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We study the Klein four-group (K,) symmetry of the time-dependent Schrodinger equation for the
conformal mechanics model of de Alfaro-Fubini-Furlan (AFF) with confining harmonic potential and
coupling constant g = v(v + 1) > —1/4. We show that it undergoes a complete or partial (at half-integer v)
breaking on eigenstates of the system, and is the automorphism of the 08p(2, 2) superconformal symmetry
in super-extensions of the model by inducing a transformation between the exact and spontaneously broken
phases of N/ = 2 Poincaré supersymmetry. We exploit the K, symmetry and its relation with the conformal
symmetry to construct the dual Darboux transformations which generate spectrally shifted pairs of the
rationally deformed AFF models. Two distinct pairs of intertwining operators originated from Darboux
duality allow us to construct complete sets of the spectrum generating ladder operators that identify specific
finite-gap structure of a deformed system and generate three distinct related versions of nonlinearly
deformed 8(2, R) algebra as its symmetry. We show that at half-integer v, the Jordan states associated with
confluent Darboux transformations enter the construction, and the spectrum of rationally deformed AFF

systems undergoes structural changes.

DOI: 10.1103/PhysRevD.99.125016

I. INTRODUCTION

In quantum mechanics, symmetries map the states of a
system into its states. If the ground state is invariant under the
corresponding transformations, one says that the symmetry is
unbroken, otherwise symmetry is (spontaneously) broken.
Sometimes, along with a continuous group of symmetry
transformations, a discrete symmetry group appears [1],
and a nontrivial interplay may occur between both types of
symmetries. An interesting and important case from this
point of view is presented by the conformal mechanics
model of de Alfaro, Fubini and Furlan (AFF) [2] with
confining harmonic potential and coupling constant g =
v(v+ 1) = —1/4." Its nonrelativistic conformal symmetry
and supersymmetric extensions [5—10] find a variety of
interesting applications including the particles dynamics in
black hole backgrounds [11-16], cosmology [17-19],
nonrelativistic AdS/CFT correspondence [20-24], QCD
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'"The AFF model is a two-particle Calogero system [3] with
included confining harmonic potential term but omitted center of
mass coordinate. Its Schrodinger operator also is known as the
Gol’dman-Krivchenkov Hamiltonian [4].
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confinement problem [25,26], and physics of Bose-
Einstein condensates [27,28].

On the other hand, the time-dependent Schrodinger
equation for the AFF conformal mechanics model reveals
a discrete Klein four-group symmetry generated by trans-
formation of the parameter v — —v — 1, and by the spatial
Wick rotation x — ix accompanied by the time reflection
t > —t. In the picture of the stationary Schrodinger
equation the time reflection transforms into the change
of the eigenvalue’s sign E — —E. The discrete symmetry
K, however, turns out to be completely broken at the level
of the quantum states when v is not a half-integer number:
application of the group generators to physical eigenstates
produces formal eigenstates which do not satisfy the
necessary boundary conditions. In the case of half-integer
values of the parameter v the K, discrete symmetry breaks
partially, and transformation v — —v — 1, as we shall see,
turns out to be a true symmetry nontrivially realized on
the spectrum of the system. In the physics of anyons, where
the AFF model is used to generate the transmutation of
statistics, half-integer values of v correspond to the two-
particle system of identical fermions [29-31]. In the context
of the problem we consider here, even though the new
solutions with arbitrary value of v generated by trans-
formations of the discrete group are not acceptable from the
physical point of view, the analogs of such nonphysical
states in other quantum systems are used to produce new
solvable potentials and supersymmetric extensions via the
(generalized) Darboux transformations [32-38]. They also
are used, for example, for the construction of multisoliton
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and finite-gap solutions to the Korteweg-de Vries equation
[34,39,40]. In particular, solutions with behavior typical for
extreme waves are constructed in [41] based on nonphysi-
cal states of the AFF model without the harmonic trap.

The implications of the presence of the K, discrete
symmetry group in the AFF model, and its interplay with
conformal and superconformal symmetries, surprisingly,
have not been investigated yet in the literature.

In this work, we study in detail the action of trans-
formations of the Klein four-group on the states of the
AFF system, its relation to the conformal symmetry, and
its nontrivial role in A/ = 2 super-extensions of the AFF
model and their 08p(2,2) superconformal symmetry.
This superconformal symmetry, as will be shown, is based
essentially on the simplest case of the Darboux dual
schemes which produce the same but spectrally shifted
pairs of the quantum systems. Based on this observation,
with the help of the Klein four-group transformations we
address the problem of construction of the general Darboux
dual schemes to generate infinite families of the new
exactly solvable systems given by rational deformations
of the conformal mechanics systems with arbitrary values
of the parameter v. The general dual Darboux schemes
that we obtain produce the same but spectrally shifted pairs
of rationally deformed AFF models. As a consequence,
their distinct intertwining operators allow us to construct
the complete sets of the spectrum generating ladder
operators for them and identify the nonlinearly deformed
versions of conformal 8[(2,R) algebra which describe
their symmetries. In this way we generalize our earlier
results obtained for the restricted case of the AFF model
with integer values of v only [42,43], that were based on
the Darboux transformations of the quantum harmonic
oscillator. Coherently with the indicated above peculiarity
of the half-integer values of the parameter v from the
point of view of the Klein four-group transformations, we
will see how the Jordan states [41,44-49] enter the
construction at v = Z + 1/2 via the confluent Darboux
transformations. We also trace out the structural changes in
the spectra of the rationally deformed AFF systems which
happen at half-integer v under continuous variation of
this parameter.

The remainder of the paper is organized as follows. In
Sec. II, we summarize the basic ingredients of the Darboux
transformations, and in their context, consider the Jordan
states. In Sec. III, we briefly present the AFF model
together with its conformal symmetry and solutions of
equations of motion provided by it, and discuss shortly the
introduction of the scale which turns out to be related to the
holographic QCD, the AdS, isometry and the AdS/CFT
correspondence, and Dirac’s different forms of relativistic
dynamics. Section IV is devoted to the discussion of the
discrete Klein four-group symmetry of the time-dependent
Schrodinger equation for the AFF model and its action on
physical states, its relation to the conformal symmetry, and

the role played by the discrete K, group in the V' =2
super-extensions of the AFF system generated by the
simplest dual Darboux schemes. The algorithm of con-
struction of the general dual Darboux schemes is developed
in Sec. V. In Sec. VI we list some Darboux schemes which
produce distinct infinite families of new exactly solvable
systems described by rational deformations of the AFF
model with arbitrary number of gaps introduced into the
equidistant spectrum of the original system. For each such
a Darboux scheme we construct its dual that plays a key
role in identifying the spectral properties of the generated
system and its symmetry. We also trace out there the
structural changes in the spectra of the obtained systems
under continuous variation of the parameter v. In Sec. VII,
we use the intertwining operators of the dual Darboux
schemes to construct the complete sets of the spectrum
generating ladder operators of the rationally deformed AFF
systems. These higher order differential operators detect
and describe the “finite-gap” structure of the spectra of
the corresponding systems, and generate three distinct
but related versions of the nonlinearly deformed 31(2, R)
conformal algebra which describe their symmetries. The
application of the general results of Secs. V-VII is
illustrated by an example presented in Sec. VIII. In Sec. IX
we summarize the results and discuss some problems to be
interesting for further investigation. In three Appendixes
some technical details necessary for the main text are
presented.

II. GENERALIZED DARBOUX
TRANSFORMATIONS

In this section we summarize some properties of the
generalized Darboux transformations which will be
employed in what follows.

A. Darboux transformations and
intertwining operators

Consider the equation

Loy = Ay, (2.1)

corresponding to the eigenvalue problem of a Schrédinger
type operator L. In this section we treat Eq. (2.1) as a
formal second order differential equation on some interval
(a, b), and in the following sections we take care about its
physical nature. Suppose we have a set of solutions
corresponding to eigenvalues 4;, k = 1, ..., n. We use them
as seed states for generalized Darboux transformation and
generate the associated eigenvalue problem

L [n] lP/I = /I\Pﬁ s
2

b == g

d2
+ V(x) —2ﬁln Wy, ...ow,).  (2.2)
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If the set of the seed states is chosen in such a way that the
Wronskian W takes nonzero values on (a, b), then potential
of the generated system will also be nonsingular there. In
the general case, solutions of (2.2) are generated from
corresponding solutions of Eq. (2.1),

W1, oo W
W, - Wi W W)ZMW

Wi, ....y,)

(2.3)

where A, is the differential operator of order n defined

recursively as
d 1
A = A1y —- < )

A,=A4,...A,
" " ! dx \Ar_ 1y

k=1,..n  Ay=L. (2.4)

By the construction, ker A,, = span{y, ..., y, }. Operator

A, and its Hermitian conjugate A}, intertwine the operators
LO and L[n]»

ALy = LiA,, AGL(,) = LoA;, (2.5)
and satisfy relations
ATA, =TT (Lo - 4). AAL =TT @ = 4. (2.6)
k=1 k=1

From the first equation in (2.6) one can find that
ker A} = span{A, . ..., A, }, where

X di:
W= W/ ANy (2.7)
(w2(£))?
is a linear independent solution of Eq. (2.1) with the same
eigenvalue A, W(y,. ;) = 1. Similarly to (2.3), Aj¥, =
y; for ¥, & ker Af,, and

A;(Anlpk) =y € ker An'

Here and in what follows we consider equalities between
wave functions and Wronskians in “up to a multiplicative
constant” sense when the corresponding constant will be
inessential.

The generalized Darboux transformation possesses the
iterative property according to which system (2.2) can be
generated alternatively via successive Darboux transfor-
mations.” This property allows us to get some useful
Wronskian identities. Suppose that we have two collections
of (formal) eigenstates of (2.1), {¢,} = (¢1,...,¢,) and
{o:} = (@1, ...,¢;). In the first step, we generate a

*Intermediate systems appearing in such a way may have a
singular nature on the interval (a, b) [39,50,51].

Darboux transformation by taking the first collection as
the set of the seed states, and obtain the intermediate
Hamiltonian operator with potential V| = V(x)—
2(n W({¢,}))". In this way, the states of the second
collection {¢;} will be mapped into the set of (formal in
general case) eigenstates {A,¢;} = (A,@1, ..., A, ;) of
the intermediate system, where A, is the corresponding
intertwining operator of order n constructed following
(2.4). Then, employing these states as the seed states
for a second Darboux transformation, we finally obtain
a Schrodinger operator with a potential V, = V,(x) —
2(In W({A,¢;}))”. Having in mind that the same result
will be produced by a one-step generalized Darboux
transformation based on the whole set of the chosen
eigenstates of the system L, we obtain the equality

W({¢n})w({An¢l}) = W(¢l’ cees ¢nv Prs--es §01) (28)

Consider now the set of two states corresponding to a
same eigenvalue 4;, {¢,} = (¢ = w;. ¢, = ;). In this
case W(y;.%;) = 1, and the corresponding intertwining
operator reduces to A, = —(L — 4;). Using this observa-
tion and Eq. (2.8), we derive the equality W(y;. ;.
@1, ....;) = W({@,}), which is generalized for the relation

W(‘//l,li/l,-~-,l//s,l/~/5,(p1,---a(pl) :W({g0]}> (29)

In the case when functions ¢y, ..., ¢; are not obligatorily
to be eigenstates of the operator L, the last relation
changes for

W(l//lvlplv "'9Ws9lpsv(p1’ "‘7(pl)

-w({fjes )

B. Jordan states

(2.10)

For a given Schrodinger operator L, one can construct a
certain set of functions which are not its eigentstates but are
annihilated by the action of a certain polynomial of L.
Functions of such a nature can be related with the confluent
Darboux transformations and are identified as Jordan states
[45]. They were used, for example, in the construction of
isospectral deformations of the harmonic oscillator systems
[48,52], and also they appeared in the context of solutions
to the KdV equation [41]. In this subsection we construct
Jordan states that are solutions of the fourth order differ-
ential equation (Ly — 4,)%y, = 0. They will play an impor-
tant role in subsequent consideration.

We employ the following approach: take an eigenstate
v, corresponding to eigenvalue 4, as a seed state of the
Darboux transformation. This provides us with the first
order differential operators
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d (1 N 1 d
A, =y, —|— |, Ay, =———uy,. 2.11
v (o) Al =g )
According to Eq. (2.6), their product gives us the shifted
Schrodinger operator AJ,*A,,,* = Lo — 4,, whose kernel is
spanned by the linear independent states y, and ..

The problem of constructing Jordan states reduces then
to solving equations

AJ/*AI//*Q* = (LO - /1*)9* =Yy,
ALAW*Q* = (LO - l*)é* =W,. (2.12)

Their solutions are given, up to a linear combination of v,
and ,, by particular solutions of respective inhomo-
geneous equations,

xode b,
Q*: * * d7
v. [ i [ v
« ©dg v
W / v/i(C)[: w.(mr.(n)dn

Here the integration limits are chosen coherently with the
region where the operator L is defined, and we have the
relations

(2.13)

b o b

(2.14)

which will be useful to produce nonsingular confluent
Darboux transformations.

Let us inspect now the role of Jordan states (2.13) in
Darboux transformations generated by a set of the seed
states {y, }. The intertwining operator (2.4) and Egs. (2.5)
and (2.12) give us the relations

A, = (L[n] _ﬂ*)AnQ*v AW, = (L[n] _A*)Anﬁ*

(2.15)

If the state v, (or §r,) is annihilated by A, i.e., if the set of
the seed states {y,, } includes v, (orv,), the function A, Q.
(or A,Q,) will be an eigenstate of L, with eigenvalue 4,
which is available to produce another Darboux trans-
formation if we consider L, as an intermediate system.
Otherwise, the indicated function is a Jordan state of Ly,
and in correspondence with (2.13) we have

B X dC b
a2 = () [ s [ G

(2.16)

< X dC b
andt. = () [ [ Ay
(2.17)

up to a linear combination with A,y and Aﬁ*.
Having in mind that Jordan states appear naturally in the
confluent generalized Darboux transformations [45], one
can consider directly a generalized Darboux transformation
based on the following set of the seed states: (y,Qy, ...,
W,,Q,). This generates a Darboux-transformed system
which we denote by f,[z,l]. The intertwining operator Agzn

as a differential operator of order 2z is built according to
the same rule (2.4), but with the inclusion of Jordan states
into the set of generating functions. By the construction,
this operator annihilates the chosen 2n seed states, and one
can show that

n

(A5,)'AS, = [J(L -2

i=1

(2.18)

This, in particular, means that ker(AS)" = span{A%,
AL Q, ..., AL, AL QY. In the context of generalized
Darboux transformations based on a mixture of eigenstates
and Jordan states, a useful relation

W(l//*v 1/7*,9*,(2*, Pisees (pl) = W((ph cees (pl) (219)

can be obtained by employing Eq. (2.10) with s = 1, and
Egs. (2.12) and (2.9), Here we imply that ¢; with i =
1, ..., 1 1s the set of solutions of equation (2.1) with 4; # 4,.

III. AFF CONFORMAL MECHANICS MODEL

Consider now the one-dimensional system given by the
action [2]

o= [tagan  L=3(2-%) G

where ¢ > 0 has dimension [¢] = [\/7], and ¢ is a dimen-
sionless coupling constant which classically is assumed to be
positive to avoid the “problem of fall to the center.” System
(3.1) is characterized by conformal symmetry Conf(R!)
that canonically is generated by the Hamiltonian H, the
dilatation generator D, and generator of special conformal
transformations K,

1
D :Z(‘”’ + pq) — Hyt,

1
K= §q2 — 2Dt — H 7, (3.2)
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where p = g. These are the integrals of motion that satisfy
the equation of the form 4A = %—? +{A,H} =0. They
obey the 80(2, 1) algebra’

{D,H g} =H,

(D.K}=-K, {H,K}=-2D,

(3.3)

which is isomorphic to the algebra 8I(2,R) of the
conformal symmetry Conf(R!). Classical algebra (3.3)
is characterized by the Casimir invariant Q = KH, — D?
that takes the value Q :‘—11 g. Last relation from (3.2)
gives us solution to the equation of motion for the
system (3.1),

q(t) = \/2(ar® + 2bt + ¢), (3.4)
where real-valued constants a, b and ¢ correspond to the
values of the integrals H,, D and K, respectively, and thus
are restricted by conditions a > 0, ¢ > 0, and relation
ac — b* = g/4 that guarantees positive values for the
square root argument.

At the quantum level the noncommutativity of
D and K with Hamiltonian H, in correspondence with
the Poisson bracket relations (3.3) means that they do
not generate symmetries in the usual sense of relating
degenerate states, but rather they can be used to relate the
states with different eigenvalues of the Hamiltonian
operator.

Conformal symmetry (3.3) is a dynamical symmetry for
the system (3.1), but it also is the isometry of AdS,. This
underlies the interest to the model [2] in the context of the
AdS/CFT correspondence and its diverse applications, in
particular, related to the appearance of scale in nominally
conformal theories [25].

Original system (3.1) has no scale, but the scale
emerges in the theory via a mechanism described by de
Alfaro, Fubini and Furlan [2]. This happens as follows.
First relation in (3.3) and second relation in (3.2) reflect
the fact that action (3.1) is explicitly invariant under the
scale transformations g — e%q, t — €?*t, a € R, in accor-
dance with which at the quantum level the dilatation
operator generates the transformation H, — e *H .
Consequently, the Hamiltonian operator of the quantum
version of the system (3.1) has a continuous spectrum in
which there is no conformal invariant ground state. This
can be related with the nature of the evolution coordinate
t, which is not a good global coordinate on AdS, [12].

3To treat integrals (3.2) as generators of the Lorentz algebra
80(2, 1) requires an introduction of a constant ¢ with dimension
of time (squared length) to make H, and K dimensionless,
H,— oH, K — o~ 'K, that, however, does not change the form
of algebra (3.3).

To resolve this problem, one can consider the following
change of the variables

q(1) dt
W)=,  di=————,
Vu+ vt + wt u+ vt + wt

where u >0, v and w > 0 are real constants with
dimensions [u] = 1, [v] = 1/t and [w] = 1/>. By replace-
ment (3.5), action (3.1) transforms into

(3.5)

[ et g [ i+ 2@ eo)

= Ib}] + Isurfacev (36)

where  L(y,y') = %(y/z _ y% -

@* = (4wu — v*)/4. From the action I[y] = [Ldz, we
obtain the new time translation generator

/
Yy =3, and

1 g
Hg:§<p2+y+w2y2>, p=y, (3.7

which is a compact 8[(2,R) generator when o’ =
(4wu — v*)/4 > 0, whose quantum analog, like the quan-
tum analog of H, has a spectrum restricted from below
when g > —1/4 [53,54]. The new evolution parameter
vb2wl) varies in the finite interval (— £, %),
and new Hamiltonian (3.7) is conjugate to this good
global time coordinate. In the context of black hole
physics the AFF suggestion simply amounts to an
improved choice of time coordinate [12,15]. As w is a
dimensionfull parameter, [@w] = [1/7], (3.7) breaks the
manifest scale invariance of the original system (3.1),
and via such a basic mechanism the mass and length scales
are introduced in holographic QCD (often referred to as
“AdS/QCD”) [25,26].

In spite of the introduced scale, the action of the new
system is conformal invariant as we will see now. The
dilatation generator D and the conformal transformation
generator K associated with the action /[y] are given by the
explicitly depending on time 7 integrals

7 = Larctan(
w

D= % (yp cos(2wr) + (2wy* — Hyo™") sin(2wr)),
(3.8)
K= %(y2 cos(2wt) — ypw~! sin(2wr)
- H,o2(cos(2wr) — 1)). (3.9)

Via the Noether theorem, integrals (3.8) and (3.9) are
related to the following infinitesimal symmetries of the
action:

125016-5
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8y = epy cos(2wr),

ot = epw ! sin(2wr),
5(Ldr) = di(—»spwy2 sin(2wt))dr (3.10)
2
8y = —exw ! sin(2wr),
ot = exw > (cos(2wz) — 1),
5(Ldr) = di (—exwy? cos(2wt))dx. (3.11)
T

Integrals H,, D and K of the “regularized” AFF system
generate the Newton-Hooke symmetry [10,55,56]

{H,. D} = ~(H

{Hg’ K} =-
{D.K} = -

,—20°K),

(3.12)

whose Casimir invariant is Q = KH, — D? — 0*K? =
g/4. Using Egs. (3.8) and (3.9), one can find solution to
the equation of motion of the system (3.6),

2

o) = 1 + sin?(2wr)

x \/a sin?(wr) + bw sin(2wz) + cw® cos(2wr),
(3.13)

where a > 0, b and ¢ > 0 are constants corresponding to
the values of the integrals H,, D and K, respectively,
and obeying the relation ac — b*> — w*c?> = g/4. From the
explicit form of solution we see that it is periodic with the
period T = n/w not depending on the value of the coupling
constant’ g. The finite interval in which the evolution
parameter 7 varies corresponds to the period of the motion
of the system (3.6), and one can consider z as the compact
evolution parameter that takes values on the closed interval
[— 2. 5] with identified ends.

In the limit @ — 0, Hamiltonian H, reduces to the
Hamiltonian H, of the model (3.1), the integrals D and
K reduce to the integrals D and K, the algebra (3.12) takes
the form (3.3), and bounded periodic solution (3.13)
transforms into solution (3.4) for the system (3.1), which
describes the unbounded motion of a particle in potential
g/q*. The symmetry transformations of the system (3.1)
generated by D and K are recovered from (3.10) and (3.11).
In particular, the nontrivial total time derivative in the last
relation in (3.10) transforms in this limit into 5(Ld¢) = 0.
This reflects the difference between manifest scale

4System given by Hamiltonian (3.7) is an isoperiodic defor-
mation of the half-harmonic oscillator of frequency w [57].

symmetry of the system (3.1) and more complicated,
“hidden” form of the dilatation symmetry of the system
given by Lagrangian L. In application of the system (3.6) to
the problem of confinement in QCD, parameter @ intro-
duces a mass scale, while the evolution parameter 7 finds an
interpretation as the difference of light-front times between
events involving quarks and antiquarks in mesons [25].
To clarify further the relation between systems (3.1) and
(3.6), wenotethatatr—t—Owehavey( ) =q(0)/\/u,

¥ (0) = \/ug(0) — 12” ‘- and therefore the Hamiltonian
(3.7) becomes

H, = uH,—vD + wkK. (3.14)
This shows that transformation (3.5) means in fact that a
certain linear combination of 8[(2, R) generators is used as
a new generator of time translations. To be more specific,
we note that the 8[(2, R) algebra can be presented in the
form of 80(2, 1) Lorentz algebra
{JH v} = e, (3.15)

where y, v, =0, 1,2, J, = n,J", n,, = diag(—1,1,1),
and e* is the Levi-Civita totally antisymmetric tensor,
€12 = 1. Comparison of (3.3) with (3.15) shows that the
integrals oH,, 6~'K and D of the system (3.1) can be
identified, up to 80(2, 1) transformation, with generators
(JO+JY), (JO=J') and J?, and Casimir invariant Q of
algebra (3.3) corresponds to the Casimir element —J*J,
of algebra (3.15). Relation —J*J, = g > 0 together with
inequality (J°+J') > 0 describes the upper sheet of
the two-sheeted hyperboloid in (2 + 1) dimensional
Minkowski space with coordinates J', J?, J°. According
to such an identification, Hamiltonian H , corresponds to a
noncompact 81(2,R) generator of parabolic type [58,59]
being a linear combination of generators of rotation and
Lorentz boost transformations in (2 + 1) dimensional
Minkowski space. Putting then for simplicity u =1,
v =0, w =02 we reduce (3.14) to the relation {H, =
JO that shows that Hamiltonian (3.7) is the generator of
rotations in (2 4 1)-dimensional Minkowski space with
coordinates J#. According to Dirac [60,61], H, and H,
provide us with different forms of relativistic dynamics on
the upper sheet of two-sheeted hyperboloid in (2 + 1)-
dimensional Minkowski space, which by means of solu-
tions (3.4) and (3.13) are projected to configuration spaces
with coordinates ¢ and y, and are described by evolution
parameters ¢ and 7, respectively.

Changing the variable y for x = y/wy, and canonically
quantizing (3.7), we obtain the Hamiltonian operator
(h=1)

. o d* g
Hg:§<_ﬁ+x2+)7>’ € (0, ).

(3.16)
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From now on, we assume that g > —1/4 to ensure that the
spectrum of (3.16) is bounded from below [53,54].
In correspondence with this, one can set in (3.16) g =
v(v+ 1) with v > —1/2. Following [3], as a domain of
(3.16) we take {y € L?((0, ), dx)|y(0") = 0}. As we
will see, this guarantees that y'(07) = 0 for v > 0, while
0 < |/ (07)] < oo for v = 0. We require additionally that
w ()Y’ (x)] =g+ =0 for —1/2 <v <0, and y (x)y/' (x)| - =
¢# o0 when v=—1/2. In all the cases the specified
properties of wave functions will guarantee that probability
flux vanishes at x = 0. The specified domain corresponds
to (essentially) self-adjoint nature of the operator (3.16) in
the case of v > 1/2, and to a special case 6 = n/2 of
one-parametric, 6 € [0, z|, families of self-adjoint exten-
sions of’):lg inthe casesof —1/2 <v < 1/2andv = —1/2.
This special case is the unique value of @ for which the
spectrum of (3.16) with —1/4 < g < 3/4 is equidistant
similarly to the case of g > 3/4. For the detailed discussion
of the issue of self-adjoint extensions of the operator (3.16)
we refer to [54,62,63]. In the next section we shall see that
the specified quantum Hamiltonian operator (3.16) corre-
sponds, in accordance with the described above classical
picture, to the so called discrete type representation D of
the 8[(2,R) algebra characterized by the value of the
Casimir operator JhJ 4 = —a(a — 1), in which the compact
generator JO takes positive discrete values ;) =n + a,
n=0,1,..., witha =v+3>1[59]

In what follows, we identify new, not described earlier in
the literature, finite discrete symmetries of the Schrodinger
equation with Hamiltonian operator of the regularized AFF
model. We show that these finite discrete symmetries,
described by the Klein four-group, are nontrivially encoded
in the conformal symmetry of the AFF model. We also find
that this discrete symmetry has peculiarities in the case of
half-integer values of the parameter v, and, in particular,
at v = —1/2. The value v = —1/2, as we will see, also is
special in superextensions of the AFF model, where the
transformations of the Klein four-group appear as auto-
morphisms of the superconformal 08p(2,2) symmetry and
relate (mutually map) the corresponding systems with exact
and spontaneously broken A = 2 Poincaré supersymme-
tries. Then we use these discrete symmetries together
with the conformal symmetry to generate, by means of
Darboux transformations, infinite families of new, exactly
solvable quantum systems with equidistant spectra con-
taining arbitrary number of gaps and described by sym-
metries of the type of finite W algebras, which represent
nonlinearly deformed and extended forms of the conformal
3[(2,R) algebra.

IV. SYMMETRIES OF THE QUANTUM AFF
MODEL AND ITS N =2 SUPEREXTENSIONS

In this section, we discuss some aspects of symmetry
of the quantum AFF model given by the Hamiltonian

operator (3.16). Namely, we show that the corresponding
Schrédinger equation has a finite discrete symmetry,
which is broken in general case and is encoded in the
“fine” structure of conformal symmetry of the system.
It also will be shown that in the case of half-integer values
of the parameter v, the finite discrete symmetry has some
peculiarities related to the structure of eigenstates and
eigenvalues of the quantum Hamiltonian (3.16). These
peculiarities are manifested in a spectral symmetry real-
ized in the form of a “departure from the Hilbert’s hotel”
mechanism and in appearance of Jordan states in kernels
of the ladder operators being noncompact generators of
conformal symmetry. We also discuss here the effect of
discrete group on superconformal symmetry of N =2
super-extensions of the AFF system.

Consider the time-dependent Schrodinger equation of
the quantum system (3.16),

; oY, (x,1)

ot = Hley(x’ [)7 (41)
with
d v(v+1)
HD:—W"FXZ"FT. (42)

Here, the operator H, corresponds to (3.16) with g(v) =
v(v+1), v > —1/4, and @ = 2. Solutions of Eq. (4.1) in
the form of stationary states W,(x,t) = ey, (x) are
given in terms of the well known physical eigenstates of
‘H, represented by normalized wave functions satisfying
the boundary conditions at x = 0,

/ n!
- 1/+1L(”+l/2) 2\ ,—x%/2
Wu.n(x) r(n+y+3/2>x n (X )e )

E,,=2v+4n+3, (4.3)
where E,,, are the eigenvalues, n =0, 1, ..., and
« "T(n+a+1) (—x)
L) =" (4.4)

c=T(k+a+1)k!(n-k)!
are the generalized Laguerre polynomials.

Then the problem H,y, = A,y fits with (2.1), but to
generate new exactly solvable systems and identify their
ladder operators and the associated deformed conformal
symmetries we should not be limited just by considering
physical states. In subsequent sections we will see how
nonphysical states obtained via the application of certain
discrete symmetry group transformations play an important
role in the structure of the quantum conformal algebra
generators of the AFF model and its 08p(2|2) super-
conformal extensions, as well as in the construction of
new systems and their hidden symmetries.
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A. The Klein four-group as a Schrodinger
equation symmetry

Parametrizing the coupling constant in parabolic form
g =v(v+ 1), which is symmetric with respect to v = —1,
we artificially induce the invariance of the Eq. (4.1) with
respect to the transformation p; :v — —v — 1. Equation (4.1)
is also invariant with respect to the transformation p,:
(x,7) = (ix,—t). These two transformations generate the
Klein four-group as a symmetry of Eq. (4.1): Ky~ Z, x
Zy = (1,p1,p2, p1p2 = pap1), where each element is its
own inverse. At the level of the stationary Schrodinger
equation, the action of p, reduces to the transformation
pr:(x,E,,) — (ix,—E,,), which means that p, is a com-
pletely broken Z, symmetry, for which the transformed
eigenstates p,(y, ,) =, ,(ix) with eigenvalues —E, , are
nonphysical solutions. The transformation p; at the same
level of the stationary Schrodinger equation implies that
the energy eigenvalues change as E,, — p(E,,) =
E_,_i, =4n—2v+ 1. The difference between the original
energy level and the transformed one is E,,, — E_,_;, =
AE - (v+1/2), where AE =4 is the distance between
two consecutive levels. So, if we take v = ¢ — 1/2 with
= O, 1, ...y WE obtain ﬂl(Ef_l/z’”) = Ef_l/z,n_f, and find
that physical energy levels with n > ¢ are transformed into
physical energy levels but lowered by 4¢. Under the action of
p1, the eigenstates (4.3) are transformed into the functions

/ n! oy (-1/2) ( 2y -
— VL x°/2
P1Wun) v 1) (x%)e

= l:[/—Iz—l,n' (45)
In the case of v # ¢ — 1/2, functions (4.5) do not satisfy
boundary condition at x = 0 because of the presence of the
factor x7¥, and they are nonphysical, formal eigenstates of
‘H,. The case of v = £ — 1/2 requires, however, a separate
consideration. To analyze this case, we observe that

n! _
_ —f+l/2L£l ) ((2)e=¥/2.
PrWe-1/20) “F(n—f+ l)x (x*)e

(4.6)

Due to the poles of Gamma function, this expression vanishes
when n < 7, i.e., p; annihilates the first £ eigenstates of the
system. On the other hand, the identity

(4.7)

with integer m and n, which follows from (4.4), allows us to
write py (We_1/2.0) = (=1)“W sy jp.0—e When n > £, and this
is coherent with the change of the energy eigenvalues under
application to them of transformation p;. In conclusion, p,

corresponds to a symmetry which is just the identity operator
when Z = 0, while for # > 1 this symmetry annihilates the
lowest physical eigenstates, but restores them by acting on
the higher eigenstates.5 From this point of view, in the case of
half-integer v, transformation p; does not produce anything
new. Nevertheless, we can also construct a finite set of
nonphysical solutions of the same nonphysical nature as in
(4.5) given by the functions

T(k+1+1) >

Y_r-1/2.k *= P1 ( TV/f—l/lk

_ x—f+1/2L£l—f) (xz)e-xZ/z

’

k=0,...6—-1, (4.8)

singular at x = 0, whose corresponding eigenvalues are
E—f—1/2,n = 4l’l - 2f + 2

We note that the combined transformation pip, (v, ,)
always produces nonphysical solutions for all values of v
due to the presence of p,. Wave eigenfunctions transformed
by the K, generators p, and p,p, diverge exponentially
at infinity, and for the following consideration it is
convenient to introduce a special common notation for
them: () _,(x) = W) (ix), where r(v)=v corre-
sponds to application of p,, and r(v) = —v — 1 corresponds
to application of pyp, to y,,(x). In the same way, we
introduce a common notation for physical eigenstates and
nonphysical eigenfunctions exponentially disappearing at
infinity: v, ,(x), where r(v) = v corresponds to eigen-
states (4.3), and r(v) = —v — 1 corresponds to nonphysical
eigenfunctions (4.5) or (4.8) when v = £ — 1/2. In the case
of v=¢-1/2, ¢>1, we have E_, sy =
—E_;_1), for n <7, and one finds that (4.8) and their
partners in the sense of Eq. (2.7) are related with non-
physical eigenstates produced by p, and their partners,

W_r1)2.0-1-n KXW_r_1/2n>

V_r—1/20 KXW _r_1/2—f+1-n- (4.9)

B. Conformal symmetry and ladder operators

In this subsection, we explore the quantum conformal
symmetry of the model from the perspective of the discrete
Klein four-group symmetry.

Hamiltonian (4.2) is the compact generator of the
dynamical conformal symmetry of the AFF model, which
together with the second order differential operators

>This is similar to a picture of a Hilbert’s hotel under departure
of clients from first £ rooms with numbers n = 0, ..., 7 — 1 with
simultaneous translation of the clients from rooms with numbers
n=2¢,¢+1,..., into the rooms with numbers n — . Note that
the power (C™)? of lowering generator of conformal symmetry
4.10) withv = ¢ — %acts on physical eigenstates in a way similar
to p;, but violating normalization of the states, see Eq. (4.14).
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c;_-(i+x>2+”(”xj”, = () (4.10)

dx
satisfies the commutation relations of the 8[(2, R) algebra,

whose Casimir invariant is given by C = (H,)* -
Here; +¢;¢f) =4u(v+ 1) — 3. Taking linear combi-
nations J° :=1H,, J' =1(C} +C7), T*=L(C; - C)),
one finds that they satisfy the quantum analog of the
classical Lorentz algebra (3.15). The rescaled Casimir
operator — %C represented in their terms reduces to
J*T, = —a(a—1) with a =3v+32, and as it was indi-
cated at the end of the previous section, eigenvalues of [7°
are j  =n+a, n=0,1,.... We note here that the linear
combinations 7% — 7' and 7° + J" are the operators  x?
and % (- d"—; + "(';J{l)), which are the quantum analogs of the
integrals K and H , defined in (3.2) for the model (3.1) with
g changed for x and ¢ = 0.

Coefficient 4 in the first commutator in (4.11) is the
distance between the consecutive energy levels of the AFF
system, and by means of the unitary transformation

CE = CE(t) = e Chel™ = FHCE, (4.12)

we obtain two dynamical integrals of motion, now in the
sense of the Heisenberg equation %A = % —i[A,H,] =0.

Their linear Hermitian combinations

C()-C/ (1)
g :

_2H,—Cr()—Ci (1)
a 16 ’
(4.13)

Dit)=i K(1)

are the quantum analogs of the generators of the Newton-
Hooke symmetry (3.8) with @ = 2.

According to (4.11), operators C;- are the ladder oper-
ators of the quantum AFF system described by the
Hamiltonian 7,. The generator p; of the discrete K, group
acts identically on generators of the conformal symmetry,
p1(H,)=MH,, p1(Cr)=Cy, while py(H,) ==H,, p2(C;") =
—C;f . In correspondence with this, p, is the automorphism
of the 8I(2,R) algebra which transforms the unitary
irreducible representation D of the system (4.2) restricted
from below, j* =n+a, a=1v+3 >4, into the unitary
irreducible representation D, of 31(2,R) restricted from
above, j* = —(n+a), n=0,1,... [59].

The ladder operators act on physical eigenstates and
nonphysical states generated from them by transformations
of the K, group as follows:

Clzztl//r(y).n = \/(Er(b),n +2v+ 3)(Er(v)n +2v + I)Wr(v),n:tl ’

(4.14)

CITWr(D),—n
- _\/(Er(u),n 2+ 3)(Er(u)n + 2 + l)y/r(u),—(n¥l)-
(4.15)

The coefficients in (4.14) and (4.15) vanish when the ladder
operators act on the states from their corresponding kernels,
which in the case of v > —1/2 are given by

ker C; = span{w, 0. W_,-10}

ker G = span{y, o.¥_,-1 o} (4.16)

In the case of v = —1/2, the kernels of the ladder operators
Cfl /o are similar to (4.16) but with the states w_,_; , and
w_,_1.—o there changed, respectively, for the Jordan states

1
Qo= <a - Elnx> W_1/2,0s

1
Q120 = (b - 2lnx> Y_1/2,-0 (4.17)

where a and b are constants.

In the context of the Darboux transformations, the first
equation in (4.11) can be written in the equivalent form
CiH, = (H, £ 4)C}, which means that C; intertwine the
system H, with itself but shifted for additive constants 4.
Then Eq. (4.16) indicates that the second order differential
operators —C; are generated by the choice of the seed states
(Wy.50, W—s—1.40), and by means of Eq. (2.3) we can write
the equalities

W(ll/p,io, Y_1—1,+0, ¢r(b),z)
W(l//v,i()v W—zx—l,iO)

ijpr(v).z == ’ (418)

where qb,(b),Z with z==+n, n €N, corresponds to an
eigenstate or a Jordan state of 7,. The Wronskian form
of these equalities is useful to find the action of the

ladder operators on the states () +o and Q, /2,0- Using
Egs. (2.9) and (2.19), and equalities

Wy, 10-W-r1.40) = —(2v + 1)e™,

W(W_1/240- R 1240) = eF, (4.19)

one can find that

CoWr).0 X W r(—y=1),-0» ClW )0 X Wir(—ym1)0-
(4.20)
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(@) Casev =0—1/2, £=1,2,...
&N

(®) Case v#0-1/2
Y Ll
[ .-
T S
PR PR
...@ @ @...
e e
PR N
...@ @...
\/k_\ N
N7 N S

@ : wu.in ; : 'l./)—u—l.:tn i @ : Qu,j:n 5 @ s Q_u—-l,in 3
~ 7= | S - . .o+
@-‘ Puen ; FYovtikn ’Qu,in: Corv™i G

(c) Case v = —1/2 .
Change in b):

3-&)
F-

FIG. 1. The action of the ladder operators in dependence on the value of v. Diagram (a) illustrates the case of half-integerv = ¢ — 1/2
with # = 1, ..., where it is shown how Jordan states can be related to eigenstates by the action of Ci. Diagram (b) corresponds to
nonhalf-integer values of v. In (c), it is indicated how the case with v = —1/2 can be obtained from (b) by changing the corresponding

states. The shapes with borders highlighted in blue (red) represent the states annihilated by C; (C;").

CZ_F]/ZQ—I/Z,iO X Y_1/2,70-
(4.21)

CTy 1240 X Q12500

Returning to the issue of Jordan states, we realize that
they have appeared in the systems with half-integer v, but
let us consider first the general case. For this, we use (2.15)
and the first relation in (4.11) to prove the relations

f‘2r(y).in & (Cui)nér(y),iO'
(4.22)

Qr(u),in X (Cvi)ngr(p),iO’

Thus, the ladder operators act in a similar way as they act
on eigenstates of H,, but with a difference when n = 0.

When v # —1/2, we obtain the relations CfQ,(,,)’jFO [0
lpr(—v—l),io and Czjzzfzr(u),¢0°<9r(—y—l).i0- Due to (4.9)
one can make the identification Q_,_ /2,40 =
Q_,_1)25(-1)» S0 in the half-integer case v =7 — 1/2
with Z > 1 we obtain

Co1pQ-1/2.50 X W o125 (-1)5

Co Q1250 X Weoi pg(p-1)- (4.23)

Acting on these relations by (CF_, /z)f , we obtain zero, and
conclude that
ker(cfiﬂr—l/z)ﬂk = Span{l//f—l/lqr()v e W12, 3 (64k-1)

Vo (£-1/2)-1.505 -+ > W—(£=1/2)-1,F(¢-1)»

Qs /2505 s Le—12.5(-1) (4.24)

for k = 1,2, .... The whole picture is summarized in Fig. 1.

C. Superconformal symmetry and
the Klein four-group

Here, we inspect the action of the transformations of the
Klein four-group on a supersymmetric extension of the
AFF model.

One can take two different ways to produce two different
supersymmetric extensions of the AFF model by taking
two different Darboux transformations of the first order
based on the choice of the seed states y,, and y, _y. By
means of Eq. (2.4) with n = 1 we obtain two corresponding
pairs of Hermitian conjugate intertwining operators,

d v+1 .
A = — — , At = (A7),
s F =)
d v+1
B, =——x-— , Bf = (B))f 4.25
B! F=57) (4.25)

These operators link the systems H, and H,., by the
intertwining relations of the form (2.5),

AVH, = (HU+1 + 2>A;’ A:-Hv-&-l = (Hv - 2)Aj',

(4.26)
B;H, = (Hu+1 - Z)B;, BjHu+1 = (H,, + Z)Bj
(4.27)

Let us note here that if we choose, instead, nonphysical
eigenstates w_,_;o and y_,_; _o as the seed states, we
generate the operators —A' | and —B] |, respectively.

These operators relate the system H, with H,_; by
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intertwining relations of the form (4.26) and (4.27) with v
shifted by minus one.

From the point of view of the Klein four-group, the states
v, 0 and y, _, are related by transformation p,, while the
states y,, o and y_,_; 4o are mutually transformed by p;.
As a consequence, the application of transformations p,
and p, to the intertwining operators gives

/)1(Aﬂ = _Byi—l’ /’1(33) = —A;

v—1°

(4.28)

pr(AT) = —iBy,  pa(BS) = —iA7.  (4.29)
These relations are valid for v > —1/2. At v = —1/2 the
transformation p; reduces to the identity.

We can construct now two different N =2 super-

Hamiltonians

e — (A;Aj =H, —2v—1 0 )
’ 0 AfA; =H,-20-3)°
(4.30)
o <B;Bj_’mH +2u+1 0 )
. 0 BiBy =H,+2v+3)’
(4.31)

where the indexes e and b refer to the exact and sponta-
neously broken N =2 Poincaré supersymmetries des-
cribed by the corresponding super-Hamiltonians. The
operator (4.30) has an equidistant spectrum given by
eigenvalues £, =4n, n=20,1,..., where n =0 corre-
sponds to the nondegenerate ground state (0,y,q)" of
zero energy, while all the energy levels with n > 1 are
doubly degenerate. The Hamiltonian (4.31) has eigenvalues
&, = 4n + 4v + 6, each of which is doubly degenerate, and

two ground states with energy & = 4v + 6 > O are \P(()H _

(ByWoo10-Wom10) and WS = o3¥(".

System (4.30) is described by the 08p(2,2) supercon-
formal dynamical symmetry generated by the even, H¢,
R, =1(H=HE) =% - (v+ 1)L, GF, and odd, Q¢, S¢,

a =1, 2, operators, where I is the unit 2 x 2 matrix,

gi — <Cvi+l 0 >
: 0 ct/)

Ql—(o A”_) 81—<0 BJ) (4.33)
“\4 o) “\BF 0 ) ’

(4.32)

S? = io5S). (4.34)
Here Q¢ are the supercharges of the system, which
annihilate the ground state, i.e., the system indeed is in
the phase of unbroken N = 2 Poincaré supersymmetry.
The Lie superalgebraic relations

[He R, = [HE, Q¢ =0, (4.35)
[He.GF] = +4GF. (6.6 = 8H — 16R,.  (4.36)
[He, 89 = —4ie®?SP,  [R,. Q] = —ie® QP
[R,. 8¢ = —ie™S), (4.37)
(G, Q] =2(S) + ie™SY),
G}, Q] = —2(S — ie®”Sy), (4.38)
G788 =2(Q¢ — ie” Q).
G, 8] = —2(Q¢ + i QY), (4.39)

{Q0. Q} =26"H;.  {S0.S)} =26"(Hy —4R,).

(4.40)

{Q0. S0} =0"(G) +Gr) +ie”(G; - Gy)  (4.41)
correspond to the dynamical 08p(2,2) superconformal
symmetry of the system (4.30). To identify the gen-
erators of superconformal symmetry of the system
(4.31), we note that the superconformal 03p(2,2)
algebra given by Lie super-algebraic relations (4.35)—
(4.41) has an automorphism f = f~! which corresponds
to the transformations H¢—-H¢—4R,=H:, R, = -R,,
G =G, Q—>-S, -8, S ->-9 &9
Therefore, the transformed operators are the generators
of the 08p(2,2) corresponding to the system H%, for
which the Poincaré supercharges are —S} and S2. None
of these supercharge operators annihilates both ground
states of the system coherently with spontaneously
broken nature of the N =2 Poincaré supersymmetry
of the system (4.31).

Let us consider now the action of the K, group on the
superextended systems. The action of both generators p,
and p, on superextended systems we define in the same
way as they were defined for the nonextended AFF system
H,. We use Eq. (4.28) to transform the generators of
08p(2,2) by py, and obtain

Pl(Hf) = 51( ol _4Rl/—1)017
P1(gui) = 01<gf—1)0'1, (4-42)
Pl(Ru) = 01(—7%—1)017 (4-43)
P](Q;) :0'1(—'55_1)0’17 Pl(Qz%) :0'1(512/—1)01’
(4.44)
Pl(Si) = 01(—Q,1,_1)617 .01(53) = Ul(szx—l)Gl-
(4.45)
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Therefore, the action of p; on generators of the super-
conformal algebra of the system described by the super-
Hamiltonian H; produces the generators of supeconformal
symmetry 08p(2,2) of the system described by the super-
Hamiltonian H’D’_1 unitarily rotated by &,. In other words,
the action of p; on the system (4.30) and generators of
its superconformal algebra is equivalent to do the shift
v — v — 1, apply the automorphism f defined above, and
then apply a unitary transformation given by the operator
o1. The transformed generators (4.42)—(4.45) still satisfy
the same superconformal algebra, i.e., p; is an automor-
phism of the 08p(2,2), but they describe another super-
extended system having different properties in the sense
that in the transformed system, unlike the initial system
(4.30), the N =2 Poincaré supersymmetry is spontane-
ously broken in the case of v > —1/2. The only exception
from this rule corresponds to the case v = —1/2, where the
transformed Hamiltonian reduces to o,H?, 12015 and rep-

resents a unitary transformed super-Hamiltonian with the
unbroken N = 2 Poincaré supersymmetry.

On the other hand, one can verify that when p; acts
on the Hamiltonian %, it produces ¢ (H¢_,)o;, and this
time the NV = 2 Poincaré supersymmetry of the system is
changed from the spontaneously broken phase (in the case
of v > —1/2) to the phase of unbroken supersymmetry,
with the only exception of the system +” 12 with unbroken

supersymmetry, which unitary transforms into ¢, H” 1/201-

This picture of transformation of p; on superextended
systems can be compared with the case of the nonextended
AFF system, where p; acts identically on its Hamiltonian
and generators of the conformal symmetry, though, as we
saw, it acts nontrivially on eigenstates of the system.

By knowing the action of p, on the intertwining
operators (4.25), explicitly given in (4.29), we can apply
this transformation to the generators of superconformal
algebra. As a result, we find that it generates the auto-
morphism of 08p(2,2) given by relations

Pz(Hﬁ) = —Hf’ Pz(gui) =-G/. Pz(Ru) =Ry,
(4.46)
Pz(Qi) = —iSi, ﬂz(Qf) = —iSz%v (4'47)
pa(Sy) = —iQ,, pa(S2) = —iQ.  (4.48)

The transformed Hamiltonian operator is similar here to the
Hamiltonian produced by the automorphism f but multi-
plied by —1. This correlates with the anti-Hermitian nature
of the transformed fermion generators of superalgebra.
Accordingly, the spectrum of the transformed matrix
Hamiltonian is negative, not bounded from below, and
each its level is doubly degenerate for v > —1/2.

In correspondence with the described picture, the appli-
cation of the combined transformation p,p; is just another

automorphism of the superconformal algebra (4.35)—
(4.41), which produces anti-Hermitian odd generators,
and p,p (H¢) = 01(—H¢_,)o;. The discrete spectrum of
the transformed Hamiltonian is not restricted from below
and is given by the numbers £, = —4n,n =0, 1, ..., where
each negative energy level is doubly degenerate, while
nondegenerate zero energy level corresponds to the state

(w1.0,0)"

V. DUAL DARBOUX SCHEMES

If we have two ways to generate the same, modulo
an additive shift, particular system from the AFF model
with a certain value of the parameter v by employing two
distinct Darboux transformations based on distinct sets of
the seed states with different behavior at infinity, we say
that we have two dual Darboux schemes, or a Darboux
duality. This property was discussed and exploited earlier
in the case of rational deformations of harmonic oscillator
for the construction of the complete sets of the spectrum
generating ladder operators as well as for the description
of emergent nonlinear extensions of superconformal
symmetry appearing in such systems [42,43,48,51,52].
We also used dual Darboux schemes in the previous
section in the discussion of supersymmetric extensions of
the AFF model.

To give a simple example of the dual schemes, one
can choose the set of eigenstates (w,g.....%, 1)
whose Wronskian is, up to a multiplicative constant,
xm(@mt1)/2g=m/2 Thig implies that after the Darboux
transformation (2.2) the Hamiltonian operator takes the
form H,, ,, + 2m. On the other hand, if we take the scheme
(Wy—0»--» Wy —(m—1)) based on nonphysical eigenstates
generated by transformation p,, we produce the same
system but shifted by the relative constant —4m, so this
both schemes are dual. Intertwining operators of order m
of both schemes allow to construct fermionic integrals of
motion of the corresponding supersymmetric extension
of the system, and generate the corresponding 03p(2,2)
superconformal symmetry in the case of m = 1, as it was
done in the previous section, or to generate nonlinearly
deformed and extended version of 03p(2,2) when m > 1.

The purpose of this section is to derive certain Wronskian
identities and employ them for construction of the dual
Darboux schemes. The latter allow us to generate rational
deformations of a general form with arbitrary number of
gaps implemented into equidistant spectrum of the AFF
systems in a well controlled manner, to identify the complete
sets of the spectrum generating ladder operators for them and
their nonlinearly deformed conformal symmetries. We also
observe the peculiar changes that happen with spectra of
such systems under variation of the parameter v when it goes
through half-integer values.

In the following the equalities between wave functions
and Wronskians are considered up to multiplication by
nonzero real constants.
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A. The dual schemes algorithm

Here we consider a systematic procedure to obtain the
dual scheme from a given Darboux scheme by means of
certain Wronskian identities.

As we have shown in the previous section, the case in
which v takes half-integer values is special and more
complicated in comparison with the nonhalf-integer case.
This happens due to appearance of Jordan states in the
game via the properties of noncompact generators of the
conformal symmetry which simultaneously are the ladder
operators for corresponding AFF systems, see Eq. (4.23).
By this reason we start first with the case of nonhalf-integer
values of v, and choose a generic set of physical and
nonphysical eigenstates of H, as the seed states,

{(l} = (l//l/,k] s e l//y,kNl 9lll—y—1,l|’ ceey W—U—I.INZ)’

ki’lj - :I:O,:I:I, ey

(5.1)

where i = 1,...,N;and j =1, ..., N,, and, for simplicity,
we suppose that k| < ... < |ky,| and [[;] < ... < |[Iy,|.

Consider now a scheme of the form (5.1) with non-
repeated states, and suppose that both k; and [; carry the
same sign for all i and j. Also let us define the index
number ny = max(|k;|, ..., [ky |, [l1]. ..., |ly,]), which can
correspond to a state with index v or —v — 1. So if k; and [;
carry the plus sign, the equality

W({a}) = e EWHAY),
{A—} = (I//—u—l.—O’ 7% B I/v/—u—l.—r,»’ llvlu,—s,-’ )

l//—IJ—],—VlN? l//u.—nN)’ (52)

is satisfied, where the marked states y_,_; _,, and v, _,
with r; = ny — k; and s; = ny — [}, are omitted from the
set {A_}. On the contrary, if k; and /; carry the minus sign,
we have the equality

W({a}) = e IEW{AL}),
{A-‘r} = (W—I/—I,O’ Yyos-es l/V/—v—l.r,v J/u,sj’ L)

l//—u—l,nN’ l//u,nN)’ (53)

where now r; = ny — |k;| and s; = ny — |[;|. These rela-
tions are also valid if one of the numbers N, or N, is equal
to zero, which means that in the corresponding scheme
there are only states of the same kind with respect to the
first index, —v — 1 or v, respectively.

When consideringr = ¢ — 1/2 with £ = 0, 1, 2, we will
have relations analogous to (5.2) and (5.3), but changing
each state of the form y_,_y +(s,4) by Qs_1 3 14, as a result
we deal with the confluent Darboux transformation.

To prove the displayed Wronskian relations, we have to
keep in mind that the operators C;° are in fact the intert-
wining operators of the dual schemes (y, 0,y _,_10) and

(Wy—0,W_y—1.—0) inthe case of v > 1/2, while forv = —1/2
we take the sets (W]/ZO? 9_1/2’0) and (Wl/Z,—O? 9_1/2‘_0). Itis
also necessary to take into account the action of these
operators on eigenstates and Jordan states discussed in the
previous section.

By means of Egs. (2.8), (2.9), (4.19) and (4.21), we will
develop a step by step processes to show the validity of
(5.2) and (5.3) in the case when v is not a half-integer
number, and then we will explain how these relations can
be extended to the half-integer case. As a starting point,
consider the Wronskian of the set {a} defined in (5.1). If
the states y,, .o and y_,_; 1 do not belong to (5.1), we can
replace the Wronskian W({a}) by

Wy 10: Wyt 40 Wy 0 Woy—1.40- L))
= e W(w, 0. Vo150 {CTa}).

where we used relations (2.8), (2.9), (4.19) and (4.20),
and {C; a} means that the ladder operators are applied to
all the states in the set. On the other hand, if v, +o belong
to (5.1), we can replace the Wronskian of the initial set of
the seed states by

(5.4)

W(Wr(—v—l).i()’ W r(—u—1),+05 {a})

= eFEWW, ey 30 {CT B}, (5.5)
where {f;} is the scheme {a} with the omitted state
Wr(w),+o0- Finally, if w, .o and w_,_; +o belong to (5.1), we
have

W({a}) = P WH{CTBo}).

where {f},} is the scheme {a} with the omitted states y,, 1
and y_,_; 1. Note that in all these three relations we have
lowered or raised the index of the states in {a}, and also in
the case of Egs. (5.4) and (5.5) we have included additional
states which do not belong to the initial set. Also, we note
that an exponential factor has appeared. These identities
can be applied to the Wronskians on the right-hand side of
Egs. (5.4)—(5.6), which will contribute with new exponen-
tial factors in new Wronskians, and so on. For this reason, if
we restrict the initial set {a} by the conditions described
above (that every state in the set has the second index of the
same sign), and we repeat this procedure n + 1 times with
positive (negative) sign of the indexes in (5.4)—(5.6), we
finally obtain Eq. (5.2) or (5.3).

Now, we consider the case when v takes a half-integer
value. Note first that by means of relations (2.8), (2.19), the
second relation in (4.19), and relations (4.21), we can
repeat the arguments presented above for the case when
v = —1/2, but changing each function of the formy_,_; ,
by Q_;), in relations (5.4)-(5.6). As a consequence,
relations (5.2) and (5.3) are now valid with the same
corresponding changes. On the other hand, with a simple

(5.6)
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@ 0 0 1 1 2 2 (b)

FIG.2. Two “mirror diagrams” corresponding to dual schemes for the conformal mechanics model. The numbers 7 indicate the states

¥,..» and symbols 7 correspond to the states y_,_; ,.

example one can see that this does not hold for the case
v=17¢—1/2 with £ > 1. For this we consider the scheme
(W1)2,1,¥1/2,2), for which the Wronskian can be rewritten as

W 1/2.00W3/2.00 1200 W=3/2.0W12.1:W1/2.2)

2
2

= e WW_3/20.W1/2-0¥1/20-W1/2.1)5 (5.7)
where we have repeated the same idea that we employed in
(5.4), and also we used (4.9) to change y_3/5 o by ¥/_3/2 -
As this last indicated state appears, we cannot use Eqgs. (2.8)
and (2.9) to include y_3/, ¢ and produce the intertwining
operator C]_/z, so the algorithm is stopped.

Nevertheless, we can use the connection between
H_i/24¢ and H_, 5, provided by the Darboux transforma-
tion produced by the seed states (W_y 2 405 ---» W_1/2.4 (/1))
to obtain the corresponding dual schemes. Each eigenstate
or Jordan state of H,,,, can be obtained by applying the
Darboux mapping to corresponding eigenstates or Jordan
states of H_; . The details of the procedure are described
in the Appendix A, but it can be summarized in three
simple steps.

(i) If we have a scheme based on eigenstates or Jordan
states of H,., with v =¢—1/2, then by using
the corresponding Darboux transformation and
Eq. (2.8), we find an equivalent scheme in the
system with v = —1/2.

(ii) Then we construct the dual scheme by using the
algorithm adapted for v = —1/2.

(iii) Finally, we translate the resulting dual scheme into
the scheme for H,,,, by using the corresponding
Darboux transformation and Eq. (2.8) again.

The main result is that we just have to change every func-
tion of the form w_,_; +(p4n) by Q_r_y/p+, when v is
equal to £ —1/2. In this way one finds that W(y ;.

Wip2) = € WWija—0.Wija-1. W12, Quja1)-

Now, we focus our discussion on relation between both
dual schemes. In general, if {A_} coincides with the
scheme in the argument of the Wronskian on the left-hand
side of (5.3), then {A, } coincides with the scheme on the
left-hand side of (5.2), and consequently W({A }) =
e~ FDCW({A_}). By this reason we call {A,} and
{A_} a positive and a negative dual scheme, respectively.

If {A, } has n states and {A_} has n_ states, then one can
note that ny =n, =n,, and n,+n_=2(ny+1),
which is the total number of the states employed in both
dual transformations.

The general rules can be summarized and better under-
stood with the examples presented diagrammatically in
Fig. 2.

This kind of diagrams is read as follows. In the top-line,
there appear the ordered states vanishing at infinity, which
are ordered from the lowest to the highest second index in
wave functions, and which always end in the number
without a bar (the first index of wave function is v). In the
bottom-line, there appear the Wick rotated states (second
index of wave functions appears with the minus sign),
ordered in the same way. The filled black circles denote the
states that appear in the Wronskian arguments in the
corresponding dual scheme. The mirror diagrams shown
in Fig. 2 correspond to the following Wronskian equalities:

W(lll—l/—l,27 WU.Z) = e—3x2 W(W—p—l.—l ) l//y,—l s l//—zx—l,—Zv l//l/,—2) ’
(5.8)

W(l//u,2a Wv,?a) = e_4X2 W(WI/,—O’ Yy-1¥-v-1-2Y¥Yu,-25

Y_y-1,-3> l//v,—S)v (59)

whose explicit form is given in Appendix C. The trans-
formation which relates the AFF systems described by H,
with H,,, can also be understood within this picture.
Furthermore, using a diagram similar to those in Fig. 2, one
can show that the schemes {A,} = (W05 s Vrw)m-1)

and {A_} = (W) —0s s Wrv) —(m—1)) are dual.

VI. RATIONALLY DEFORMED
AFF SYSTEMS

A rational deformation of the AFF model can be
generated by taking a set of the seed states

{aI(A} = (l//u.ll sWoli+1s Wi, s Wi, +1 ), (6 1)

composed from m pairs of neighbor physical states. Krein-

Adler theorem [37,38] guarantees that the resulting system
described by the Hamiltonian operator of the form
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F
Hﬁém) =Hyym +4m+ 1)

0.(%) (6:2)

is nonsingular on R™. Here F,(x) and Q,(x) are real-valued
polynomials, Q,(x) has no zeroes on R™, its degree is two
more than that of F,(x), and so, the last rational term in (6.2)
vanishes at infinity. The spectrum of the system (6.2) is the
equidistant spectrum of the AFF model with the removed
energy levels corresponding to the seed states. Consequently,
any gap in the resulting system has a size 12 + 8k, where
k=0,1,... corresponds to k adjacent pairs in the set (6.1)
which produce a given gap. An example of this kind of the
systems is generated by the scheme (v, 5.y, 3), whose dual
negative scheme is given by Eq. (5.9).

Another class of rationally extended AFF systems is
provided by isospectral deformations generated by the
schemes of the form

{aio} = Womsys - Wi, ) (6.3)

which contain only Wick rotated states p,(y, ,(x)) =
W, . (ix). As the functions used in this scheme are propor-
tional to x**! and do not have real zeros other than x = 0,
one obtains a regular on R* system of the form

HI(SO

v,m)

= 7_(1/+m +2m + fb(x)’ (64)

where f,(x) is a rational function disappearing at infinity
[64], and one can find that potential of the system (6.4) is
a convex on R™ function. In this case the transformation
does not remove or add energy levels, and, consequently,
the initial system H, and the deformed system (6.4) are
completely isospectral superpartners. Some concrete exam-
ples of the systems (6.4) with integer values of v were
considered in [42].

Consider yet another generalized Darboux scheme which
allows us to interpolate between different rationally
deformed AFF systems. For this we assume that the initial
AFF system is characterized by the parameter v = u + m,
where —1/2 < < 1/2 and m can take any non-negative
integer value. For these ranges of values of the parameter v,
real zeros of the functions ., ,—, are located between
zeros of W _ (. n)—1,» SO that we can rethink the Krein-Adler
theorem and consider the scheme

{yu} = (W—(/Hrm)—l,m s l//(y+m),n|—m9 sees W—(;Hrm)—l,n,v ’

W(;Hrm),n,\,—m)’ (65)

which includes 2N states and where we suppose that n; —
m >0 for all i =1,...,N. The Darboux transformation
based on the set (6.5) produces the system

def
Hﬂ«{m = Hy+m - 2(]n W(},I/))”

= p+m + 4N + hﬂ-‘rm (x)/q;ter (x)’ (66)
where the term 4N is provided by the Gaussian factor in the
Wronskian, and the last term is a rational function vanish-
ing at infinity and having no zeros in the whole real line,
including the origin, if an only if —1/2 <u < 1/2, see
Appendix B. Let us analyze now some special values of .

The case p = 0: by virtue of relation between Laguerre
and Hermite polynomials, H,,(x) = (=4)"n!L{"? (x2)
and H,, (x) = 2(—4)"n!xL,(11/2) (x?), in this case we
obtain those systems which were generated in [42] by
Darboux transformations of the half-harmonic oscillator.
They are characterized by gaps of the size 8 + 4k, and
represent rational extensions of the AFF model with integer
coupling constant g = m(m + 1), which in the case of
m = 0 reduce to a rationally extended harmonic oscillator
supplied with a potential barrier at x = 0. Note that the
minimal size of the gaps here is less than that for the
systems produced by the scheme (6.1).

The case u=1/2: we have here the relation
pl(Wm+1/2,n;) =VY_m-3/2n = (_1)m+ll//m+l/2.n,-—m—1’ due
to which the scheme (6.5) transforms into

{yl/Z} = (W1/2+m,nl—m—17W1/2+m,n1—m7 ERE)

W1/2+m,11N—m—1’W1/2+m.nN—m)v (67)
which corresponds to (6.1) with [, =n;,—m—1. We
additionally suppose that n; —m — 1 # n;_; —m, other-
wise the Wronskian vanishes. Note that when u # 1/2,
the image of the states v, ,,—,—1 under Darboux map-
ping (2.3) is a physical state, but in the case 4 = 1/2 such
states are mapped into zero since the argument /| /5 4, 5, —m—1
appears twice in the Wronskian of the numerator.

The case = —1/2: this case was not included in the
range of 4 from the beginning due to relation p; (y,,—1/2.,,) =
Vom—tj2n; = (=1)"Wpu_1/24,-m Which would mean the
appearance of the repeated states in the scheme (6.5) and
vanishing of the corresponding Wronskian. However, in
Appendix B we show that the limit relation lim,_,_;,W

{7, })/ (4N W ({r}) is valid, where the scheme {y} is

{7/} = (l//m—l/Z,n]—mv Qm—l/Z,nl—mv o WYm—1/2.ny—m>

Qm—1/2,nN—m)’ (68)
which corresponds to a non-singular confluent Darboux
transformation [45].

By considering this last comment, in conclusion we
have that when —1/2 <pu < 1/2, the states w_g )1,
(and Q,,_; 2 5. in the case of u = —1/2) are nonphysical
states. This means that only the physical states v, 5. —m
indicate the energy levels removed under the corresponding
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FIG. 3.

On the left, a graph of the corresponding potential is shown which is produced by the associated Darboux transformation

applied to the AFF model with three indicated values of the parameter v versus the dimensionless coordinate x. For v = —1/2, the
corresponding limit is taken, and the resulting system has an attractive potential with a (not shown) potential barrier at x = 0. Forv = 0,
we obtain a rationally extended half-harmonic oscillator. The case v = 1/2 corresponds to the Krein-Adler scheme (yr /5 1.y1/2,) with
a gap equal to 12. On the right, the ground states of the corresponding generated systems are shown as functions of dimensionless

coordinate x.
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FIG. 4. On the left, the potential of deformed systems with v close to 1/2 is shown. On the right, the ground states of the corresponding

systems are displayed.

Darboux transformation, i.e., there are gaps of the mini-
mum size 2AE = 8, where AE = 4 is the distance between
energy levels of the AFF model, which can merge to
produce energy gaps of the size 8 4 4k. On the other hand,
when p = 1/2, we have a typical Krein-Adler scheme with
gaps of the size 12 + 4k.

To give an example, we put m = 0, that means v = ,
and consider the scheme (y_,_j,,y,,) with —1/2 <
v <1/2, whose Wronskian is presented explicitly in
Appendix C, and in the case of v = —1/2 we have the
scheme (w_;/5,9_1/2,). The potential of the rationally
deformed AFF system generated by the corresponding
Darboux transformation is shown in Figs. 3 and 4.

As it is seen from the figures, the first minimum of the
potential grows in its absolute value, its position moves to
0, and it disappears at v = 1/2, while the local maximum
near zero also grows, its position approaches zero, and it
goes to infinity in the limit. Besides, the first maximum
of the ground state vanishes when v approximates the limit
value 1/2. Coherently with the described behavior of
the potential, the image of the Darboux-transformed state
w,.1,» which is the first excited state of the new system
when —1/2 <v < 1/2, vanishes when v — 1/2, the

corresponding energy level disappears from the spectrum
at v = 1/2, and the size of the gap increases from 8 to 12.

The described three possible selection rules to choose the
seed states correspond to the negative scheme (6.3), which
generates isospectral deformations, the positive Krein-
Adler scheme (6.1), and the positive interpolating scheme
(6.5). Then we can apply the algorithm constructed in
Sec. VA to obtain the corresponding dual schemes for
them. The positive and negative dual schemes will be used
in the next subsection to construct complete sets of the
spectrum generating ladder operators for the rationally
deformed conformal mechanics systems.

VII. INTERTWINING AND
LADDER OPERATORS

As a starting point, we consider any positive scheme for
the AFF model H, that produces its certain nonsingular
rational deformation. For simplicity we do not touch here
the schemes that contain Jordan states. However, we have
relations (2.18) and (4.24), and relations (5.2) and (5.3)
which were extended to such cases with the corresponding
substitutions; see the comments for Eq. (A6). This means

125016-16



KLEIN FOUR-GROUP AND DARBOUX DUALITY ...

PHYS. REV. D 99, 125016 (2019)

that the properties summarized below are also valid for
the schemes containing Jordan states.

Let a positive scheme contains 7, states labeled by n;,
i=1,....,n,, with n, being the biggest quantum number
in the set. We denote by H ) the system generated by the
Darboux transformation based on the set of the chosen seed
states. By applying the algorithm from Sec. VA, we obtain

the corresponding dual negative scheme with n_ = 2n,, +
2 — n, seed states labeled by index =1 with j=1,...,n_
and —/, = —n, . The resulting system of the Darboux

transformation based on the negative scheme we denote by
H-y. By using (5.2) we obtain that the generated
Schrodinger operators are mutually shifted for a constant,

Hiyy =My = AE(n,, +1) =2(n, +n_),

AE = 4. (7.1)
We can construct the corresponding intertwining operators
of both schemes by following the rule (2.4). Let us denote
by Aa) and A?E_) the intertwining operators of the positive
and negative schemes being differential operators of the
orders n, and n_, respectively. Some useful properties of
these operators are summarized as follows. First, they
satisfy the intertwining relations

A(_i)H,J = H(i)A(_i)’ A(Z)H(i) = HVA(tt)’ (7.2)

from where one concludes that the operators A(‘i) map

differently physical eigenstates of H, as well as nonphysi-
cal ones obtained from them by action of generators of
the K, group. The states @, ., behave asymptotically as
¢*/2_and the states produced from them by application of
differential operators A(‘i) will carry the same exponential

factor. Having this asymptotic behavior in mind, let us
suppose that y,(,) _; and v, ,, are some arbitrary states
from the negative and positive scheme, respectively.
By using (7.2), we obtain the relations

= A(_+)pl (l//r(u),nw—l* )’
(7.3)
|

A(__'_)l/?r(v).n* = A(__)pl (l//r(u),—(nn+—n*))’

[H(i)vfai] - :l:Ra-’Fai9

(Fa. Fil =Pu(H)),

in both sides of which the functions satisfy the same second
order differential equation and have the same behavior at
infinity. Note that in the dual schemes in (5.2) and (5.3), the
indexes n, —1I, and —(n,, —n,) are in correspondence
with the indexes r;, and s; of the states omitted from the
positive and negative scheme, respectively. This helps us to
obtain the identities

+ _
AOAG

+ —
AlnA©)

= (g,

(_l)nn++l—l‘l+ (CDL)"”++1 .

(7.4)

It is enough to prove the first relation in (7.4), and the second

is produced by the Hermitian conjugation. As we know, A )
annihilates all the states in the positive scheme, while A(_)

annihilates all the functions of the form A(‘Jr)y?,(,,),_,*. Then,

acting by Azr_) from the left on both sides of the first relation in

(7.3), we find that ker(AT_)A(jr)):(z//y,o,y/_,,_l.o,...,

—\n,. +1
l:’II/A,lz,,Jr ’ W—v—l,nu) = ker(cl/ )n o
Finally, to have a complete picture we write the relations

A(__)l//r(z/),k = A(_+)l//r(v),nn++1+k’a

A(_+)l//r(y),—k’ = A(__)l//r(y).—(n,,++l+k’)' (75)

Wl—l .
In the case of the dual schemes {7} and {A(— 2)} defined in
(6.8) and (A6), where v = m — 1/2, similar relations are
obtained but withy_,_,,_; +,, and ¥_,_,,_; +,, replaced by

Q m) and fzm_%,i(n ) When required.

m—1%,£(n;—
With the help of the described intertwining operators,
we can construct three types of ladder operators for H )

which are given by:

i—m

+ _ A- + A+
5" = A CAG,

— _ A— At
CT=A AL,

+ _ A-— + A+
AT =ALCAAL)

Cr=AL AT

() ) (7.6)

)

Let us denote these operators in the compact form F; =
(A*,B*,C*),a = 1,2, 3,and use (7.1) and (7.2) to obtain
the commutation relations

Pi=(n+20+3)(n =20+ )P, ()P, (n+4)[, 5 s

=H,
Py=(n+20+3)(n+20+ 1)P, (NP, (n+4), 5" 4

R3 = 4'(nmr + ])’

PS - Pmr (”)Pn_(’?)|n:H(+)—4’

=M
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where

n_ ny

P, () =][6-4%). P =]]0-4). (78

i=1 i=1

and A" are the corresponding eigenvalues of the seed states
in the positive and negative schemes. Equations (7.7) are
three different but related copies of the nonlinearly de-
formed conformal algebra 8[(2, R). One can verify that due
to the nonlinearity of these three copies, the commutator of
generators with different values of index a do not vanish,
and therefore the complete structure is rather complicated.
Similarly to the nondeformed case, be means of a unitary
transformation produced by U = e~"') we obtain the
integrals of motion F(f) = eTR«F . and by linear com-
binations of them construct the Hermitian generators
D, (1) = (Fa (1) = Fa(1))/(i2R,) and K, (1) = (Fq (1) +
Fa(t) +2H+))/R% which generate three copies of a
nonlinear deformation of the Newton-Hooke algebra,

L)

H), Da] = _i<H(j:) -

[H(:I:)’ ﬁa] - _21'5)11’
1

g’@u =3
0 8] = 72

(Pa (H(i-)) - 2RaH(:t) + Rgﬁa)v (79)

which are hidden symmetries of the system described
by H(i).

In the isospectral case, the operators A* are the spectrum
generating ladder operators, where their action on physical
eigenstates of (. is similar to that of C;° in the AFF
model. On the other hand, in rationally extended gapped
systems obtained by Darboux transformations based on the
schemes not containing Jordan states, the separated states
have the form A(‘_)z/"/_,,_l._,j :A(‘Jr)l//,,,,,,#_,j, where the
states w1, belong to the negative scheme and
Wyn,.—1, are the omitted states in the corresponding dual

positive scheme. Since by construction the separated states
belong to the kernel of A(+_), the operators A* and C~ will

always annihilate all them.

The resulting total picture related to the action of the
ladder operators can be summarized as follows. Operators
of the A* type detect all the separated states organized in
valence bands, while they act like ordinary ladder operators
in the equidistant part of the spectrum. The lowering
operator B~ annihilates the lowest state in each valence
band, and the raising operator B" annihilates there the
highest states, and B+ also act in an ordinary way in the
equidistant part. The operators C* connect the separated
part of the spectrum with its equidistant part, and the
lowering operator C~ annihilates all the separated states as
well as some excited states in the equidistant part according

to the rule: if there is no level in the spectrum of energy
E, — AE(n,, + 1), where AE = 4, then the corresponding
physical eigenstate of energy FE,, is annihilated by it. For the
case of the confluent Darboux transformations produced on
the base of the scheme (6.8) and its dual one, the separated
states are A\, 1y = AL \WnLny-m-1.» but the picture
related to the action of the ladder operators is the same.

VIII. APPLICATION: EXAMPLE

In this section we will apply the machinery of the dual
schemes and the construction of nonlinear deformations
of the conformal algebra to a nontrivial example of
rationally extended system with gaps. Remember that if
we take v=pu+m, we do the change w_(, -1 +n
by Q_ (i m)—1,+(n—m) With n > m when y — —1/2 in each
of the relations that we have in the following, see Sec. V.

Consider a system generated on the base of the Darboux-
dual schemes (l//y,21 WUB) ~ (WI/,—O’ Vo-1:¥y,2:¥W_p1,-2
Yu,-3, l//—v—l,—3)' Here, n_ =2, n, =6, Ny, =N, = 3
and n_+n, =2(n, +1)=8=2AE. The positive
scheme, whose Wronskian is given explicitly in
Appendix C, corresponds to the Krein-Adler scheme that
provides us the system

d2

Hyy=—-—5+ V(H(X),

= (8.1)

whose potential V) is plotted in Fig. 5. The spectrum of
the system, &,0=2v+3, £,,=2v+7, &,=2v+
4(n+2)+3, n=2,..., is characterized by the presence
of the gap of the size 3AE = 12, which appears between
the first and second excited states. The negative scheme

generates the shifted Hamiltonian operator H_) =
H(y) —4AE. In terms of the intertwining operators A(i+)
and AZL_> of the respective positive and negative schemes,

the physical eigenstates of (8.1) are given by
Vi

— c
o \\\ i

20+

10:* /\ A

A RA--
A Y A A VA
\ L I L L \ / L Il L L L Il L L L L Il ./E
2 3 4 5
- 10}
FIG. 5. The resulting potential with v = 1/3 and energy levels

of the system. The energy levels of the physical states annihilated
by the ladder operators A~, A", B~, B, and C~ are indicated
from left to right.
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lP A( )WUJ_A( )l// v—1,j-3> j:O’L (82)

lP = A( )wbj+2 A(__)l[/y’j_z, ] = 2, 3, (83)

The explicit form of the polynomials (7.8) for the
system is
P, (n)=m-11-20)(n—-15-20),  (8.4)
3
P, (1) =(n+9-20)(n+13-20) [ [(n+4n+3+20),
i=0
(8.5)

and so, Al A =P, (H,) and AT A, =P, (H(i)).
(£)7°(£) () *

The spectrum generatlng ladder operators are given by
Eq. (7.6), and the nonlinearly deformed conformal algebras
generated by each corresponding pair of the ladder oper-
ators and the Hamiltonian # . are obtained from (7.7) by
using polynomials (8.4) and (8.5). To clarify the physical
|

ker A~

nature of the ladder operators in more detail, we inspect their
corresponding kernels by using relations (4.20) and (7.4).

We consider first the operators B*, which have the
lowest differential order 6 and possess the following
kernels:

ker B~ = span{A_ 1 —0. A W2, A W0 3. Yo

A(_ )W—u—l 0> lPZ}?
ker B+ = span{A 1//1/ 2 A(_+)li/l/.3’A<_+>ll/l/,—0’
A(+)W—y—1,0’lpla (__)lil—y—l,—l}’

where only ¥; with j =0, 1, 2 are physical states. The
operators 3% act like fermionic operators in the separated
two-dimensional valence band, in which BT transforms
the state ¥, into the excited state ¥, and annihilates ¥,
while B~ acts in a similar way but in the downward
direction.

The ladder operators A* have differential order 14 and
their kernels are

=span{A" W, 0. AL W, 1. AL W2 AL W3 Wo. V1. Mo, AL w1 0

AL 1,00 AL Wit 0 AL W AL W o1 10 AL W1 20 AL W mim1 3}

ker AT = span{A W, OvA(__)lT/y,—lsA(__)l/?y,—Z’A(__)lZ/u,—?nlvalpl’A(__)lZ/uA’

A(_)l//—u—l,—Ov A(__)l//p,-4a A[_)W-y-l,-m A(__)lffu,o, A(__)lff—u—l.m A(__)li/-y-l,l »A(__)li/-u-l,z}-

Both separated states are detected by A*: they are
annihilated by both lowering and raising ladder operators.
From the described action of the ladder operators A* and
B* itis clear that one cannot connect with their help the two
separated states with the states in the equidistant part of the
spectrum, and we need another pair of the ladder operators
to do this job. Fortunately, we have the operators C* of
differential order 8, whose kernels are

ker C span{A Wb —0> A(__)li/u.—l s A(__)li/u,—Z’ A(__)lpu,—?v s
lI"0’ lP1 s lp4v lPS}’
kerc Span{A l//z/ 2 A(_+)l/~/y,3’ A(_+)l//y,—0’ A(_+)l//v,—1 s

A(+)WD,—2A(+)W—D—1,—27 A(_+)Wl/,—3 ’ A(_+)W—D—1,—3 ’ }

These equations show that the lowering operator C~
annihilates all the states in the separated valence band as
well as some states in the equidistant part of the spectrum,
but the raising operator C™ does not annihilate any physical
state. In fact, by using the commutation relation for these
operators given in (7.6), which for this case is read as
[H(4).C*] = £4AEC*, one can derive that C*¥, =¥,

and CT¥, = ¥;. This allows us to connect the separated
states with the equidistant part of the spectrum.

IX. SUMMARY, DISCUSSION, AND OUTLOOK

We studied the effect of the Klein four-group K, as a
symmetry of the time-dependent Schrédinger equation of
the AFF model, and found that it has deep implications in
dependence on the values of the parameter v in the coupling
constant g(v) = v(v + 1) > —1/4. In general, the action of
the K4 transformations changes the values of the energy, and
transforms physical eigenstates into nonphysical ones. In the
casev =¢ — 1/2 withZ =0, 1,2, ..., however, the reflec-
tion symmetry of the coupling constant, p:v - —v—1,
reduces to the identity transformation when £ = 0, while
for £ > 1 it annihilates the first ¢ states and transforms all
other eigenstates, p;(Ws—1/2.011) = (—1)"Ws_1/2.0» coher-
ently with lowering their energies so that the spectrum is
not changed. Thus, the p; appears to be a true, nontrivial Z,
symmetry of the system when the parameter v takes half-
integer values. Omitting the normalization constants in wave
functions y,_y/5,,, n =0,...,¢ — 1, £ > 1, annihilated by
p1, the same transformation allows us to construct nonphysi-
cal states which play an important role in our constructions
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and can be transformed into physical states by the action
of the raising operator. On the other hand, the spatial
Wick rotation p,:(x,E,,) — (ix,—E,,) corresponds to
the automorphism of the conformal algebra 31(2, R). This
automorphism transforms an infinite-dimensional unitary
representation of 8[(2,R) restricted from below, which is
realized on the spectrum of the AFF system, into an infinite-
dimensional unitary representation restricted from above.’
The nonphysical states generated by the transformations of
the K, group appear in the kernels of the degrees of the
decreasing and increasing generators of 8[(2, R). In special
cases of v = £ — 1/2, some of those nonphysical states are
changed for Jordan states of the AFF system.

We showed that in the A/ = 2 super-extensions of the
AFF model, the nonphysical eigenstates produced by the
K, generators play a key role in the corresponding Darboux
transformations, and that the K, is the automorphism group
of their superconformal 08p(2,2) dynamical symmetry.
The interesting feature of the transformations generated by
the p; is that they change the systems with exact (unbroken)
N =2 Poincaré supersymmetry into the systems in a
spontaneously broken phase, and vice versa. The pecu-
liarity of the case v = —1/2 reveals itself here once again:
both possible supersymmetric extensions of the AFF model
turn out to be related by a unitary transformation provided
by p;, and are described by the unbroken A/ = 2 Poincaré
supersymmetry.

Then we use the discrete transformations generated by
the Klein four-group together with the conformal symmetry
to generate, by means of Darboux transformations, infinite
families of new, exactly solvable quantum systems with
arbitrary number of gaps introduced into the equidistant
spectrum of the AFF model. The obtained systems are
described by symmetries of the type of finite W algebras,
which represent nonlinearly deformed and extended forms
of the conformal 8[(2, R) algebra.

To construct such rational deformations of the AFF
system and study their spectral properties, we developed
the algorithm of the dual Darboux schemes for the
conformal mechanics model with arbitrary values of the
statistics parameter v. Note that the simplest form of
the dual Darboux schemes appears in the construction of
the A = 2 super-extensions of the AFF model and gen-
erators of their superconformal 08p(2,2) symmetry. The
physical eigenstates together with nonphysical ones gen-
erated from them by transformations of the Klein four-
group form a base for the Darboux duality in the case of
v# Z+1/2. In the case of half-integer values of v the
Jordan states naturally enter the construction via the
confluent Darboux transformations. Each pair of the dual

®The restricted from above unitary representations are non-
physical from the point of view of the AFF system, but both types
of the 8[(2, R)-representations find applications in the theory of
anyons [65-67].

Darboux transformations different from that we employed
in the construction of the A =2 super-extensions of
the AFF model, generates its some rational deformation.
The obtained in such a way system can be completely
isospectral (up to a global spectral shift) to the initial
conformal mechanics model, or may have a finite number
of valence bands in the low part of the spectrum, which are
separated by gaps between themselves and from the semi-
infinite band with equidistant energy levels. The minimal
size of a gap in our construction corresponds to one missing
energy level in comparison with two missing levels in gaps
of minimal size in the systems generated by the Krein-
Adler transfromations, which also are included in our dual
Darboux schemes.

We showed that when the statistics parameter varies
continuously, the spectrum of rationally deformed AFF
systems suffers structural changes at half-integer
(“fermionic”) values of v. No such changes happen,
however, at integer values of v corresponding to the case
of bosons in the context of the statistics transmutations
[29-31]. Recall that all the deformations of the conformal
mechanics model with v € Z can be generated by gener-
alized Darboux transformations from the quantum har-
monic oscillator system [42]. At the same time we also note
here that the question of the self-adjoint extension of the
AFF Hamiltonian operator requires a special consideration
in the case v = —1/2 [54], which corresponds to a minimal
value of the coupling constant g for which the spectrum is
bounded from below, and when, as we saw, the Klein
four-group symmetry suffers minimal breaking.

The Darboux duality allowed us to obtain the set of the
three pairs of ladder operators of different but comple-
mentary nature. In the case of the rationally deformed
gapped systems, Hermitian conjugate ladder operators of
the A type detect all the separated states, each of which is
annihilated by both, the lowering and the raising, operators;
the lowering operator .4~ also annihilates the lowest state in
the equidistant part of the spectrum. The raising ladder
operator of the B3 type detects the states with highest energy
level in each valence band by annihilating them. The
lowering operator 5~ makes the same with the states of
the lowest energy level in each valence band, and also
annihilates the lowest state in the equidistant part of the
spectrum. Although the operators of these two types detect
all the separated states as well as identify the borders of the
valence bands and the edge of the semi-infinite band with
equidistant energy levels, they cannot connect the states
from different bands. This job is realized with the help of
the ladder operators of the C type. As a result, one can see
that any of the two sets of the ladder operators, (C*, A*) or
(C*, BY), forms a complete set of the spectrum generating
ladder operators by which any eigenstate of the rationally
deformed AFF system can be transformed into its any other
eigenstate. In the case if we have an isospectral deformation
of the AFF system H, obtained via the Darboux scheme
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(6.3), the operators AT are enough to generate the entire
tower of physical eigenstates starting from any physical
eigenstate.

Each of the three pairs of the conjugate ladder operators
together with the Hamiltonian operator generate some
nonlinearly deformed version of the conformal 8[(2, R)
algebra of the W-type [68], which is the symmetry of
the corresponding rationally deformed AFF system of a
generic form. We, however, did not compute commutators
between ladder operators of different types, but with a
quick inspection one can notice that new structures are
generated. Though the resulting picture is expected to be
rather complicated and requires a separate study, it should
be similar to that appearing in the case of v = 0, which
was analyzed in detail in [43], as well as to that in the
PT-regularized two-particle Calogero systems [69,70], and
can be described as follows. Any extended system com-
posed from a pair of the AFF systems characterized by the
parameters v and v+ m, m € Z, are described, as we
showed, by the superconformal 08p(2,2) symmetry in the
case of m =1, while a nonlinear deformation of this
superalgebra should appear when m > 0. On the other
hand, if the composed system contains a pair of rationally
deformed AFF systems, according to our results in [43],
one can expect that its spectrum should be described by
some nonlinear extensions of the 03p(2[2) symmetry.
Some nonlinearly extended versions of 8[(2,R) are
expected then to appear as W-type algebras describing
symmetries of the rationally deformed AFF systems.

Our consideration of rational deformations of the con-
formal mechanics was restricted by inclusion of Jordan
states of the simplest form. Following the analysis and
ideas presented in Refs. [44-47,49], the constructions can
be generalized to the case of higher order Jordan states
defined via relations

(L-2)0" =y..  (L-1)0Y =l

k=1,..., (9.1)
as well as to their further generalizations defined as the
states annihilated by polynomial in L operators [48].

The states that we have used correspond to Qfﬁo). In this
way, one can produce the systems by means of confluent
Darboux transformations which involve more Jordan states
of these chains, and one can expect that the spectrum of
the resulting systems will have a similar gapped structure.
Then it would be interesting to study such kind of the
systems from the point of view of the spectrum generating
ladder operators and the extended nonlinear deformations
of the (super)conformal algebra associated with them.

It is known that the conformal symmetry underlies the
relation between the quantum free particle and harmonic
oscillator systems [17,71,72]. A similar picture also is valid
for the two-particle Calogero system without confining

potential term and omitted center of mass degree of
freedom, i.e., for the system (3.1), and the AFF model
(3.7) [2,25,73,74]. The Calogero model and its deforma-
tions, in turn, are intimately related to the soliton solutions
of the Korteweg-de Vries equation and higher equations of
its hierarchy [41,75-77]. It would be interesting to inves-
tigate the question of a possible relation between rational
deformations of the AFF model studied here and solutions
to the same hierarchy of completely integrable systems
described by partial differential equations. At the same
time, the approach based on the Klein four-group trans-
formations employed here can also be applied to the
two-particle Calogero model with arbitrary values of the
statistics parameter v but without the confining harmonic
potential term. In this way one could expect to generate
new quantum solvable systems which may be related to the
Korteweg-de Vries hierarchy.
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APPENDIX A: DUAL SCHEMES IN
HALF-INTEGER CASE

To obtain the dual schemes in the half-integer case,
we analyze first the relations that exist between of H_; /»
and H_;/5,,. The latter are given by the dual schemes
(W_-1/2,40+ -+-»W_1/2.4(¢-1)), Whose Wronskians are

2 2
W(W_ 1,400 - Wotjaiie—1)) = X 22 (Al)
The corresponding intertwiners map eigen- and Jordan
states of H_;/, to those of H_;/, .. If we choose the
scheme with positive indexes, some of these mappings
useful for the following are given by

A7y 1/ =Q )24 n—t>
(A2)

ALY 120 = Wi)24£ ¢
n>¢,

AZQ_ 121 = YW (—1/240)- 115 l<¢, (A3)
where A7 and its Hermitian conjugate A} are the inter-
twining operators of the chosen Darboux transformation.
On the other hand if we take the scheme with negative sign
in indices, we obtain another intertwining operators B,
which satisfy the relation B = (i)p,(A%), ie., their
action on eigenstates and Jordan states can be obtained
by application of p, to the relations that correspond to the
action of Al

Now, to derive the dual schemes let us assume that we
have a collection of nonrepeated seed states of the form
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W_1/20 - Wo12.0-1-{9-12}), where {9_;/,} contains
N, arbitrary physical states y_j,, with k; > ¢ —1 for
i=1,...,N;, and N, arbitrary Jordan states of the form
Q_I/Q,Ij with j = 1,..., Ny. In the same way as we did in
Sec. V, we define ny as the largest of the numbers ny, and
ny,, and also we suppose for simplicity that the signs of
both k; and k; are positive. Then we use (2.8) and (A1) to
write W(W—I/Z,O’ s Wine-1s {19—1/2}) = xI"2e W
{AZ9_, /2}). The next step is to use the extension of
the dual schemes for v = —1/2, i.e., we change each
function of the form y_,_; ,, by Q_;,, in Eq. (5.2), and
use it to rewrite this last Wronskian relation as

W(A;{&—I/Z}) = x_fz/ze_("N+1—f/2)x2W({A(__l/z)})’

(Ad)
where AC1/2) is the dual scheme of (1/1_1/2,0, W11
{9_12}) given by {AL2) = W_1/2-0 - Vo172 (1)
{19:1/2}), and
{9210t = Worjpmen Qa0 Worjams,s Q—1/2,—rﬂ

l//—l/Z,—nN’ Q—l/2.—nN)' (AS)

Here, as well as in the nonhalf-integer case, the marked
functions yr_, /2.5 and Q_l /2,—r, indicate the omitted states
with s; = ny — [; and r; = ny — k;. In the last step, we use
Egs. (2.8) and (A1) with the negative sign to write the
equality W({ACY2}) = x/2e7*2W(B7 {97, ,}) and as
analog of (A4) we obtain

W(AZ{9_12}) = e EW(BZ{97, ,}),
ny=ny—"¢. (A6)
This relation is the dual scheme equation for the case
v=1¢—1/2. By means of (A2) and its analogs for B,
obtained by the application of p,, we conclude that in
the scheme of the left-hand side of the equation there are
N, physical states of the form Azy_; i = Wei/2k,—¢>
and a mixture of N, Jordan states and formal states
produced by p, distributed in the following way: we
have Jordan states A,Q_;»; = y,_1/2; when[; < —1,
and formal states A, Q_; 5 ;. = wy_12,-, Whenl; > £. The
omitted states in the scheme on the right-hand side are
By 125, =W-1/21¢~(s,~) A B, Q15 =12,
(B;Q—I/Z,—rj = llvl—f—l/Z,—(r,-—f)) when rj < -1 (rj > f)
Note that the largest index in both sides of the equation is
now given by nyy = ny — ¢. In comparison with the non-
half-integer case, this is the same result that we would
obtain if we consider Eq. (5.2) in the nonhalf-integer case,
and then formally change the states of the form y_,_; ; by
Q_s_121,-¢ When [; > £ in the limit v — £ — 1/2.

Relation analogous to (5.3) would be obtained if we
start from the case v = —1/2 with a scheme composed
from the eigenstates and Jordan states produced by p,, and
then apply the same arguments employed for the case
analyzed above.

APPENDIX B: SOME WRONSKIAN RELATIONS

We show here that the Wronskian (6.5) takes nonzero
values and that it reduces to (6.8) in the limit g — —1/2.
For this, consider first a generic system (2.1) which has a
set of the seed states (¢, Pa, ..., a1, P2) With eigen-
values A} <4, < ... <431 <Ay. Then the following
relation

-1

= H W(Agihrir1 Agithrira),

i=0

W(¢l’ ¢2’ "'7¢2[—19¢21)

(B1)

can be proved by induction, where A, = 1, and A,; with
i > 1 corresponds to the intertwining operator associated
with the scheme (¢, ..., ¢;). From (B1) it follows that if
each factor W(A,;pyi 11, Asithriyr) does not have zeros,
then the complete Wronskian neither has them. To inspect
the properties of the Wronskian factors, we use the
relation

W (Agithis1, Aihaisa) = (Aaita = Aai1) Aaihair 1 Anithai 2,

(B2)
and integrate it from a to x,
W(Agiait1. Agithaisa)
= (hit2 = Aaiv1) Lx Agihit1 Agihaii2dl + @, (B3)

where @ = W(Ay¢5i41, Agihrii2)|—q- In the case when
functions Ay 1, Asihri, and their first derivatives
vanish in b, we find ® = —(dyin = Aaiy1) [P Anithriss
Ay 12dl, and then

W(Agitais1: Aoithrisa)
b
= —(hiv2 = 4ait1) / Aoihaiy1A2ithai2dC. (B4)
Relation (B1) takes then the form

W(¢lv ¢2’ ¢21—1’¢21)

b
H Ayt = hiya) / Aoithi 1 Agithait2dCi. (BS)
i=0 x

Analogously, one can consider a generic system, choose
[ solutions ¢; of Eq. (2.1), and construct / corresponding
Jordan states Q; using Eq. (2.13). Assuming also that these
states satisfy relations (2.16), one can find that
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-1

) = H W(A%Q"iﬂy A%’Qiﬂ)
i=0

=1y
- H/ (ASpis1)?dS;,
—0Jx

where A =1 and A$ correspond to the intertwining
operator associated with the scheme (¢,Q...,¢;, ).
Relation (B6) can be proved in a way similar to that for (B5).

Let us turn now to the AFF model, where a = 0, b = oo,
and choose the seed states in (B1) in correspondence with
our picture: fori =0, ..., = 1 we fix iy = W_y_ i,
and @212 = Wy ymn,,,-m- This identification implies that
/121—0—1 - E—ﬂ—m—l,n[ﬂ’ 121+2 Eﬂ—}—m,n,-ﬂ—m’ and /121—0—2 -
Aaiv1 = 4(p + 1/2). These both functions and their first
derivatives behave for large values of x as e™'/2 and
vanish at x = oo. This behavior is not changed by appli-
cation of any differential operator with which we work.
On the other hand, near zero we have Ayw_, i 1n,, ~
x#mEand AWy, —m ~ XTI Therefore, for
small values of x, AoW_, i mitn,, AoiWutmn,—m ~ %
and W(Ayw_yimiin,,» PoWyuimn,.,—-m) takes a finite
value when x — 0". Knowing this and Eq. (B2), we
employ the Adler method [38], and use the theorem
on nodes of wave functions to show that zeros and the
minima and maxima of the functions Ay, 11 1., and
A2yt mon;,,—m do not coincide, and that their correspond-
ing Wronskian is nonvanishing.

In the case yu = —1/2, we put ¢; =

W(€01,91,---7(ﬂ1,91

(B6)

Wm—l/Z,njH—n with

j=0,...,1—1, and then we arrive at the relations
Wdrnd) v o0
(4ﬂ + 2 1) H/ AZiW—/A—m—l.niH

X A2il/jﬂ+m’"n,-+l —mdz.:iv <B7)

-1 po
W) =TT [ 8 wmrron -nVdese (88)
j=0 I

where the sets {y,} and {y} are defined in (6.5) and (6.8).
We note that both equations are pretty similar each other,
and if we suppose that A,; — AS when y — —1/2, and
take into account the relation y,,_; J20-m K Y (m=1/2)~1n,»
we find that

W{r,})

p=—1/2 (4 + 2)N

W({r}). (B9)

This relation is true for the case i = 1, which implies that
A, - A? in the corresponding limit. The general case is
proved by induction.

APPENDIX C: WRONSKIANS (5.8), (5.9)

The explicit form of the Wronskians (5.8) and (5.9),
which are used in the main text, is

W2 ¥_p12)
= (2 + 1)e ™ (45 — 72u + 16(—4x5 + x*)
+ 8x*(15 — 4u(1 4+ v)) + 12 (=7 + 2v(2 + v))),
(1)

W(w,2.v.3)

= e x3T2(16x% — 32x0(5 + 20) + 24x4(5 + 20)?
—8x*(3+2v)(54+20)(7T+2v) + B+ 20)(5+ 2v)?
x (7 +2w)). (C2)
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