1611398113
https://doi.org/10.1073/pnas.1611398113
https://doi.org/10.1073/pnas.1611398113
https://doi.org/10.1073/pnas.0406598101
https://doi.org/10.1073/pnas.0406598101
https://doi.org/10.1073/pnas.0406598101
https://doi.org/10.1073/pnas.0406598101
https://doi.org/10.1038/mi.2013.120
https://doi.org/10.1038/mi.2013.120
https://doi.org/10.1038/mi.2013.120
https://doi.org/10.1038/mi.2013.120

