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We make a rigorous computation of the relative entropy between the vacuum state and a coherent state
for a free scalar in the framework of algebraic description of quantum field theory (AQFT). We study the
case of the Rindler wedge. Previous calculations including path integral methods and computations from
the lattice give a result for such relative entropy which involves integrals of expectation values of the
energy-momentum stress tensor along the considered region. However, the stress tensor is in general
nonunique. That means that if we start with some stress tensor, then we can “improve” it adding a
conserved term without modifying the Poincaré charges. On the other hand, the presence of such an
improving term affects the naive expectation for the relative entropy by a nonvanishing boundary
contribution along the entangling surface. In other words, this means that there is an ambiguity in the usual
formula for the relative entropy coming from the nonuniqueness of the stress tensor. The main motivation
of this work is to solve this puzzle. We first show that all choices of stress tensor except the canonical one
are not allowed by positivity and monotonicity of the relative entropy. Then we fully compute the relative
entropy between the vacuum and a coherent state in the framework of AQFT using the Araki formula and
the techniques of modular theory. After all, both results coincide and give the usual expression for the

relative entropy calculated with the canonical stress tensor.
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I. INTRODUCTION

The algebraic description of quantum field theory
(AQFT) focuses on the local algebras of operators
generated by fields in regions of the space rather than
the field operators themselves. This gives a “basis
independent” formulation which does not depend on
the particular fields used for the description of the theory.
Statistical properties of the state in these local algebras
have been the subject of much recent interest in different
areas of physics ranging from holography to condensed
matter. Given one or more states and algebras, several
entropic quantities can be defined which give natural
measures of the statistics of fluctuations. In a certain
sense, these assignations of numbers to algebras in AQFT
is analogous to the study of correlators in the approach
based on field operators.
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In actual computations in specific models, it is custom-
ary and useful to assume a cutoff model, such as a lattice,
and proceed to the computation taking the continuum limit
as a final step. In general, we expect that the quantity
computed belongs to the continuous theory as far as the
result does not depend on the regularization. In the cutoff
model, given a global pure state ® € H one can consider
the reduced density matrix p% in a space region R of a
lattice and compute its von Neumann (vN) entropy

(1.1)

This is divergent and not well defined in the continuum due
to a large amount of entanglement of UV modes between
both sides of the region boundary. However, given two
states ¥ and Q we can also compute the relative entropy

S§ = —trp§ log pg.

Sk(@|Q) = trpf (log p§ — log pg). (1.2)
which is much better behaved than the entropy (see e.g.,
[1-14] for actual calculations). In fact, the relative entropy
has an expression directly in the continuous theory for type
[T algebras in terms of the Araki formula [15]. This shows
it is free from ambiguities. Relative entropy is an important
quantity in quantum information that measures distinguish-
ability between states. It is always positive and increasing
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for fixed states under increasing algebras. It has recently
been very useful in holography to understand the bulk-
boundary map [16—19] and in the proof of the quantum null
energy condition [20].

Another object that has a nice continuum limit is the
following one parameter group of unitaries,

(0R)" ® (). (1.3
where R’ is the complement of R and we are assuming there
is a decomposition of the full operator algebra as a tensor
product of the algebras in R and R’. This one-parametric
group is called the modular group. The generator,
KQ:—KR®1+1®KR/, KR:—Ingg, (14)
is called the modular Hamiltonian. A well-known case
where the modular Hamiltonian can be computed exactly is
the case when R is the Rindler wedge corresponding to a
spatial slice x! > 0 at x” = 0, and the state is the vacuum.
In this case, Ko = 27K with K; being the boost generator.
In terms of the energy density operator we can write

Ko = Zﬂ/dd_lxxlToo(x). (1.5)

Returning to the relative entropy, it is useful to write
(1.2) as

Sr(®@[Q) = A(Kg) — ASk, (1.6)

where

A(Kg) = ttp§Kg — tip§ K. (1.7)

AS = SK — SK. (1.8)
Written in this way, the relative entropy is the variation in
expectation value of an operator minus the variation in the
entropy between the two states. The positivity of relative
entropy means that A(Kg) > ASg. In this form, when R is
the Rindler wedge, this inequality has been related to
Bekenstein’s bound on entropy [21].

Even if the relative entropy is well defined in the
continuum, a mathematically rigorous definition of the
continuum limit of the two terms in (1.6) has not been
worked out in the literature yet. One difficulty is that the
operator K is only half of the modular Hamiltonian (1.4).
Even if the modular Hamiltonian has a good operator limit
in the continuum, its half part K is at most a sesquilinear
form. If we focus for simplicity on the case of the half space
and where Q is the vacuum, we could induce from (1.5) that

KR = 27[/ dd_lxxlTOO(x). (19)
x'>0

This is not a well-defined operator in Hilbert space because
its fluctuation (Q, K2Q) diverges. However, expectation
values as in A(K) can still be computed. Another more
important issue is that the act of cutting the modular
Hamiltonian in two pieces generate ambiguities. We are
allowed for example to add field operators localized at the
boundary such that Ky has still the same localization and
commutation relations with operators inside R. Another
view of the same problem is that hidden in expression (1.9),
there is an ambiguity related to the nonuniqueness of the
stress tensor. For example, for the free Hermitian scalar
field, starting from the canonical stress tensor

T30 = 0,000 ~ 31, 0,070~ m2¢):, (110)
we can add an “improving term” to obtain a new stress
tensor,

A

T, =T +Z(8”8” - 9,0 (1.11)
The Poincaré generators obtained from (1.11) equal the
ones obtained from (1.10), since both expressions differ in
a boundary term which vanishes when the integration
region is the whole space. However, the expression (1.9)
for K involves an integration in a semi-infinite region, and
hence the presence of an improving term adds a nonzero
extra boundary term to the result,

KR—>KR—|—/1/ d2x:?(x):.
10

X =

(1.12)

This is essentially the only boundary term we can add with
the correct dimensions and that does not require a dimen-
sionful coefficient with negative dimensions. This can have
nonzero expectation values for certain states and makes the
definition of A(Ky) ambiguous.

Since the relative entropy is well defined, this ambiguity
must be compensated by another one in the definition of
ASk in (1.6). This is the subtraction of two divergent
quantities and again we do not have a mathematically
rigorous definition in the continuum. We can make this
definition unambiguous in a natural way by using a
particular regularization of entropy that has been proposed
in the literature [22,23]. The idea is to associate the entropy
(for a pure state) with half the mutual information
I(R},R;) between two nonintersecting regions on both
sides of the boundary of R. The regions R} are displaced a
distance ¢ from the boundary of R. For the case of the
Rindler wedge we can take R} formed by points with
x! > e and R formed by points with x! < —e. The mutual
information is also a relative entropy and is well defined in
the continuum. Then, a well-defined ASy is given by

1
ASg = Eliﬁ(}(%(R:,RZ) —Io(RE,RD)). (1.13)
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When it is computed in the lattice, it coincides with the
usual ASk.

Defining ASy rigorously through (1.13), then A(Ky) is
also well defined through

A(Kgr) = Sp(P@|Q) + ASk. (1.14)
Then the question that motivates this paper is whether this
definition agrees with the expectation value of (1.9). In
such a case, boundary terms in this expression should be
automatically fixed. In particular, we should be able to
study which value of the improvement term is the correct
one for a scalar field in (1.11).

In order to (partially) settle this issue, in this paper we
analyze the relative entropy between a coherent state for a
free scalar field and the vacuum in the Rindler wedge.
Coherent states are states formed out by acting on the
vacuum with a unitary operator that is the exponential of
the smeared field, i.e.,

o = eifdd_]x[(/'()_f)fw()_CH’I()_C)fn()_C)]Q’ (] .15)

where ¢(X) := ¢(0,%) and z(X) := 9y¢p(0, X). For the pur-
pose of the definition (1.13), we can represent the same
state with a different vector ® = UU'Q, where U is a
unitary belonging to the region R and U’ is a unitary
belonging to its complementary region R’. Indeed, we can
replace each of the smooth functions f,(X) and f,(X) in
(1.15) by the sum of two new smooth functions,

f(/;_)f(p,R +fq),R” fﬂ'_)fﬂ'.R +f7r.R" (116)
such that f,, z. f g vanish inside R" and f,, g/, f g Vanish
inside R. We must also require that f, z = f, inside R
and f, p = f, inside R, (idem for ). Under this assump-

tions, the new state ® = UU'Q, defined through

U = o J @ 5 o®f p@+2@er®) o0 g

U = i J 40 6420 o (0] (1.17)

represents the same state as @ in the algebra of the region
RY UR_. In fact, the above computation can be done
because of the presence of the finite corridor of width 2e.
Moreover, we have that the operator U (respectively, U’)
acts, by adjoint action, as an automorphism of the algebra
of the region R (respectively, R;), and as the identity
transformation over the algebra of the region R; (respec-
tively, R}). Such automorphisms do not change the mutual
information, and with our definition (1.13), we automati-
cally have ASz = 0 for these states.

Hence, the question simplifies to see whether for
coherent states

dd_lxxl <(I), Too()_f)q)>,

&@m:%/

x'>0

(1.18)

and which is the right improvement term. Notice that
coherent states can change the expectation value of :¢?:.

In Sec. II, assuming that (1.18) is correct for some
improvement, we show that the only possibility is the
canonical stress tensor, i.e., 4 =0. We show this by
imposing bounds which come from the positivity and
monotonicity of the relative entropy.

In the rest of the paper, we actually compute the relative
entropy using the Araki formula and show the result (1.18)
1s correct for the canonical stress tensor. We note that, while
this paper was being prepared, a similar calculation by R.
Longo has appeared in the literature [13]. A simpler case
where the unitary has support inside the wedge has
previously appeared in [24]. Our paper differs from the
one by Longo in motivation, scope, and several details,
while there is an overlap in the main technical ideas.

To make this article as self-contained as possible, in
Sec. IIT we briefly review the algebraic formulation of the
free scalar field. Because of a forthcoming necessity, we
consider two different approaches. The first one is the usual
approach where we define the net of algebras associated to
spacetime regions. The second one consists in defining the
local algebras associated to spatial sets belonging to a
common Cauchy surface. We also explain how these two
approaches are related. In Sec. IV we review the basic
concepts of the modular theory of von Neumann algebras.
In particular, we introduce the modular operator used to
derive the modular Hamiltonian and the modular flow.
We also discuss the theorems of Tomita-Takesaki and
Bisognano-Whichmann. And finally, we introduce the rela-
tive modular operator used in the definition of the relative
entropy for general von Neumann algebras. The reader who
is familiar with these concepts may skip these sections and
go directly to V, where we explicitly compute the proposed
relative entropy. We study separately the (trivial) case
when the coherent state belongs to the wedge algebra,
and the more interesting (and also more difficult) case when
the coherent state has a nonvanishing density along the
entangling surface. In this section, we also first study some
general aspects concerning the relative entropy for coherent
states which applies to any region. We provide a complete
mathematical rigorous proof of all the results. For a better
reading of the article, the proof of some theorems and some
tedious but straightforward calculations were placed into
the Appendixes.

II. BOUNDARY TERMS IN THE
RELATIVE ENTROPY

According to the discussion above, there is an ambiguity
on the expression (1.18) for the relative entropy of a
coherent state coming from the different possible choices
of an improving term for the stress energy-momentum
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tensor. According to (1.12), the relative entropy could be
written as the usual contribution with the canonical stress
tensor plus a boundary term coming from the improving

Sx(®|Q) = 4 / d2x(®, () D)

x;=0

+2x / d e (@, Tsen (x)@).  (2.1)
x>0

In this section we assume this formula is correct and show
that the only consistent choice is 4 = 0.

A general coherent state can be written as in (1.15) with
for fr € SR, R)." In this case, a straightforward com-
putation from (2.1) gives

Sg(®|Q) :,1/0 dd—2xf,,(5c)2+27z/>0 dd_lx%(f(p(fc)z
+ (Vf2(2))? + m*f(%)?). (22)

Regardless of what should be the true value for 4, if we
want (2.1) and (2.2) to represent real expressions for a
relative entropy, they must satisfy all the properties known
for a relative entropy. In particular we concentrate on the
positivity

Sp(®|Q) > 0, (2.3)

and the monotonicity, that for the case of wedges implies

Sr(@IQ)|y, 2 Sg(@|Q)lyy,, forany y' >y, (2.4)

where Sg(®@|Q)])y, is the relative entropy for the states ¥,
Q but associated to the algebra of the translated Rindler
wedge W, = {xeR%:x! —y > x]}. In fact, W, is
obtained applying a translation of amount y, in the x!
positive direction, to the original Rindler wedge V. From
now on, we denote Sg(y) := Sg(®[Q)]yy, -

Therefore, the strategy we adopt is to choose conven-
iently functions f,, and f, and impose (2.3) and (2.4) on
(2.2) in order to bound the allowed values for A. In fact, we
show that from positivity we obtain 4 > 0 and from the
monotonicity we obtain 1 < 0, an hence it must be

A=0. (2.5)
Then we conclude that, if we assume that (1.18) is the
correct result for the relative entropy, such an expression

holds for the canonical stress-energy-momentum ten-
sor (1.10).

lS([R{", R) denotes the Schwartz space of real, smooth and
exponentially decreasing functions at infinity.

Before we start, we make two simplifications. The first
one, which is obvious, is to take f,, = 0 and denote f := f,.
The second one is to work in d = 1 + 1 dimensions. The
general result for any dimensions could be obtained easily
from the former.

A. Lower bound from positivity

We start with the expression

Se(®|Q) = Af(0)? + 7 / " dex(F (22 + 2 (1)),

(2.6)

where f is a real-valued function belonging to S(R). Then,
the positivity of the relative entropy means that

0 <Af(0)> + JT/+OO dxxf'(x)* + wm? /+oo dxxf(x)%.

0 0
(2.7)

By scaling the function f(x) — f(x/f) the first two terms
of the right-hand side are constant while the last one gets
multiplies by 5%. Hence, we can make the last term as small
as we want and simply take m = 0 in the following. Taking
f such that f(0) #0 we get

5 dxf(x)?
£(0)?

Now, we introduce a convenient family of real functions
(fa)a>0 € S(R> given by

0<i+n (2.8)

fa(x) :=1log (% + a) ez, x>0, (2.9)

and where L > 0 is a dimensionful fixed constant.” A
straightforward computation shows that the integral in
Eq. (2.8) behaves as

+00
/ dxxfl(x)? = —log(a) + O(1), az0. (2.10)
0
Then replacing (2.10) into (2.8) we get
L? 1 1
0<,1__,,M (2.11)

- 4 log?(a)

Finally, taking the limit a — 0" we get the desired result

220. (2.12)

*The functions f . are smoothly extended to the whole real line.
Such an extension is guaranteed by a theorem due to Seeley [25].
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B. Upper bound from monotonicity

We start with the expressions

Sz (0) :ﬂf(O)z+7z/+°odxx(f’(x)2+m2f(x)2), (2.13)

0

+o0

Se(y) = A5 + 7 / dx(x = y)(F (1) + m2f (x)2).

(2.14)

where f is a real-valued function belonging to S(R). We
can eliminate the mass terms by scaling as in the previous
section. The monotonicity Sg(0) > Si(y) for y > 0 reads

HfG) - FO)) <x / " duxf!(x)? + 7y / " def (o).

0 y
(2.15)

Now, we introduce a convenient family of functions para-
metrized with the constants a € (0.1),6€(0,1),y>0,e>0
given by

for x > 0,

fa,&,y,e(x) = ga.&,y(x)(ay,e(x)’ (216)

where

Gy (X) 1= G (1-0)+ 5) " (2.17)

and ©, . is a smooth step function with the condition

1 x<y,

(2.18)
0 x>y+e

0,01 = {

We introduce such a step function to ensure that f, 5, . €
S(R) for any values of (a, 8, y, €) in the set specified above.
The functions f, 5, . are smoothly extended to the whole
real line. In particular, we use

2e(x—y =9 )}

R

ify<x<y+e,

0, .(x) = [1 + exp (—
(2.19)
which has the useful property max,cg|®; .(x)| = 2 From
now on, we do not write the cumbersome subindices of

the above functions. For the different terms of (2.15) we
have that

fO)P = f(0)? =1-8%,

y 2a8 — 5%
HA‘ dxxf'(x)? = ﬂg <(;—72a+ 1>,

(2.20)

(2.21)

+o00 , 2
my dxf’(x)

S—

+e yt+e
<y / " dxlg (220 (x)? + 1y / dx]g(x)® (x)?]

y y
(2.22)
y+e
+ ﬂy/ dx|24g (x)g(x)®(x)®'(x)|. (2.23)
y
We deal with each term of (2.23) separately,
+€
w [ g arer
y
y+e
< my / dxg'(x)?
¥
201 — — 2a—-1 2(1 —
:ﬂa(l 5) 1— 1+(1 5)e N ma(1 5)’
1 -2a y e=too | =20
(2.24)

ny / " dx2g (x)g(x)O(x)O'(x)|

R

<y [ ax2g (gt = 202 oty + 0 - 90

2 1 = 6)e) 2
_ [(1+< )€> —1} 0, (2.25)
€ y €—+00
+e
w [ oo o
y
4 y+e
Sﬂy—z/‘ dxg(x)?
€ Jy
2 _ 2041
_ 4my i 1+(1 S)e 1) S
(1 +2a)(1 —5)6 y e—+00
(2.26)

where in the last steps of each computation we take the
limit € — +o0. It is valid to take this limit in the inequality
since it must hold for all ¢ > 0. Replacing these partial
results on (2.15) we arrive at

ma? (1 —6)

2a8 — 5%
— 52 < afza0—0"
A1 =6 )_7/72( =% 1) = (2.27)
Then, taking the limit § - 0" we get
a<ala @ (2.28)
=TT o '

and finally, taking @ — 0" we arrive at the desired result

2<0. (2.29)
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III. ALGEBRAIC THEORY OF THE FREE
HERMITIAN SCALAR FIELD

A. Axioms of AQFT

In the AQFT, we associate for each region of the
spacetime a C* or von Neumann algebra which encodes
the algebraic relations between the quantum fields. Such
an assignment must satisfy a set of axioms that encode
the physical conditions in the algebraic framework. Unless
the specific set of axioms considered could depend on the
underlying theory (especially on the spacetime considered),
the assumptions listed below are very standard for the
treatment of QFT’s on Minkowski spacetime.

To start we call a double cone to any open region O C R?
of Minkowski spacetime defined by the intersection of the
future open null cone of some point x € R? with the past open
null cone of other point y € R? 2 In AQFT, we start with
a C*-algebra 2, called the quasilocal algebra, and we assign
to each (nonempty) double cone © C R? a C*-subalgebra
A(O) c A, which are called the local algebras. This
collection (net’) of local algebras must satisfy the following:

(1) Generating property: A = UOQ[((’))H'”, where the
union runs over the set of all double cones.

(2) Isotony: for any pair of double cones O; C O,,
then 2A(O;) C A(O,).

(3) Causality: if O and O, are spacelike separated (i.e.,
O; ~ 0y), then [A(0,), A(0,)] = {0}.

(4) Poincaré covariance: there is a (norm) continuous
linear representation @, of 731 in U, such that
ag(Ql(O)) = A(gO) for any open bounded region
Oandallg € P!, where the action of gE 791 over a
region O is given by gO = {Ax +a:x € O}.

(5) Vacuum: there is a pure state @ in 2l invariant under
all a,. Then, in its GNS representation (7, H, Q) the
linear representation a, is implemented by a positive

energy unitary representation of 731 in H in the sense
that U(g)z(A)U(g9)* = n(a,(A)) for all AeA

and all g € 731. Positive energy means that the
representation is strongly continuous and the
infinitesimal generators P* of the translation sub-
group (i.e. U(0,a) = e?"%) have their spectral
projections on the closed forward light cone
V,={peRip-p>0and p° > 0}.

For a general open region (possibly unbounded)
O c R4, we define A(O) = UOC(Q%[(@)”'H where
the union runs over the set of all double cones O C O.

When we want to study states which are con-
structed by local perturbations around the vacuum

’In particular, if y is not in the timelike future of x, then O = @.

Mathematically, due to axiom 1, the collection of local
algebras forms a net indexed by the set of double cones. The
set of double cones forms a direct set when it is ordered by the
usual set inclusion.

state w, we often work directly by the collection of
concrete C*-algebras z(2(0)) C B(H) acting on the
vacuum Hilbert space H. For technical reasons, we
usually work with the net of von Neumann algebras
R(O) := z(A(O))", where " denotes the double
commutant which coincides with the weak closure.
Moreover, when we want to construct a concrete
example of a QFT satisfying the axioms above, it is,
in general, easier to construct a net of von Neumann
algebras O — R(O) acting on a given Hilbert space.

One immediate consequence of the axioms is the
Reeh-Schlieder theorem. Before we state it we need
to introduce some definitions. For any open region
O cR?, we define its (open) spacelike complement as

O :=Int{xeR¥:(x-y)?><0, V yeO}.

(3.1)

Let R C B(H) be a von Neumann algebra. We say
that a vector ® € H is cyclic if R® = H, and
separating if A® = 0 with A € R implies A = 0.
Theorem 3.1: (Reeh-Schlieder [26]) In any QFT sat-
isfying the axioms 1. to 5. above, the vacuum vector € is
cyclic for any algebra z(2(0))” corresponding to any
(nonempty) open region. Moreover, if @' is also open and
nonempty, then Q is also separating for z(20(O))".
In the following subsections, we concretely define the
net of algebras associated to a free Hermitian scalar field
satisfying the axioms listed above.

B. Local algebras for spacetime regions

The algebraic theory of the real scalar field is defined
as anet of von Neumann algebras acting in the Fock Hilbert
space H. This space is constructed as the (symmetric)
tensor product of the one-particle Hilbert space. To describe
it properly, we introduce the following three vector spaces.

The space of test functions. The space of test func-
tions is the Schwartz space S(Rd,IR) of real, smooth
and exponentially decreasing functions at infinity. This
space carries naturally a representation of the restricted
Poincaré group 771 given by f > fix 4, With fi 4)(x) :=
f(A(x —a)) for any (A,a) € PL.

The one-particle Hilbert space. The Hilbert space $
of one-particle states of mass m > 0 and zero spin is
made up of the square-integrable functions on the mass
shell  hyperboloid H,, = {p € R?: p> = m?, p° > 0}
with the Poincaré invariant measure du(p) = O(p°)x
5(p* —m?)d?p. Tt can be realized as

B 3 dd—lp
H=1L° (R" 1’2w(i9>>’ (3.2)
B dd—lp N
85~ [, Gorbf D). (33

125020-6
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where p’ = \/p? +m?=:w(p). Such a space carries a
unitary representation of 791 given by (u(A,a)f)(p) =
ePaf (A=' p) for any f € § and (A,a) € P!

The Fock Hilbert space. The Fock Hilbert space H is
the direct sum of the symmetric tensor powers of the one-
particle Hilbert space $, i.e.,

H=@ oo, (3.4)
n=0

For each h € §, the creation and annihilation operators
A*(h) and A(h) act over H as usual. The Fock space

naturally inherits from $ a unitary representation of Pl
which is denoted by U(A, a). According to that there is a

unique (up to a phase) Pl-invariant vector denoted by
Q =1 € H®°, which is called the vacuum vector. For each
h € $, the normalized vector

e ®n
1 2 h
e = eGSO

n=0 \/m

eH,

is called a coherent vector, and it satisfies the relations
e? = Q and (Q.eh),, = e 2l"s.

It is a very well-known fact that the structure of a free
QFT is completely determined by the underlying one-
particle quantum theory. More concretely, the assignment
O - R(O) is determined by the composition of two
different maps,

OcCcR?—= K(O)C$, (3.5)

Kc$ - R(K)CB(H), (3.6)
which are called first and second quantization maps,
respectively. We treat each map separately.

1. First quantization map

Given any open region O C R, we remember that O’
denotes its spacelike complement, and then we define its
causal completation as ©"° A region © C R? is called
causally complete if O = ©". In particular, any double
cone is causally complete. From now on, we work with
causally complete regions.

For any closed linear subspace K C $ we define its the
symplectic complement as

K' ={h€ 9:Im(h k) =0, forall ke K}. (3.7)
Now, we consider the following real dense embedding
EIS(Rd, R) - 9,

’It is always true that O C O”.

(Ef)(P) = V2af|y,(P) = V2af(0(p). p).  (3.8)
where f(p) = (22)7% [qa f(x)e?*d’x is the usual Fourier
transform. Such embedding is Poincaré covariant, i.e.,
E(f(A,a)) =u(A,a)E(f). From now on, we naturally
identified functions on S(R“, R) with vectors on § through
the above embedding.

The first quantization map is assignment O C R? —
K(O) c 9, where K(O) is a real closed linear subspace. It
is defined by

O cR? = K(0)

= {E(f):f € S(RY,R) and supp(f) c O} C .
(3.9)

It is not difficult to see that this satisfies the duality
K(O') = K(O).

2. Second quantization map
We define the embedding W:$ — B(H),

W(h) = elAl)+A"(h)) (3.10)
The operators W(h) are called Weyl unitaries. These
operators satisfy the canonical commutation relations
(CCR) in Segal’s form [27]

W(hl)W(hQ) = e_i1m<hl'h2>5W(hl + h2), (311)

W(h)* = W(=h). (3.12)
A Poincaré unitary U(A,a) acts covariantly on a Weyl
operator according to

UA a)W(R)U(A. a)* = W(u(A, a)h),  (3.13)

W(h)Q = e, (3.14)

The second quantization map is an assignment K C
$H - R(K) c B(H), from the set of real closed linear
subspace of $ to the set of von Neumann subalgebras of
B(H). It is defined as

Ke$—R(K) = {Wk):keKY cBH). (3.15)

This map satisfies the duality R(K') = R(K)".

3. Net of local algebras
According to the above discussion, the net of local
algebras O ¢ R? —» R(O) c B(H) of the free Hermitian
scalar field is defined as the composition of the first and
second quantization maps, i.e.,
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(3.16)

This net satisfies all the axioms listed above, including the
Haag duality. For f € S(R?, R), the field operator ¢(f) is
defined through the relation

W(E(f)) = ) = W(f).

C. Local algebras at a fixed time

In this subsection, we discuss the theory of the von
Neumann algebras for the real scalar free field at a fixed
time x° = 0. Naively speaking, they are the local algebras
generated by the field operator at a fixed time ¢(x) and its
canonical conjugate momentum field z(x). This theory is
very useful for the computation of the relative entropy
in Sec. V.

We can decompose = H, B 9, into two R-linear
closed subspaces,

9, =1{h € $:h(p) = h(—p)*ae.},

.= {h € 9:h(p) = ~h(~p)ac.}.

(3.17)
(3.18)

Each h € $ can be uniquely written as h = h,, + h,, where

h(p) —h(-p)*
5 .
(3.19)

h(p) +h(-p)"

. and hy(p) =

h(p(p) =

We also have the useful relations

im(h,. h.) = Tm(h,.h,) = Re(h,. hl) =0,

[

(3.20)

for all h,.h;, € 9, and h,.h; € H,.
Now, we consider the following real dense embeddings

E,:S(R™'.R) = 9, .,

(E,f)(p):=F(p) and (E.f)(p):=iw(p)f(p). (3.21)

where f(p) = (27)™F [t f(X)e"P*d% ' x. From now
on, we naturally identify functions on S(RY~!,R) with
!

vectors on §,, $, through these embeddings. The map
E, (respectively, E,) is actually defined on a bigger class

of test functions, namely H72(R%! R) [respectively,
H:(R! R)], ie.,

E, HZ (R, R) - $, and E, H}(R"R)— H,,
(3.22)

where H*(RY~! R) is the real Sobolev space of order a
(see Appendix A 1). We have that E,(H*(R*",R)) = §,
and E,(H*(R%",R)) = $,. Foreach h, € $, and h,, €
9, and using the map (3.10), we define the Weyl unitaries

W,(h,):=W(h,) and W,(h,):=W(h,), (3.23)
which satisfy the CCR in the Weyl form [27]
W (hy )W (hz) W, (R )Wz (h7)
=W, (h, + h,)W,(h, + k)& ™t (3.24)
W,(h,)" = W,(-h,) (3.25)
Walhy)" = Wo(=hy). (3.26)

The field operator at a fixed time ¢(f,,) and its canonical

conjugate momentum field z(f,) are defined through the
formulas

W(/J(E(p(f(p)) = ei0lo) = W(/)(f(p) and

Wo(Ex(fr)) = e™Fe) = W, (f,). (3.27)
Here again, the local algebras at a fixed time are also
defined through the first and second quantization map.

First quantization map. We say that C C R is a
spatially complete region if it is open, regular6 and with
regular boundary.” Here we work with this kind of region.
Given any such region C ¢ R?"!, we define its (open) space
complement as C' := R —C.

Then the first quantization map is defined as

CCc R = K,(C)={E,(f):f € S(R"T,R) and suppp(f) C C} C H,.

(3.28)

CCR¥“!' 5 K, (C):={E,(f):f € S(R",R) and

It can be shown that

®An open set U C R” is regular if U = Int(0).

supp(f) € C} C H,- (3.29)

"The boundary dC c R?~! is a smooth submanifold of dimension d — 2, or several manifolds joined together along smooth manifolds

of dimension d — 3 [28].
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K,(C) ={E,(f):f € HZ(R*",R) and

K.(C) ={E.(f):f € H{(R*",R) and

supp(f) c Ca.e.},

supp(f) c Ca.e.}.

(3.30)

(3.31)

Second quantization map. For each pair K, C $, and K, C $, of R-linear closed subspaces, we define the von

Neumann algebra

(Ky Kz) = Ro(K . Ky) = {W, (k)W (k;) k), € K. k; € K} C B(H). (3.32)
|
Net of local dalgebras at a fixed time. The net of 190a1 Op c R4 £ Kc$H Y RrRc B(H)
algebras C € R - R(C) c B(H) of the free Hermitian
scalar field at a fixed time is then defined as the compo- T T ®r I
.. . s . E,, Wor
sition of the first and second quantization maps, i.e., CcRri-l ( qu K,)cC 5(/) O $, Yos Ry C B(H).
Ro(C) = Ro(K,(C), K(C)). (3.33) (3.41)
The above net satisfies the following expected pro- Tge relation between test functions. Given f &
perties [28]: S(R?,R) we can define
Ro(C)) € Ro(Cy) if Cy C Ca, (3.34) Flx) = / A= )f()dy. (3.42)
R
Ro(cl U CZ) = Ro(cl) Vv Ro(CZ), (335) where A(X) = —i(zﬂ)_(d_l> fle e—ip-x5<p2 _ mZ)sgn(pO)X
d?p. Indeed (0 + m?)F =0 and we can take its initial
Ro(C") = Ro(C), (3.36)  Cauchy data at x° = 0 through
Ro(R*) = B(H) (3:37) 9=-2505 ad f,0)=FO5. (43
: , - fol®) = =5 5(0.5) and f,() = FO.0). (343)
where the R V R, is the von Neumann algebra generated Finally, it can be shown £, f, € S(R%!,R) and
by Rl U Rz. P
E(f) = E,(fy) + Ex(fz)- (3.44)

D. Relation between the two approaches

In this subsection, we explain the relation existing
between the two approaches of Secs. III B and III C.

The relation between nets. Given any spatially com-
plete region C C R%"!, we define its domain of dependence
O¢ C RY as

Oc={xeR?:(x—(0,y))><0 forallyeC'}. (3.38)
Then the following relation holds [29],
K(Oc) = K, (C) ®r K,(C), (3.39)

and hence we have the equality between the von Neumann
algebras

Ro(C) = R(Op). (3.40)
The relations developed along the above subsections can be

summarized in the following schematic diagram:

Moreover, since F(x) =0 if x € supp(f), then we
have supp(f) ¢ O¢ = supp(f,), supp(f) C C.

The relation between Weyl unitaries. For the particular
case of Weyl unitaries, it follows that

eiIm(fqpfn)sj Wq}(f(/})Wﬂ(flr)’

W(f) = (3.45)

where

(3.46)

5 | FoDr 0

IV. MODULAR THEORY

In this section, we discuss the key points of the modular
theory in the framework of vN algebras. The main purpose
of this section is to introduce the Araki formula for the
relative entropy. For more details about the content of this
section, see e.g., [15,30-33].

m(f,. fa)g
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A. Modular Hamiltonian and modular flow

Lemma4.1: Let R C B(H) be avN algebraand Q € 'H
be a cyclic and separating vector. Then there exists a unique
closed antilinear (generally unbounded) operator Sg, such
that

SAQ =A*Q, V AeR. (4.1)
The operator Sg, is called the modular involution associated
to the pair {R, Q}.

Let Sq = JoA} be the polar decomposition of Sg. Then,
Ag (positive self-adjoint and generally unbounded) is
called the modular operator and J, (antiunitary) is called
the modular conjugation. Finally, the modular Hamiltonian
is defined as

Ko = —log(Aq), (4.2)
and the one-parameter (strongly continuous) group of
unitaries Al is called the modular flow.

Theorem 4.2: (Tomita-Takesaki) Let R C B(H) be a
vN algebra, Q € H be a cyclic and separating vector and

So = JQA%Q be the operator defined above. The one-
parameter (strongly continuous) group of unitaries Al is
called modular group or modular flow. The Tomita-
Takesaki theorem states that

JQRJQ = R/ (43)

ALRAG" =R and ALR'AG' =R, (4.4)
for all r € R.

Remark 4.3.—In general, the modular flow A does not
belong to R or R'.

Before we state the Bisognano-Whichmann theorem,
we need to introduce some conventions. Let W :=
{xeR¥:x' > |x°|} be the right Rindler wedge and
Y :={x € R4 !:x! >0}. Then by (3.38) we have that
Os = W. From now on, we denote the orthogonal coor-
dinates to the Rindler wedge as ¥, := (x%,...,x%"!) and
hence any spacetime point can be expressed as
x = (x% x', ). We also denote the following vN algebras
simply as

Rw = R(W) = Ro(), (4.5)
Ry == RW') = Ro(X'). (4.6)

From relations (3.34)—(3.37) we have
Ry =Ry and Ry Vv Ry =B(H). (4.7)

Reeh-Schlieder theorem 3. 1 asserts that the vacuum vector
Q is cyclic and separating for Ry.

Theorem 4.4: (Bisognano-Wichmann [33]) The modu-
lar operator Ag and the modular conjugation Jg for the pair
{Ry,Q} are

JQ = @U(Rl(ﬂ')> and AQ = C_ZHKI, (48)
where © is the CPT operator, U(R(x)) is the Lorentz
unitary operator representing a space rotation of angle z
along the x' axes and K, is the infinitesimal generator of
the one-parameter group of boost symmetries in the plane

(x%, xh), ie.,

U(AS,0) = eK5,  with
cosh(s) sinh(s) 0
Aj == | sinh(s) cosh(s) 0 (4.9)
0 0 1

Remark 4.5.—Although we are working with the net of
local algebras for the real scalar field, the above result holds
for any relativistic QFT which satisfies the Wightman axioms.

B. Relative modular Hamiltonian and
relative modular flow

Lemma 4.6: Let R C B(H) be a vN algebra and two
cyclic and separating vectors Q, ® € H. Then there exists a
unique (generally unbounded) closed antilinear operator
such that
The operator Sq, is called the relative modular involution
associated to the pair, {RR, Q, ®}.

Let Spo = JoolApq be the polar decomposition of
So.o- Then, Ay g is called the relative modular operator and
Joo (antiunitary) is called the relative modular conjuga-
tion. Then the relative modular Hamiltonian is defined as

Kq).g = —log(A¢$Q). (411)

The relative modular flow A%, acts as the modular
flow AY for the algebra R and as Al for the algebra

.
R/, ie.,

AL GAAGL = ABAAGT AER,  (4.12)

AEI’,QA’AE,ZZ =ABA'AG"T A ETR. (4.13)
The following theorem summarize the analytics properties
of the relative modular flow.

Theorem 4.7: (Kubo-Martin-Schwinger (KMS) condi-
tion [34]) Under the hypothesis of the previous lemma,
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given any A,B € R, there exits a unique continuous
function G4 3:R + i[-1,0] — C, analytic on R + i(—1,0)
such that

Gap(t) = (Q, Ag)ﬁgAAs_éitBQM,
Gap(t—1i)=

for all r € R. Moreover, the function above is uniquely
determined by one of its boundary values.

As it happens for the modular flow, Alf o, € R UR’ in
general. However, we can define the one-parameter family
of unitaries®

(4.14)

(. BAY gANG'D), . (4.15)

Mq).g(t) = Ag)’QAén, (416)

who belong to ugo(t) € R for all + € R. This family of
unitaries is best known as Connes Radon-Nikodym
cocycle.

C. Araki formula for relative entropy

The definition of the relative entropy for a general von
Neumann algebra is due to Araki [15].

Definition 4.8: Let be R C B(H) be a vN algebra in
standard form. For any given two w, ¢ two faithful normal
states, there ex1sts cyclic and separating vector represent-
atives Q, ® € H.” Then the relative entropy Sg(¢|w) is
defined using the relative modular Hamiltonian K¢, ¢ as'”

Sg(plw) =

It can be shown that the above formula is independent of
the choice of the vector representatives for the given states,
and it also satisfies the well-known properties of strict
positivity, monotonicity, convexity and lower semiconti-
nuity. All these are well discussed in Araki’s original work
[15]. When the relative entropy is finite (in particular, when
Q belongs to the domain of K 4), the following useful
expression holds:

(®,Kq o®) - (4.17)

O, Al D). —1
< Q‘I’t ) . (4.18)

Sr(glw) = iy_%l

V. RELATIVE ENTROPY FOR
COHERENT STATES

In this section, we compute the relative entropy between
a coherent state and the vacuum for the Rindler wedge.

$This one-parameter family of operators is not a one-parameter
group.

°In particular, choose them in the natural cone of the standard
vector of R.

Contrary to the notation employed in Secs. I and II, on the lhs
expression (4.17) we emphasize that the relative entropy depends
on the states rather than the vector representatives used to define
it. We use this new notation in the rest of the paper.

Before doing that, we study some relations concerning the
relative entropy which are valid for any kind of regions.
These are explained in the following subsection.

A. Generalities

Coherent states come from acting with a Weyl operator
to the vacuum vector. Weyl unitaries have the very inter-
esting property that implements, by adjoint action, auto-
morphism for any local algebra R(QO). Indeed, for any
h € $ and any Weyl operator W(f) € R(O) (supp(f) c O)
we have that

W) W(f)W(h) = ™I Maw(f) € R(O),  (5.1)
which implies that W(h)*R(O)W(h) = R(O). This prop-
erty has an interesting implication for the relative entropy
itself. Indeed, it implies that the relative entropy between a
coherent state and the vacuum is symmetric. In order to
justify this property, we prove the following lemmas.

Lemma 5.1: Let R C B(H) be a VN algebra and
Q,® € H a cyclic and separating vectors and U € B(H)
unitary such U*RU = R. Then,

(a) UQ and U® are cyclic and separating.
(b) SUQ = USQU* = AUQ - UAQU*
(© Svave = USqeoeU* = Apyque = UlgoU™.

Proof—(1) RUQ = URQ = URQ = H implies that
UQ is cyclic. AUQ =0 U'AUQ =0« U*AU =0 &
A =0 implies that UQ is separating. Idem for U®.
(2) For any A€R, we have (USqQU*)AUQ =
USq(U*AU)Q = U(U*AU)*Q = A*UQ. Then, applying
the polar decomposition we have Ayq = UAQU*. (3) For
any A € R, we have (USq oU*)AUDP=USq o(U'AU)®=
U(U*AU)*Q:A*UQ Then AUQ,U(D = UAQ’cDU* follows
from the polar decomposition. [

Given a state @ of a vN algebra R C B(H) and a unitary
U € B(H), we denote by @, the state defined through
oy(-) =o(U*"-U).

Lemma 5.2: Given R C B(H) a vN algebra in standard
form, w a faithful normal state and U € B(H) unitary such
that U*RU = 'R, then

Sr(wy|w) = Sg(w|wy:). (5.2)

Proof-—Let Q be the cyclic and separating vector repre-
sentative of w. Then UQ, U*Q are the vector representatives
of wy,wy+ and they are cyclic and separating because of 1.
in lemma 5.1. Using 3. of the same lemma we have
Sa.va=Svv-aua=USyqeU". Then Sg(oy|o)= (UL,
Ko uaUQ)y=UQ, UKy oU UQ)y,=(Q, Ky o)y =
Sr(@|oy-). =

Now, we come back to coherent states. From now on
o(-) = (Q,-Q);, denotes the vacuum state. And given
any f € S(R?,R) we define the coherent state w(-) =
(QW(f)*-W(f)Q)y. The Reeh-Schlieder theorem
asserts that the vacuum vector Q is cyclic and separating
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for any local algebra R(O), and lemma 5. 1 ensures the
same for the coherent vector W(f)Q. Then, lemma 5.2
implies
S(wplo) = Se(@|o_). (5.3)

for any coherent state @, and any local algebra R(O).
Moreover, the net algebra of the free scalar field has a
global Z,-symmetry implemented by an operator z =
77! = z* such that'"'

W(f)z=W(=f) =W(f)*, and zQ=Q.
This motivates the following lemma.

Lemma 5.3: For any local algebra R(0O), the relative
entropy between a coherent state @, and the vacuum state @
satisfies

(5.4)

Sr(wf|w) = Sp(w_flo). (5.5)
Proof—Let Q, W(f)Q and W(f)*Q be the vector repre-
sentatives of the states @, w; and w_y. If Sq ; is the relative
modular involution associated to {R(O),W(f)Q,Q} and
employing the Z,-symmetry (5.4), we have that

(2Sar2)W(g)W(f) ' Q = zSq  W(g) W(f)Q

=W(gQ=W(gQ,  (5.6)
for all W(g) € R(O). Then Sq_; = 2Sq sz and hence
Koy =z2Kqz. Finally, Sg(oslo) = (Q,KqQ), =
(Q. Ko )y, = Sr(w_sl|o). .

Remark 5.4.—The above lemma should apply to any
scalar theory with Z,-symmetry as above, satisfying the
Wightman axioms.

Finally, combining (5.3) and (5.5) we have the following
theorem concerning the symmetry for the relative entropy
between coherent states.

Theorem 5.5: For any local algebra R(Q), the relative
entropy between a coherent state @ and the vacuum state @
is symmetric, i.e.,

Si(wy|w) = Se(@|w)). (57)
To end, we have the following theorem concerning the
relative entropy between two coherent states.'?

Theorem 5.6: For any local algebra R(QO), the relative
entropy between two coherent states w; and w, satisfies

Se(@rloy) = Se(wyj ). (5.8)

"In the Lagrangian approach to QFT, this is the usual
symmetry ¢(x) — —¢(x).

"This result has been found in the past using other methods.
For example, see [35] for a derivation using the replica trick for
2d free CFTs.

Proof.—Let Q, W(f)Q, W(g)Q and the vector repre-
sentatives of the states be w, w; and w,. If S  is the relative
modular involution associated to {R(O), W(f)Q, W(g)Q},
then because of 3. in lemma 5.1 we have that Sy yy =
W(g)*S, sW(g) is the relative modular involution associ-
ated to {R(O), W(g)*W(f)Q, Q}. Since W(g)*W(f)Qisa
vector representative of w;_,, we have Sg(w/lw,) =
(WIS, W(F)R,, = Selwrglo) :

B. Relative entropy for the Rindler wedge

Let R, be the right Rindler wedge algebra, @ be
the vacuum state and w; be a coherent state with
f € S(RYR). Let us call Q and @ := W(f)Q its vector
representatives. The aim of this subsection is to compute
the relative entropy Sg(ws|w), and for that we need to
calculate the relative modular Hamiltonian K¢ ¢ (or K¢ o
according to theorem 5.5). As we explained in the last
subsection, the vectors Q and @ := W(f)Q are cyclic and
separating. We distinguish between two cases,

easy case: f = f. + frs (5.9)

hard case: f # f1 + f&. (5.10)

where supp(f;) € W and supp(fx) € W." In the follow-
ing subsections, we deal with each case (5.9) and (5.10)
separately.

1. Easy case: f=f; +fr

In this case, we have that the coherent vector can be
written as W(f) = W(f,)W(fg) with W(f;) € Ry, and
W(fr) € Ryy. This case can be solved in general using the
following lemma.

Lemma 5.7: Given R C B(H) a vN algebra, Q a cyclic
and separating and U € R and U’ € R’ unitaries. Then
® = U'UQ is cyclic and separating and

Sae = USoU™, (5.11)
and by polar decomposition we have Jqqo = UJQU'™,
Ag.q) = U’AQU/* and KQ@ = U/KQU/*.

Proof —R®H = RU'UQ = URUQ = UR,Q =
RQ = H implies ® is cyclic. Since the same argument
holds for R/, @ is separating for R. For any A € R, we have
that (USQU*)A® = USqU*AU'U® = UgSo(AU)Q =
UAU)'Q=A"Q = Sqg ¢ = USQU"™. ]

Corollary 5.8: In the context of the above lemma, if Q
and @ are vector representatives of the states @ and ¢,
then Sp(¢|w) = (O, U'KqU"" @)y, = (Q, U KqUQ) .

The above corollary shows explicitly that the relative
entropy does not depend on the unitary U’. This is expected

BIn particular, the easy case includes the cases when W(f) €
RW or W(f) S wa.
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because the relative entropy is a measure of indistinguish-
ability of the states in R, and indeed has to be invariant
under changes of the states outside k.

Now we apply the corollary 5.8 to the case of a coherent
state, i.e., U = W(f) with supp(fg) C W. Remembering
that the second quantized Poincaré unitary operator
U(A{,0) = e®15, acting on the Fock space H, is con-
structed from the Poincaré unitary operator u(A},0) = eikis
acting on the one-particle Hilbert space $, then we
have that

Sr(lo) =
:2”<vak1fR>sj,

(Q U KqUQ)y =27(QW(fr) K, W(fR)Q>H
(5.12)

where the last equality is fully calculated in Appendix A 2.
Thus, the relative entropy between the coherent state and
the vacuum, can be expressed, in the one-particle Hilbert
space $), in terms of the expectation value of the boost
operator k; in the vector E(f) € § which generates the
coherent state. At the end, following from (5.12) we get the
following theorem.

Theorem 5.9: Let f;, fz € S(R?,R) with supp(f,) €
W and supp(fg) € W, and f = f; + fg. Then the rela-
tive entropy between the coherent state , and the vacuum
w, for the right Rindler wedge algebra Ry, is

Sg(ws|w)
OF
n[l>0d 2<<8x0> +IVFR +m )ono’
(5.13)
where F(x)= [pa A(x=y)f(y)dly = [ A(x=y)[fL(y) +

fr(y)]d?y. In addition, formula (5.13) does not depend in
the function f; (with support in W’) chosen.

Proof.—A straightforward calculation explained in
Appendix A 3 allows us to rewrite the expression (5.12)
as Eq. (A17). However, there are already two differences
between (A17) and (5.13) (beyond the obvious 27z in
front of the expression). The first one is that in (A17)
the integral is along the whole space R?"!, and the second
one is that the function F in (Al7) is computed using
only f. To finally pass from (A17) to (5.13) we have
to make the following two changes. First notice that
because supp(fr) C W = supp(F|o_y) C Z, this allows
us to replace the integration region in (A17) by XZ. Simi-
larly, because supp(f;) C W = the function F;(x):=
Jra A(x = ) f1(y)d?y vanishes along T and hence (5.13)
holds. This also implies that (5.13) does not depend
on f;. u

As aremark, the outcome of the above theorem coincides
with (1.18) for the canonical stress tensor (1.10).

2. Hard case: f # fr +fr

In this section, we assume that the function f &
S(R4,R) has supp(f) ¢ W, W'. Moreover, we assume
that supp(f) is compact in order to avoid some possible
complications coming from integrals along regions of
infinite size. At the end, we are interested in the behavior
of the relative entropy around the boundary of the wedge
region 9L = {¥ € R%!:x! =0}, which can be captured
with a compactly supported coherent state.

Before we continue, we remark that, in this case, the
relative entropy must be finite. The proof is as follows.
Since supp(f) is compact, there exists a “bigger” right
wedge Wy D W such that W(f) € Wy. Then the relative
entropy between this coherent and the vacuum in the
algebra R(Wy) is as the one computed in the previous
section, which is finite because the generating function f is
smooth. Then by monotonicity, the relative entropy for the
original wedge VV must be finite. In particular, we are
allowed to use expression (4.18).

The first question which arises is whether we could split
the unitary into two unitaries, one belonging to the right
wedge W and the other to the left wedge WV'. In other
words, if there exists unitaries Uz € R,y and U; € Ry
unitaries such that W(f) = U, Ug. Unfortunately the
answer is no, almost for the most general interesting case.
This fact arises when we try to explicitly split W(f). To
begin, it seems natural to split the function f simply as

Fr(x) = O (x)f(x),
frx) = Oy (x)f(x),

where ®yy is the characteristic function of the right Rindler
wedge (equivalently for ©,,,). However, it leads to a wrong
result, since fr + f; # f. Moreover, if for example we
start with a function f supported in the upper light cone
Vt={xeR%:x’
fr=0 and hence we obtain Sg(¢|w) =0, which is
obviously the wrong result. To make a consistent splitting,
we must use the relations explained in Sec. III D. Given the
spacetime function f € S(RY,R) we can construct
fo frn € SR R) satisfying the relation (3.45). The
correct result is to split these functions f,, f,, which are
the initial data at x° =0 of the Klein-Gordon solution
generated by f. The assumption supp(f) Z W, W' implies
that an open neighborhood of the origin x = 0 is included
in the supports of f, and f,. Now, we write

f(p:f(p,L+f¢,R :fﬂ,L+fﬂ,R’

with supp(f, ;) € X' and supp(f,z) € Z (v = ¢, 7). The
right way to do this is taking

for(X)=f,(%)-O(=x") and f,g(%) = f,(X) O(x"),
(5.17)

(5.14)
(5.15)

and £, (5.16)
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where © is the usual step Heaviside function. The problem
is that f,; and f,z are no longer smooth, and nothing
guarantees that E,(f,z) € 9, (the same problem occurs
for f,;). More precisely, since f,z € L*>(R!,R) =
H°(R¥!' R), and because of the inclusions (see
Appendix A 1)

H: (R R) c HO(R4!,R) c H2(R4,R), (5.18)
we have that f, x € 9, but f, x & 9. In other words, f ¢
is not an appropriate smear function for the canonical
conjugate field z(x). This problem does not arise because
the test function is no longer smooth; it is just because f, x
is no longer continuous. On the other hand, if f,r is
continuous, the problem can be solved due to the follow-
ing lemma.

Theorem 5.10: Let f € L*(R") n C°(R") n C}(R")
and 9;f € L*(R") for j = 1,...,n."* Then f € H'(R").

Proof.—See Appendix A 1. u

Then, having this in mind, the strategy we adopt below is
to make a splitting for some other smear function which, by
construction, we know is continuous.

3. A lemma for the relative modular flow

In this subsection, we prove a lemma that gives a general
expression for the relative modular flow, under the
assumption that some nonlocal operator can be written
as a product of two new operators, one belonging to ‘R and
another to R'. In the following subsection, we prove that
this assumption is already valid for the free Hermitian
scalar field. For simplicity and due to the symmetry relation
(5.7), in the following we work with the modular operator
Ag o instead of Ag o.

As a motivation, we remember that, contrary to the
modular flow A{ and the relative modular flow A}, the
Connes Radon-Nikodym cocycle ugq(f) = Af oA
belongs to the algebra R. This makes us think that
the computation of ug (f) may involve the splitting of
some test function, which at the end, will lead to a well-
defined operator. To gain some intuition, using lemmas 5. 1
and 5.7, we know that

upo(t) = UABUAG" when @ = U'UQ  with

UeR,UeR. (5.19)
This expression motivates the following lemma.

Lemma 5.11: Let R C B(H) be a vN factor,” Q a
cyclic and separating vector, U € B(H) a unitary such

“CH(R") is the set of piecewise differentiable functions.
See Appendix A 1 for a proper definition.

A VN algebra R € B(H) is said to be a factor if its center is
trivial, i.e., RN R = {1-1}.

URU =R and ® = UQ. If there exist families of
unitaries'® V(1) € R, V(1) € R’ such that

VteR,

{ U*ALUAG" = V(D)V/(1), (5.20)

V(0) = V'(0) = 1.

Then there exists a real function a:R — R with a(0) =0
such that

AY o =e OV (1) A (5.21)

Proof.—We first see that V()A% has the same action as
A o over every A € R and A’ € R'. Indeed

R 2 V() A"AATV (1)*
= V()V' (1) ABAAGV (2)* V' (1)*
= UALU*AG' ALAAG ALUAGU*
= UASU*AUAG'U* = NEAAG" = Al G AAGY,
(5.22)

where we have used 2. in lemma 5.1. Similarly,

V(O ALA' AV (1) = V(1) V(1)* ALA'AG!
—
GRW/
= ALA'AG! = Al AIAGL.  (5.23)
Then for all B € R U R’ we have

(V(AL)B(V(H)Ag)*
= A oBAGS = [B.(V()AR) AL =0, (5.24)
and hence (V(r)A{)*Af, belongs to the center
(RUR') =RnNR ={A-1}, which is trivial since R
is a factor. This means that there exists a function 1:R — C
such that
Afl’,,g = A1)V (1)AL. (5.25)

Moreover, evaluating the above expression at t = 0 we get
that A(0) = 1. Finally, since all operators in (5.25) are
unitaries, we have that A(7) = e~ for some function
a:R — R with a(0) = 0, and then (5.21) holds. m

Under the hypothesis of the above lemma, we obtain the
relative modular Hamiltonian deriving (5.21) at t =0,

. d . .
el Al — —ta(t)v AL
dr -0 D.Q ldt t:()e ( ) Q

= (0)1 +iV(0) + Kq,

Koo =1

(5.26)

16They are not necessarily one-parameter groups for r € R.
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where the derivative in (5.26) has to be understood as a
limit in the strong operator topology of H. This formula
gives a well-defined expression for the relative modular
Hamiltonian up to a constant. One way to determine such a
constant is using that A}, is a one-parameter group of
unitaries and must fulfil the concatenation equation

ApoAio=08gh™. VY nneR.  (527)

We discuss the computation to determine o'(0) in
Sec. VBS.

4. Relative modular flow for coherent states

In this subsection, we apply lemma 5.11 for the theory of
a real scalar field. More concretely, we show that the
splitting of such lemma can be done for a general coherent
state. Indeed we have the following theorem.

Theorem 5.12: For the algebra of the Rindler wedge
Ry, a Weyl unitary U = W(f) with f € S(RY,R), the
vacuum vector Q and ® = UQ, the hypothesis in
lemma (5.11) holds. In particular we have that

Ajo = em(S)WW(gZJ.R)Wﬂ(gfz,R)Ag

= ¢ial5) (90T, n)isK (5.28)
where we have denoted s := —2xt and
_ oG* = _
gf,;,R(x) = _W(O’ x)0(x!), (5.29)
X
g1.2(7) = G°(0.9)0(x)), (5.30)
G = [ A=Ay - FOldy. (531)

Proof.—From relations (3.34)—(3.37) we have that Ry,
is a VN factor. From the Reeh-Schlieder theorem, we have
that the vacuum vector Q is cyclic and separating. And we
have already discussed that any Weyl unitary satisfies
W(h)*RyyW(h) = R,y. From now on, we set s = —2xt
and we replace U = W(f) in (5.20)

Gor- 951 € LX(R!R) ¢ H3(R*!,R)

supp(gy,g) CX and supp(gy,) C X

} :>g‘;,.REKW(Z) and g‘;',_LEK(/,(Z’).

W(f) AGW(=f)Ag"
= W(=f)e" W (f)e™ 1 = W(=f)W(f(n;.0)
Am{f.f (xs o) dm( £ S
= M W (fiag ) = ) = WS - ).
(5.32)
where we have defined f* := f( A30)- Applying the decom-
position (3.44) to ¢° :== f* — f we have
W) AGW(f)AG" = ™ oW (g)
— oilm{f.f)g oilm(gh.93)g W(/}(.g;))Wﬂ(gfz)?

(5.33)
with
() = _gf; (0,%) = — cosh(s) %(xs)
+ sinh(s) % (®) + % (0, %), (5.34)
G(®) = G*(0,%) = F(¥') — F(0,%), (5.35)

where
and

¥ = (A7) 0_ = (—x'sinh(s), x! cosh(s), %, )

G0 = [ AG=nIP0) = FO)dy.  (536)

Now, we explicitly split the unitaries W, (g;,) and W,(g;)
in Eq. (5.33) defining

g,(®)O(x") and g, (%) = g, ()O(=x").
(5.37)

92,,1% ()_C) =

grr(%) = gr()O(x") and g, (%) = g (¥)O(=x"),
(5.38)

which clearly implies that g),; +gj,z =g, and g;, +
9n.r = gr- Moreover

(5.39)

Furthermore, we have that g; z, g, ; are real-valued functions and they satisfy the hypothesis in lemma (5.10). Then

Gir 0oy € H'(RTR) C H3(R,R)
supp(gy) € = and  supp(g},) € ¥

} SR €Ky(T) and g5, € Ky(T).

(5.40)

which means that the splits (5.37) and (5.38) work. Coming back to (5.33), we have that
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W(F)AGW(f) Ag" =

oIM(f.F*) g oilm(g).0i) g W(/)(gszp,L + QZ,R)Wn(er,L + 95;,R>

i S ilm(gy,.g5 S s s s
= el f s e/ mish-s >5W(/)(g(p,L)W(/)(g(/;,R)Wﬂ(gﬂ.L)Wﬂ(gn.R)

= elm{/if*)5 Mmig 1) 2 0 ) W (95 R)Wa(92r) Wi (950 )Wa(97.L) -

Finally, replacing V(1) = W, (g;, ) W (g, z) into (5.21) we
arrive at (5.28). ]

Remark 5.13.—Using the fact that the relative modular
flow Al is strongly continuous and that the relative
entropy Sg(wy|w) is finite (see the discussion at the begin-
ning of Sec. V B 2) and hence the expression (4.18) holds,
it is not difficult to show that the function 71— (Q,Af Q).
is continuous differentiable. Furthermore, taking the vac-
uum expectation value on the rhs of (5.28), it can be proven
that the function a(s) € C'(R).

Finally, from (5.26) we get the following expression for
the relative modular Hamiltonian,

Koo =27(a'(0)1 4+ @(h,g) + x(hg) + K1), (5.42)
where
2
hoa® = 3| g0 = (¥ S5 00+ 55 00)
-O(x1), (5.43)
heal®) = 5| e = (-2 550.9) -0
(5.44)

With similar arguments used above, we have that h,z €
K,(X) and h,x € K,(2)."
Before we proceed to obtain the constant o'(0) we
emphasize its importance,
Sp(wflw) = (Q, Kg oQ);, = 27/ (0).  (5.45)
Thus, the constant o/(0) gives the desired result for
the relative entropy. Regardless of the problem of com-
puting the value of «(0), expressions (5.42)—(5.44) give
us an explicit exact expression for the relative modular
Hamiltonian K¢, o up to a constant. It is interesting to notice
that the difference K¢ g — K¢ is just a linear term on the
fields operators plus a constant term. We expect that this
structure holds not just for the Rindler wedge, but for any
kind of region as long as ® = W(f)Q is a coherent vector.

" An explicit computation of the strong derivative in Eq. (5.42)
shows that the vacuum vector €, any coherent vector and any
vector of finite number of particles belong to the domain of Ky .

S

(5.41)

=0

ERy ERy

5. Determination of a'(0) and
the relative entropy

As we have already explained in Eq. (5.45), we need to
determine the constant o'(0). Most of the calculation is
straightforward and we present the detailed computations in
Appendix A 4. As in theorem 5.12, throughout this section
we set § = —27t.

We start taking the vacuum expectation value on both
sides in expression (5.27),

— <Q, Ai(l]+tz)g

(Q. Ay AeQ) (5.46)

H >H’

and we replace the expression (5.28) obtained for the
relative modular flow (see Egs. (A18) and (A19). Applying
d =—,Ld on both sides of (5.46) (Egs. (A20)

dsy I, =0~ 2zdty =0
and (A21),"® and matching real and imaginary parts
separately we get19

a(s2) — 2Im<g;;2,R’g;r2.R>gj
—d0) -1 Im(gl. gl (5.47)
a ds, 70ng, R ) .
d 51452112 d s s 2112
- g‘l : - g‘l+uA‘l,OgA2 ,
Gl = G|l 01
(5.48)

where g = E, (g}, z) + Ex(g) g)- The second equation is
useless to determine o/ (0); then we concentrate in the first
one which is a differential equation for o'(s), with the
particularity that ’(0) appears on it. To solve it, let us
analyze the second term on the right-hand side of
Eq. (5.47). In Appendix A 4 we compute

18Analytic properties of the relative modular flow ensures that
both sides of (5.46) are continuous differentiable functions on
t, and f,.

PThe ﬁ in (5.47) appears because in some terms the
dependance on s, of the expression is through s; + s,.
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2Im{gg, 95 ) g
=2Im(g, x + Gu'p-Gpr + Irr) g

_11>0f¢(x x)d 1x—/ fo( x)d? ' x

=P(s1)
+/ £ (R f2(R)d 'x—/ FRE) 2 (F)dx
x'>0
=0(s1.52)

=R(s1.57)

+7(s2). (5.49)

The function y includes all the s;-independent terms, which
they do not contribute to (5.47). In the same Appendix we
analyze P, Q, R carefully and we get

dpP OF\?
N — dd—l 1 e VF 2 2F2
a1y o [‘zo XX <<8x0> +(VF) +m > .
=S, (5.50)
Lo-r =—-Lo-n (5.51)
dS] Sl=0 o dSz Sl=0 '

Coming back to (5.47), we have that

d s 59
a(s2) — d_szlm<9},;2.R’9;z,R>5

d S Y
=a(0) - ds, . :01m<9R1,9R2>55
1d
=da'(0) T2ds, 70(P(51) + O(s1,52) — R(s1,52))
1., 14d
—(0) =35+ 53 (Q0.5) ~RO.3). (552

Then, integrating this last equation with respect to s, we
have

where we have used g7 =g =0= Im(g‘;j;o,
92x")s =0, and Q(0,0) — R(0,0) =0 which follows
from the definitions of Q and R. To determine &’(0), we
use the Kubo-Martin-Schwinger condition stated in theo-
rem4.7.Using A = B = 11in Eq. (4.14) and simply calling
G(z) to the underlying function, we have that

G(1) = (Q, A§ oQ),, — G(—i) =

——i

(@, @) =1.  (5.54)

Hy

In terms of the real variable s = —2xt, the function G(s) is
in analytic on R + (0, 27), and relation (5.54) must hold
for s — 2xi. Using (5.28), we have that

G(S) _ ei(l(s) <Q ei(/’(g}‘,,_R)ei”(g;_R)Q>H

IS

_ eia(s) zlm(.f]q,R g,,[g)b zH.‘]R (555)
and hence
. - s s 1 s |12 .
ia(s) = lm{g),r. gr.r) 5 = 5 I9klls - i2nm. n€Z.
(5.56)

Taking this into account, we come back to (5.53) and
write

. . 1
ia(s) = ilm(gy r. 9 x) g =5 |95

~ R(0.)) = 5 il
(5.57)

L(0(0.5)

i
=id(0)s—=S
i (0)s 2s+2

Before we take limit s — 27i, we may notice that x* =
(=" sinh(s), x' cosh(s).¥,) — (0.%), which informally

suggests that

S s |12
9r =520 = llgrlls =2 0: (5.58)

fi = v = 0(0.5) =R(0,5) —0, where v = ¢, 7
(5.59)
We prove in Appendix A 5 that the function
i 1
N(s) =3 (0(0.5) = R(0.5) =5 lgill,  (5.:60)

of the variable s € R, can be analytically continued on the
strip R + (0, 27) and that lim,_,,,;N(s) = 0. Then, taking
the limit s — 27 on (5.57) we get

1
2nzr = —/'(0)27 + 55271. (5.61)

Since ’(0),S € R then it must be n =0, an hence we
finally get & (0) = 18.

All these together can be summarized in the following
theorem which generalizes theorem 5.9.

Theorem 5.14: Let f € S(RY,R) with supp(f) com-
pact. Then the relative entropy between the coherent state
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o and the vacuum o, for the right Rindler wedge algebra
Rw, is

Sp(wf|lw) = 271'/ dxx!

x'>0

1 [ [OF\2 L
xi((@> +|VFP + mF

where F(x) = [a A( )f(y)d?y. In addition, for-
mula (5. 62) only depends in the behavior of f in
-W.

’

x0=0

(5.62)
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APPENDIX

1. Sobolev spaces

For the definition and properties of Sobolev spaces,
we follow [36]. Here we adapt the notation to our
convenience.

Consider the test function space D(R") := C*(R") £
S(R™) of smooth and compactly supported functions, with
its usual topology. The n-dimensional complex Sobolev
space of order a € R is defined as

He(R") = {f e D'(R"):f(p)ay € L*(R")},  (Al)
where w, = \/p* + L and f(p )72 [ f(X)e™ PR x

is the usual Fourier transform From the deﬁn1t1on it
follows that HO(R") = L*(R") and H%(R") C H* (R")
ifa>da.

The Sobolev space H*(R") is a Hilbert space under the
inner product

9Pz,

(f, 9)ue (A2)

= o, o) . = / & pF(p)

RVI
Furthermore, for f € H*(R") we have that || f|| ,« < || f|| =

if @ > «, and hence the natural injections H*(R") &

H” (R") for @ > o are continuous. We also have that
the set C*(R") c S(R") is dense in H*(R").

When a = k € N, there is also another useful equiv-
alent characterization of the Sobolev spaces in term of weak
derivatives,20

HY(R") = {f € D'(R"):D'f € L}(R"), forall |u| <k}.
(A3)
It is useful to introduce a new norm in H*(R") as
%
M= <Z/ dnx|Dﬂf(x)|2) , (A4)
lul<k /R

which is equivalent to the former norm ||-|| .

The real Sobolev spaces H*(R",R) are defined in a
similar manner as above, but restricting to real-valued
functions.

In general, it is easier to calculate the usual pointwise
derivatives rather than the weak derivatives. Then, the
following lemma states sufficient conditions for both
notions of derivatives coincide. Before we formulate it,
we need to introduce the notions of the CK-piecewise
function.

Definition A.1: Let U C R" open, f €L} (U) and
k € Ny. We say that f is a Ck-piecewise function if there
exists a finite family of pairwise disjoint open sets

{Q;},_, ;€U such that
@ Ui Q- 0.
(b) JECHey) forall j=1....J

(¢) For all j=1,....,J, Vx5 € (?Qj and for all multi-
index |a| <k, the lim,_,, D* f(x)|Qj exist and are
finite (where D* is the usual multiorder pointwise
derivative).

We denote by CX¥(U) the set of C*-piecewise functions
on U.

Now, we formulate the lemma that ensures that weak
derivatives and pointwise derivatives coincide.

Lemma A.2: Let U C R" be open and f € C°(U) n
C!(U). Then the (first order) weak derivatives of f
coincides with the usual pointwise derivatives.

Proof—Since f € C°(U) n C}(U) we have that f is
locally Lipschitz continuous on U (see corollary 4.1.1 on
[37]). Then we have that f is locally absolute continuous on
U, and of course f € L} _(U). Then f is weakly differ-
entiable and the (first order) weak and pointwise derivatives
of f coincide a.e. m

Now, using the above lemma and the alternative defi-
nition [Eq. (A3)] for the Sobolev space H'(R"), the proof
in lemma 5. 10 is trivial.

*The weak derivative of an element of 7’(R") is its usual
derivative in the distributional sense.
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2. Calculation of (Q W (fz)*K;W(fr)Q)
Take fx € S(RY,R) and for simplicity call f := fg. Then

@ Wiy KW, = (¢ ﬂz’f > ﬂz’f ®"> (A3)
e ||f||§,<zlf® lilfj> :e—ufngzg( "W on g, pomy o,
7e—||f||5; (7 (k1) @ £ 1) gon = Fo S S
e N i = e—HfHé,<f, i f>s)enfng — (fkf)s. (A6)

3
I
—_

3. Calculation of (f.kifr)g
Take fr € S(RY, R) and for simplicity call f := f. Then

d d
kifls = Relfkaf)y =Re(=is|  (r.etn)g ) =] mlf.u(hg. 0
d d .
o S=01m<f,f(A§.o>>5 e m(f, f*) g, (A7)

where we have defined f* = f(A{,o)- As we explained in Sec. IIID, there exist functions f,, f,, f},. [z € SR R)
such that

E(f) = Eqa(f(p) +Eﬂ<fﬂ') and E(fs) = E(p(fz)) +Eﬂ<fzsr) (AS)
Replacing these in (A7) we get
d d
Uokiflo = g Iyt fafy+S2)s =g (M7 fi)g + {7 f5))
dsso( L roonmacs=3 [ rwsmes) (A9)

where we have used the relations (3.20) in the second line bemg %% := (—x! sinh(s), x! cosh(s), x, ), and hence
and (3.46) in the last line. From the Poincaré invariance of

the distribution A(x) we have that i o lﬂ ] 3_1: _
ds S:Of‘ﬂ(x) =2 50y (0.5) +55(0.5),  (AlS)
Fi(x) = / JAx =) (x)dly, (A10) d ] Lor
R a ffz(x) = 8 0 (O ) (A16)
s=0

where we have defined F* := F(5: o). Then
Replacing such expressions in (A9), using the equation

. OF of motion for F, and doing an integration by parts, we

o) = T ox° (0.%) (A1) finally get

f2(®) = F(0.9). (A12) (g = [ | d

Rd—l
OF OF

S (%) — = ; = 1 OF \2

F3(®) 1= = cosh(s) -5 (&) + sinh(s) =7 (). (Al3) x2 <<@> VP +sz2>
=0

f7(%) = F(¥), (A14) (A17)
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4. Explicit computations of Sec. VB 5
Defining gz = E, (), z) + Ez(9y 1) € 9.
(Q, Aif’fszAiItlz,QQM =(Q, em(sl>W¢(Q;I.R)Wn(9;],R)AgI eia(SQ)qu(gjf,R)Wn(g;Szz.R)Agl Q>H
= eIl (Q W, (g5 )W (gy r)e™ KW, (620) W (9722)R),,

52

_ eia(sl)+ia(sz)—iIm(g;"R,ngR)—iIm(gw.R,g‘,‘fR>b <Q, W(gSRl )eilel W(g;?z)Q>H
_ eia(sl)+ia(52)—iIm<9z,{Rvgf,fk)—ilm@;,z,k’9:31()5 (Q. W(gh e K W(g)e K1Q),,
= gl Hiats)=mlg )= 5l (W (g YW (u(A] ) g3 )Ry,

= gl ials)=mlay g ) =mia g i) o=l WMD) s (0 WG+ u(AS) g )R,

_ alsn)-Hials2) =il =ilm( %) g~ (A} )7 ) =gt +u(AT )

- )
and

(Q, Aféfgh)Q)H _ <Q’ e"“(““”W,,,(g;‘.;SZ)W,,(g;{;;”)Ag"“Z)Q)

— ela(si+s52) <Q’ W¢(g;1’;52)wn(git;52)g>

H

H
s|+sy sp+sy

_ eia(sl—ksz)—ilm(gmﬂ e r )5 <Q, W(g;e] +s2)Q>H

. . §1+S 51+ 51+ 2
— i) =im(g, 2g k%) =Ko T

Taking d%1| on both expressions above we obtain
S1

=0
i <Q Aitl Aitz Q> . /(0) _ i Im< S1 S1 > _ i Im< S1 (Al) s2>
dsile o y Ry gse)y = IR ldsl . 9o.R*InR) g ldsl . Ir> U )R ) g
§1= §1= §1=
=0
1d s 53112
T 2ds, :OHQR] + u(A} )9k I
d
=i (0) —i—|  Im{gg.g¢)g —5-—| llgx +u(A\)gi %
( ) dSl 5,0 < R R>$ 2dSl 510 R 1 Rl
and
d ; .d 1d .
s 0(9, A.I(,};’Z)Q)H = id(sy) — o s OIm<gj,1;s2,g;1;S2>5 T 245, 0||g;5+s2||25
$p= §1= 5=

d 1d
— i) s I 5o , k) - S1+52112 )
i (s,) l_dS2 m(g,, 9;;,R>5 z—dsl'leHQR I's

Matching real and imaginary parts of these two last expressions, we arrive to formulas (5.47) and (5.48).

Expressions (5.49) follow from

2Im{gy. gg ) = 2Im{g, x + 03k Gk + Irr) g
- / dxgy) (%) (%) - / dlxgi; (%)g5 (%)
:/de_lx( o (%) = o (3)( frz(i)—fa(i))—[:d"“X( v (%) = fo(0)(f7 (%) = f(%))

(A18)

(A19)

(A20)

(A21)

= [a g, - [ a @@+ [ @@ - [ ax @@ ).

=P(s)) =0(s1.52) =R(51,52)

125020-20

(A22)



RELATIVE ENTROPY FOR COHERENT STATES FROM ... PHYS. REV. D 99, 125020 (2019)

where the function y includes all the s;-independent terms.
The function P(s;) is essentially the same as (A9) in Appendix A 3, with the difference that now the integration is over

the region £ = {& € R~ :x! > 0} instead of the whole R%~!. Despite this, the final result is the same and hence we get*'

2
= / dd‘lxx1<<§§)> +(VF)2+m2F2>
51=0 z

Now we explicitly obtain the relations (5.51). Indeed,

dpP
ds 1

=S.

x0=0

. d
51=0 ds;

= L dd‘]x<—cosh(sz)%()‘cs2)+sinh(52)%(252)> (-ﬂ%(x))
= é d‘“x(—%()‘c)) (—xl COSh(S2)%()_C52)+X1 sinh(sz)%(xfz)>

:%de—1x<—%(i)>F(252>

dR

oF , OF i
d_sl 5,20 /2 dd_1x<_ COSh(SZ) @ ()_Csz) + smh(s2) W (x52)>F(xs1)

d OF _ .\ OF B
— d—s2 o /E dd—1x<— COSh(S])@ (_xh) + Slnh(S])ﬁ (X‘Y])>F(x“2)
d / ) . do
=45 A fy (X2 (R) = —| . A23
ds; |50 Jx To (0)f#() dsa |5, —o (A23)
Similarly we start with
do d / o
ds, ~ ds. dUxfy (%) f7 (x
dSl 51=0 dsl 5=0J% 4’( ) ( )
d OF _ . OF i
= d_sl o /Z dd—1x<— COSh(Sl)@@CM) + Slnh(sl)ﬁ (X““)) F(XSZ)

_ /E dd—'x<x'(V2—m2)F(5c) _,_%(x))F()‘cs?).

First we integrate the Laplacian term by parts,

do

= —/ A xx!'m?F(x)F(x*) — / d*'xx'V  F(x) -V F(x»)
dsy ) b

s1=0

OF OF OF
_ d—1,,1 77 2\ _ i (%5 (5
Ld X (x)< smh(sz)ax0 (x%2) + cosh(s,) ] (x ))

After a second integration by parts we get

21Following the computation of (A9) in Appendix A 3, there now appears a boundary term after the integration by parts. Fortunately,
this term vanishes since the integrand is O at the boundary of Z.
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ds1 = z

413 (%) <—smh(s2)gf (% SZ)—}—cosh(sQ)gF (sz)>

_ . PF . , PF . PF .
—|—/de Lxx! F(x) (31nh2(s2) (@0)? (x2) —2smh(s2)cosh(s2)W(x‘2) + cosh?(s,) e (x‘2)>.

Now we form a Laplacian term in the first line and we use the equation of motion for F,

d OPF . _ . OF _ oF ,_.
d_sQl - = édd“xx'F()'c) )2 (%%2) + A d'xF(x) (— s1nh(s2)w(x‘”) + cosh(sz)ﬁ(x“2)>

+/):dd‘1xx1F()'c) (sinhz(sz) (gxgz (x%2) — 2 sinh(s,) cosh(s,) 8(); —-—7 (¥%2) 4 sinh?(s,) (8 1)2( 52))

Finally, a straightforward computation shows that

o a1, 94 oF OF
ds, - den h 52 h 52
as |, o /zd xds2< cos (Sz) (x ) + sin (s2) ( ) | F(x)
d - OF _ . . OF
d_szsl_o/xdd lx(— COSh(SZ)_é?xO (x%2) +Slnh(s2)ﬁ(x~z)> F(x)
d o s dR
=45 A fR R R () =—| . A24

Using (A23) and (A24) we arrive at (5.51).

5. Analytic continuation for N(s)
In order to show that formulas (5.59) hold, we need to explicitly show the analytic continuation for the function
i L
N(s) = 5(0(0.5) = R(0.5)) = | gil13. (425)
or more specifically, we need to show that there exists a continuous function N: R + [0, 2z] — C, analytic on R + i(0, 2x)
such that

N(s +i0) = N(s). (A26)
To begin with, we notice that
500.5) =5 [ d*xf, (RIF3(5) = imiF . S 2}, (A27)
SRO9 =3 [ dP U 0f) = Ml ) (A28)
2 ’ - 2 10 17 n - @.R>J m.R 5’

where the above expressions make sense regardless of f% , & $. This is because

d*'p [ A
o Fin)s = [, Gt Fonl) i03750(0) =5 G Foa (A29)

Ré-1 2wp

which is convergent. The problem involving scalar products of split functions f7,  and f7  happens only when we try to
compute the scalar product of two sharply cut test functions of the momentum operator, e.g.,

dd—l N N 1 . N
e Feids = [ G @nlen(p)) 05 5a(p) = 5 (e Fo) (A30)

-1 2&)1—,
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which is in gen.eral divergent. Such dive_rgency comes flrom Jor(®) — for(X) and  f7 (%) — for(X), (A33)
the noncontinuity of the function f, z(X) = f,(¥)®(x') at
x! = 0. To overcome this difficulty we introduce a family

of smooth functions (for ¢ > 0) where the above convergence must be in a sense that we

specify opportunely below. Before we get into such con-

e (=) ._ - e (=) . - i ice that f* ., ES(R‘“R)
)= £,(0)0,(x!) and 5L (F) = £,(1)0,(x)), vergence issues, we notice t oR

(/)’R( ) p( 0:(x) ) ()8 (x") and hence the scalar product (A30) is now well defined.

(A31) Then we define the function

where ©, € C*(R) is a regularized Heaviside function
such that& N¢(s) == ilm( wR’f”> — im(f %, ﬂR>Sj 2||9§e6|

.(1) — 0 ifr<$ A3 (A34)
(1) = 1 ifr>e ( ) which is just the regularized version of (A25). In the next
subsection we show that N¢(s) — N(s) when ¢ - 0.
Then Expression (A34) can be rewritten as

Ne(s) = ilm{f} g, frr) g = IM{fy R0 far) g = ZHgfqell@
= (S . g M S~ 5 e = F5 S~ 1)
1 3.€ . .
= (o S8 — 2<fR’fR>§'9 5 U W)e = fi)s = (o Fos

de- 1]7 neSe . onte\ T nde . nle e L e %/ e . e
= A’ 2w |:<f(p2R + la)l—,f,[?R > <f?pR + lwi)ffz,R) - (fgo,R + lwi)fﬂ.n,R) (f(p,R + lwﬁfﬂ,R):| ) (A35)
d-1 1—)

S1+8y.6 ( vz

where in the penultimate line we have used that f' )fr ¢ forall s, s, € R. For a moment, let assume that this

last expressmn converges to

dd_l s \* [ as S N N N N
e = [ 5L [(fq,wwpf,,;) <f?,,,R+iwpff,,R> —<fw_R+iwl-,f,,.R>*<f¢,R+iwl-,f,,,R>] (A36)

d-1 20)1—,

when € — 0. We prove this in the next subsection. The second term of the above integrand is independent on s and hence
its analytic continuation is trivial. Let us then focus on the first term. Using the Poincaré covariance and causality of the
Klein-Gordon equation, it is not difficult to show that

For(P) +iwpfar(p) = for(AiP) + iNjw,frr(A]D), (A37)

where Ajp = (p' cosh(s) — w; sinh(s), p) and Ajw; = w; cosh(s) — p' sinh(s). Then, the first integrand term of (A36)
becomes

(F 5 (p) + iy i () (Fo(P) + ie0p P (P))
:/Rm ANy (fy (5) = 07 (B (F () + i0pf ()N DTN IS, (A38)

where —iA3(p) - § = —i(—sinh($)w;, + cosh(3)p')y' —ip, - ¥, and equivalently for iA™(p) - X. Then

- i(— sinh (%) ; + cosh (%)pl)yl

- - i(— sinh(s—i_Tm>w1—7 + cosh(s _;w)p')yl

s—s+ic

= (— sinh <%) w;, + cosh <%) p1>y1 cos <§> - <cosh (%) w; — sinh (%) pl)y1 sin <g> , (A39)

>m
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where the second term provides an exponential dumping
in Eq. (A38) when o€ (0,27) because supp(f,r),
supp(f &) C . Equivalently it can be shown that iA72(p) -

X also provides an exponential dumping for ¢ € (0, 27).
Hence we have that

N(s + ic) is an analytic function for s + ic € R +i(0,27).
(A40)

Looking at expressions (A36) and (A38), it is easy to
determine that

lim N (s+ic) =0.

21 ,5s=0

(A41)

a. Convergence of N¢(s)

In order to show that expression (A36) holds, we need to
prove the following two limits:

dd_]p A5 a_s \ ¥
€ a p o . e
N (S)e—_>())+ /R{dl 20)13 |:<f‘/”R + lwl’fﬂ,R>
X (AZ'R + iw,—,JA[;R> - (]AC[/,.R + iwl_’fﬂ:.R)*

X (P + iw,-,fe,,m} . (Ad3)

To do this, we must be precise in which sense the functions

f(/)R, fr% converge in (A33). To begin we choose the
following smooth step function (A32)
0 if 1<%,
0. =4 [exp(955s) +1]7 ifs<r<e, (A44)
1 ift>e.

First we focus on the limit (A43). Looking back to (A35),

] 1
NS(S)G_T()>+N(S) :%(Q(OJ) —R(0,s)) —EHgfe %5 (A42)  we can rewrite the rhs of that expression as
|
N(s) = (f fi)e = i Sids = e Sk = Fa+ f)s = i fis
_<f(/;R’f >5 <f(/)R’f > +<f(p,i€ - ;,R’ ;;R>_‘6
+ ek = Lo Fordg + Uniofom = Fordg + i = Fon Tor)g (A45)
<fﬂ f > <f - ﬂR’fﬂ,R>$' (A46)
® ®
It is not difficult to see that

ff/fR — f(pR and f;”;e_:)>+f;_R, in L2(R471), (A47)

which implies that all terms in (A46) are convergent, except perhaps those pointed by ®. Now we concentrate in those

remaining terms, e.g.,

1 H—5E ~—i€
U Fia=Tirds =5 [, ¢ T D) D)

The convergence of (A48) is guaranteed by the fact that

—Se
ffz,R _fﬂ,ZR - fﬂ,R
e—0"

4
(JAC;R - f;?;)wpe_j& (JAC;:,R
In order to probe (A49) we remember that f, g(%) — f5 z(X) =

following lemma ensures (A49).

K

— For(D))@p. (A48)
— fix inH'(R), (A49)
—J)w, inLA(R1), (A50)

g5(x)0(x!) with g5 € S(R*!,R) and g¢|,1_, = 0. Then the
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Lemma A.3: Let g € S(R") with g|,1_o =0, gg(X) = g(X)O(x!) and g¢4(X) = g(¥)O.(x!) with ©, as (A44). Then
gr € H'(R") and g%—_+gg in H'(R").

Proof—The fact that g € H'(R") is guaranteed by lemma 5. 10. Then we prove the convergence for n = 1. The
generalization to n > 1 is straightforward. Since g, g% satisfies the hypothesis of the lemma A.2, their weak derivatives
coincide with theirs pointwise derivatives and hence

9% = 9rll 1 = /_ :o dx|g(x)0c(x) - g(x)O(x)[* + / " 210, g(x)®, (x) — 91O ()]

—0o0

< /_:’0 dX|g(x)‘2|®g(x) - @(x)|2 + /+°° dx|g/(x)‘2|®€(x) _ @(x)|2

—0o0

+ /_:o dx|g(x)[*|©;(x)]* +2 /+°° dx|g(x)]|¢ (x)]|®.(x) — ©(x)||©.(x)|

—00

< / “ax(lg) + g W) + /  drlg()PIOL ()P + 2 / @O (ASD)

2 2

We notice that since g € C*(R) and g(0) = 0, by the Taylor theorem we have that g(x) = ¢ (0)x + r(x)x with r(x)—,_,0
and r € C*(R). We also have that max |0, (x)| = %, which follows from the definition of that function. Then using the
above properties and assuming 0 < ¢ <1,

) € 16 €
5 = gell 2 < max (9GP + [/ () / dx + max |¢/(0) + r(x) P2 / dxr?
x€(0,1] € x€[0,1] € Je

2 2

8 €
+ max |¢(x)| max |¢/(0) + r(x)| —/ dxx
x€(0,1] € Js

x€[0.1]
< max (Jg(0)P + [ (x) ) 5 + max [¢/(0) + r(x)lzﬂe
xe[0.1] 2 xel0.]] 3
+ Xrg[gf]lg’ (x) Ixrg[gfg] 19/(0) + r(x)|3e — 0. (A52)
||

Then we have that all terms in (A46) converge. By continuity of the scalar product, the limit of (A46) is just this same
expression but evaluated at ¢ = 0, which coincides with the lhs of (A47).
We use the same arguments to prove the limit (A42). The first two terms of (A34) are convergent due to (A47), and the

remaining term is also convergent due to (A49) and (A50). Then by continuity of the scalar product we have that

i

Ne(s) = N(s) = $(0(0.5) = R(0.5)) —5 il

e—0" 2

Finally, expression (A36) holds.

(A53)
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